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1 Introduction and summary of results

Two-dimensional conformal field theories occupy a special place in the landscape of all
Conformal Field Theories (CFTs). In two dimensions, conformal invariance of a field theory
implies the existence of an infinite-dimensional symmetry — the Virasoro symmetry [1].
The presence of this symmetry has far-reaching consequences, going from the existence of
CFTs with a finite number of (Virasoro) primary operators (rational CFTs) to the actual
solvability of the conformal bootstrap in such cases [2].

Virasoro symmetry also plays an important role for quantum gravity in AdSs through
the AdS/CFT correspondence. Gravitational dynamics are much simpler in three-
dimensions due to their topological nature, in fact so simple that they are completely
universal. The CFT analog of this statement is that the stress-tensor sector of a 2d CFT
should be completely universal, which is indeed the case as enforced by Virasoro symmetry.
These observations have enabled a powerful machinery to derive gravitational dynamics
in holographic two-dimensional CF'Ts by assuming the dominance of the Virasoro identity
block [3-11].

Note that not all observables are necessarily reproduced by the identity block even in holographic CFTs,
see for example [12].



Given the successes of Virasoro symmetry in d = 2, it is natural to ask whether such
a symmetry can exist in higher-dimensional CFTs. A intuitive way to think about the
Virasoro symmetry is that in two dimensions, only the stress-tensor T and its compos-
ites can appear in the T' x T' OPE, with coefficients uniquely determined by the central
charge. This immediately presents serious challenges for higher-dimensional CFTs since all
(neutral) operators of the theory can in principle appear in the stress-tensor OPE, making
any form of universality seem hopeless. Potential ways around this obstruction have been
suggested. Let us consider two such proposals.?

The first is to consider a class of non-local CFT observables known as light-ray opera-
tors [15-21]. The operators we will be particularly interested in are built from null-integrals
of the stress-tensor as follows

Er(at,7h) = /_O:O do f(z )T (). (1.1)

For f(x~) = 1, this operator satisfies the averaged null energy condition (ANEC) [22, 23]
meaning that the operator is positive in any quantum field theory (QFT). This fact has
far reaching consequences and it encodes important constraints on QFTs consistent with
causality. In particular, it imposes bounds on the range of central charges of unitary CFTs.
This was first suggested in [24] and finally proven in [25] (see [26-28] for other bounds).

L are embedded in a

A family of operators of the form (1.1) all living at the same &
two-dimensional plane. This offers a promising framework to look for a Virasoro algebra.
In fact, by considering properties of modular Hamiltonians on deformed half-spaces, [15]

proposed that the operators
Lo(zt,2h) = Epnia (2T, 7)), (1.2)
satisfy the Virasoro algebra (in d = 4)
L&), La(i)| = 6@ (@ = 57)(m = 0) Lin 1 (7). (13)

This algebra is really a Witt algebra rather than Virasoro since one does not obtain a finite
central charge (see [29] for a proposal to do so by balancing UV and IR divergences). A
version of this algebra was proposed to hold for arbitrary CFTs in d > 2. A part of the
“global” version of this algebra was also argued for in [17] (see also [30]), with explicit
checks in free field theory. A careful consideration of this proposal for a Virasoro algebra
in d = 4 will be presented in this work.

The second possible way to find a Virasoro algebra is to consider very special CFTs:
holographic large N CFTs in d dimensions which capture the dynamics of Einstein gravity
in AdSg11. While a generic CFT will have all kinds of operators appearing in the stress-
tensor OPE, holographic CFTs have the special property that

T x T ~ T + composites + O(1/N?) + O(1/Agap) » (1.4)

2A third proposal that we will not discuss in the context of this paper relates to the algebra of chiral
operators placed on a 2d plane in four and six dimensional Superconformal Theories [13, 14].



where Ag,p, controls the corrections to Einstein gravity in the bulk. This suggests that while
the stress-tensor sector is highly non-universal in a generic CFT, it becomes universal at
large N and large Ag,p. Some evidence has been gathered in this direction [31-43]. One
may hope that this universality is controlled by a Virasoro symmetry, emergent at large N
and large Ag,p, which can recast gravitational dynamics of Einstein gravity in terms of a
symmetry.

