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Abstract An investigation on stochastic deflection of high-
energy charged particles in a bent crystal was carried out.
In particular, we investigated the deflection efficiency under
axial confinement of both positively and negatively charged
particles as a function of the crystal orientation, the choice of
the bending plane, and of the charge sign. Analytic estima-
tions and numerical simulations were compared with ded-
icated experiments at the H4 secondary beam line of SPS
North Area, with 120 GeV/c electrons and positrons. In the
work presented in this article, the optimal orientations of the
plane of bending of the crystal, which allow deflecting the
largest number of charged particles using a bent crystal in
axial orientation, were found.

1 Introduction

Due to the fact that bent crystals allow deflecting the direc-
tion of motion of high-energy charged particles, these small
but powerful objects are of great interest for the HEP and
accelerator physics communities, after a number of success-
ful experiments on the deflection of charged particles by bent
crystals (see e.g. [1–4]) and especially after the first demon-
stration of the possibility to steer the LHC 6.5 TeV/c pro-
ton beam through channeling in a compact bent crystal [5].
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Indeed, the strong intra-crystalline field provides the capa-
bility of steering an ultra-high-energy beam by bent crystals
in a ultra-compact size (mm), impossible to be achieved with
state-of-the-art electrostatic or magnetic fields. This makes
bent crystals an excellent candidate for collimating beams in
accelerators, deflecting beams, and even splitting them into
multiple pieces [6,7].

If a high-energy charged particle penetrates through a
crystal having a small angle ψ between its momentum and
one of the main crystallographic axes/planes, significant cor-
relations between successive collisions of the particle with
neighboring atoms may occur. This happens when the angle
ψ is of the order of the critical angle of channeling ψc [8,9]
and in this case, the particle motion is defined by the continu-
ous potential of the atomic strings/planes. For axial channel-
ing, ψc = √

4Ze2/pvd , where Z |e| is the charge of atomic
nucleus in the crystal, d is the distance between atoms in
atomic string, p and v are the momentum and velocity of the
particle.

Typically, planar channeling is exploited for the steering
of high-energy beams, due to the easier experimental require-
ments for its implementation [10]. In the case of planar chan-
neling in a bent crystal, the particles must be in under-barrier
state, but due to incoherent scattering, some of them dechan-
nel and transit to the regime of over-barrier motion. Such par-
ticles do not deflect through the bending angle of the crystal.
To obtain the axial orientation it is necessary to align the crys-
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tal along two directions, but the axial field allows the entire
beam to be deflected, which makes it attractive for possi-
ble application in beam manipulation. Only after the advent
of new technology for the realization of short bent crystal
[11,12] it became possible to achieve the deflection of the
whole beam with axially oriented crystal.

In the axial potential, the particle motion in the plane (x ,
y) orthogonal to the z-axis can be a finite (axial channeling)
or an infinite (above-barrier) motion. If the crystal is bent,
both axial channeling and above-barrier motion may cause
a deflection of the direction of motion of the particles. This
second mechanism is usually called stochastic deflection and
it is caused by multiple scattering with atomic strings (the so-
called doughnut scattering) [13]. Stochastic deflection was
predicted in [14] and allows deflecting the whole beam if the
crystal is bent with an angle α [15], provided that

α < αst = 2Rψ2
c

l0
, (1)

where αst is the maximum angle achievable through stochas-
tic deflection, R the radius of crystal curvature, l0 =

4
π2ndRaψc

, n being the concentration of atoms in the crystal, d
the distance between neighboring atoms in the atomic string,
and Ra the atomic screening radius. Condition (1) was found
without taking into account incoherent scattering, i.e. αst is
a function of the particle energy and R, but the thickness of
the crystal is not included in Eq. (1) as a parameter.

