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Abstract

In recent years the investigation of Cherenkov diffraction radiation produced by
charged particles passing in close vicinity of dielectric material led to promising
prototypes for beam diagnostics [JMS+19, Lef19b,BAK+19]. In this report, we
present a simulation approach to investigate the radiated energy spectrum from
Cherenkov diffraction radiation of a single particle and a particle bunch with a
focus on its exploitation for the Future Circular Collider for electrons and positrons
(FCC-ee).

The radiated energy spectra of a single particle from two analytical models that
describe a flat and a cylindrical radiator geometry respectively are discussed.
Different radiation regimes are characterized within the various spectra and their
dependency on key beam parameters is evaluated. Proceeding with the radiated
energy spectrum of a bunch of particles, the formation of a coherent and an
incoherent radiation regime is demonstrated.

As both regimes have their distinct characteristics, the analysis is split into two
parts for the radiated energy spectra of the different bunch profiles at FCC-ee.
For incoherent photons emitted in the visible spectrum, the application of a beam
position monitor, as well as the bunch-by-bunch measurement of the longitudinal
bunch profile over several turns are investigated. For coherent radiation emitted in
the multi GHz range, the application of a beam position monitor operating with
bandpass filters and a bunch length measurement relying on power measurements
at different frequencies are discussed.

All these applications could profit from the unique characteristics of Cherenkov
diffraction radiation. Its high directivity would allow to minimize background
contribution and as it is a non-invasive technique it has minimal impact on the
accelerated particles, which makes it a perfect candidate for future beam instru-
mentation devices.
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1
Future Circular Collider for

electrons and positrons (FCC-ee)

1.1 Introduction FCC-ee
The Future Circular Collider for electrons and positrons (FCC-ee) is a proposed
electron-positron collider expanding the existing accelerator infrastructure at the
European Organization for Nuclear Research (CERN) in Meyrin, Geneva, Switzer-
land. A detailed report on the conceptual design of this novel lepton collider was
published in 2019 [AAA+19]. Following this report a short introduction is given
here to provide the key data of the project.

Currently four e+e− collider designs are being investigated around the world aiming
to study the properties of the matter in our universe. Besides FCC-ee, namely
the International Linear Collider (ILC) in Japan, the Compact Linear Collider
(CLIC) in Switzerland and the Circular Electron Positron Collider (CEPC) in
China. From all four of them FCC-ee proposes to achieve the highest luminosities
throughout its energy range. It will be a precision instrument for investigating the
properties of the Z and W bosons, the Higgs boson and the top (anti)quark with
an unprecedented amount of production samples. The expected sample numbers
during the whole operation of FCC-ee accumulate to 5× 1012 (Z), 108 (W+W−)
and 106 (Higgs and tt respectively) for the different operation modes. As these four
fundamental particle types are the ones with the greatest mass as can be seen in
Fig. 1.1 high energies are required for their production. E.g. for the tt production
a collision energy of about 365 GeV is required.

The general layout of the machine is a double-ring configuration with common
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1. Future Circular Collider for electrons and positrons (FCC-ee)

Figure 1.1: The standard model of particle physics [Cus20]. The heaviest particles
(Z and W boson, Higgs boson and top quark) also denote the different operation
modes of FCC-ee in this report.

beam pipe sections close to the interaction points. The proposed tunnel has a
circumference of 97.756 km. The same tunnel would be used to host a hadron
collider after the FCC-ee lifetime. In order to house all the necessary equipment
and provide enough space for transport the inner diameter of the tunnel is 5.5 m.
Besides the main tunnel roughly 8 km of bypass tunnels, 18 shafts, 14 large caverns
and 12 new surface sites are foreseen.

As shown in Fig. 1.2 the baseline is not a perfect circle but rather a slightly deformed
one to create straight sections where the production of synchrotron radiation is
reduced. In these straight sections the interaction points and the radiofrequency
systems will be located. The implementation from two up to four interaction points
is discussed at the moment.

In Tab. 1.1 the machine parameters for all the four operation modes are provided.
Typically the equilibrium beam parameters in electron storage rings are defined
by synchrotron radiation which is produced when the direction of propagation of
charged particles is changed to keep them on a circular path. For FCC-ee also
beamstrahlung has a significant impact on energy spread and lifetime of the beam.
Beamstrahlung can be considered as a special type of radiation where a bunch
emits photons as it is decelerated due to the presence of the electromagnetic field
of the counter propagating bunch.

2



1.1. Introduction FCC-ee

Figure 1.2: Illustration of the FCC tunnel baseline featuring the main topological
and geological conditions in its surroundings. The LHC tunnel (circumference of
26.659 km) is shown in dark blue [AAA+19, p. 441].

Z WW H(ZH) tt

Circumference [km] 97.756
Bending radius [km] 10.760
Sync. radiation power per beam [MW] 50
Beam energy [GeV] 45 80 120 182.5
Beam current [mA] 1390 147 29 5.4
Number of bunches/beam 16640 2000 393 48
Bunch intensity [1011] 1.7 1.5 1.5 2.3
Hor. geometric emittance [nm] 0.27 0.28 0.63 1.46
Ver. geometric emittance [pm] 1.0 1.7 1.3 2.9
Bunch length with sync. radiation [mm] 3.5 3.0 3.2 2.0
Bunch length with beamstrahlung [mm] 12.1 6.0 5.3 2.5

Table 1.1: Characteristics of FCC-ee [AAA+19, p. 283].
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1. Future Circular Collider for electrons and positrons (FCC-ee)

1.2 FCC-ee beam instrumentation specific
needs

This section presents the requirements to be met and the difficulties to be overcome
regarding the beam instrumentation for FCC-ee. It is based on a section dedicated
to beam diagnostics in the FCC-ee conceptual design report [AAA+19, Chapter 3.6]
as well as on a talk from FCC Week 2019 in Brussels by T. Lefèvre [Lef19a].

Figure 1.3: Schematic of the FCC-ee vacuum system. A fraction of the two main
rings in the arcs is shown [AAA+19, p. 403].

As a starting point for the beam instrumentation requirements for FCC-ee we need
to have a look at the design beam parameter values given in Tab. 1.1. From this list,
it is important to understand what dynamic range all beam instruments will have
to cover. Moreover, we focus on those parameters most relevant for the possible
application of Cherenkov diffraction radiation. An overview of these parameters
and their ranges is provided in Tab. 1.2. It can be seen that the bunch intensity is
in the same order of magnitude for the four different operation modes, however,
the filling scheme varies significantly for the different beam energies. The number
of bunches per beam ranges from 48 for operation at top energy and 16640 for
operation at the Z pole. Thus beam current is reduced from 1390 mA to 5.4 mA
in order to cope with the increasing high flux of synchrotron radiation emitted
at high energy. This was done by design to limit the synchrotron power to an
acceptable limit for all beam energies. The high beam intensity and wakefield
effects would induce significant heat load on the beam instrumentation devices,
synchrotron radiation would lead to a high radiation dose especially in the arcs.
Therefore active cooling and shielding of the instruments may be needed. The
front end electronics will require a radiation hard design. On top of that close to
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1.2. FCC-ee beam instrumentation specific needs

the interaction points in the high luminosity regions the radiation level would be
significantly elevated.

Min. Max.

Number of bunches/beam 48 16640
Bunch intensity [1011] 1.5 2.3
Beam current [mA] 5.4 1390
Bunch spacing [ns] 2.5 4000
Bunch length [ps] 6 40
Transverse size in arcs (hor.) [µm] 60 150
Transverse size in arcs (ver.) [µm] 10 20

Table 1.2: FCC-ee beam parameters relevant for beam diagnostic devices [AAA+19,
p. 424].

1.2.1 Beam position monitor (BPM)
To focus the particle beams FCC-ee will use 1450 main quadrupoles per ring. Every
quadrupole requires a separate BPM and in addition to that for long straight
regions and close to the interaction regions additional BPMs are needed. This
results in 2000 BPMs per ring, so 4000 BPMs in total. Another 2000 BPMs are
foreseen in the booster rings. As seen in Fig. 1.4 the electrodes in the main rings
will be mounted at 45◦ with respect to the horizontal plane to reduce the impact
of synchrotron radiation.

Figure 1.4: Schematic of the FCC-ee vacuum pipe with four button electrodes
[KG19].

In Tab. 1.1 the targeted geometric emittances are shown, which range from 0.27−
1.46 nm in the horizontal and from 1.0−2.9 pm in the vertical. This extremely small
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1. Future Circular Collider for electrons and positrons (FCC-ee)

targeted emittances require an alignment of the machine with a precision of at least
50 µm. Orbit measurements require a sub-micron resolution. To monitor injection
oscillations and for optics measurements turn-by-turn data must be provided. Even
though the nominal diameter of the FCC-ee vacuum pipe shown in Fig. 1.4 is
70 mm the use of special BPMs in the long straight sections of the accelerator may
allow different beam pipe dimensions.

1.2.2 Transverse bunch size
Bunch size measurements in the transverse plane are needed on a bunch-by-bunch
basis. This data is then processed to determine the beam emittance. Typically
X-ray imaging of synchrotron radiation [MTTS15] and visible light interferometry
[CHL+17] are used to measure such small beam sizes, but in FCC-ee they are limited
by diffraction effects due to the high beam energies. Possible alternatives are under
investigation and include X-ray interferometers using a two-slit setup [MOZ16] or
near-field speckles [SPP+17].

1.2.3 Longitudinal bunch size
Just as for the transverse bunch size also the bunch length must be monitored
bunch-by-bunch. To determine the effect of beamstrahlung at the interaction points
the bunch lengths have to be provided for every turn. For theses turn-by-turn
measurements a resolution of 1 ps is required. A precise measurement of the energy
spread is necessary for energy calibration and requires bunch length measurements
with even higher resolution. However, this sub-picosecond resolution of the bunch
profiles can be obtained within a few minutes of measurement time and therefore
accumulated over many turns. To measure bunches of several picosecond in length
with a sub-picosecond resolution beam instrumentation devices with a high dynamic
range have to be realized.

6



1.3. Considering Cherenkov diffraction radiation (ChDR) for FCC-ee

1.3 Considering Cherenkov diffraction radiation
(ChDR) for FCC-ee

Past experiments on Cherenkov diffraction radiation have shown its promising
capabilities for beam diagnostic techniques. It might enable us to design non-
invasive diagnostics which benefit from the high directivity and the large angles
of ChDR emission [L+18]. The exploitation of incoherent radiation produced by
high energy particles of several GeV has been shown at Cornell Electron Storage
Ring (CESR) in Ithaca, New York, United States. Applications with coherent
radiation at lower particle energies of about 200 MeV have been demonstrated
at CERN Linear Electron Accelerator for Research (CLEAR) in Meyrin, Geneva,
Switzerland.

Incoherent ChDR at CESR

The experiments performed by Kieffer et al. at CESR led to the direct observation of
incoherent ChDR in the visible spectrum [KBB+18]. For the performed experiments
flat and prismatic radiators made out of fused silica (SiO2, εr[0.2 − 2µm] ≈ 2.1)
have been used. A few example images which were used to calculate the photon
emission and to measure the horizontal beam profile are shown in Fig. 1.5. These
images show different distances between the beam and the surface of the radiator,
referred to as impact parameters.

Particle types e− and e+

Beam energy [GeV] 2.1 / 5.3
Bunch intensity 1.6× 1010

Ring circumference [m] 768.4

Table 1.3: Beam parameters at CESR [KBB+18].

