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We investigate the gravitational perturbations of the Schwarzschild black hole in the nonlocal gravity
model recently proposed by Deser and Woodard. The analysis is performed in the localized version in
which the nonlocal corrections are represented by some auxiliary scalar fields. We find that the nonlocal
corrections do not affect the axial gravitational perturbations, and hence the axial modes are completely
identical to those in general relativity (GR). However, the polar modes become different from their GR
counterparts when the scalar fields are excited at the background level. In such a case the polar modes are
sourced by an additional massless scalar mode and, as a result, the isospectrality between the axial and the
polar modes breaks down. We also perform a similar analysis for the predecessor of this model and arrive at
the same conclusion for it.
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I. INTRODUCTION

The direct detection of gravitational waves emitted from
binary black hole mergers [1–3] ushers in an exciting era of
gravitational wave astronomy. More surprisingly, the cur-
rent observing sensitivity already allows the detection of
roughly one candidate event per week on average [3], not to
mention the amount of data available with the further
upgrades and improvements of the detectors in the future.
The gravitational waves emitted from these events carry
useful information about the spacetime under strong
gravitational fields. Therefore, such a detection facilitates
us to probe the physics in the extreme environments such as
black holes, and to test whether our current understanding
of black holes and gravity based on general relativity (GR)
is correct or not.
Essentially, the gravitational wave signals associated

with a binary black hole merger consist of three stages.
The first is the inspiral stage during which the binary black
holes rotate around each other. At this stage, the gravita-
tional waves can be modeled well by the post-Newtonian
approaches. The second is the merger stage, in which the
gravitational fields are so strong that purely numerical
analysis is inevitable. The third stage, which is called the

ringdown, corresponds to the postmerger phase of the
event. At this stage, the binary black holes have coalesced,
and the distortion of the final black hole is gradually
settling. The black hole during this ringdown stage loses its
energy by emitting gravitational waves, with frequencies
governed by a superposition of decaying oscillations, i.e.,
the quasinormal modes (QNMs) [4–6]. The ringing black
hole and the associated QNMs can be described well by
black hole perturbation theories. An important realization is
that the QNM spectrum only depends on the parameters
quantifying the black hole, such as mass, spin, and the
parameters that characterize the black hole in a particular
gravitational theory. For instance, the QNM spectrum of a
Kerr black hole in GR is completely determined by its mass
and spin. The spectrum does not depend on what initially
drives the ringings. This means that by examining the QNM
frequencies one can test the no-hair theorem in the under-
lying theory of gravity. That is, the QNM spectrum is an
observable to distinguish between GR and other gravita-
tional theories. In this respect, the investigation of black
hole perturbations and the associated QNM spectra in the
context of theories beyond GR has been an intensive field
of research, see for instance Refs. [7–16].
In addition to the no-hair theorem, there are other

fundamental properties which, by examining black hole
QNMs, can be used to discriminate GR from other theories.
For example, it is well known that in the eikonal approxi-
mation, the QNM frequencies for stationary, axisymmetric,
and asymptotically flat black holes in GR are tightly related
to the properties of the unstable photon orbits around the
black hole [17–19]. The eikonal QNMs are also related to
the apparent size of black hole shadows [20]. Therefore,
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apart from extracting the mode frequencies and comparing
the spectra with those in GR, one can test gravitational
theories by examining these properties. Any breaking of
them would be a smoking gun for different physics beyond
Einstein’s gravity [21–24].
Another important feature of QNMs in GR is the

isospectrality. For the Schwarzschild black hole in GR,
the gravitational perturbations of the axial (parity-odd) [25]
and the polar (parity-even) modes [26] share an identical
spectrum, even though their master equations are com-
pletely different from each other [27]. This interesting
property also holds for the Reissner-Nordström, Kerr, as
well as Kerr-Newman (to linear order in the spin) black
holes [28,29]. It was discovered also by Chandrasekhar
[27], in particular for Schwarzschild black holes, that the
master equations governing these two modes are related by
a specific transformation. It was not realized until very
recently [30] that the transformation introduced in Ref. [27]
is actually a particular subclass of the Darboux trans-
formation [31]. The identification of this relation and its
generalization [30,32] helps to investigate the isospectrality
of more complex systems, such as the Kerr black hole
[33,34]. In fact, the isospectrality of black hole QNMs is a
longstanding issue [35]. For example, the physical origin of
this property is unclear. In addition, although the isospec-
trality holds for most of the astrophysically relevant black
holes in GR, not all black hole solutions in GR share this
property [36–39] and the range of its viability is still an
open question. In many theories beyond GR, such as fðRÞ
gravity [10,40,41], dynamical Chern-Simons gravity [42],
and scalar-tensor theories [7,8], the isospectrality is generi-
cally broken. Furthermore, it has been shown recently using
a parameterization approach that the isospectrality is
actually very fragile [43]. Therefore, any observational
indication of the isospectrality breaking would strongly
hint toward new physics beyond GR [44].
In this work, we will focus on the possibility of testing

gravitational theories by examining the isospectrality of
black hole QNMs. In particular, we will investigate the
axial and the polar gravitational perturbations of the
Schwarzschild black hole in the Deser-Woodard nonlocal
gravity models I and II (DW-I [45] and DW-II [46]). This
class of nonlocal gravity models was proposed by Deser
and Woodard [45,46] with the motivation that quantum
loop effects of infrared gravitons abundant in the early
universe are essentially nonlocal and the effects might
persist in the late universe [47,48]. Deser and Woodard
particularly aimed at a phenomenological model that can
generate the current phase of cosmic acceleration without
invoking dark energy.1 Their first model DW-I [45] had
been very successful in various aspects. It reproduced the