In the pioneering experiments on axial channeling [16,17]
an efficient beam deflection at the nominal bending angle
was not observed because Eq. (1) was not fulfilled. In these
experiments, stochastic deflection took place only at small
crystal thicknesses, for which condition (1) was fulfilled.
At larger crystal thicknesses, the particles passed into the
mode of planar channeling in non-vertical atomic planes
and, as a result, were deflected at angles that were much
smaller than the bending angle of the crystal. In the fol-
lowing experiments stochastic deflection was experimentally
observed for both positively [4,6,7,18,19] and negatively
[20] charged hadrons, thanks to the new generation of bent
crystals [11,12,21], short enough to efficiently deflect high-
energy particles up to the nominal bending angle of the crys-
tal.

In this paper, we present an investigation through experi-
ments, analytical estimations, and Monte Carlo simulations
on the axial deflection of e± beams in bent crystals and its
dependence on crystal curvature and choice of crystal axis
and bending planes. This is indeed the first experimental evi-
dence of axial stochastic deflection of ultrarelativistic lep-
tons in bent crystals, since only planar channeling and vol-
ume reflection (single and multiple) were investigated for
high-energy electrons and positrons [22–30]. With this work,
we also addressed possible schemes for manipulation of e±

beams, such as steering or extraction, in present and future
electron/positron (and in general lepton) accelerators and col-
liders.

2 Negatively charged particles

In [31], on the basis of an analytic calculation and a numerical
simulation of the motion of high-energy negatively charged
particle in a bent crystal, the existence of the optimal radius of
crystal curvature was shown. The optimal radius of curvature
is the radius for which most of the beam is deflected at a
maximal angle through the stochastic deflection mechanism.
Let us now compare the efficiency of the stochastic deflection
for the two main crystallographic axes of a silicon crystal,
i.e. 〈110〉 (the strongest one) and 〈111〉. The choice of silicon
is due to its high degree of crystallographic quality, close to
perfection, and its relative low price. Indeed, such material
has been chosen for the application of crystals as primary
collimators of the LHC hadron beam [5].

Since condition (1) was found without taking into account
incoherent scattering, which is quite important for negatively
charged particles that move close to the high atomic den-
sity region of the crystal axes being attracted by the positive
atomic nuclei, in [31] it was shown that the dependence of
the crystal thickness Lst , up to which negatively charged par-
ticles take part in the stochastic deflection, on the radius of
curvature R has the following form

Lst = ψ2
m

l/R2 + ξ
, (2)

where ψm is the maximum value of the angle ψ for which
particles take part in the stochastic deflection, l is the mean
length of the path that the particle crosses during scattering
on one atomic string, and ξ is a constant of proportional-
ity between the mean square angle of incoherent multiple
scattering on atomic thermal vibrations, electronic subsys-
tem atoms, etc., and the thickness of the crystal. From Eq.
(2), we see that the stochastic deflection mechanism gives
the possibility to deflect a beam of negative particles up to
the maximum angle

αst = Lst

R
= ψ2

m

l/R + ξ R
. (3)

The dependence of this angle on the particle energy is shown
in [32], where it is shown that with increasing energy αst

decreases more slowly than the critical angle of axial chan-
neling.

The angle ψm for negatively charged particles is about
1.5ψc [31]. Thus, in order to compare αst for the 〈110〉 and
〈111〉 axes of Si crystal, one needs to compare the value of
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ψ2
c for these axes:

(
ψ

〈110〉
c /ψ

〈111〉
c

)2 ≈ 1.22, so in case of

crystal orientation along the 〈110〉 axis, stochastic deflection
of negative particles should be more effective with respect to
the case of orientation along the 〈111〉 axis.

To prove the last statement, which follows from analyt-
ical calculations, we carried out a numerical simulation of
the motion of negatively charged particles in a bent crystal
in conditions of stochastic deflection. For definiteness and
for comparison with experiments presented in Sect. 4, the
momentum of the particles was chosen to be 120 GeV/c; the
charged particles were electrons. The number of particles that
impinged on the crystal was 2×103. For the selected energy,
the critical axial channeling angle for electrons and positrons
is 41.8 µrad for axis 〈110〉 and 37.8 µrad for axis 〈111〉.