It is with this overarching goal in mind that we will study the algebra of light-ray
operators (1.1). In the CFT context we will study mostly free theories and will comment
on how to use the conformal block decomposition to extrapolate some of these results
to holographic CFTs. We then turn to computations in AdS gravity where we explicitly
obtain shockwave solutions that allow us to explore the algebra of these operators directly.
As we will see, the algebra (1.3) as advocated for in [15], does not seem to hold, neither in
free field theory nor in holographic CFTs where one would expect the most universality.?

1.1 Summary of results

In this paper, we present various results for the expectation values and commutators of
operators (1.1) in certain states. We provide calculations in free field theories and holo-
graphic theories in d = 4, for which we discuss both the gravitational and CFT sides of
the computations. While we give numerous explicit computations throughout the paper,
we would like to highlight the following three results.

Collinear transformations and a family of five light-ray operators. There is a
subset of the conformal group known as the collinear subgroup [44]. The group action maps
five light-ray operators into one another. These operators are the L, operators of (1.2)
for —2 < n < 2, the simplest of which is the ANEC operator (L_3). These operators
combine into a five-dimensional representation of the collinear algebra and it thus natural
to discuss them together. It is interesting to note that from the point of view of the Virasoro
algebra (1.3), one may want to call the operators —2 < n < 0 the “global” part, but we will
see that the action of these operators on the vacuum make it more natural to refer to this
whole family of five operators as global. In general d dimensional CFTs this global algebra
has dimension d + 1, consistent with the well known three-dimensional global subalgebra
of the Virasoro generators in CFTs in d = 2.

A breakdown of the algebra. We will explicitly see that the operators (1.1) do not in
general commute when inserted on the same null-plane even at finite spacelike separation.
For example, in free field theory we have?

af—M — |z, ‘%Lf?
<¢<x1>[L1<x2>,Lo<x3>]¢<w4>>——< ) (i) C s)

3”2$T2$5L4’f2l3’2

3Possible obstructions to these type of constructions were already put forward in [19, 20] by pointing
out issues with the convergence properties of (1.1). We will comment on this as we encounter these issues
in our computations.

4See section 2.1 for conventions.



For a holographic CF'T, the problem actually worsens and lower modes of the L,,’s fail to
commute. A simple way to visualize the result in this case is to quote the expression for
operators inserted on the celestial sphere at different angles as is familiar in collider ex-
periments [24]. For example, taking spherically symmetric scalar states of definite timelike
momentum p°, we find

(OWL-1, L2]|]OE")) . 1

OmoeY)) 16w

(14 3cosbia), (1.6)

where 615 is the angle between the two operators on the celestial sphere.

The fact that the operators do not commute at spacelike separation makes it extremely
challenging to define an algebra. The result (1.5) is not integrable in the #* direction ren-
dering the short distance singularity ambiguous. We will expand on this issue throughout
the paper and in the discussion section.

Similar observations were made in [19], where it was shown that four-point functions
involving two light-ray operators L,, and L,, are only unambiguously defined (i.e. that the
integrals of the Wightman functions are absolutely convergent) provided n + m satisfies a
bound that depends on the Regge intercept of the CFT. We will discuss how our results
connect to this statement.

Generalized shockwave geometries in AdS. It is long known that the gravity dual
of ANEC operator insertions are shockwaves [24]. In this paper, we present new exact solu-
tions to Einstein’s equations which are generalized shockwaves in AdS, with a source given
by one of the global L,’s at the boundary. We were able to find exact solutions for all opera-
tor insertions but Ly, for reasons that we detail in the main text (see section 8.3 for explicit
metrics corresponding to L_; and Lg). By scattering waves through these shocks, we can
compute correlators in the bulk and compare to the computation in a holographic CFT. We
find perfect agreement with the CFT answer, and find that these shocks do not commute.

This paper is organized as follows: in section 2, we present our conventions and de-
fine carefully the operators we want to investigate. In section 3, we study the action of
the collinear subgroup, which is the subgroup of conformal transformations that maps the
light-ray onto itself, and identify a family of five light-ray operators that map into one
another under the group action. In section 3, we evaluate two- and three-point functions
involving light-ray operators and compute the would-be central charge of the algebra we
are investigating. In section 4, we compute the four-point functions as well as the com-
mutator involving two global light-ray operators in free field theory, and investigate the
algebra of the five global operators. In section 6, we explain the finite transverse separa-
tion contribution in the commutator of two light-ray operators by studying a subset of the
OPE of two light-ray operators, with the specific example of [L1, L1] in mind. In section
7, we perform a conformal block decomposition relevant for holographic CFTs. In section
8, we describe the gravitational shockwaves dual to the generalized ANEC operators. We
conclude in section 9. Many details are provided in the appendices.