The photon emission was measured for a range of impact parameters and an
exponential increase of the photon emission when reducing the impact parameter
was demonstrated. This was also in good agreement with data from simulations
based on [SK14, Eq. 18] which describes the angular distribution of polarization
radiation. The decay of the radiated energy at high frequencies is explained by
introducing the effective radius reff of the particles electromagnetic field [Cas97].
It is given as

reff = γλ

2π , (1.1)

7



1. Future Circular Collider for electrons and positrons (FCC-ee)

Figure 1.5: Images of the radiator surface for different impact parameters (a)
1.37, (b) 1.32, (c) 1.08, (d) 0.9 mm. The red line indicates the beam trajectory
underneath the radiator. [KBB+18]

where λ is the radiation wavelength and γ = 1/
√

1− (v/c)2 the Lorentz factor.
For shorter wavelengths the light yield drops significantly due to the decrease of
the effective radius. For longer wavelengths with an effective radius which exceeds
the impact parameter the photon yield decreases ∝ 1/λ3 as it does for Cherenkov
radiation characterized by Frank and Tamm [FT37].

Coherent ChDR at CLEAR

The experimental studies performed by Curcio et al. [CBC+20] have demonstrated
the non-invasive bunch length measurement of ps-bunches using ChDR at the
CLEAR test facility [G+18]. They also showed the possibility of measuring the
beam position using the same setup. For the study a dielectric prism made out
of PTFE (εr = 2.1) was used. To measure the produced ChDR three detectors
each consisting of a waveguide horn, a band pass filter and a Schottky diode were
installed. They measured the radiation at 60 ± 1 GHz, 84 ± 1 GHz and 113.5 ± 9
GHz respectively and were pointing at one surface of the prism each.

Particle type e−

Beam energy [MeV] 60 - 220
Bunch intensity 6.2× 107 − 3.1× 109

Bunch length [ps] 0.5 - 10

Table 1.4: Beam parameters at CLEAR [SAL+19,CBC+20].

In Fig. 1.6a the measurement of the beam position used to center the bunch in the
radiator to set up the system before performing the bunch length measurement
is shown. Besides the beam position measurements, in Fig. 1.6a also simulations
performed with VSim are shown, which clearly indicate the same trend.

8



1.3. Considering Cherenkov diffraction radiation (ChDR) for FCC-ee

To perform the bunch length measurements the coherent spectrum has been
measured at different frequencies. From that a Gaussian bunch can be reconstructed
and its bunch length determined. The bunch length measurement relies on the
measured power at the two different frequencies. Moreover, the impact parameter
as well as the particle energy has to be known. The final results from these
measurements are presented in Fig. 1.6b together with simulations from VSim and
compared to measurements performed with a radio frequency deflector. They agree
especially for short bunches up to 2 ps. The larger error for longer bunch lengths is
due to the fact that the coherent spectrum of longer bunches gets weaker at higher
measurement frequencies.

(a) Transverse beam position measurement
in the horizontal plane.

(b) Bunch length measurements of Gaus-
sian bunches.

Figure 1.6: Bunch position and length measurement at CLEAR [CBC+20].

1.3.1 Conclusions for FCC-ee from past experiments

The experiments performed at CESR have shown that the incoherent spectrum of
ChDR can be used to determine a change of distance between bunch and radiator.
At the investigated distances in the order of ≈ 1 mm we have seen that the
photon yield changes exponentially with respect to the impact parameter, an effect
which possibly could be applied in a highly sensitive BPM. Increasing the impact
parameter to distances of several mm will reduce photon production significantly,
however, the higher energy at FCC-ee and integration over several bunches may
compensate for that. The studies at CLEAR have shown that the coherent part of
the ChDR spectrum can be used to determine the beam position as well. Compared
to incoherent ChDR, which scales linear with the number of particles, the coherent
part of the spectrum has the advantage of scaling proportional to the number of
particles squared. With the vast number of particles per bunch this results in a
much higher signal.

9



1. Future Circular Collider for electrons and positrons (FCC-ee)

In addition to this it has been demonstrated that the coherent part of the ChDR
spectrum can be used to determine the bunch length with ps resolution. If the
longitudinal profile is considered to be Gaussian at least two points in the frequency
spectrum are required to estimate its bunch length. More points in frequency
would allow for more elaborate profiles. Especially the high photon yield makes
the coherent part of the spectrum a promising candidate for non-invasive bunch
length measurements. However, to make use of this technique precise knowledge
of the radiated energy spectrum of a single particle as well as a particle bunch is
required. It is therefore key to study the radiated energy spectra of ChDR for the
individual beam parameters of each machine and at the same time investigate and
constrain the required parameter space for the measurements.

In the following chapters we introduce the formalism used for calculating the
radiated energy spectra of ChDR from a single particle. For this we introduce
different radiator geometries. Going from one particle to a particle bunch, we
calculate the expected photon yield in the coherent and in the incoherent part of
the spectrum for all the different operation modes of FCC-ee. We also have a closer
look at the position sensitivity of BPMs operating with ChDR and the resolution
of bunch length measurements.

10



2
Theory of Cherenkov diffraction

radiation

2.1 Cherenkov radiation

Figure 2.1: Illustration of the Cherenkov radiation principle. The wave front travels
at an angle ϑCh relative to the path of the charged particle.

A charged particle travelling through a dielectric medium faster than the phase
velocity of light in the corresponding medium generates Cherenkov radiation [Che37].
With the charged particle moving uniformly in one direction it generates a wave
front which forms a cone in three dimensions, or a pair of lines in two dimensions
as shown in Fig. 2.1. The cosine of the angle ϑCh is therefore equal to the ratio
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2. Theory of Cherenkov diffraction radiation

of the speed of light in the dielectric (vlight) divided by the speed of the charged
particle (vparticle). With vlight = c/n1 and β = vparticle/c this leads to:

cos(ϑCh) = 1
β n1

, (2.1)

where n1 is the refractive index of the dielectric material and c is the speed of light
in vacuum.

2.2 Cherenkov diffraction radiation

Figure 2.2: Illustration of the Cherenkov diffraction radiation principle. The wave
front travels inside the dielectric at an angle ϑCh relative to the path of the charged
particle.

Cherenkov diffraction radiation (ChDR) on the other hand describes the same
phenomenon for a charged particle just passing in the close vicinity of a dielectric
material instead of travelling right through it. The light yield is considerably lower
for ChDR than for ChR, nevertheless, its properties could be of great use in beam
diagnostics.

The following two sections provide an introduction to the theoretical background
of the simulations performed in this report. Using two different theoretical models
the use of ChDR for beam instrumentation purposes has been investigated for
cylindrical as well as flat geometries of radiators.

12



2.2. Cherenkov diffraction radiation

2.2.1 Cherenkov diffraction radiation in cylindrical
geometries

In 1980 Olsen and Kolbenstvedt published their results on a study of Cherenkov
radiation generated in one cylinder surrounded by dielectric. The geometry of their
theoretical model is shown in Fig. 2.3a. By replacing the material of the inner
cylinder with vacuum their model can be used for simulations of ChDR in beam
diagnostics. The geometry used in this report is shown in Fig. 2.3b. The following
paragraphs provide a summary of their work found in [OK80]. The presented
summary is only considering the cases where the permittivity ε2 > ε1, whereas the
inner medium with ε1 will then be set to be vacuum. Note that Gaussian units are
used and that notation has been changed in several parts compared to [OK80] to
improve readability and comparability within this report.

(a) Original model from Olsen and
Kolbenstvedt.

(b) Use case for beam diagnostics.

Figure 2.3: Illustration of the difference between the cylindrical model in [OK80]
and the used configuration for this report. Concentric layers of different dielectrics
are shown in blue, the outer layer of dielectric extends to infinity. The electron is
shown in red and travels along the axis perpendicular to the page.

To investigate the presented geometry we start with an electron travelling along
the axis in the center of the cylinder. This electron yields the current density
~j(~r, t) = e~v δ(~r − ~vt), with e being the elementary charge and ~v the constant
velocity of the electron. δ denotes the Dirac delta function. The field generated by
the particle satisfies the following equation for the vector potential ~A(~r, t), where
the Lorenz gauge condition for the vector potential is used:

13



2. Theory of Cherenkov diffraction radiation

Figure 2.4: Illustration of the geometry used in the Cherenkov diffraction model by
Olsen and Kolbenstvedt. The outer layer with permittivity ε2 extends to infinity.

∇2 ~A(~r, t)− εr
c2
∂2

∂t2
~A(~r, t) = −4π

c
~j(~r, t), (2.2)

where εr is the relative permittivity of the material and c the speed of light in vacuum.
Using the Fourier transforms ~A(~r, ω) =

∫
e−iωt ~A(~r, t)dt and~j(~r, ω) =

∫
e−iωt~j(~r, t)dt

we transform Eq. (2.2) and the current density ~j to the frequency domain where
they are of the form

(
∇2 + k2

)
~A(~r, ω) = −4π

c
~j(~r, ω) (2.3)

and

~j(~r, ω) = e v̂ δ2(ρ) exp
(
i
ω

v
z
)
, (2.4)

where k2 = εr

(
ω

c

)2
and v̂ = ~v

|~v|
. The cylindrical coordinates ρ, φ, z are used,

where z is set along the direction of propagation of the particle. Due to the form
of Eq. (2.4) and Eq. (2.3) it is already evident that ~A(~r, ω) only has components in
the z direction Az(~r, ω).

14



2.2. Cherenkov diffraction radiation

To find the particular solution of Eq. (2.3) the Green’s function for cylindrical
coordinates is used:

G(~r − ~r ′) = 1
4π

eik|~r−~r
′|

|~r − ~r ′|

= i

8π

∞∑
m=∞

eim(ϕ−ϕ′) ×

×
∫ ∞
−∞

dα Jm
(
ρ< ·
√
k2 − α2

)
H(1)
m

(
ρ> ·
√
k2 − α2

)
e−i α(z−z′),

(2.5)

where Jm and H(1)
m are the Bessel and Hankel functions of the first kind, and ρ< and

ρ> correspond to the smaller and greater of ρ and ρ′. For the particular solution
we are interested in cases which fulfill or do not fulfill the Cherenkov condition

β n = β
√
εrµr > 1. (2.6)

As already presented in the Fig. 2.4 for the inner region we set εr = ε1. The relative
permeability is set to µr = 1 for the inner and outer layer respectively. With the
condition in Eq. (2.6) fulfilled the particular solution for the potential yields

Az(~r, ω) = 4πe
c

∫
G(~r − ~r ′) δ2(ρ′) eiω

v
z′ d3x′

= iπe

c
H

(1)
0 (ρK1) exp

(
i
ω

v
z
)
,

(2.7a)

where

K1/2 = ω

v

√
ε1/2β2 − 1 .

For cases where Eq. (2.6) is not fulfilled in the inner region, the particular solution
of the cylinder changes to:

Az(~r, ω) = iπe

c
H

(1)
0 (iρκ1) exp

(
i
ω

v
z
)

(2.7b)
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2. Theory of Cherenkov diffraction radiation

where

κ1 = ω

v

√
1− ε1β2 .

The total solution for Eq. (2.3) is then the sum of the homogeneous solution of
Eq. (2.3) and one of the two solutions given in Eq. (2.7).