In the simulation, the bending plane of the crystal coin-
cided with the (001) crystal plane in case of orientation along
the 〈110〉 axis and with the (1̄1̄2) crystal plane in case of ori-
entation along the 〈111〉 axis, as shown in Fig. 1. The bent
vertical plane is the one orthogonal to the bending plane,
being (11̄0) atomic plane in both cases. Beam divergence in
the simulation was set equal to zero. The Monte Carlo code
was the same as in Refs. [15,33,34]. The code solves the
two-dimensional equation of motion in the field of contin-
uum atomic string potential through numerical integration
and also takes into account the contribution of incoherent
scattering with atomic nuclei and electrons. Other incoherent
effects were not taken into account due to the small thick-
ness of the crystal. In particular, the effects associated with
radiation energy losses were not taken into account, since the
crystal thickness was much smaller than the radiation length.

In Fig. 2, we show the dependence of the crystal length
le (the relaxation length), i.e. the length within which the
number of electrons that moves in the crystal in stochastic
deflection regime decreases by a factor of e [33], as a function
of the crystal radius of curvature. The black solid line cor-
responds to the motion in a crystal oriented along the 〈110〉
axis, while the red dashed line corresponds to motion in a
crystal oriented along the 〈111〉 axis. One can see that for
small bending radii, the relaxation length grows fast with R,
while for larger radii the speed of growth of le decreases. For
the given R, the relaxation length in case of 〈110〉 orientation
is higher than in case of 〈111〉 orientation, but the difference
between le depends on R (as for R → 0 for any orientation
le → 0).

In order to find the optimal value for the radius of cur-
vature, we analyzed via simulation the dependence of the
deflection angle, at which 1

e -th part of beam particles is
deflected, over the radius of curvature. The dependence of
this deflection angle, αe = le/R, from the radius of curva-
ture is plotted in Fig. 3. As in Fig. 2, the black solid line
corresponds to the 〈110〉 orientation, while the red dashed
line corresponds to the 〈111〉 orientation. In Fig. 3 we see

Fig. 1 Illustration of atomic strings location in Si crystal oriented along
the 〈110〉 axis (top figure) and along the 〈111〉 axis (bottom figure). For
the 〈110〉 orientation red color shows (11̄1) plane, magenta color shows
(1̄11) plane and for the 〈111〉 orientation red color shows (01̄1) plane,
magenta color shows (1̄01) plane
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Fig. 2 Dependence of the relaxation length as a function of the radius
of curvature for the crystal orientation along the 〈110〉 axis (black solid
line) and along the 〈111〉 axis (red dashed line) with respect to the
impinging particles

that for both orientations the value of the optimal radius of
curvature is about 8 m. One can see that at R = Ropt the value
of αe for the 〈110〉 orientation is about 1.2 times higher than
for the 〈111〉 orientation (as it should be, according to Eq.
(3)).

In Figs. 4 and 5 we also show the dependence of the num-
ber of particles, deflected at an angle θx , as a function of the
crystal radius of curvature for 〈110〉 and 〈111〉 orientations,
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Fig. 3 Dependence of the deflection angle αe on the radius of curvature
for the crystal orientation along the 〈110〉 axis (black solid line) and
along the 〈111〉 axis (red dashed line) with respect to the impinging
particles
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Fig. 4 The dependence of the number of electrons deflected on the
angle θx on the radius of curvature of the crystal for the 〈110〉 crystal
orientation with respect to impinging particles
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Fig. 5 The dependence of the number of electrons deflected on the
angle θx on the radius of curvature of the crystal for 〈111〉 crystal ori-
entation with respect to impinging particles