background expansion identical to that of the ΛCDM
expansion (without Λ) in GR [55]. In addition, once the
background was fixed, the large scale structure formation
predicted by the model was comparable to the one in GR
[56–61]. Even though the localized version [62] of this
model possesses a scalar ghost [63–65], the constraint of
the model precludes explosive growth of the ghost [66].
However a recent analysis showed that DW-I violates the
solar system constraints [67]. Deser and Woodard then
proposed an improved model (DW-II) [46] that might pass
the solar system constraints. Therefore, in this paper we
focus on the DW-II gravity and briefly remark on the DW-I
gravity at the end.
For the Schwarzschild QNMs in the DW-II model, we

first find that the axial modes are not affected by the
nonlocal corrections. Furthermore, due to the special role
played by the nonlocal term that whether the auxiliary
scalar fields are excited or not depends on the boundary
conditions, we find that the master equation of the polar
modes is sourced by an additional scalar mode correspond-
ing to the auxiliary scalar fields. However, this scalar mode
is not excited as long as the auxiliary scalar fields are
quiescent at the unperturbed level. If the scalar mode is not
excited, the QNMs of the axial and the polar modes reduce
to those in GR and the isospectrality is preserved, otherwise
the isospectrality gets broken. As a remark, due to the fact
that the DW-I and DW-II models are similar in their
mathematical structures, the same conclusion can be drawn
for the DW-I model.
The rest of this paper is organized as follows. In Sec. II,

we briefly review the DW-II nonlocal gravity including its
action, equations of motion, and localization. In Sec. III, we
discuss the Schwarzschild black hole in the DW-II nonlocal
gravity. Then, we perturb the Schwarzschild black hole in
Sec. IV, and derive the master equations of the axial and
polar perturbations. The results will be compared with
those in GR. In Sec. V, we perform a similar analysis in the
framework of DW-I nonlocal gravity. Finally, Sec. VI
draws our conclusions and discussions.

II. DESER-WOODARD-II NONLOCAL GRAVITY

The action of the DW-II nonlocal gravity is [46]

SDW-II ¼
1

16π

Z
d4x

ffiffiffiffiffiffi
−g

p
R½1þ fðζÞ� þ Sm; ð2:1Þ

where Sm is the matter action. The nonlocal distortion
function f is an arbitrary function of the inverse scalar
d’Alembertian acting on ð∂ϕÞ2 ≡ gμν∂μϕ∂νϕ, where ϕ is
the inverse scalar d’Alembertian acting on the Ricci scalar
R. More precisely, the scalar fields ζ and ϕ can be written
explicitly as follows:

ζ ≡□
−1ð∂ϕÞ2; ð2:2Þ

1Other classes of nonlocal gravity models with the same goal
of reproducing the late-time acceleration without dark energy
have been proposed and studied extensively [49–54].
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ϕ≡□
−1R: ð2:3Þ

The distortion function f is thus a function of ζ. The
presence of the distortion function adds nonlocal correc-
tions to the Einstein-Hilbert action. Note that we have
assumed c ¼ G ¼ 1 in this paper, where c is the speed of
light and G is the gravitational constant.
As has been shown in Ref. [46], the DW-II model can be

localized by introducing two additional Lagrange multi-
pliers Ξ and ψ as follows2:

SDW-II ¼
1

16π

Z
d4x

ffiffiffiffiffiffi
−g

p ½Rð1þ f − ΞÞ − ∂μΞ∂μϕ

− ψð∂ϕÞ2 − ∂μψ∂μζ� þ Sm: ð2:4Þ

The equations of motion are derived by varying the action
(2.4) with respect to Ξ, ψ , ϕ, ζ, and the metric gμν. Varying
the action with respect to the Lagrange multipliers Ξ and ψ
gives

□ϕ ¼ R; ð2:5Þ

□ζ ¼ ð∂ϕÞ2; ð2:6Þ

which correspond to the definition of the scalar fields ϕ and
ζ given by Eqs. (2.3) and (2.2), respectively. Then, the
variation with respect to the scalar fields ϕ and ζ gives

□Ξ ¼ −2∇μðψ∇μϕÞ; ð2:7Þ

□ψ ¼ −R
df
dζ

: ð2:8Þ

Finally, the equation of motion derived by varying the
action with respect to the metric reads

ðGμν þ gμν□ −∇μ∇νÞð1þ f − ΞÞ

þ 1

2
gμν½∂αΞ∂αϕþ ∂αψ∂αζ þ ψð∂ϕÞ2�

− ∂ðμΞ∂νÞϕ − ∂ðμψ∂νÞζ − ψ∂μϕ∂νϕ ¼ 8πTμν; ð2:9Þ

where Gμν and Tμν stand for the Einstein tensor and the
energy-momentum tensor, respectively.