For the cases discussed in this report we are only interested in cases where the
Cherenkov condition presented in Eq. (2.6) is valid only in the outer layer with
εr = ε2. So we constrain ourselves to β√ε1 < 1 and β√ε2 > 1. As shown, this
results in

Az(~r, ω) =


iπe

c
exp

(
i
ω

v
z
) [
H

(1)
0 (iρκ1) + CJ0(iρκ1)

]
, ρ < R (2.8a)

iπe

c
exp

(
i
ω

v
z
)
DH

(1)
0 (ρK2), ρ > R (2.8b)

where C and D are constants to be determined from the boundary conditions. To
obtain the boundary conditions it is useful to note down the electric and magnetic
fields in terms of Az(~r, ω) explicitly. The fields ~E(~r, ω) and ~H(~r, ω) are given in
the frequency domain as

~E(~r, ω) = ic

ωεr
∇
[
∇ ~A(~r, ω)

]
+ iω

c
~A(~r, ω),

~H(~r, ω) = ∇× ~A(~r, ω),

whereas only the following components are non-zero:

Eρ(~r, ω) = 1
βεr

∂

∂ρ
Az(~r, ω),

Ez(~r, ω) = iω

c

(
1− 1

β2εr

)
Az(~r, ω),

Hϕ(~r, ω) = − ∂

∂ρ
Az(~r, ω),

(2.9)
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2.2. Cherenkov diffraction radiation

where εr = ε1 for ρ < R and εr = ε2 for ρ > R. The boundary conditions at ρ = R
are satisfied for ∂

∂ρ
Az(~r, ω) and (1− 1

β2ε
)Az(~r, ω) continuous. These two boundary

conditions together with 2.8a and 2.8b determine the constants C and D:

C = R

N

(
iκ1

ε2
ε1
·H(1)

0 (iRκ1) ·H(1)
1 (RK2)−K2 ·H(1)

0 (RK2) ·H(1)
1 (iRκ1)

)
(2.10)

and D = − 2
π N

ε2 κ1

ε1K2
, (2.11)

with

N = RK2 ·H(1)
0 (RK2) · J1(iRκ1)− iRκ1

ε2
ε1
· J0(iRκ1) ·H(1)

1 (RK2).

The energy radiated in the radial direction per unit length of the cylinder dW/dl
is obtained from the Poynting vector ~S = c

4π
~E × ~H and yields

dW

dl
= 2πρ

∫ ∞
−∞

Sρ(~r, t)dt, (2.12)

with Sρ denoting the Poynting vector in any arbitrary point located at the distance ρ
perpendicular to the axis. Transforming this into frequency domain and considering
Eq. (2.9) yields

dW

dl
= cρ

4π

∫ ∞
0

[
Ez(~r, ω)Hϕ(~r,−ω) + Ez(~r,−ω)Hϕ(~r, ω)

]
dω. (2.13)

For the outer layer with ρ > R inserting Eq. (2.8) into Eq. (2.9) leads to the final
result:

dW

dl
= e2

c2

∫ ∞
0

ω

(
1− 1

β2n2(ω)

)
|D|2 dω. (2.14)

Comparing this to the Frank-Tamm equation in Gaussian units [FT37,Tam39],
which is given as

dW

dl
= e2

c2

∫ ∞
0

ω

(
1− 1

β2n2(ω)

)
dω, (2.15)

shows that for D = 1 the result obtained by Olsen and Kolbenstvedt yields the
Frank-Tamm equation.
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2. Theory of Cherenkov diffraction radiation

2.2.2 Cherenkov diffraction radiation in flat geometries
In 1966 Ulrich studied the Cherenkov radiation emitted from an electron moving
parallel to the surface of a flat dielectric material. Its surface expands infinitely in
both directions and the dielectric is infinitely thick as illustrated in Fig. 2.7. The
following paragraphs provide a brief overview of his work with a focus on the results
relevant for this report. Note that Gaussian units are used and notation is changed
in several parts compared to [Ulr66] to improve readability and comparability
within this report.

Figure 2.5: Illustration of the flat model of Ulrich in the transverse plane. The
electron is shown in red and travels perpendicular to the page.

An electron travelling parallel along the surface of a flat dielectric with a constant
velocity v has the coordinates x(t) = vt, y(t) = 0, z(t) = −a, where a is the
distance to the surface and a > 0 for the discussed cases. In vacuum the electric
and magnetic fields generated by the electron can be described as superposition of
plane waves attenuated in the transverse direction:

~E(~r, t) =
∑
j=1,2

∫ +∞

−∞
dk
∫ +∞

−∞
dq Aj(k, q) ~Ej(k, q;~r, t), (2.16)

~H(~r, t) =
∑
j=1,2

∫ +∞

−∞
dk
∫ +∞

−∞
dq Aj(k, q) ~Hj(k, q;~r, t). (2.17)

Index j = 1 corresponds to TM polarized and j = 2 to TE polarized waves.

~E1(k, q;~r, t) = −
(

isp
isq

p2+q2

)
exp

(
ik(ct− px− qy)− ksz

)
,

~E2(k, q;~r, t) =
( q
−p
0

)
exp

(
ik(ct− px− qy)− ksz

)
,

(2.18a)
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2.2. Cherenkov diffraction radiation

Figure 2.6: Illustration of the flat model of Ulrich introducing the angular depen-
dencies of the unit vector ~w in the direction of propagation of ChDR.

~H1(k, q;~r, t) =
( −q

p
0

)
exp

(
ik(ct− px− qy)− ksz

)
,

~H2(k, q;~r, t) = −
(

isp
isq

p2+q2

)
exp

(
ik(ct− px− qy)− ksz

)
,

(2.18b)

where k = ω/c parameterises the waves regarding frequency and p, q regarding
direction of propagation. We take s = ±

√
p2 + q2 − 1 and k, p, q real, whereas the

sign of s has to be chosen in such a way, that k · s > 0 to ensure the damping
increases in the positive z direction.

As shown in [TdF60], we have p = 1/β, and one obtains for the amplitudes in
Eqs. (2.16) and (2.17)

A1(k, q) = −e|k|2π
β

1 + β2q2 · e
−a|k|
√
q2+β−2−1 ,

A2(k, q) = −iek2π
β2q

(1 + β2q2)
√
q2 + β−2 − 1

· e−a|k|
√
q2+β−2−1 .

(2.19)

The elementary waves in Eq. (2.18) may hit the surface of the dielectric at z = 0
and be partly reflected as well as refracted. With the unit vector ~w = (p′, q′, s′) we
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2. Theory of Cherenkov diffraction radiation

use the following ansatz for the refracted waves:

~E ′1(k, q;~r, t) = n

(
p′s′

q′s′

−(p′2+q′2)

)
eik(ct−np′x−nq′y−ns′z),

~E ′2(k, q;~r, t) = n
(

q′

−p′
0

)
eik(ct−np′x−nq′y−ns′z),

(2.20a)

~H ′1(k, q;~r, t) = n2
(
−q′
p′

0

)
eik(ct−np′x−nq′y−ns′z),

~H ′2(k, q;~r, t) = n2
(

p′s′

q′s′

−(p′2+q′2)

)
eik(ct−np′x−nq′y−ns′z),

(2.20b)

where n is the refractive index of the dielectric. With the help of a similar second
set of equations for the reflected waves and the boundary conditions for the fields
at the surface z = 0 one can obtain the transmission coefficients T1 and T2 and
the relations between the parameters p′, q′ and s′ and their counterparts in the
unfractured area:

T1(q) = 2 s(q)
n s(q) + i s′(q) and T2(q) = 2 s(q)

s(q) + in s′(q) , (2.21)

p′ = p

n
= 1
βn

, (2.22a)

q′ = q

n
, (2.22b)

s′ = 1
n

√
n2 − p2 − q2 = 1

n

√
n2 − 1

β2 − q
2 . (2.22c)

In order for the refracted waves not to be damped, p′, q′ and s′ have to be real.
According to Eq. (2.22c) this can only be the case for 1

βn
< 1 which is equal to the

Cherenkov condition already introduced in Eq. (2.6). From Eq. (2.22) one can also
observe that the angle between the x-axis and the direction of propagation of the
refracted wave is ϑ = arccos( 1

βn
) which is equal to the Cherenkov angle introduced

in Eq. (2.1). The fields of the refracted electromagnetic waves are superpositions
of the waves in Eq. (2.20) attenuated by the transmission coefficients:

~E ′(~r, t) =
∑
j=1,2

∫ +∞

−∞
dk
∫ +∞

−∞
dq Aj(k, q)Tj(q) ~E ′j(k, q;~r, t), (2.23)
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2.2. Cherenkov diffraction radiation

~H ′(~r, t) =
∑
j=1,2

∫ +∞

−∞
dk
∫ +∞

−∞
dq Aj(k, q)Tj(q) ~H ′j(k, q;~r, t). (2.24)

Next we calculate the fields for a point in the dielectric with the coordinates x = 0,
y = ρ cos(η) and z = ρ sin(η). For a plane wave to contribute to the fields, the
unit vector in the direction of propagation ~w = (p′, q′, s′) has to be real. We
parameterise q′ and s′ with the help of η which leads to ~w = (p′, q′(q0), s′(q0)) with
q0 =

√
n2 − 1

β2 cos(η) and p′, q′ and s′ from Eq. (2.22).

Figure 2.7: Illustration of the flat model of Ulrich introducing the vectors ~u and ~v.
The unit vector ~w, the Cherenkov angle ϑCh and the angle ψ have already been
introduced in Fig. 2.6.

With n = constant the electric and magnetic fields are always in the plane perpen-
dicular to the unit vector ~w. This plane is generated by the two vectors ~u and ~v as
shown in Fig. 2.7, therefore:

~E ′
(( 0

ρ cos(η)
ρ sin(η)

)
, t

)
= ~uB1 − ~v B2,

~H ′
(( 0

ρ cos(η)
ρ sin(η)

)
, t

)
= ~v nB1 − ~u nB2,

(2.25)
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2. Theory of Cherenkov diffraction radiation

where ~u =
(

p′ s′(q0)
q′ s′(q0)

−[p′2+q′2(q0)]

)
and ~v =

(
−q′(q0)
p′

0

)
.

The amplitudes in Eq. (2.25) are given as

Bj =
∫ ∞

0
dk 2n sin(η)

√
2π n k ρ sin(ϑCh) |Tj(q0)| |Aj(k, q0)| cos(ϕj),

with

ϕj(k, q0) = k c t− n k ρ sin(ϑCh) + αj(q0) + τj(q0) + π/4,

whereas αj are the phases of the Fourier coefficients

α1 = π, α2 =
{
−π/2, 0 ≤ η < π/2
+π/2, π/2 < η ≤ π

and τj are the phases of the transmission coefficients Tj = |Tj| ei τj . With s′(q0) =
cos(ψ) and the transmission coefficients in Eq. (2.21) we obtain

|T1(q0)|2 = 4
n2

1− n2

n2−1 cos2(ψ)
1− n2+1

n2 cos2(ψ)
, |T2(q0)|2 = 4

(
1− n2

n2 − 1 cos2(ψ)
)

(2.27)

and

tan(τ1(q0)) = ∓ 1
n

cos(ψ)√
n2 sin2(ψ)− 1

, tan(τ2(q0)) = ∓n cos(ψ)√
n2 sin2(ψ)− 1

,

where the minus sign applies to k > 0 and the plus sign to k < 0.

Now we can finally calculate the Poynting vector ~S = c
4π
~E × ~H to obtain the

directional energy flux due to Cherenkov diffraction radiation. With the help of
Eq. (2.25) the Poynting vector becomes

~S = ~S1 + ~S2,

~S = n c

4π sin2(ψ)
(
B2

1 +B2
2

)
~w.

(2.28)
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2.2. Cherenkov diffraction radiation

As we are interested in the spectral distribution of the radiated energy we need to
integrate the energy flux over time. Therefore we consider a cylinder of radius ρ
with surface elements d~f = ρ dη dl (0, cos(η), sin(η)). For each polarisation of the
Poynting vector the energy radiated per unit length l and azimuth angle η is

dWj

dl dη
=
∫ +∞

−∞
dt

n c

4π sin2(ψ) sin(ϑCh)B2
j

=
∫ +∞

−∞
dt
∫ ∞

0
dk
∫ ∞

0
dk′ 2n4 c

√
kk′ sin2 ψ cos2 ψ |Tj|2 ×

× |Aj(k)| |Aj(k′)| cos(ϕj(k)) cos(ϕj(k′)).