respectively. The thickness of the crystal in the simulation
was 2 mm (as in the experiments reported in Sect. 4). Colors
show the number of particles deflected at the given angle θx .
We see that the dependencies in Figs. 4 and 5 are similar, but
in the case of the 〈111〉 orientation the angular distribution of
the beam after crossing the crystal is a bit wider. Moreover,
in the case of the 〈110〉 orientation, a larger number of par-
ticles is deflected to the angle of curvature of the crystal. It
can be seen that the larger the deflection angle (or smaller the
bending radius), the less particles deflect by this angle. Thus,
for those applications in which it is necessary to deflect the
majority of the particles (and not only the 1/e-th part of the
particles) at a given angle, a bent crystal with R > Ropt may
be more acceptable. Hence, the bending radius for applica-
tions should be defined depending on each case requirements,
such as divergence of deflected beam, thickness of crystal,
deflection angle etc.

3 Positively charged particles

Positively charged particles crossing an oriented crystal
spend less time near atomic strings than negatively charged
particles, due to the repulsive force between positive particles
and atomic nuclei. That is why the coefficient ξ from Eq. (2)
for positive particles is much smaller than for negative ones1.
As a consequence, the dependence of the relaxation length
for positive particles as a function of the crystal radius of
curvature is close to a parabolic function [33]. Therefore, the
higher the radius of curvature, the higher the deflection angle
it is possible to obtain with stochastic deflection.

Let us carry out the comparison of the efficiency of
stochastic deflection of positively charged particles in a Si
crystal oriented along the 〈110〉 axis and along the 〈111〉
axis. As in the case of negative particles, which was consid-
ered in the previous section, for definiteness, the momentum
of the particles was chosen to be 120 GeV/c. The charged
particles were positrons.

In Figs. 6 and 7 we present the simulation results with the
dependence of the number of particles deflected at an angle θx
as a function of the crystal radius of curvature for 〈110〉 and
〈111〉 orientations, respectively. The thickness of the crys-
tal in the simulation was 2 mm. Colors show the number of
particles deflected on the given angle θx . We see that, unlike
in the case of negative particles, the dependencies in Figs. 6
and 7 have different features. Indeed, the angular distribution
along x axis for the 〈111〉 orientation is much wider that in

1 Due to the anisotropy of the crystals, the mean square angle of inco-
herent multiple scattering in crystal depends on the probability of close
collisions with atoms. This parameter depends on the trajectory of the
particles inside the crystalline medium, which differs significantly in the
case of positive and negative particles. The dependence of this proba-
bility on crystal orientation in a bent crystal was described in [35–37].
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Fig. 6 The dependence of the number of positrons deflected on the
angle θx on the radius of curvature of the crystal for the 〈110〉 crystal
orientation with respect to impinging particles
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Fig. 7 The dependence of the number of positrons deflected on the
angle θx on the radius of curvature of the crystal for the 〈111〉 crystal
orientation with respect to impinging particles

case of the 〈110〉 orientation. This happens because in the
case of positive particles, the main reason of relaxation from
stochastic deflection is the capture in planar channeling in
skew planes [33] (see Fig. 1). Indeed, when a charged particle
moves in the regime of stochastic deflection, it experiences
the action of the centrifugal force that is directed opposite
to the curvature vector. The smaller is the angle φ between
the skew plane and the bending plane, the higher is the pro-
jection of the centrifugal force to the direction of the skew
plane (this projection is proportional to cos φ). For the 〈111〉
orientation, the angle between the main skew planes, (01̄1)

and (1̄01), and the bending plane (1̄1̄2) is 30◦, while for the
〈110〉 orientation, the angle between the main skew planes,
(11̄1) and (1̄11), and the bending plane (001) is ≈ 54.7◦ (see
illustration of atomic strings location in Fig. 1, where for the
〈110〉 orientation red color shows (11̄1) plane, magenta color

shows (1̄11) plane and for the 〈111〉 orientation red color
shows (01̄1) plane, magenta color shows (1̄01) plane). As
shown in Figs. 6 and 7, for the same R more particles stay
in the stochastic deflection regime up to the end of the crys-
tal in the 〈110〉 orientation. Moreover, because of smaller φ,
for the 〈111〉 orientation, positrons that relax from stochastic
deflection to planar channeling in skew planes are deflected
at a smaller angle in comparison to the case of the 〈110〉 ori-
entation. This gives us the possibility to state that stochastic
deflection in case of positive particles is more effective for
the 〈110〉 orientation. Figures 6 and 7 do not show the pres-
ence of an optimal crystal curvature radius, since in the case
of positively charged particles, incoherent scattering is much
less intense than for negatively charged particles, however, at
R → 0, due to the strong centrifugal force, the particles leave
the stochastic deflection mode immediately after entering the
crystal.