III. SCHWARZSCHILD SPACETIME
IN DW-II GRAVITY

Before investigating black hole perturbations in the
DW-II nonlocal gravity, it is necessary to specify the

background spacetime that is going to be perturbed.
In this paper, we are going to consider the perturbations
of the Schwarzschild black hole in the DW-II nonlocal
gravity. In this section, we will use the requirement that
the Schwarzschild metric is an exact vacuum solution
ðTμν ¼ 0Þ of the DW-II nonlocal gravity to constrain the
expressions of the auxiliary scalar fields. By doing so, we
thus exhibit that the Schwarzschild solution does satisfy the
field equations of the DW-II nonlocal gravity.
We consider the Schwarzschild metric

ds2 ¼ −e2ν̄dt2 þ e−2ν̄dr2 þ r2dΩ2
2; ð3:1Þ

where e2ν̄ ¼ 1–2 m=r with m being the mass of the black
hole. From now on, quantities with a bar represent the
quantities at the background level, in order to distinguish
them from their linear perturbations. Since the Ricci scalar
R is identically zero, the scalar field equations (2.5) and
(2.8) can be written as

ϕ̄;rr þ 2

�
1

r
þ ν̄;r

�
ϕ̄;r ¼ 0; ð3:2Þ

ψ̄ ;rr þ 2

�
1

r
þ ν̄;r

�
ψ̄ ;r ¼ 0: ð3:3Þ

Note that we have assumed that the scalar fields are
functions of r only at the background level. The above
equations (3.2) and (3.3) can be solved to get

ϕ̄;r ¼ Cϕ
e−2ν̄

r2
; ψ̄ ;r ¼ Cψ

e−2ν̄

r2
; ð3:4Þ

where Cϕ and Cψ are integration constants. Furthermore,
using Eqs. (2.6) and (2.7), the other two scalar fields can be
solved as

ζ̄;r ¼ ðCϕϕ̄þ CζÞ
e−2ν̄

r2
; ð3:5Þ

Ξ̄;r ¼ ð−2Cϕψ̄ þ CΞÞ
e−2ν̄

r2
; ð3:6Þ

where Cζ and CΞ are integration constants as well.
To proceed, we define K ≡ f − Ξ and K̄ ≡ f̄ − Ξ̄. Using

the gravitational equation (2.9), we find that

K̄ ¼ constant; ð3:7Þ

−C2
ϕψ̄ þ CϕCψ ϕ̄þ CϕCΞ þ CψCζ ¼ 0; ð3:8Þ

in which the later can be treated as a constraint to be
satisfied by the integration constants. Since ϕ̄ and ψ̄ satisfy
Eq. (3.4), the constraint Eq. (3.8) can be rewritten as

2The notations for the auxiliary scalar fields used in Ref. [46]
ðX; Y; U; VÞ and ours ðϕ; ζ;Ξ;ψÞ are different. They can be
directly converted as follows: X → ϕ, Y → ζ, U → −Ξ, and
V → −ψ .
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CϕCΞ þ CψCζ ¼ C∞; ð3:9Þ

where C∞ is a constant, whose value is determined by the
asymptotic value of ϕ̄ and ψ̄ .3

Essentially, if any of the scalar fields ðϕ; ψ ; Ξ; ζÞ is
excited at the background level, it could be a varying
function of r. Whether the field is excited or not is
determined by the value of the associated integration
constants ðCϕ; Cψ ; CΞ; CζÞ. We will show explicitly later
how the excited fields are related to the black hole
perturbations within the DW-II nonlocal gravity.

IV. BLACK HOLE PERTURBATIONS

In this section, we will investigate the gravitational
perturbations of the Schwarzschild black hole in the
DW-II nonlocal gravity. Without loss of generality, the
perturbed spacetime can be described by a nonstationary
and axisymmetric metric in which the symmetrical axis is
turned in such a way that no φ (the azimuthal angle)
dependence appears in the metric functions. In general, the
metric can be written as follows [27]:

ds2 ¼ −e2νðdx0Þ2 þ e2μ1ðdx1 − σdx0 − q2dx2 − q3dx3Þ2
þ e2μ2ðdx2Þ2 þ e2μ3ðdx3Þ2: ð4:1Þ

Up to their first-order perturbations, the metric functions

e2ν ¼ e2ν̄ð1þ 2δνÞ;
e2μ1 ¼ r2sin2θð1þ 2δμ1Þ;
e2μ2 ¼ e−2ν̄ð1þ 2δμ2Þ;
e2μ3 ¼ r2ð1þ 2δμ3Þ ð4:2Þ

are functions of time t ðt ¼ x0Þ, radial coordinate
r ðr ¼ x2Þ, and polar angle θ ðθ ¼ x3Þ. As we have
mentioned, the perturbed metric is axisymmetric; therefore,
we will assume that the metric functions are independent of
the azimuthal angle φ ðφ ¼ x1Þ. The quantities with a delta
denote the corresponding first-order terms of the fields, and
contribute to the polar perturbations in general. On the
other hand, the functions σ, q2, and q3 are also functions of
t, r, and θ, and they correspond to the axial perturbations of
the metric. We will discuss these two types (the polar and
axial types) of perturbations in more detail later. In
addition, the fields that induce nonlocal corrections should
be perturbed, hence we have K ¼ K̄ þ δK, ϕ ¼ ϕ̄þ δϕ,
ψ ¼ ψ̄ þ δψ , Ξ ¼ Ξ̄þ δΞ, and ζ ¼ ζ̄ þ δζ. We would like

to emphasize again that the background spacetime that
we are considering is the Schwarzschild metric where
e2ν̄ ¼ 1–2 m=r, and the scalar fields at the background
level are functions of r only. The field K̄ is a constant, as
shown in Eq. (3.7).