After integration over t and k′ this yields

dWj

dl dη
=
∫ ∞

0
dk 2π n4 sin2 ψ cos2 ψ |Tj|2 |Aj(k)|2. (2.29)

The integrand of Eq. (2.29) is the desired distribution, which after using the angular
frequency ω instead of the wavenumber k can be written as

dWj

dl dη dω
= 2π

ω
n4 sin2 ψ cos2 ψ |Tj|2 |Aj|2. (2.30)

After inserting the expressions for |Tj| and |Aj| as seen in Eq. (2.27) and Eq. (2.19),
as well as expressing all angles with the help of η and ϑCh = arccos( 1

β n
) the final

energy distribution yields

dWj

dl dη dω
= e2

2πc2 · ω · Fj · exp
(
−2 ω

c
a κ
)
, (2.31)

with the factors Fj describing the azimuth distribution for the TM and TE waves
respectively:
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2. Theory of Cherenkov diffraction radiation

F1(n, β, η) = 4
sin2(ϑCh) cos2(ϑCh) sin2(η)

1− sin2(ϑCh) sin2(η)

1−
n2

n2 − 1
sin2(ϑCh) sin2(η)

1−
n2 + 1
n2

sin2(ϑCh) sin2(η)
,

F2(n, β, η) =
4n2

n2 − 1
sin4(ϑCh) sin2(η) cos2(η)

1− sin2(ϑCh) sin2(η)
.

The factor κ in the exponent is given as

κ(n, β, η) =
√
n2 − 1− n2 sin2(ϑCh) sin2(η)

=

√√√√n2 cos2(η) + sin2(η)
β2 − 1 .

For a particle passing through bulk material the radiation is isotropic with respect
to η and the impact parameter a is of course 0. The factor F in Eq. (2.31) then
can be described as sin2(ϑCh) and the exponential function becomes 1. Using the
identity sin2(arccos(x)) = 1− x2 and Eq. (2.1) for the Cherenkov angle ϑCh it can
be shown that

sin2(ϑCh) = 1− 1
β2n2(ω) .

So for a particle passing through bulk material Eq. (2.31) resembles Frank-Tamm
equation.

In general the factors Fj in Eq. (2.31) both are proportional to sin2(ϑCh) and
describe the η−dependency caused by the flat geometry. The exponential function
has no contribution for a = 0. Moreover, only for wavelengths λ / a the radiated
energy reduces compared to Frank-Tamm. For wavelengths λ � a the impact
parameter has a negligible effect and the spectrum behaves like a→ 0.
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2.2. Cherenkov diffraction radiation

Gaussian to SI units
Whereas Gaussian units have turned out to be of great use for the calculations
in the previous sections 2.2.1 and 2.2.2 in all other parts of this report SI units
are used. Therefore the conversion from Gaussian to SI units is given here to
provide the link between these two sections and the rest of the report. As the
final equations in the sections 2.2.1 and 2.2.2, namely Eqs. (2.14) and (2.31) are
modifying the Frank-Tamm formula in such a way, that a dimensionless factor is
added, it is sufficient to only have a closer look at the Frank-Tamm formula itself
to introduce the desired conversion.

Frank-Tamm formula
in Gaussian units:

dW

dl dω
= (qG)2

c2 · ω ·
(

1− 1
β2n2(ω)

)
(2.32)

where W, l and qG are given in [erg], [cm] and [statC] respectively. Here qG denotes
the electrical charge in Gaussian units. Note that β and n are dimensionless. To
obtain our result in SI units we use the conversion factor between qG and q, which

is given as q
G

q
= 1√

4πε0
. Then with c = 1

√
ε0µ0

Eq. (2.32) can be written in the

form

Frank-Tamm formula
in SI units:

dW

dl dω
= q2

4π · µ0 · ω ·
(

1− 1
β2n2(ω)

)

where all variables are given in SI units. As a result W, l, ω are given in [J ], [m] and
[1/s] respectively, q is given in [C] and µ0 is the vacuum permeability in [H/m].
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2. Theory of Cherenkov diffraction radiation

2.3 Bunch spectrum and form factor
The previous sections 2.2.1 and 2.2.2 provide a theoretical model of the radiated
energy spectrum of the radiation produced by an electron moving in the vicinity of
dielectric material of various geometric shapes. The aim of this section is to use the
obtained results and apply them to a special experimental case, namely going from
a single particle to multiple particles forming an electron bunch. The derivation
follows the approach presented in [GDHR+08] by Grimm et al. and [GS06] by
Grimm and Schmüser.

The electric field of N electrons in a bunch is given as a superposition of their
individual field contributions. For brevity we suppress the variable ~r and therefore
define ~E(~r, t) ≡ ~E(t). We disregard any transverse displacement of particles,
leaving only the longitudinal dimension, equivalent to time. Moreover, we are
considering the field at a fixed observation point. The superposition of the fields is

~E(t) =
N∑
i=1

~Ei(t). (2.33)

To obtain the spectrum in frequency domain we use the Fourier transform ~E(ω) =∫∞
−∞

~E(t) e−iωtdt. We suppose that the contribution from each particle is the same
except for time-delays due to their spatial offset from the reference particle 1. If
the field of the reference particle is given as ~E1(t), then the field of any particle
i will be given as ~Ei(t) = ~E1(t+ ∆ti), whereas ∆ti is a time delay of a particle i
with respect to the reference particle. The total field in Eq. (2.33) in frequency
domain is then given as

~E(ω) =
∫ ∞
−∞

N∑
i=1

~Ei(t) e−iωtdt =
N∑
i=1

∫ ∞
−∞

~E1(t+ ∆t′i) e−iωtdt

=
N∑
i=1

∫ ∞
−∞

~E1(t) e−iω(t−∆t′i)dt =
N∑
i=1

eiω∆t′i
∫ ∞
−∞

~E1(t) e−iω(t−∆t′i)dt

=
N∑
i=1

eiω∆t′i ~E1(ω).

(2.34)

Next we express the time difference ∆t′i in terms of the wave vector ~k, which is
pointing from the reference particle to the observation point and the vector ~ri,
which represents the spatial vector from the reference particle 1 to any particle i.
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2.3. Bunch spectrum and form factor

For this we assume that the spatial distance between the reference particle and
the point of observation is much larger than the spatial distances between the
individual particles. We have

∆ti = −
~k · ~ri
|~k| c

, (2.35)

with ~k given as

~k = 2π
λ
~n = ω

c
~n (2.36)

and ~n pointing from the reference particle to the observation point. So the time
delay ∆ti leads to a phase shift of −~k · ~ri between the waves emitted from particle
i and particle 1.

The derivation of the energy density spectrum is given in Appendix A of [GS06]
and yields

d2W

dAdλ
= 2ε0c2

λ2

〈 ∣∣∣ ~E(~k)
∣∣∣2 〉, (2.37)

with energy W and area A. The angle brackets indicate that the ensemble average
must be taken into account for the macroscopic quantity d2W

dAdλ
as ~E(~k) yields from

one particular microscopic distribution. Inserting Eqs. (2.34) and (2.35) yields

d2W

dAdλ
= 2ε0c2

λ2

〈 ∣∣∣∣∣
N∑
i=1

e−i
~k·~ri ~E1(~k)

∣∣∣∣∣
2 〉

:=
(
d2W

dAdλ

)
1
·
〈 ∣∣∣∣∣

N∑
i=1

e−i
~k·~ri

∣∣∣∣∣
2 〉
,

(2.38)

with ( d
2W

dAdλ
)1 being the radiated energy spectrum of a single particle. The ensemble

average can be rearranged to
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2. Theory of Cherenkov diffraction radiation

〈 ∣∣∣∣∣
N∑
i=1

e−i
~k·~ri

∣∣∣∣∣
2 〉

=
〈(∑

i

e−i
~k·~ri

)
·
(∑

j

ei
~k·~rj

)〉

=
N∑
i=1

1 +
〈

N∑
i=1

N∑
j=1
j 6=i

e−i
~k·~ri · ei~k·~rj

〉

= N +
〈

N∑
i=1

e−i
~k·~ri

〉〈
N∑
j=1
j 6=i

ei
~k·~rj

〉
.

(2.39)

Now we introduce the normalized three-dimensional particle density distribution

S3D(~r) = 1
N

〈
N∑
i=1

δ(~r − ~ri)
〉

= 1
N − 1

〈
N∑
j=1
j 6=i

δ(~r − ~rj)
〉
, (2.40)

whereas the two averages are equal because of the assumption of uncorrelated
particles. Now we can rewrite Eq. (2.38) to

d2W

dAdλ
=
(
d2W

dAdλ

)
1
·

N+N
(
N−1

) ∫
S3D(~r)e−i~k ~rd~r

∫
S3D(~r′)ei~k ~r′d~r′

. (2.41)

As the three-dimensional bunch form factor is defined as the Fourier transform of
the three-dimensional particle density distribution

F3D(~k) =
∫
S3D(~r)e−i~k ~rd~r, (2.42)

we obtain our final result as

d2W

dAdλ
=
(
d2W

dAdλ

)
1
·

N +N
(
N − 1

)
·
∣∣∣F3D(~k)

∣∣∣2
 . (2.43)

The first term in Eq. (2.43) is the intensity obtained when the N particles emit
independently from each other so that intensities are added, not the amplitudes.
This is the incoherent part of the spectrum. The second part takes the phase
relations among the N particles into account, forming the coherent part of the
spectrum [LS96].
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2.3. Bunch spectrum and form factor

As the equations for the radiated energy due to Cherenkov diffraction radiation in
the previous sections partly are given with respect to the wavelength λ and partly
with respect to the angular frequency ω we also provide the conversion between
the two of them. As we require

∣∣∣∣∣dWdω dω
∣∣∣∣∣ =

∣∣∣∣∣dWdλ dλ
∣∣∣∣∣ , (2.44)

we obtain

dW

dλ
= ω2

2πc
dW

dω
. (2.45)
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3
Applications of ChDR

3.1 Simulation parameters

3.1.1 Dielectric function
The relative permittivity of any material is a function of frequency. The dielectric
function describes this dependency. The dielectric function of fused silica (SiO2)
shown in Fig. 3.1 was used in the simulations, where the material SiO2 is indicated.
As already shown in Eq. (2.1) the Cherenkov angle ϑCh depends on the particles
velocity v and the refractive index n of the material. As εr of SiO2 is different in
different regimes of the spectrum also the Cherenkov angle changes. With v ≈ c
and the values provided in Fig. 3.1 we obtain for the GHz range ϑCh ≈ 59.2◦ and
for the visible spectrum ϑCh ≈ 46.7◦.

Often we are only interested in a particular range of the relative permittivity of a
specific material. If this range is narrow and far from resonances (as can be seen
between 1013 and 1014 Hz in Fig. 3.1) the relative permittivity can be assumed to
be constant in that range. In calculations where a constant value for the relative
permittivity has been used, it is explicitly mentioned and taken from [Pol20], where
a library of various parameters for a wide range of materials is provided.

3.1.2 Geometry considerations
To improve the comparison between the two presented models also in quantitative
numbers, the calculated radiated energy spectrum of the cylindrical geometry is
scaled down to only a fraction of the full circle for most simulations. This is
illustrated in Fig. 3.2. If not stated otherwise the total angle (2× α in Fig. 3.2)

31



3. Applications of ChDR

108 109 1010 1011 1012 1013 1014 1015

-5.0

0.0

5.0

R
ea

l(
ε r

)

Dielectric function of SiO2

108 109 1010 1011 1012 1013 1014 1015

Frequency [Hz]

0.0

5.0

10.0

Im
ag

(ε
r
)

Figure 3.1: Real and imaginary part of the relative permittivity εr of SiO2 [KPJ07].
Due to the lack of available data for frequencies lower than 6.3 × 1011 Hz the
relative permittivity is assumed to stay constant for these frequencies.

was chosen to be 60◦, denoted as Cylindrical (60◦) in various plots. On top of that
the calculations often are scaled down to a shorter radiator length, denoted as l.
As a standard value in the presented calculations a radiator length of 10 mm was
chosen.