4 Experiment at the SPS H4 line with 120 GeV/c e±

We tested for the first time the stochastic deflection mecha-
nism using electrons and positrons with an experiment car-
ried out in the H4 beam line of the CERN Super Proton Syn-
chrotron (SPS) - North Area [38], where a quite pure elec-
tron (or positrons) beam of 120 GeV/c was available. The
beams are slightly contaminated by the presence of hadrons:
less than 1% for e− and around 10% for e+. The hadronic
contamination is mainly composed of p, π and K , that pro-
vide basically the same critical angle of axial channeling as
for e± at these ultrarelativistic energies. The beam intensity
(defined by the collimators of the line, located upstream the
experimental location) was a few kHz over an effective spill
length of 4.8 seconds. The final focusing quadrupoles of the
H4 line were configured to provide a parallel beam, with a
divergence of about 90 µrad in both horizontal and vertical
planes. The change between the electrons and the positrons
was very easy, by loading a pre-configured file from the beam
control system.

For this experiment, two Si crystals (L = 2 mm thick along
the beam direction) were fabricated and oriented along two
different axes: 〈110〉 and 〈111〉. The crystals were fabricated
according to the procedure described in Refs. [39,40] and
bent through anticlastic deformation [12]. The 〈110〉 strip
was shaped as a parallelepiped of size 2×55.0×2 mm3 and
was bent in the (1̄12) bending plane. The bending angle of the
(11̄1) plane (which was orthogonal to the bending plane) was
about 90 ± 5 µrad, as measured through planar channeling
of positrons. The 〈111〉 strip was shaped as a parallelepiped
of size 2×55.0×2 mm3 and was bent in the (1̄1̄2) bend-
ing plane. The bending angle of the (11̄0) plane (which was
orthogonal to the bending plane) was about 180 ± 5 µrad.
As a consequence of mechanical imperfections in the bend-
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SAMPLE

SD3SD2SD1

beamS1-2

VP VP

Fig. 8 Experimental setup. S1-2 are the plastic scintillators used for the
trigger to select charged particles; SD1, SD2, and SD3 are the Silicon
Detectors forming the tracker. The solid line represents the deflected
beam. For the measurements with the Si crystal bent along the 〈110〉
axis, the SD2, the sample, and the SD3 were placed at 5168 mm, 5821
mm and 11521 mm from the SD1 detector, respectively. For the Si
crystal bent along the 〈111〉 axis, SD2 was placed at 5207 mm, the
crystal at 5567 mm and the SD3 at 11497 mm from the SD1. Between
SD1 and SD2 and between the crystal and SD3 vacuum pipes (VP) were
placed to minimize the multiple scattering

ing device, crystals were characterized by torsion (40 ± 1
µrad/mm for the crystal oriented along the 〈110〉 axis and
11 ± 1 µrad/mm for the crystal oriented along the 〈111〉
axis). Negative effect of this unwanted deformation on steer-
ing efficiency was removed during the offline data analysis as
in [41]. For both crystals the bending angles were defined also
with high-resolution X-ray diffraction and we found them in
agreement with the measurement on the beam.