A. Tetrad formalism

To study the perturbations of the spacetime metric (4.1),
we use the tetrad formalism in which one defines a basis
associated with the metric (4.1) [27]:

eμð0Þ ¼ ðe−ν; σe−ν; 0; 0Þ;
eμð1Þ ¼ ð0; e−μ1 ; 0; 0Þ;
eμð2Þ ¼ ð0; q2e−μ2 ; e−μ2 ; 0Þ;
eμð3Þ ¼ ð0; q3e−μ3 ; 0; e−μ3Þ; ð4:3Þ

and

eð0Þμ ¼ ðeν; 0; 0; 0Þ;
eð1Þμ ¼ ð−σeμ1 ; eμ1 ;−q2eμ1 ;−q3eμ1Þ;
eð2Þμ ¼ ð0; 0; eμ2 ; 0Þ;
eð3Þμ ¼ ð0; 0; 0; eμ3Þ; ð4:4Þ

where the tetrad indices are enclosed in parentheses to
distinguish them from the tensor indices. The tetrad basis
then satisfies

eðaÞμ eμðbÞ ¼ δðaÞðbÞ; eðaÞμ eνðaÞ ¼ δνμ;

eðaÞμ ¼ gμνηðaÞðbÞeνðbÞ;

gμν ¼ ηðaÞðbÞe
ðaÞ
μ eðbÞν ≡ eðaÞμe

ðaÞ
ν : ð4:5Þ

Essentially, in the tetrad formalism we project the relevant
quantities defined on the coordinate basis of gμν onto a
chosen basis of ηðaÞðbÞ by constructing the tetrad basis
correspondingly. Usually, ηðaÞðbÞ is assumed to be the
Minkowskian matrix

ηðaÞðbÞ ¼ ηðaÞðbÞ ¼ diagð−1; 1; 1; 1Þ: ð4:6Þ

In this regard, any vector or tensor field can be projected
onto the tetrad frame, in which the field can be expressed
through its tetrad components:

Aμ ¼ eðaÞμ AðaÞ; AðaÞ ¼ eμðaÞAμ;

Bμν ¼ eðaÞμ eðbÞν BðaÞðbÞ; BðaÞðbÞ ¼ eμðaÞe
ν
ðbÞBμν: ð4:7Þ

One should notice that in the tetrad formalism, the
covariant (partial) derivative in the original coordinate
frame is replaced by the intrinsic (directional) derivative

3In fact, the asymptotic values of the scalar fields may be set to
zero in order to satisfy the asymptotic flatness condition. Note
that at the weak-field regime of the DW-I model, the values of the
scalar fields, as well as that of the distortion function f̄, are
supposed to approach zero asymptotically [68]. We expect this
conclusion is also true for the DW-II model.
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in the tetrad frame. For instance, the derivatives of an
arbitrary rank-two object Hμν in the two frames are related
as follows [27]:

HðaÞðbÞjðcÞ ≡ eλðcÞHμν;λe
μ
ðaÞe

ν
ðbÞ

¼ HðaÞðbÞ;ðcÞ

− ηðmÞðnÞðγðnÞðaÞðcÞHðmÞðbÞ þ γðnÞðbÞðcÞHðaÞðmÞÞ;
ð4:8Þ

where a vertical rule and a comma denote the intrinsic and
directional derivative with respect to the tetrad indices,

respectively. A semicolon denotes a covariant derivative
with respect to the tensor indices. Furthermore, the Ricci
rotation coefficients are defined by

γðcÞðaÞðbÞ ≡ eμðbÞeðaÞν;μe
ν
ðcÞ; ð4:9Þ

and their components corresponding to the metric (4.1) are
given in Ref. [27].
In the tetrad frame, the gravitational equation (2.9) can

be written as

RðaÞðbÞð1þ KÞ − eμðaÞðK;ðbÞÞ;μ þ γðcÞðbÞðaÞK;ðdÞηðcÞðdÞ

þ ηðaÞðbÞ

�
□K −

R
2
ð1þ KÞ þ 1

2
½∂ρΞ∂ρϕþ ∂ρψ∂ρζ þ ψð∂ϕÞ2�

�

− eρððaÞe
λ
ðbÞÞð∂ρΞ∂λϕþ ∂ρψ∂λζ þ ψ∂ρϕ∂λϕÞ ¼ 0: ð4:10Þ

Note that we have assumed a vacuum spacetime: Tμν ¼ 0.

B. Axial perturbations

According to how they react with respect to the parity
change, the gravitational perturbations of a spherically
symmetric black hole can be classified into two parts:
the axial perturbations and the polar perturbations. The
master equation governing the axial perturbations can be
derived by perturbing Eq. (4.10) and considering its (1, 3)
and (1, 2) components [or equivalently the ðφ; θÞ and ðφ; rÞ
components].
Since the perturbed metric is axisymmetric and K̄ is a

constant, one can easily verify that the master equation of
the axial perturbations Ψaixal is described by

Rð1Þð2Þ ¼ Rð1Þð3Þ ¼ 0: ð4:11Þ

Therefore, the nonlocal terms do not contribute to the axial
perturbations, and the master equation is the same as the
one for the Schwarzschild black hole in GR:

�
d2

dr2�
þ ω2

�
Ψaixal ¼ VRWΨaixal; ð4:12Þ

where r� is the tortoise radius and ω is the quasinormal
frequencies. The effective potential VRW , or the so-called
Regge-Wheeler potential, is defined as

VRW ¼ e2ν̄

r2

�
lðlþ 1Þ − 6m

r

�
; e2ν̄ ¼ 1 −

2m
r

; ð4:13Þ

where l is the multipole number. The master equation (4.12)
is equivalent to the Regge-Wheeler equation in

GR [25], which describes the axial perturbations of the
Schwarzschild black hole. Therefore, we conclude that the
nonlocal terms do not change the axial modes.