Figure 3.2: Illustration of the two considered geometries. The particle is shown
in red and travels perpendicular to the page at a distance of h. Only a fraction
of the cylindrical geometry is considered in order to obtain comparable results in
quantitative numbers.
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3.2. Single particle spectrum

3.2 Single particle spectrum
As we have seen in Eq. (2.43), the radiated energy spectrum of the single particle
together with the bunch form factor and the number of particles in the bunch will
yield the radiated energy spectrum of a bunch in the end. So before analyzing the
spectra resulting from the different bunches, each consisting of a large number of
electrons, it is useful to have a closer look at the radiated energy spectrum of a single
particle first. In chapter 2 two theoretical models have been introduced to describe
the radiated energy spectrum of a single particle. The resulting radiated energy
spectra of a single particle are presented in Fig. 3.3. To show the general behaviour
of the functions independent of a change in εr(ω) with respect to frequency, the
relative permittivity εr is considered a constant in this section. The value εr = 3.8
was chosen for these plots, which is approximately the relative permittivity of fused
silica (SiO2) in the low THz range as seen in Fig. 3.1. Note that in the current
section the data is not scaled, therefore the length of the considered radiator is
l = 1000 mm and for the cylindrical geometry a full circle of 360◦ is considered.
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N = 1, SiO2 (ε = 3.8), h = 3 mm

Frank-Tamm
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Figure 3.3: Radiated energy spectrum of a single particle for flat and cylindrical
geometry for different values of γ.

In Fig. 3.3 we can observe three different regimes in the spectrum for each value
of γ. First the spectrum increases ∝ ω, just as it does in the Frank-Tamm theory.
For frequencies which correspond to a wavelength in a similar order of magnitude
as the impact parameter, the spectrum does not follow the linear dependency in ω
anymore. This is to be expected as for low frequencies (longer wavelengths) the
influence of the impact parameter should be neglectable for wavelengths greater
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than the impact parameter and the spectrum therefore approaches the Frank-Tamm
behaviour.
The second part of the spectrum decreases ∝ ω−2, which corresponds to the linear
decay in the log-log graph especially visible for the high energy curve plotted in
red. Finally the radiated energy decreases ∝ exp(−ωh/γ) in the last part of the
spectrum.
The transition points in between the three regimes are dependent on the impact
parameter h and the Lorentz factor γ of the electron. The first inflection point in
Fig. 3.3 is only proportional to the inverse of the impact parameter and therefore
is the same for each γ. The 1/h dependency can be seen in Fig. 3.4, where the
spectrum with γ = 100 (orange curve from Fig. 3.3) has been plotted for different
impact parameters.
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Figure 3.4: Radiated energy spectrum of a single particle for flat and cylindrical
geometry for different impact parameters h.

The second turning point of the different spectra shown is proportional to γ/h. The
turning point therefore shifts to the right increasing the overall radiated energy with
increasing γ as seen in Fig. 3.3, as well as with decreasing the impact parameter h
as seen in Fig. 3.4. It is apparent that it shows the same behaviour as the effective
radius presented in Eq. (1.1) which can be rewritten as

f = γ c

2π h with h = reff . (3.1)

Besides plotting the radiated energy spectra dependent on frequency, it is useful to
have a look at the spectra as a function of wavelength as well. Fig. 3.5 shows the
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Figure 3.5: Radiated energy spectrum of a single particle for flat and cylindrical
geometry for different values of γ.

spectra of Fig. 3.3 as a function of wavelength. Now one can observe the well known
1/λ3 dependency of Cherenkov radiation. The range ∝ ω−2 in the frequency plots
transforms to a constant plateau, which can be extended to shorter wavelengths
by increasing the energy, or reducing the impact parameter as seen in Figs. 3.5
and 3.6.
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Figure 3.6: Radiated energy spectrum of a single particle for flat and cylindrical
geometry for different impact parameters.
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3.3 Bunch properties of FCC-ee
As we have just obtained the radiated energy spectrum of a single particle in
section 3.2 it is only left to determine the bunch profiles and the number of
particles. In Fig. 3.7 typical longitudinal bunch profiles for all four operation
modes are presented. The profiles take into account the lengthening effects due to
beamstrahlung. The standard deviation σ of a Gaussian fit is given for each profile
respectively and presented in Tab. 3.1. As expected the resulting bunch lengths in
Tab. 3.1 are in good agreement with [AAA+19, p. 283].

Z WW H(ZH) tt

Bunch length with Beamstrahlung [ps] 42.2 20.1 17.7 8.4
Bunch length with Beamstrahlung [mm] 12.7 6.0 5.3 2.5

Table 3.1: Bunch lengths for the different operation modes obtained from Fig. 3.7.
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Figure 3.7: Longitudinal bunch profiles [Sha20] for the different operation modes
presented in Tab. 1.1. For each profile a Gaussian fit is plotted with the corre-
sponding standard deviation σ shown in the legend. The time scale is the same on
each plot, the bunch intensities are unified.
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Besides the bunch length (= longitudinal bunch size), we also have a look at the
transverse size of the bunch. The minimal and maximal values for the expected
transverse sizes have already been presented in Tab. 1.2. There we can see that
the transverse beam size in the horizontal plane ranges from 60-150 µm, whereas
the transverse beam size in the vertical plane ranges from 10-20 µm.

The three-dimensional bunch form factor which was introduced in Eq. (2.42) is de-
fined as the Fourier transform of the three-dimensional particle density distribution

F3D(~k) =
∫
S3D(~r) e−i~k ~rd~r .

In Fig. 3.8 a 3D schematic of such a particle density distribution is given. In
order to illustrate the greatest possible transverse spread with respect to the bunch
length, for plotting the particle density distribution the shortest possible bunch
length from Fig. 3.7, together with the largest expected transverse sizes are used.
This results in a bunch from tt operation mode with the dimensions σz = 2.52 mm,
σx = 0.15 mm and σy = 0.02 mm.

Figure 3.8: 3D schematic of the particle density distribution S3D(~r) during tt
operation.

For all the different operation modes of FCC-ee the longitudinal bunch size is
≈ 20-80 times greater than the transverse size in the horizontal plane and ≈
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120-600 times greater than the transverse size in the vertical plane. The transverse
bunch sizes are also small compared to the impact parameters we are interested in.
Therefore we neglect the effects of the particles distributed off the center axis and
we are left with a particle density distribution in just one dimension. The form
factor is then calculated for an infinitely thin bunch.

3.4 Bunch spectra of FCC-ee
The Figs. 3.9 to 3.12 show the radiated energy spectra for the four different
operation modes. These plots were created with the cylindrical model, whereas
only a fraction of 60◦ of the full circle is used. The left part of the spectrum from
108 Hz up to ≈ 1012 Hz is dominated by coherent radiation. It is dependent on
the form factor of the bunch and extends to higher frequencies for shorter bunches.
The coherent spectrum scales with the number of particles in the bunch squared.
The second part of the spectrum from ≈ 1012 Hz up to 1015 is the incoherent part.
This range only scales linearly with the number of particles in the bunch. The
values for each operation mode can also be found in Tab. 1.1.
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Figure 3.9: Radiated energy spectrum of a 45 GeV electron/positron bunch for
different impact parameters. Profile as seen in Fig. 3.7.
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Figure 3.10: Radiated energy spectrum of an 80 GeV electron/positron bunch for
different impact parameters. Profile as seen in Fig. 3.7.
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Figure 3.11: Radiated energy spectrum of a 120 GeV electron/positron bunch for
different impact parameters. Profile as seen in Fig. 3.7.
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Figure 3.12: Radiated energy spectrum of a 183 GeV electron/positron bunch for
different impact parameters. Profile as seen in Fig. 3.7.
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3.5 Applications of incoherent radiation
In this section we will have a closer look at the incoherent part of the radiated
energy spectra shown in Figs. 3.9 to 3.12. As there is a wide choice of detectors in
the visible range (380-780 nm, 789-384 THz) this region is particularly interesting
for possible exploitation in beam diagnostics. The following Fig. 3.13 shows the
incoherent spectrum for up to 5 µm wavelength. The energy scale is kept the same
for better comparison.
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Figure 3.13: Incoherent spectra of the four different bunches. The visible range is
slightly emphasised in grey.

Due to the lower particle energy, the exponential decay in the visible range is more
prominent for the 45 GeV bunch. For the 183 GeV bunch the region of exponential
decay is not so strong as the position of the turning point between the two regimes
is ∝ γ/h. For wavelengths longer than ≈ 4 µm all four presented spectra are
already saturated in terms of particle energy, meaning their difference in particle
energy has no impact on the spectrum. Their difference in radiated energy is just
dependent on the number of particles for these wavelengths.
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3.5.1 Beam position monitor
Using the different spectra shown in Fig. 3.13 we will now calculate the response
of a beam position monitor detecting the emitted photons. To do so we integrate
the spectrum over a defined wavelength range to obtain the energy radiated in
this range. This integration is done for a grid of 101 impact parameters, linearly
distributed from 17.5-52.5 mm. This change in impact parameter corresponds to
an offset from -50% to +50% with respect to the central position of 35 mm in
the vacuum pipe. Two detectors situated at opposite sides of the beam pipe are
considered. Their signals are then plotted as difference over sum (∆/Σ). This
describes the setup for a BPM in one plane. The geometry is shown in Fig. 3.14
for an impact parameter of 35 mm. Adding the same setup rotated by 90◦ along
the vacuum pipe axis would result in a four button BPM as shown in Fig. 1.4.

Figure 3.14: Illustration of BPM calculations for an impact parameter of h = 35 mm.
The impact parameter varies from 17.5-52.5 mm.

Visible spectrum

In Fig. 3.15a the response of a BPM sensitive in the visible spectrum (380-780 nm)
is shown for the Z operation mode. Also the curves corresponding to the particle
energy changed by ±10% are shown. In Fig. 3.15b the number of photons per
detector as a function of impact parameter is shown, whereas the same particle
energies as in Fig. 3.15a are considered. For small deviations within a few mm from
the central position the signals from the BPM can be characterized by a linear
response. The slope of this response at the central position is given as k0 and is
a quantity characterizing the position sensitivity of the BPM. In Fig. 3.15a k0 is
given in values of mm−1. The higher the value the more sensitive the BPM is,
however, at the same time this narrows the range in which the BPM can operate
without saturating.
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Figure 3.15: BPM response and number of photons for a 45 GeV electron/positron
bunch in the visible range (380-780 nm). Nominal particle energy is plotted in
orange and a change in particle energy of ±10% is shown as well. dW/dλ is
obtained with parameters given in Fig. 3.13.

The BPM plots and the expected number of photons for the other operation modes
are shown in Figs. A.1 to A.4. The first row in these plots corresponds to the
visible range from 380-780 nm. Taking the data from these plots in Tab. 3.2 the
different values of k0 for a BPM operating in the visible spectrum are given.

380-780 nm h = 35 mm

i 90% · γi 100% · γi 110% · γi
Z k0 [mm−1] 0.238 0.219 0.203
W k0 [mm−1] 0.156 0.146 0.138
H k0 [mm−1] 0.123 0.117 0.113
tt k0 [mm−1] 0.104 0.101 0.098

Table 3.2: Overview of the response of a BPM operating in the visible range for the
four different operation modes. Values are taken from Figs. A.1 to A.4, γi denotes
the nominal particle energy at each operation mode respectively.

As can be seen in Tab. 3.2 the BPM is most sensitive for an operation in Z mode.
This is expected when comparing to Fig. 3.13 as the Z operation mode has the
largest spread in radiated energy for different impact parameters. This larger
spread is due to the fact that the 45 GeV bunch has a significantly lower particle
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energy than the other bunches and therefore does not extend to higher frequencies
due to the effective radius of the field (Eq. (3.1)). In this energy regime where the
effective radius plays a significant role one is still dependent on the particle energy
as can also be seen in Tab. 3.2. For a 10% change in particle energy in Z mode the
position sensitivity at h = 35 mm changes up to 9%, in tt mode about 3%.
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Figure 3.16: Position sensitivity of a BPM in the visible range. The values at the
nominal position k(35 mm) := k0(35 mm) can be found in Tab. 3.2.