A sketch of the setup is presented in Fig. 8. A similar
setup is also described in [30]. The crystal was mounted on a
high-precision goniometer with the possibility to be aligned
in both the horizontal and vertical directions, with an accu-
racy of 1 µrad in both directions. The trajectories of the par-
ticles interacting with the crystals have been reconstructed

with a telescope system based on high-precision micro strip
detectors [42] (SD1, SD2, and SD3 in Fig. 8). The usage of
3 detectors minimize the multiple scattering contribution to
the angular resolution of the telescope [43]. The incoming
angle was measured with SD1–SD2 detectors, while the out-
going angle with the SD3 measurement with respect to the
estimated position of the particle at the entry face of the crys-
tal. The angular resolution of the incoming arm (SD1–SD2)
was evaluated taking into account the intrinsic resolution of
the detectors (about 6.4 µm and 10.1 µm, for horizontal and
vertical incoming angles), and the multiple scattering in the
material/air on the beamline (see for instance [43]). The angu-
lar resolution for the incidence angle was dominated by the
multiple scattering in the 300 µm long Si detector and was
about 7 µrad, for both directions. The total telescope angular
resolution in the deflection angle was measured directly as
the standard deviation of the deflected beam taken with the
crystal out of the beam, and was estimated to be about 14
µrad. This value is in agreement with Geant 4 simulation
[44].

By exploiting the horizontal rotational movement of the
goniometer, we first attained planar channeling in the (11̄1)

planes, then by scanning the vertical rotational movement the
crystal was aligned with the 〈110〉 axis. An angular cut satis-

fying the condition
√

θ2
X,in + θ2

Y,in ≤ 10µrad, θX,in and θY,in

being the horizontal and vertical incidence angles respec-
tively, was set in order to select only the particles aligned

Fig. 9 Experimental (a, b) and
simulated (c, d) angular
distribution of 120 GeV/c
electrons after passage through
2 mm long Si crystals, aligned
with the 〈110〉 (a, c) and 〈111〉
(b, d) axis, bent with curvature
radii equal to 22.22 m (a, c) and
11.11 m (b, d)
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Fig. 10 Experimental (a, b)
and simulated (c, d) angular
distribution of 120 GeV/c
positrons after passage through
2 mm long Si crystals, aligned
with the 〈110〉 (a, c) and 〈111〉
(b, d) axis, bent with curvature
radii equal to 22.22 m (a, c) and
11.11 m (b, d). The black dotted
lines identify the skew planes
directions

with the 〈110〉 crystal axes. A similar procedure was carried
out for the crystal alignment along the 〈111〉 axis.

The experimental results are shown in Fig. 9 for the elec-
tron beam, while Fig. 10 regards the positron beam. Colors
show the number of particles. (a,b) correspond to the exper-
imental results. The figures also show the simulation results
for the 〈110〉 (c) and 〈111〉 (d) axes. To reproduce the exper-
imental results, the radius of curvature of the crystal was
chosen to be 22.22 m for 〈110〉 and 11.11 m for 〈111〉 axes.
The experimental incoming and deflection angle resolution
was also taken into account.

Even with a not very high statistics of the experimental
data, the comparison with the simulation highlights a fairly
good agreement, which confirms our calculation and assump-
tion on stochastic deflection vs. different crystal axes and
radii of curvature, and thus could be exploited to investigate
the best choice of these parameter. From experimental data
it is indeed clear that the deflection efficiency is more pro-
nounced for the 〈110〉 than for the 〈111〉 axes, since in the
latter case the radius of curvature was not optimal to allow the
stochastic deflection of the whole beam. We may notice that
for deflection of positive particles the expected relaxation
into skew planar channels [33] is asymmetric in the case of
the 〈110〉 axis, for which relaxed particles go mainly in one
skew (1̄11) plane (this is due to the choice of bending plane
which in the experiment was the (1̄12) plane), and instead
symmetric for the 〈111〉 axis (due to the presence of two
strong skew planes, (01̄1) and (1̄01)). Because of symmetric

location of two strong skew planes w.r.t. bending plane in
case of the 〈111〉 axis in both experimental and simulation
results we see three highly populated angular areas in Fig.
10b, d. The first is near bent atomic string direction at the end
of the crystal (θx = 180 µrad, θy = 0). This angular region
contains particles that move in the stochastic deflection mode
until the end of the crystal. The second and the third areas
contain particles which relaxed from stochastic deflection
mode to planar channeling in skew planes (01̄1) and (1̄01).
These particles are deflected in both x and y directions and
since they relax from stochastic deflection mode not simulta-
neously, but gradually, these particles are located in Fig. 10b,
d along two segments: the first from point θx = 180 µrad,
θy = 0 to θx = 45 µrad, θy = 45