C. Polar perturbations

In GR, the polar mode Ψpolar of the spacetime metric
(4.1) is essentially a linear combination of the metric
perturbations δν, δμ1, δμ2, and δμ3. In the DW-II nonlocal
gravity, the polar mode may also depend on the perturba-
tions of the nonlocal terms, such as δK, δϕ, δψ , δΞ, and δζ.
In this subsection, we will use the tetrad formalism to
derive the master equation of the polar perturbations for the
Schwarzschild black hole in the DW-II nonlocal gravity.
After obtaining the master equation, one can see how the
nonlocal terms affect the polar modes. Regarding the
derivation of the master equations of the Schwarzschild
black hole in GR using the tetrad formalism, we refer the
readers to Ref. [27].
First, the (0, 2) component of the linearized Eq. (4.10)

can be written as

ð1þ K̄Þ
�
ðδμ1 þ δμ3Þ;r þ

�
1

r
− ν̄;r

�
ðδμ1 þ δμ3Þ −

2

r
δμ2

�

þ eν̄ðe−ν̄δKÞ;r
þ 1

2
ðϕ̄;rδΞþ Ξ̄;rδϕþ ψ̄ ;rδζ þ ζ̄;rδψ þ 2ψ̄ ϕ̄;rδϕÞ ¼ 0:

ð4:14Þ

Note that we can drop the derivatives with respect to x0 in
the Fourier space.
The (0, 3), (2, 3), and (1, 1) components of the linearized

Eq. (4.10) read
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ð1þ K̄Þ½ðδμ1 þ δμ2Þ;θ þ ðδμ1 − δμ3Þ cot θ� ¼ −δK;θ;

ð4:15Þ

ð1þ K̄Þ
�
ðδμ1 þ δνÞ;rθ þ ðδμ1 − δμ3Þ;r cot θ

þ
�
ν̄;r −

1

r

�
δν;θ −

�
ν̄;r þ

1

r

�
δμ2;θ

�

¼ −δK;rθ þ
1

r
δK;θ −

1

2
ðϕ̄;rδΞ;θ þ Ξ̄;rδϕ;θ

þ ψ̄ ;rδζ;θ þ ζ̄;rδψ ;θ þ 2ψ̄ ϕ̄;rδϕ;θÞ; ð4:16Þ

and

e2ν̄
�
δμ1;rr þ 2

�
1

r
þ ν̄;r

�
δμ1;r

þ 1

r
ðδμ1 þ δνþ δμ3 − δμ2Þ;r −

2δμ2
r

�
1

r
þ 2ν̄;r

��

þ 1

r2
½δμ1;θθ þ cot θð2δμ1 þ δνþ δμ2 − δμ3Þ;θ þ 2δμ3�

− e−2ν̄δμ1;tt

¼ −1
1þ K̄

�
□δK
2

þ e2ν̄

r
δK;r þ

cot θ
r2

δK;θ

�
; ð4:17Þ

respectively. Finally, the (2, 2) component of linearized
Eq. (4.10) can be written as

e2ν̄
�
2

r
δν;r þ

�
1

r
þ ν̄;r

�
ðδμ1 þ δμ3Þ;r − 2δμ2

�
1

r2
þ 2ν̄;r

r

��

þ 1

r2
½ðδμ1 þ δνÞ;θθ þ ð2δμ1 þ δν− δμ3Þ;θ cotθþ 2δμ3�

− e−2ν̄ðδμ1 þ δμ3Þ;tt
¼ −1

1þ K̄

�
□δK − eν̄ðδK;reν̄Þ;r −

e2ν̄

2
ðϕ̄;rδΞ;r þ δϕ;rΞ̄;r

þ ψ̄ ;rδζ;r þ δψ ;rζ̄;r þ δψϕ̄2
;r þ 2ψ̄ ϕ̄;rδϕ;rÞ

�
: ð4:18Þ

To proceed further, we consider the following field
decompositions [27]:

δν ¼ NðrÞPleiωt;

δμ2 ¼ LðrÞPleiωt;

δμ3 ¼ ½TðrÞPl þ VðrÞPl;θθ�eiωt;
δμ1 ¼ ½TðrÞPl þ VðrÞPl;θ cot θ�eiωt;

δμ1 þ δμ3 ¼ ½2T − lðlþ 1ÞV�Pleiωt;

δK ¼ ð1þ K̄ÞδK̃ðrÞPleiωt; ð4:19Þ

where Pl is the Legendre polynomials. Furthermore,
according to Eqs. (3.4), (3.5), and (3.6), we find it
convenient to redefine a new scalar field and make the
following decomposition:

U ¼ ŨðrÞ
r

Pleiωt

≡ CϕδΞþ CΞδϕþ Cψδζ þ ðCϕϕ̄þ CζÞδψ
2ð1þ K̄Þ : ð4:20Þ

Then, Eqs. (4.14), (4.15), (4.16), (4.18) can be written as

�
d
dr

þ
�
1

r
− ν̄;r

��
½2T − lðlþ 1ÞV� − 2

r
L

¼ −eν̄ðe−ν̄δK̃Þ;r −
e−2ν̄

r3
Ũ; ð4:21Þ

T − V þ L ¼ −δK̃; ð4:22Þ

ðT − V þ NÞ;r −
�
1

r
− ν̄;r

�
N −

�
1

r
þ ν̄;r

�
L

¼ −δK̃;r þ
1

r
δK̃ −

e−2ν̄

r3
Ũ; ð4:23Þ

and

e2ν̄
�
2

r
N;rþ

�
1

r
þ ν̄;r

�
ð2T − lðlþ 1ÞVÞ;r −

2

r

�
1

r
þ 2ν̄;r

�
L

�

−
lðlþ 1ÞN

r2
−
ðlþ 2Þðl− 1Þ

r2
T

þ e−2ν̄ω2ð2T − lðlþ 1ÞVÞ

¼ −e−2ν̄ω2δK̃ −
�
2

r
þ ν̄;r

�
e2ν̄δK̃;r

þ lðlþ 1Þ
r2

δK̃þ 1

r2

�
Ũ
r

�
;r
; ð4:24Þ

respectively.
Defining X ≡ nV where n≡ ðlþ 2Þðl − 1Þ=2, one gets

2T − lðlþ 1ÞV ¼ −2ðLþ X þ δK̃Þ; ð4:25Þ

where we have used Eq. (4.22). Using Eq. (4.25), one can
rewrite Eqs. (4.21) and (4.23) as

�
Lþ X þ δK̃

2

�
;r
¼ −

�
1

r
− ν̄;r

��
Lþ X þ δK̃

2

�

−
L
r
−
1

2

�
δK̃
r

−
e−2ν̄

r3
Ũ

�
; ð4:26Þ
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N;r − L;r ¼
�
1

r
− ν̄;r

�
N þ

�
1

r
þ ν̄;r

�
L

þ 1

r
δK̃ −

e−2ν̄

r3
Ũ: ð4:27Þ

Then, subtracting Eqs. (4.17) from (4.18), and taking only
the terms proportional to Pl;θ cot θ, one gets

V;rr þ 2

�
1

r
þ ν̄;r

�
V;r

þ e−2ν̄

r2
ðN þ Lþ δK̃Þ þ ω2e−4ν̄V ¼ 0: ð4:28Þ

Furthermore, one can remove all the δK̃ terms by making
the following field redefinitions:

L̃≡ Lþ δK̃
2

; Ñ ≡ N þ δK̃
2

; ð4:29Þ

and the above equations can be rewritten as

ðL̃þ XÞ;r ¼ −
�
1

r
− ν̄;r

�
ðL̃þ XÞ − L̃

r
þ e−2ν̄

2r3
Ũ; ð4:30Þ

Ñ;r − L̃;r ¼
�
1

r
− ν̄;r

�
Ñþ

�
1

r
þ ν̄;r

�
L̃−

e−2ν̄

r3
Ũ; ð4:31Þ

V;rrþ2

�
1

r
þ ν̄;r

�
V;rþ

e−2ν̄

r2
ðÑþ L̃Þþω2e−4ν̄V¼0: ð4:32Þ

Also, Eq. (4.24) can be written as

2

r
Ñ;r − 2

�
1

r
þ ν̄;r

�
ðL̃þ XÞ;r −

2

r

�
1

r
þ 2ν̄;r

�
L̃

−
lðlþ 1Þ

r2
e−2ν̄Ñ −

2n
r2

ðV − L̃Þe−2ν̄ − 2ω2e−4ν̄ðL̃þ XÞ

¼
�
e−2ν̄

r2
−

1

r2
−
2ν̄;r
r

�
δK̃ þ e−2ν̄

r2

�
Ũ
r

�
;r

¼ e−2ν̄

r2

�
Ũ
r

�
;r
; ð4:33Þ

where we have used e2ν̄ ¼ 1–2 m=r in the last equality.
Then, using Eqs. (4.30), (4.31), and (4.33), one can

obtain

Ñ;r ¼ αÑ þ βL̃þ γX

þ e−2ν̄

2r3

�
ð1þ rν̄;rÞŨ þ r2

�
Ũ
r

�
;r

�
; ð4:34Þ

L̃;r ¼
�
α −

1

r
þ ν̄;r

�
Ñ þ

�
β −

1

r
− ν̄;r

�
L̃þ γX

þ e−2ν̄

2r3

�
ð3þ rν̄;rÞŨ þ r2

�
Ũ
r

�
;r

�
; ð4:35Þ

X;r ¼ −
�
α −

1

r
þ ν̄;r

�
Ñ −

�
β − 2ν̄;r þ

1

r

�
L̃

−
�
γ þ 1

r
− ν̄;r

�
X

−
e−2ν̄

2r3

�
ð2þ rν̄;rÞŨ þ r2

�
Ũ
r

�
;r

�

¼ λe−2ν̄

r2
Ñ −

�
γ þ 1

r
− ν̄;r

�
ðL̃þ XÞ þ αL̃

−
e−2ν̄

2r3

�
ð2þ rν̄;rÞŨ þ r2

�
Ũ
r

�
;r

�
; ð4:36Þ

where

α ¼ lðlþ 1Þ
2r

e−2ν̄;