380-780 nm h = 35 mm

i 90% · γi 100% · γi 110% · γi
Z No. of photons/bunch 0.18 0.30 0.45
W No. of photons/bunch 1.05 1.33 1.60
H No. of photons/bunch 2.20 2.50 2.76
tt No. of photons/bunch 11.79 12.54 13.14
Z No. of photons/turn 2939 4980 7568
W No. of photons/turn 2093 2659 3203
H No. of photons/turn 865 983 1083
tt No. of photons/turn 566 602 631

Table 3.3: Number of photons in the visible range for an impact parameter of
35 mm. γi denotes the nominal particle energy at each operation mode respectively.

Besides the position sensitivity of the BPM the expected number of photons which
can be detected is of great importance for an operational device. As can be seen in
Fig. 3.15b the number of photons in Z mode spans over more than three orders of
magnitude for the presented change in impact parameter. Looking at Fig. 3.13 it
is evident that a high position sensitivity comes at the cost of less radiated energy.
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This effect is shown in Tab. 3.3. In the visible range the number of photons is
more dependent on a change in particle energy for low energy bunches due to the
exponential decrease of the radiated energy. For a 10% change in particle energy
in Z mode the number of photons at h = 35 mm changes at least by 40%, in tt
mode at least 5%. In general at an impact parameter of h = 35 mm the photon
yield in the visible range is not high enough for a bunch-by-bunch measurement,
providing turn-by-turn data would be feasible.

Another possibility to increase the photon yield would be to reduce the impact
parameter as shown in Tab. 3.4. This would also increase position sensitivity as
seen in Tab. 3.5. Moreover, the number of photons is not as dependent on a change
in particle energy anymore. For a 10% change in particle energy the change in
number of photons at h = 5 mm is less than 3% for all operation modes.

380-780 nm h = 15 mm

i 90% · γi 100% · γi 110% · γi
Z No. of photons/bunch 33.48 39.20 44.27
W No. of photons/bunch 42.15 44.72 46.76
H No. of photons/bunch 50.29 51.71 52.80
tt No. of photons/bunch 197.19 199.65 201.50

380-780 nm h = 5 mm

i 90% · γi 100% · γi 110% · γi
Z No. of photons/bunch 2038 2084 2119
W No. of photons/bunch 1518 1529 1537
H No. of photons/bunch 1551 1556 1559
tt No. of photons/bunch 5645 5652 5658

Table 3.4: Number of photons/bunch in the visible range for impact parameters of
15 mm and 5 mm. γi denotes the nominal particle energy at each operation mode
respectively.
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380-780 nm

i 35 mm 15 mm 5 mm

Z k0 [mm−1] 0.219 0.292 0.638
W k0 [mm−1] 0.146 0.234 0.612
H k0 [mm−1] 0.117 0.216 0.605
tt k0 [mm−1] 0.101 0.207 0.602

Table 3.5: Overview of the response of a BPM operating in the visible range for
the four different operation modes and different impact parameters. The nominal
particle energy γi is used for each case respectively.

Visible spectrum with bandpass filters

After the full visible range we now want to have a closer look at specific wavelengths
in the visible range. For this a bandpass filter in the blue (470 ± 10 nm) as well as
in the red (670 ± 10 nm) were chosen. The BPM graphs and the expected number
of photons for all four operation modes are shown in Figs. A.1 to A.4. Just as for
the full visible range we present on overview of the position sensitivity in Tab. 3.6.

470 ± 10 nm h = 35 mm

i 90% · γi 100% · γi 110% · γi
Z k0 [mm−1] 0.340 0.307 0.281
W k0 [mm−1] 0.199 0.182 0.169
H k0 [mm−1] 0.145 0.135 0.127
tt k0 [mm−1] 0.114 0.109 0.105

670 ± 10 nm h = 35 mm

i 90% · γi 100% · γi 110% · γi
Z k0 [mm−1] 0.243 0.221 0.203
W k0 [mm−1] 0.150 0.139 0.131
H k0 [mm−1] 0.117 0.112 0.107
tt k0 [mm−1] 0.100 0.097 0.095

Table 3.6: Overview of the response of a BPM with blue (470 ± 10 nm) or red
(670± 10 nm) bandpass filter for the four different operation modes. Values are
taken from Figs. A.1 to A.4, γi denotes the nominal particle energy at each operation
mode respectively.
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Figure 3.17: Position sensitivity of BPMs with blue (470± 10 nm) or red (670±
10 nm) bandpass filter. The values at the nominal position k(35 mm) := k0(35 mm)
can be found in Tab. 3.6.

We can see that the position sensitivity is highest for short wavelengths at low
beam energies. When changing the filter from red to blue in Z mode the position
sensitivity increases by about 39%, in tt mode about 12%. As already mentioned
this increase of position sensitivity goes hand in hand with a decrease in detectable
photons, as can be seen in Tabs. 3.7 and 3.8. When changing the filter from red to
blue and operating with nominal particle energy in Z mode the number of photons
reduces by about 92%, with nominal particle energy in tt mode the reduction is
about 43%. This drastic decrease suggests that also the position sensitivity in the
full visible range is highly dominated by the lower energy part of the spectrum.
This can easily be validated when comparing Tab. 3.2 with Tab. 3.6.

As expected from the previous section the number of detectable photons per bunch
will be small with narrow bandpass filters. The photon yield per bunch given in
Tabs. 3.7 and 3.8 for an impact parameter of h = 35 mm can be increased by
reducing the impact parameter. This behaviour is shown in Tab. 3.9.
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470 ± 10 nm h = 35 mm

i 90% · γi 100% · γi 110% · γi
Z No. of photons/bunch 7.56 e−04 1.82 e−03 3.66 e−03
W No. of photons/bunch 1.84 e−02 2.72 e−02 3.66 e−02
H No. of photons/bunch 6.07 e−02 7.41 e−02 8.62 e−02
tt No. of photons/bunch 4.04 e−01 4.43 e−01 4.76 e−01
Z No. of photons/turn 12.6 30.3 60.9
W No. of photons/turn 36.8 54.4 73.2
H No. of photons/turn 23.9 29.1 33.9
tt No. of photons/turn 19.4 21.3 22.8

Table 3.7: Number of photons with a bandpass filter at 470 nm for an impact
parameter of 35 mm. γi denotes the nominal particle energy at each operation
mode respectively.

670 ± 10 nm h = 35 mm

i 90% · γi 100% · γi 110% · γi
Z No. of photons/bunch 1.34 e−02 2.31 e−02 3.52 e−02
W No. of photons/bunch 7.75 e−02 9.64 e−02 1.13 e−01
H No. of photons/bunch 1.49 e−01 1.65 e−01 1.79 e−01
tt No. of photons/bunch 7.41 e−01 7.77 e−01 8.06 e−01
Z No. of photons/turn 223.0 384.4 585.7
W No. of photons/turn 155.0 192.8 226.0
H No. of photons/turn 58.6 64.8 70.3
tt No. of photons/turn 35.6 37.3 38.7

Table 3.8: Number of photons with a bandpass filter at 670 nm for an impact
parameter of 35 mm. γi denotes the nominal particle energy at each operation
mode respectively.
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470 ± 10 nm

i 35 mm 15 mm 5 mm

Z No. of photons/bunch 1.82 e−03 1.06 e+00 8.07 e+01
W No. of photons/bunch 2.72 e−02 1.59 e+00 6.11 e+01
H No. of photons/bunch 7.41 e−02 1.98 e+00 6.27 e+01
tt No. of photons/bunch 4.43 e−01 7.89 e+00 2.28 e+02

670 ± 10 nm

i 35 mm 15 mm 5 mm

Z No. of photons/bunch 2.31 e−02 2.68 e+00 1.24 e+02
W No. of photons/bunch 9.64 e−02 2.77 e+00 8.91 e+01
H No. of photons/bunch 1.65 e−01 3.09 e+00 9.02 e+01
tt No. of photons/bunch 7.77 e−01 1.17 e+01 3.27 e+02

Table 3.9: Number of photons/bunch with blue (470± 10 nm) or red (670± 10 nm)
bandpass filter and impact parameters of 35 mm, 15 mm and 5 mm. The nominal
particle energy γi is used for each case respectively.
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3.5.2 Longitudinal bunch profile
As we have seen in section 1.2 to estimate the energy spread in the bunches a
narrow longitudinal resolution of the bunch profiles shown in Fig. 3.7 is required.
A sub-picosecond resolution is necessary, which is at least two orders of magnitudes
smaller than a typical bunch length in FCC-ee. To achieve such a narrow gating is
a technical challenge on itself, however, time-to-digital conversion methods with
tens of fs have already been proposed [CAH06].

In Tab. 3.9 we have just seen that for decreasing the impact parameter the photon
yield significantly increases. This effect could possibly be exploited in streak camera
measurements. Taking into account a narrow bandwidth of ±10 nm the number
of photons is already in the order of ≈ 100 photons per bunch for a bandpass
filter at 670 nm. Increasing the bandwidth would allow for a further increase in
photon yield. This could be a promising approach as a sub-ps resolution with
streak cameras has already been demonstrated [WBB+06].

We also want to investigate the feasibility of an approach similar to the longitudinal
density monitor (LDM) implemented at LHC [JAB+12], even though the required
resolution for FCC-ee is much smaller than the 50 ps resolution achieved with the
mentioned LDM. In the following paragraphs we want to investigate the expected
photon yield which would result from such a narrow gating.
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Figure 3.18: Schematic of a longitudinal bunch profile measurement (cf. Fig. 3.7).
For illustrative reasons a time frame of 10 ps is shown. So the center column shown
in orange is 100 times narrower for the presented calculations.

Due to the narrow time frame the already low numbers of photons per bunch in
Tabs. 3.3, 3.7 and 3.8 are reduced even more. It is evident that for such a fine
resolution we therefore need to integrate over several turns to accumulate a decent
signal. In our estimation the bunch is divided into time frames of 100 fs, turn by
turn we accumulate the signal in each of this time frames. Like that we create a
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3.5. Applications of incoherent radiation

histogram of our longitudinal bunch profile and the longer the integration time the
higher our dynamic range within each bunch will be.

To estimate the number of photons to expect for the given time frames we calculate
the values for the center bar of our histogram for each bunch mode as a reference
point. To do so we approximate the different longitudinal bunch profiles by a
Gaussian. Their standard deviations are given in Tab. 3.1. First we normalize
the distributions to the number of photons obtained at nominal particle energy
presented in Tabs. 3.3, 3.7 and 3.8 for an impact parameter of h = 35 mm. From
this distributions we consider a time frame of 100 fs centered around the maximum
of the Gaussian. This provides us with an estimation of the maximal number of
photons per bunch to expect within the given time frame.

Now it is only left with the number of turns, as we want to accumulate the signal
of a single bunch over several turns. With a circumference of 97.756 km each bunch
yields ≈ 3066.74 turns per second. As the longitudinal single bunch profiles can
be obtained within several minutes, the values in Tab. 3.10 are provided for an
integration time of 1 minute. In the same way these calculations then have been
performed for an impact parameter of h = 15 mm and h = 5 mm.

At h = 35 mm the expected number of photons is small especially for the low
energy bunches. It is about three orders of magnitude smaller than for the high
energy bunches. The smaller the impact parameter the smaller this gap between
the bunches gets, reducing to about one order of magnitude for h = 5 mm. At
such a small impact parameter even a narrow bandpass filter at a short wavelength
(470 ± 10 nm) leads to a significant photon yield in the order of at least 104 for all
the bunch modes.