√
3 µrad (planar channel-

ing in the field of planes (01̄1)) and the second from point
θx = 180 µrad, θy = 0 to θx = 45 µrad, θy = −45

√
3 µrad

(planar channeling in the field of planes (1̄01)). For electrons,
both from the experimental results and from the simulation
results, we obtained the number of particles deflected in the
direction of the crystal bending (at an angle larger than zero)
by more than 91% for the 〈110〉 axis and more than 89%
for the 〈111〉 axis, while for positrons this number exceeded
more than 93% for both crystal axes.

In Sects. 2 and 3 it was assumed that the bent crystal
with orientation 〈110〉 was bent in the (001) bending plane,
however, in Sect. 4 the crystal with orientation 〈110〉 was bent
in (1̄12) bending plane. The dependence of the deflection
efficiency on the bending planes was never discussed before,
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but it is of clear interest to determine the better choice for
future applications in beam steering/collimation/extraction
from particle accelerators.

5 Choice of the bending plane

For applications, it is important to answer the question of
which axial orientation of the crystal allows deflecting the
largest number of charged particles. To answer this question,
we investigated the dependence of the efficiency of stochastic
deflection mechanism as a function of the orientation of the
bending plane. Here, deflection efficiency is computed as
the fraction of particles that after passage through the crystal
had an angle with a bent axis lower than the critical angle
of axial channeling. For our investigation we carried out a
set of simulations with 120 GeV/c positrons and electrons
entering a bent crystal in condition of stochastic deflection for
different orientations of the bending plane. Simulations were
carried out for a bent silicon crystal 2 mm thick with bending
angle θB = 90 µrad. For each simulation, we calculated the
number of particles N with (θx − θB)2 + θ2

y ≤ ψ2
c , where θx

is deflection angle in the bending plane and θy is deflection
angle in the plane that is orthogonal to the bending plane.

The number of particles N0 that impinged on the crystal
was 105. In Fig. 11 we show the ratio N/N0 for different
values of the angle ϕ between the bending plane and

1. (001) crystal plane in case of crystal orientation along
〈100〉 axis with respect to impinging particles (blue line);

2. (001) crystal plane in case of crystal orientation along
〈110〉 axis with respect to impinging particles (black
line);

3. (1̄1̄2) crystal plane in case of crystal orientation along
〈111〉 axis with respect to impinging particles (red line).

Solid curves in Fig. 11 correspond to the motion of positrons
in the bent crystal, while dashed curves correspond to the
motion of electrons.

In Fig. 11, we see that the number of positrons that remain
in stochastic deflection regime up to the end of the crystal is
the highest for the 〈110〉 orientation. One can also notice
that for the 〈110〉 orientation the efficiency of deflection sig-
nificantly depends on the angle ϕ. The highest efficiency in
this case takes place when the bending plane coincides with
the (001) crystal plane (when the angle between the bending
plane and the main skew planes (11̄1) and (1̄11) is ≈ 54.7◦),
while the lowest efficiency corresponds to the coincidence of
the bending plane with (11̄0) crystal plane (when the angle
of bending plane and the main skew planes is ≈ 35.3◦).
The difference in N/N0 for ϕ = 0 and ϕ = 90◦ for 〈110〉
orientation is about 7%. In the experiments, the results of
which were presented in Sect. 4, the angle ϕ was equal to
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Fig. 11 The percentage of positrons (solid curves) and electrons
(dashed curves) that remain in the regime of stochastic deflection up
to the end of the crystal for different orientations of the bending plane