β ¼ −
1

r
þ rðν̄;rÞ2 þ ν̄;r −

ne−2ν̄

r
þ re−4ν̄ω2;

γ ¼ −
1

r
þ rðν̄;rÞ2 þ

e−2ν̄

r
þ re−4ν̄ω2;

λ ¼ −nr − 3m: ð4:37Þ

Defining

Ψpolar ≡ r
n
X þ r2

λ
ðL̃þ XÞ; ð4:38Þ

and differentiating it with respect to the tortoise radius r�
twice, we get the master equation

�
d2

dr2�
þ ω2

�
Ψpolar ¼ VZΨpolar

þ e2ν̄
�

3mþ 2nr
r2ð3mþ nrÞ2

�
Ũ; ð4:39Þ

where the Zerilli potential VZ is [26]

VZ ¼
2e2ν̄½n2ðnþ1Þr3þ3mn2r2þ9m2nrþ9m3�

r3ðnrþ3mÞ2 : ð4:40Þ

Therefore, one can see that the polar modes are sourced
by the scalar mode Ũ. If the scalar mode is not excited,
the master equation reduces to the Zerilli equation in
GR [26].
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From the linearized scalar field equations (2.5), (2.6),
(2.7), and (2.8), one finds that the scalar mode U satisfies a
massless Klein-Gordon equation4:

□U ¼ 0; ð4:41Þ

which, using the decomposition given by the first line of
Eq. (4.20), can be written as

�
d2

dr2�
þ ω2

�
Ũ ¼ VsŨ; ð4:42Þ

where the effective potential is

Vs ¼
e2ν̄

r2

�
lðlþ 1Þ þ 2m

r

�
: ð4:43Þ

It should be noted that even if the scalar modeU satisfies
the massless Klein-Gordon equation, it is excited only
when at least one of the scalar fields ðϕ̄; Ξ̄; ψ̄ ; ζ̄Þ is excited
already at the background level. More precisely, as one can
see from Eq. (4.20), the scalar mode is excited when there
exists at least one nonzero integration constant in the set
ðCϕ; CΞ; Cψ ; CζÞ. If so, the scalar mode Ũ is dynamical and
it would source the polar modes. As a result, the polar
modes will be affected by the scalar mode and the
isospectrality breaks down. On the other hand, if all the
scalar fields are quiescent at the background level
ðCϕ ¼ CΞ ¼ Cψ ¼ Cζ ¼ 0Þ, then the scalar mode vanishes
and the Schwarzschild black hole in the DW-II nonlocal
gravity is completely indistinguishable from its GR
counterpart even at the perturbative level.

V. REMARKS FOR DW-I NONLOCAL MODEL

In this section, we will briefly exhibit that in the DW-I
nonlocal gravity, the master equations of the gravitational
perturbations share the similar property to those in theDW-II
gravity. The resemblance between the two models results
from the structural similarity of their equations of motion. In
short, the conclusions that the axial gravitational perturba-
tions are the same as in GR, and that the polar gravitational
perturbations are sourced by a massless scalar mode, which
depends on whether the scalar fields are excited at the
background level or not, remain true for the DW-I model.
The action of the DW-I nonlocal gravity is [45]

S ¼ 1

16π

Z
d4x

ffiffiffiffiffiffi
−g

p
R½1þ fð□−1RÞ� þ Sm: ð5:1Þ

Following the procedure in Ref. [62], one can localize the
gravitational action (5.1) by introducing an auxiliary scalar

field ϕ, as in Eq. (2.3), and a Lagrange multiplier ξ, such
that the action can be written as

S¼ 1

16π

Z
d4x

ffiffiffiffiffiffi
−g

p ½Rð1þfÞ−∂μξ∂μϕ−ξR�þSm: ð5:2Þ

The equations of motion are derived by varying the
action (5.2) with respect to ξ, ϕ, and the metric gμν. Varying
the action with respect to the Lagrange multiplier ξ
essentially gives Eq. (2.5). Then, after varying the action
with respect to the auxiliary scalar field ϕ, one can obtain

□ξ ¼ −R
df
dϕ

: ð5:3Þ

Finally, the variation of the action (5.2) with respect to the
metric gμν leads to the modified Einstein field equation

Gμν þ ΔGμν ¼ 8πTμν; ð5:4Þ

where

ΔGμν ¼ ðGμν þ gμν□ −∇μ∇νÞðf − ξÞ

þ 1

2
gμν∂ρξ∂ρϕ − ∂ðμξ∂νÞϕ: ð5:5Þ

For the nonperturbed Schwarzschild metric with the
Ricci scalar being zero, one gets

ϕ̄;r ¼ Cϕ
e−2ν̄

r2
; ξ̄;r ¼ Cξ

e−2ν̄

r2
; ð5:6Þ

where Cξ is an integration constant. Furthermore, at the
background level, the gravitational equation (5.4) implies
that

F̄≡ f̄ − ξ̄ ¼ constant; CϕCξ ¼ 0: ð5:7Þ

Therefore, in the DW-I model, at least one of the scalar
fields (ϕ̄ and ξ̄) has to be a constant.
For the perturbations of the Schwarzschild black hole, it

is easy to find that the master equation of the axial
perturbations is again the Regge-Wheeler equation