As a time frame of 100 fs is small compared to the typical bunch length in FCC-ee,
the values given in Tab. 3.10 can be used to estimate the number of photons
per bunch and minute at a different point in time. Since the values in Tab. 3.10
correspond to the peak of a Gaussian, dividing this value by

√
e yields the number

of photons at an offset in time of 1σi. Note that the standard deviation σi is
different for each operation mode.
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i within 100 fs

470 ± 10 nm 35 mm 15 mm 5 mm

Z Max. photons/(bunch · minute) 3.17 e−01 1.84 e+02 1.40 e+04
W Max. photons/(bunch · minute) 9.93 e+00 5.81 e+02 2.23 e+04
H Max. photons/(bunch · minute) 3.08 e+01 8.21 e+02 2.60 e+04
tt Max. photons/(bunch · minute) 3.88 e+02 6.90 e+03 2.00 e+05

670 ± 10 nm 35 mm 15 mm 5 mm

Z Max. photons/(bunch · minute) 4.02 e+00 4.65 e+02 2.15 e+04
W Max. photons/(bunch · minute) 3.52 e+01 1.01 e+03 3.25 e+04
H Max. photons/(bunch · minute) 6.88 e+01 1.28 e+03 3.74 e+04
tt Max. photons/(bunch · minute) 6.80 e+02 1.02 e+04 2.86 e+05

380-780 nm 35 mm 15 mm 5 mm

Z Max. photons/(bunch · minute) 5.21 e+01 6.82 e+03 3.63 e+05
W Max. photons/(bunch · minute) 4.85 e+02 1.63 e+04 5.58 e+05
H Max. photons/(bunch · minute) 1.04 e+03 2.14 e+04 6.45 e+05
tt Max. photons/(bunch · minute) 1.10 e+04 1.74 e+05 4.94 e+06

Table 3.10: Maximal number of photons per bunch and minute within a time frame
of 100 fs for different wavelength ranges. The nominal particle energy γi is used
for each case respectively. The photon yield is given for three different impact
parameters.
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3.6. Applications of coherent radiation

3.6 Applications of coherent radiation
In this section we will have a closer look at the coherent part of the radiated energy
spectra shown in Figs. 3.9 to 3.12. The following Fig. 3.19 shows the coherent
spectrum in the frequency range from 1 GHz to 200 GHz. Note that for better
comparability to the previous section in this section the length of the radiator l
is still considered to be 10 mm even though λ < l does not hold for frequencies
< 30 GHz. In real applications this would lead to a low frequency cut-off of the
radiated energy spectrum. However, the results presented can easily be linearly
scaled to any desired radiator length.
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Figure 3.19: Coherent part of the radiated energy spectra for the four different
bunches.

In contrast to the incoherent part of the spectra shown in Fig. 3.13 the lower
energy of the 45 GeV bunch compared to the other bunch modes is not leading
to a decrease in radiated energy. In this frequency range all four bunch modes
already saturate the spectrum in terms of particle energy. This can be seen on the
very left of the plots at 1 GHz where the radiated energy only changes because of
the different number of particles in each bunch. The reason for the differences in
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radiated energy is linked to the different bunch lengths. The shorter the bunch the
higher frequencies contribute to the coherent spectrum. Looking at the spectra in
Fig. 3.19 each shows a rather smooth decline from left to right before increasing
slightly again. Up to this first inflection point the spectra are dominated by their
Gaussian approximation which is given by their different standard deviations σi.
The deviation from the Gaussian shape dominates the spectra for frequencies
higher than the mentioned inflection point and corresponds to the higher frequency
components of the bunch profiles.

3.6.1 Beam position monitor
Using the different spectra shown in Fig. 3.19 we will now calculate the response
of a beam position monitor detecting the emitted photons. Just as described in
section 3.5.1 we integrate the spectrum over a defined frequency range to obtain the
energy radiated in this range. Again we use a grid of 101 impact parameters, linearly
distributed from 17.5-52.5 mm. This change in impact parameter corresponds to
an offset from -50% to +50% with respect to the central position of 35 mm in the
vacuum pipe. So the geometry is again as shown in Fig. 3.14.

In Fig. 3.20a the response of a BPM operating with a bandpass filter at 25 ± 1 GHz
is shown for the Z operation mode. Also the curves for a change of ±10% in particle
energy are shown. As already mentioned the change in particle energy does not
effect this part of the spectrum. In Fig. 3.20b the number of photons per detector
as a function of impact parameter is shown. For small deviations within several
mm from the central position the signals from the BPM can be characterized by a
linear response. The slope of this response at the central position is given as k0
and is a quantity for the position sensitivity of the BPM. In Fig. 3.20a k0 is given
in values of mm−1.

The BPM plots and the expected number of photons for the other operation modes
are shown in Figs. A.5 to A.8. The first row in these plots corresponds to a
bandpass filter of 5 ± 0.2 GHz, the second row to 25 ± 1 GHz and the third row
to 100± 4 GHz. Taking the data from these plots in Tab. 3.11 the different values
of k0 for a BPM operating at different frequencies are shown.

As can be seen in Tab. 3.11 the BPM has the same position sensitivity for the
different bunch modes. Looking at Fig. 3.19 this is expected, as the spectra are
independent of the different bunch energies and the difference in number of particles
cancels out in the ∆/Σ plots. However, the position sensitivity changes for different
bandpass filters. As we have seen in section 3.2 the spectrum approaches the
Frank-Tamm behaviour for low frequencies with wavelengths longer or comparable
to the impact parameter. A wavelength of 35 mm corresponds to a frequency of
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Figure 3.20: BPM response and number of photons for an 80 GeV electron/positron
bunch at 25 GHz. A change in particle energy is negligible. dW/df is obtained
with parameters given in Fig. 3.19.

5 GHz 25 GHz 100 GHz

Z/W/H/tt k0 [mm−1] 0.052 0.083 0.086

Table 3.11: Overview of the response of a BPM in the coherent range for the four
different operation modes. Values are taken from Figs. A.5 to A.8. The position
sensitivity is much lower in the coherent part of the spectrum than in the incoherent
part (cf. Tab. 3.2).

≈ 8.6 GHz. A bandpass filter below this frequency will therefore show a different
behaviour than a bandpass filter above this frequency. This also can be seen in the
different regimes of the spectrum of the single particle introduced in section 3.2.
So for λ � h we do not expect any change in the spectra and therefore k0 = 0.
For f < 8.6 GHz we expect k0 to approach 0 and for f > 8.6 GHz we expect k0 to
increase. This behaviour can be seen in Tab. 3.11 as well as in Fig. 3.21.

After studying the position sensitivity of the BPM we now want to investigate the
expected number of photons which can be detected. As can be seen in Fig. 3.20b
the number of photons in W mode is in the order of 1016 using a bandpass filter
of 25 GHz. Comparing this to the 1.33 photons at nominal particle energy in the
visible spectrum (Tab. 3.3) illustrates the great difference in photon yield between
coherent and incoherent radiation. The figures for the other operation modes are
shown in Figs. A.5 to A.8 and the expected number of photons at nominal impact
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Figure 3.21: Position sensitivity of a BPM for an 80 GeV electron/positron bunch
with bandpass filters in the coherent part of the spectrum. The values at the
nominal position k(35 mm) := k0(35 mm) can be found in Tab. 3.11.

parameter of 35 mm are summarized in Tab. 3.12.

γi (h = 35 mm)

i 5 GHz 25 GHz 100 GHz

Z No. of photons/bunch 5.10 e+19 1.74 e+11 7.83 e+10
W No. of photons/bunch 2.85 e+20 2.58 e+15 4.29 e+11
H No. of photons/bunch 3.09 e+20 7.97 e+15 1.00 e+12
tt No. of photons/bunch 2.21 e+21 3.42 e+19 3.42 e+13

Table 3.12: Number of photons/bunch with different bandpass filters for an impact
parameter of 35 mm. γi denotes the nominal particle energy at each operation
mode respectively.
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3.6.2 Bunch length monitor
As we have seen in section 1.3 bunch length measurements using Cherenkov diffrac-
tion radiation have already been performed successfully at CERN. By measuring
the radiated energy spectrum of a bunch at different frequencies the bunch shape
can be reconstructed and its bunch length obtained. In this section we want to
discuss this approach for the different operation modes at FCC-ee.

In Fig. 3.22 the radiated energy spectra for the four different longitudinal bunch
profiles are shown. For frequencies smaller than 1 GHz we observe that the different
spectra are very similar to each other expect for a scaling which is due to the
different number of particles within the bunches. This similar behaviour has two
reasons. First nearly all particles within the bunch radiate coherently for frequencies
lower than 1 GHz and moreover we are in a regime of the radiated energy spectrum
which is independent from bunch energies within the given range. This is in line
with our observation in section 3.2 where we saw that for f ≈ 0.1 c/h = 0.857 GHz
the spectra approached the Frank-Tamm behaviour. So for frequencies at around
1 GHz we are at a transition regime dependent on the impact parameter.
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Figure 3.22: Coherent radiated energy spectra of the longitudinal bunch profiles
shown in Fig. 3.7. For each FCC-ee bunch spectrum also the spectrum of the Gaus-
sian bunch profile is shown. The standard deviations of the Gaussian distribution
are taken from Tab. 3.1.

To introduce an analytical approach for the bunch length calculations we want to
restrict ourselves to a regime where the spectrum has an obvious dependency with
respect to frequency. For frequencies higher than fII ≈ c/h we leave the mentioned
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transition regime between the first and the second part of the spectrum. For these
higher frequencies we are now dominated by the second part of the spectrum as
presented in section 3.2 which is ∝ ω−2. With an impact parameter of 35 mm this
condition corresponds to fII ≈ 8.57 GHz.

As we now have chosen a lower bound for frequency measurements we are left with
the higher bound. In Fig. 3.23 we can see a close-up of the previous figure. The
dotted grey line indicates the identified frequency fII . As we want to estimate the
bunch length with the help of the standard deviation of a Gaussian distribution in
Fig. 3.23 we need to compare the actual FCC-ee spectra (solid dark curve) with
the one of the Gaussian estimate (solid light curve). The dotted lines in orange,
green and red indicate the position of the first inflection point of the actual spectra.
They are located at ≈ 23.5 GHz (W), ≈ 28 GHz (H) and ≈ 68 GHz (tt). Up to
these frequencies the actual spectra show a behaviour as expected from a Gaussian
bunch. The Z operation mode is excluded from this analysis as the length of the Z
profile is in a similar order of magnitude as the given impact parameter. It would
be needed to extend the diameter of the vacuum pipe to fit a larger radiator to
measure at lower frequencies. Moreover, during Z operation mode the longitudinal
bunch profile deviates more from a Gaussian distribution than the other bunch
profiles as can be seen in Fig. 3.7.
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Figure 3.23: Close-up of the coherent spectra in Fig. 3.22. The dotted grey
line indicates the start of the second regime of the single particle spectrum at
fII ≈ 8.57 GHz.

As the frequencies we obtained for the W, H and tt operation modes are within
the range of the spectrum which is still ∝ ω−2 we can provide an analytical
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estimation of the bunch length. Following the same approach as in section 1.3 (see
in detail [CBC+20]) we can estimate the bunch length exploiting the knowledge of
the radiated energy spectrum of a single particle. We obtain a standard deviation
of the bunch of

σ ≈

√√√√√
∣∣∣∣∣∣ 1
ω2

1 − ω2
2
· log

(
S1 ω2

1
S2 ω2

2

) ∣∣∣∣∣∣ (3.2)

whereas S1 and S2 correspond to the measured power at the angular frequencies ω1
and ω2. Comparing this equation with [CBC+20, Eq. 12] shows that Eq. (3.2) is
independent from impact parameter h and particle energy γ. This is due to the fact
that we operate in a regime of the spectrum where the impact parameter h has the
same influence on both signals and therefore the impact parameter h cancels out in
the relation between S1 and S2. On top of that for the frequency ranges obtained
above the radiated energy spectra of a single particle do not change within the
given energy scales.
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Figure 3.24: Close-up of coherent radiated energy spectra for bunch lengths
with 1 ps difference. The dashed line indicates the smallest number of particles
(1.5× 1011), the solid line the highest number of particles (2.3× 1011) in FCC-ee
operation modes.