arctan
√

2
2 ≈ 35.3◦ for the 〈110〉 orientation of the crystal

and 0 for the 〈111〉 orientation.
From Eq. (3), we see that the efficiency of stochastic

deflection should be proportional to the square of the critical
angle of axial channeling. This is the reason why in Fig. 11
the number of particles that remain in the regime of stochastic
deflection up to the end of the crystal for the 〈111〉 orienta-
tion is smaller than for the 〈110〉 orientation, and in case of
the 〈100〉 orientation it is the smallest. The squares of the
critical angle of axial channeling for the orientations 〈110〉,
〈111〉, and 〈100〉 rate as

√
2: 2

√
3

3 :1, respectively. Also, Eq.
(3) gives us the opportunity to say that although the numeri-
cal values of N/N0 in Fig. 11 will change with a change in
energy, the figure will not change qualitatively. Axial orien-
tation 〈110〉 will remain the most successful for deflecting
the largest number of charged particles.

Comparing solid and dashed curves in Fig. 11, we see
that in case of negatively charged particles the efficiency of
deflection is smaller, because of the higher intensity of inco-
herent scattering, which leads to the escape from the stochas-
tic deflection regime. In contrast to the case of positively
charged particles, for electrons we see that the dependence
of the deflection efficiency on the angle ϕ is present only in
the case of 〈110〉 orientation of the crystal. The difference in
N/N0 for ϕ = 0 and ϕ = 90◦ in this case is about 4%.

6 Conclusions

An investigation on the mechanism of stochastic deflection of
axially confined ultra-high energy charged particles in bent
crystals was carried out. We tested the stochastic deflection
mechanism using electrons and positrons with an experiment
carried out in the H4 beam line of the CERN Super Proton
Synchrotron (SPS) - North Area, where e± beams of 120
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GeV/c were available. Indeed, this was the first experimen-
tal evidence of axial deflection of ultrarelativistic electrons
and positrons (or in general leptons) in bent crystals. The
investigation showed that stochastic deflection is efficient for
deflection of both positively and negatively charged particles.
It was also shown that stochastic deflection is more efficient
for the crystal orientation near axis with higher atomic string
potential (in case of a silicon crystal it is the 〈110〉 axis).
Moreover, we have shown that for the 〈110〉 orientation of
the Si crystal, the efficiency of deflection is highly depen-
dent on the choice of the bending plane for both positively
and negatively charged particles. Although the experimental
results and simulation results presented in the article were
obtained for particles with a momentum of 120 GeV/c, Eq.
(3) allows us to conclude that the axial orientation 〈110〉 is the
most successful for deflecting the largest number of charged
particles also at other momentum values. At the same time,
due to the more intense incoherent scattering, the denomina-
tor in Eq. (3) for negatively charged particles is larger than
for positively charged ones. The consequence of this is the
greater efficiency of deflecting positively charged particles
as compared to negatively charged ones. Nevertheless, nega-
tive particle deflection under axial alignment is more efficient
than for planar channeling (see for instance [25]). The pre-
sented results are relevant for a possible application of axial
deflection, with the advantage of larger efficiency than for the
planar case, for extraction/collimation of particles in the next-
generation of particle accelerators/colliders, where positive
and negative lepton beams will be involved, such as FCC-ee,
muon colliders and linear colliders. For collimation in linear
and muon colliders, it is required to steer both positive and
negative beams. Since planar deflection could be highly inef-
ficient to steer TeV negative beams, axial deflection could be
really a good option. Indeed, as shown in [45], at a particle
energy of 1 TeV, the stochastic deflection makes it possible to
deflect almost 100% of the beam particles in the direction of
the crystal bending for both positive and negative particles,
since incoherent scattering is strongly suppressed for such a
high energy. So the stochastic deflection mechanism can be
applied in future ultrahigh-energy colliders.
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