�
d2

dr2�
þ ω2

�
Ψaixal ¼ VRWΨaixal; ð5:8Þ

where the effective potential VRW is

VRW ¼ e2ν̄

r2

�
lðlþ 1Þ − 6m

r

�
; e2ν̄ ¼ 1 −

2m
r

: ð5:9Þ

As for the polar perturbations, we find that upon defining
the following scalar mode

4It should be mentioned that the constraint Eq. (3.8) has to be
used in order to prove Eq. (4.41).
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W ≡ W̃ðrÞ
r

Pleiωt ≡ 1

2ð1þ F̄Þ ðCϕδξþ CξδϕÞ; ð5:10Þ

where we have defined F≡ f − ξ and decompose F as
F ¼ F̄ þ δF, the master equation of the polar perturbations
in the DW-I gravity can be derived under the recipe of
the DW-II gravity, with the replacement ðK̄; δK; ŨÞ →
ðF̄; δF; W̃Þ. Therefore, the master equation of the polar
perturbations takes the following form:

�
d2

dr2�
þ ω2

�
Ψpolar ¼ VZΨpolar

þ e2ν̄
�

3mþ 2nr
r2ð3mþ nrÞ2

�
W̃; ð5:11Þ

where the Zerilli potential VZ is given by

VZ¼
2e2ν̄½n2ðnþ1Þr3þ3mn2r2þ9m2nrþ9m3�

r3ðnrþ3mÞ2 : ð5:12Þ

Similar to what we have done in the DW-II nonlocal gravity,
by using the linearized Eqs. (2.5), (5.3), and the constraint
CϕCξ ¼ 0, it can be proven that □W ¼ 0. Therefore, the
polar modes are sourced by a massless scalar mode W,
which is defined by Eq. (5.10). One can see that whether the
scalar mode is excited or not depends on whether the scalar
fields ðϕ; ξÞ are excited or not at the background level. More
specifically, if none of them is excited at the background
level (Cϕ ¼ Cξ ¼ 0), the polar gravitational perturbations
are completely the same as those inGR.On the other hand, if
one of the integration constants (Cϕ; Cξ) is not zero, the polar
modeswould be sourced by themassless scalarmodeW, and
the isospectrality would break.

VI. CONCLUSIONS

The DW-I nonlocal gravity was originally proposed in
order to explain the late-time acceleration of the Universe
without resorting to any mysterious dark energy. The recent
discovery [67] that the DW-I is in conflict with the solar
system tests has prompted the authors of Ref. [46] to
improve the model and propose the DW-II nonlocal gravity.
These two theories share an interesting property, which is
that the auxiliary scalar fields in the localized framework
are not completely dynamical, but subject to the initial data.
It is thus interesting to see whether these nonlocal correc-
tions would alter the QNMs or not, as compared with those
in GR.
In this paper, we investigated the gravitational perturba-

tions of the Schwarzschild black hole in the DW-II nonlocal
gravity. The gravitational perturbations of the Schwarzschild
black hole in GR are governed by the Regge-Wheeler

equation (axial modes) and the Zerilli equation (polar
modes), and the two corresponding modes share the same
QNM spectrum. In fact, the isospectrality between the axial
and the polar modes have been shown to be very fragile [43],
in the sense that it easily breakswhen the underlying theory is
slightly changed. For instance, the isospectrality is no longer
satisfied in the presence of a dynamical scalar field, such as in
the fðRÞ gravity [10,41].
Essentially, in this work we showed that the axial gravi-

tational perturbations in the DW-II gravity are completely
identicalwith those inGR.On the other hand, thepolarmodes
are sourced by a massless scalar mode, if there is at least one
auxiliary scalar field being excited at the background level.
However, if all the auxiliary scalar fields stay quiescent at the
background level, the scalar mode disappears and the polar
modes reduce to those of the Schwarzschild black hole inGR.
Whether the auxiliary fields are excited or not depends on
the values of their corresponding integration constants
(Cϕ; Cψ ; CΞ; Cζ). We also performed a similar analysis in
theDW-I gravity and, thanks to their structural resemblance, a
similar conclusion was drawn.
Remarkably, although the excitation of the auxiliary

scalar fields does break the isospectrality, meaning that
the observations of isospectrality breaking can constrain the
integration constants of the auxiliary scalar fields, the
question about whether one can really falsify the DW-II
gravity via isospectrality tests should be answered with
great care. The reason is that what one really constrains,
through isospectrality tests, are just some integration
constants which do not directly characterize the theory.
This is different from the cases in some other models [e.g.,
fðRÞ gravity or dynamical Chern-Simons gravity] in which
the isospectrality tests directly constrain the coupling
constants of the theories. This thus makes the DW-II
gravity more intrinsically tenacious against isospectrality
tests. Therefore, at this point, since the DW-I model has
been ruled out, we want to point out that the DW-II
nonlocal gravity seems not only successful in describing
the accelerating expansion of our Universe in the cosmo-
logical scale but also theoretically consistent down to small
scales such as those of black holes. From an astrophysical
point of view, to confirm the validity of the DW model on a
more concrete basis, one should then consider rotating
black holes since astrophysical black holes are usually
spinning. It would be interesting to see in such cases
whether the DWmodel still gives predictions identical with
those made in GR, or some distinctive features would
emerge. We leave these issues for our future works.
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