So with measuring the power at only two frequencies a Gaussian bunch profile can
be estimated. Next we want to investigate how the radiated energy spectra change
for different bunch parameters. In Fig. 3.24 a change in σ of 1 ps is shown for the
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shortest and longest bunches in FCC-ee (except Z operation mode). The solid lines
refer to the maximal number of particles in a bunch, the dashed lines refer to the
smallest number of particles.

In Tab. 3.13 the changes in signal for a change in bunch length of 1 ps at different
frequencies are given for the two limiting cases of 20 and 6 ps. It is evident that
for a higher sensibility of a change in bunch length, the measurement frequency
should increase the shorter the bunches to be measured. The difference in number
of particles has no effect on the data provided in Tab. 3.13, however, for the given
values the radiated energy increases by a factor of ≈ 5.5 when the number of
particles is increased.

In Fig. 3.24 one can also observe that a high dynamic range of the detector is
needed if one wants to measure the bunch length from 20 to 5 ps with the help of
only two frequencies. Whereas at 10 GHz the signal increases by a factor of ≈ 4.4,
at 25 GHz the signal increases by four order of magnitudes when the bunch length
changes from 20 to 5 ps. To achieve a higher bunch length sensitivity over the full
range of bunch lengths and at the same time avoid the need of a high dynamic
range detector it would be useful to use different detectors at several frequencies
ranging from 10 to 50 GHz. On top of that more frequencies would allow for a
more precise profile measurement including derivations from a Gaussian shape. For
this Eq. (3.2) would need to be replaced and calculated numerically.

h = 35 mm
bunch length 10 GHz 25 GHz 50 GHz

from 20 to 19 ps Increase in signal [%] 16.7 162.1 4.8 e−3
from 6 to 5 ps Increase in signal [%] 4.5 31.3 196.6

Table 3.13: Signal sensibility for a change in bunch length at different frequencies
at an impact parameter of 35 mm. The value at 50 GHz for the 19 ps long bunch
is negligible, as the bunch length is not short enough to have a decent contribution
to the coherent spectrum at this frequency.
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4
Conclusion and outlook

Simulations of Cherenkov diffraction radiation (ChDR) for dielectric beam diagnos-
tic devices have been performed in the framework of FCC-ee. The calculations for
the radiated energy spectrum of a single particle are valuable for benchmarking
other simulation models of ChDR, which contain different use cases of ChDR. E.g.
models which include several layers of material [L+20,Mou12] or real-life sizes of
radiators [H+20,KMP+18]. The infinite dimensions of the flat and the cylindrical
models introduced allow the determination of an upper bound of the radiated
energy due to ChDR. Possible future improvements of the calculations performed
include more realistic geometries and the consideration of other sources of radiation,
e.g. diffraction radiation.

We have seen that the high particle energies, in FCC-ee would allow for applications
of incoherent radiation even at large impact parameters. For high position sensitivity
BPMs the detected wavelengths should be as small as possible while still providing
a large enough photon yield. A decrease in impact parameter or a measurement
accumulated over many bunches can be performed to provide enough photons.
Especially for high particle energies and large impact parameters the advantage
of higher position sensitivity in the visible range (Tab. 3.2) becomes negligible in
comparison to high measurement frequencies of the coherent spectrum (Tab. 3.11).

To perform longitudinal bunch profile measurements on a bunch-by-bunch basis
similar as done at LHC [JAB+12] the nominal impact parameter at FCC-ee of
35 mm would have to be reduced to achieve a sufficient photon yield as seen in
Tab. 3.10. The narrow time resolution of 100 fs may be achieved with streak
cameras where sub-ps resolution has been demonstrated [WBB+06].

In contrast to the incoherent part of the spectra, the coherent part of the spectra
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provides a vast number of photons even at impact parameters of 35 mm (Tab. 3.12).
This leads to a smaller position resolution, whereas higher flux of photons allows for
bunch-by-bunch spectrum measurements. Moreover, electro-optic techniques may
facilitate the use of coherent ChDR to achieve the intended bunch profile resolution
[FBB+19, S+18]. However, considering that the absolute time resolution of the
produced coherent ChDR needs to be measured. Also, bunch length measurements
are feasible during W, H, and tt operation mode, whereas for the Z operation mode
an adaption of the vacuum pipe to allow for larger radiators may be required. As
the position sensitivity would be very similar for the frequencies needed for the
bunch length measurement, information on both beam position and bunch length
may be extracted from a single non-invasive measurement.

For actual testing in the incoherent spectrum, one would require the highest
energy particles available, which naturally will be below FCC-ee particle energies.
To compensate for the lower particle energies and still be able to reproduce the
FCC-ee spectral behaviour the impact parameter can be decreased to achieve a
comparable spectrum as seen in Figs. 3.4 and 3.6. Possible electron accelerators
for research in the incoherent spectrum include the SuperKEKB at KEK (High
Energy Accelerator Research Organisation) in Japan (7.0 GeV) [AFK18], the
Diamond Light Source at Harwell Science and Innovation Campus in Oxfordshire
in England (3.0 GeV) [Dia19] and the Karlsruhe Research Accelerator (KARA) at
KIT (Karlsruhe Institute of Technology) in Germany (2.5 GeV) [PBB+18].

For further investigations, the requirements for the coherent part of the radiated
energy spectrum of a particle bunch are easier to be met in terms of energy. We
have seen in Fig. 3.3 that the low-frequency part of the spectrum does not change
even at low particle energies. This is the case for frequencies lower than in Eq. (3.1).
Beam position and bunch length studies in the coherent spectrum therefore can
also be performed at lower energy research accelerators like CLEAR at CERN in
Switzerland (200 MeV) [G+18].
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APPENDIX A
BPM data

A.1 Incoherent radiation
Figs. A.1 to A.4 are using the parameters given at Fig. 3.13. The common ones are

− Dielectric material: SiO2

− Radiator length l: 10 mm
− Geometry: Cylindrical (60◦)

A.2 Coherent radiation
Figs. A.5 to A.8 are using the parameters given at Fig. 3.19. The common ones are

− Dielectric material: SiO2

− Radiator length l: 10 mm
− Geometry: Cylindrical (60◦)
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A. BPM data
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Figure A.1: ∆/Σ and number of photons for a 45 GeV electron/positron bunch.
First row shows the full visible range (380-780 nm), second row shows filtering in
the blue (470 nm) and third row shows filtering in the red (670 nm).
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Figure A.2: ∆/Σ and number of photons for an 80 GeV electron/positron bunch.
First row shows the full visible range (380-780 nm), second row shows filtering in
the blue (470 nm) and third row shows filtering in the red (670 nm).
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Figure A.3: ∆/Σ and number of photons for a 120 GeV electron/positron bunch.
First row shows the full visible range (380-780 nm), second row shows filtering in
the blue (470 nm) and third row shows filtering in the red (670 nm).
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Figure A.4: ∆/Σ and number of photons for a 183 GeV electron/positron bunch.
First row shows the full visible range (380-780 nm), second row shows filtering in
the blue (470 nm) and third row shows filtering in the red (670 nm).

67



A. BPM data

−40 −20 0 20 40
Offset from nominal position [%]

−1.00

−0.75

−0.50

−0.25

0.00

0.25

0.50

0.75

1.00

∆
/Σ

fr
om

d
W

/d
f

Z: 5.0 ± 0.2 GHz

41 GeV (k0 = 0.05)

45 GeV (k0 = 0.05)

50 GeV (k0 = 0.05)

20 25 30 35 40 45 50
Impact Parameter [mm]

0.2

0.4

0.6

0.8

1.0

1.2

1.4

N
u

m
b

er
of

P
h

ot
on

s

×1020 Z: 5.0 ± 0.2 GHz

41 GeV

45 GeV

50 GeV

−40 −20 0 20 40
Offset from nominal position [%]

−1.00

−0.75

−0.50

−0.25

0.00

0.25

0.50

0.75

1.00

∆
/Σ

fr
om

d
W

/d
f

Z: 25 ± 1 GHz

41 GeV (k0 = 0.08)

45 GeV (k0 = 0.08)

50 GeV (k0 = 0.08)

20 25 30 35 40 45 50
Impact Parameter [mm]

0.0

0.2

0.4

0.6

0.8

1.0

1.2

N
u

m
b

er
of

P
h

ot
on

s

×1012 Z: 25 ± 1 GHz

41 GeV

45 GeV

50 GeV

−40 −20 0 20 40
Offset from nominal position [%]

−1.00

−0.75

−0.50

−0.25

0.00

0.25

0.50

0.75

1.00

∆
/Σ

fr
om

d
W

/d
f

Z: 100 ± 4 GHz

41 GeV (k0 = 0.09)

45 GeV (k0 = 0.09)

50 GeV (k0 = 0.09)

20 25 30 35 40 45 50
Impact Parameter [mm]

0

1

2

3

4

5

6

N
u

m
b

er
of

P
h

ot
on

s

×1011 Z: 100 ± 4 GHz

41 GeV

45 GeV

50 GeV

Figure A.5: ∆/Σ and number of photons for a 45 GeV electron/positron bunch.
First row shows band pass filter centered at 5 GHz, second row at 25 GHz and
third row at 100 GHz.
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Figure A.6: ∆/Σ and number of photons for an 80 GeV electron/positron bunch.
First row shows band pass filter centered at 5 GHz, second row at 25 GHz and
third row at 100 GHz.

69



A. BPM data

−40 −20 0 20 40
Offset from nominal position [%]

−1.00

−0.75

−0.50

−0.25

0.00

0.25

0.50

0.75

1.00

∆
/Σ

fr
om

d
W

/d
f

H: 5.0 ± 0.2 GHz

108 GeV (k0 = 0.05)

120 GeV (k0 = 0.05)

132 GeV (k0 = 0.05)

20 25 30 35 40 45 50
Impact Parameter [mm]

2

4

6

8

N
u

m
b

er
of

P
h

ot
on

s

×1020 H: 5.0 ± 0.2 GHz

108 GeV

120 GeV

132 GeV

−40 −20 0 20 40
Offset from nominal position [%]

−1.00

−0.75

−0.50

−0.25

0.00

0.25

0.50

0.75

1.00

∆
/Σ

fr
om

d
W

/d
f

H: 25 ± 1 GHz

108 GeV (k0 = 0.08)

120 GeV (k0 = 0.08)

132 GeV (k0 = 0.08)

20 25 30 35 40 45 50
Impact Parameter [mm]

0

1

2

3

4

5

N
u

m
b

er
of

P
h

ot
on

s

×1016 H: 25 ± 1 GHz

108 GeV

120 GeV

132 GeV

−40 −20 0 20 40
Offset from nominal position [%]

−1.00

−0.75

−0.50

−0.25

0.00

0.25

0.50

0.75

1.00

∆
/Σ

fr
om

d
W

/d
f

H: 100 ± 4 GHz

108 GeV (k0 = 0.09)

120 GeV (k0 = 0.09)

132 GeV (k0 = 0.09)

20 25 30 35 40 45 50
Impact Parameter [mm]

0

2

4

6

8

N
u

m
b

er
of

P
h

ot
on

s

×1012 H: 100 ± 4 GHz

108 GeV

120 GeV

132 GeV

Figure A.7: ∆/Σ and number of photons for a 120 GeV electron/positron bunch.
First row shows band pass filter centered at 5 GHz, second row at 25 GHz and
third row at 100 GHz.
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Figure A.8: ∆/Σ and number of photons for a 183 GeV electron/positron bunch.
First row shows band pass filter centered at 5 GHz, second row at 25 GHz and
third row at 100 GHz.
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