2 Generalized ANEC operators

In this section, we introduce the conventions that we use throughout this work, as well as
precisely define the light-ray operators that we consider.
2.1 Conventions

We will be working in d = 3 + 1 spacetime dimensions, with the coordinates
=20+ 7= (2t 2?), (2.1)
and the associated metric
ds? = —datda™ + dit?. (2.2)

Coordinates with lowered indices are
oy = %(:1:0 o) = —%:ﬁ, 7| = (21, m) = 7L, (2.3)
and the invariant distance is
2t = —gte” 4+ |7 = —daya_ + |72 (2.4)
Throughout this work, we will be studying Wightman functions of the general form

(O1(x1) -+ - Op(zn)) - (2.5)

We can ensure this particular fixed ordering in Lorentzian signature (with O; to the left of
O;+1) by using the following ie prescription [45]

z — xFf —ie, (2.6)
with €; > -+ > €,. In practice, one can do this by using the following prescription: when
evaluating an n—point Wightman function of the form (2.5), choose

of — 2t — nie, 5 = a5 — (n—1)ie, ce E = aF —de. (2.7)

+_
When evaluating integrals over 7, we will often encounter poles from the OPE singularity
where the distance between two operators goes to zero, i.e. :c?j = 0. The locations of these
poles take the general form

|75

J ( +

(2.8)

It will be convenient to represent this combination of coordinates with the shorthand
notation
I

Tig =T T I (2.9)
ij

Note that the first index indicates the location of the pole (in ™), while the second index
indicates which variable was integrated over. The coordinate z; ; is thus specifically the
location of a pole in the ;" plane.



2.2 Definition of generalized ANEC operators

We study a set of light-ray operators that have been considered previously in [15, 17, 19, 29].
They are generalizations of the ANEC operator where we integrate 7__(x) along the null
direction x~, weighted by an arbitrary function f(z7),

/ do~ f(z)T-—(x) . (2.10)

In particular, for f(z7) = 1 we recover the ANEC operator. One must be careful when
inserting these operators in Wightman functions, since the resulting integral over £~ may
not converge. This of course depends on the behaviour of the function f near infinity. We
will detail below the precise function class from which we draw f.

As explained in the introduction, we will consider the functions f(z~) = (z7)"*2, in
analogy with Virasoro generators in d = 2. We will denote the associated operators by L
thus defined as

Lo(a*, 75) = Epna (o™, 7+ / do=(z7)"2T__(z* 2", 7Y, (2.11)

Our convention (2.11) is slightly different than that used in [15, 19, 29] (the label n is
shifted by 1). It will become clear in section 3 why we find our convention more convenient.
Note that throughout this work, we will use a slight abuse of notation and write L, (z) =
Ly(zt,34).

Let us now return to the function class from which we would like to draw the functions
f(xz7). For the integral to converge inside arbitrary correlation functions, it is manifest
that the function f should have nice boundedness properties near infinity. In particular,
choosing f(z~) = (27)"*? will be ill-behaved for sufficiently high n. Rather than di-
rectly working with bounded functions, we will define the operators L,, through a limiting
procedure. We define

&) . —
Ly(zT, &) = 51i%l+ dz= e (27" P21 _(at 27, 2h)

_ j{d:z T (gt e (2.12)

where we close the integration contour in the upper half-plane before taking the 6 — 0T
limit. This contour integral is now well-behaved inside arbitrary correlation functions. To
avoid cluttering the equations, we will omit the limiting procedure and not explicitly write
out the contour integral in the rest of the paper, but it should be understood that we imple-
ment this procedure on all operators. This procedure is harmless when considering conver-
gent real integrals (like the ones we will study) and amounts to a particular regularization
when they don’t. A physical way of thinking about this is to restrict the matrix elements of
the operators involved to states with support confined to a localized enough region in x~.

That being said, in this paper we will mostly focus on f(z~) = (z7)"*2 for -2 < n < 2.
We will show that in all correlation functions we consider, the integrand for this set of
functions is bounded at infinity, with no additional poles added by f(xz~), and we can



close the contour without any need for a regularization procedure. This observation will
be useful in practice when evaluating integrals in the following sections.

For n < —2, the function f(z~) = (27)"2 introduces a pole at x~ = 0. In defining
the light-ray operators L,,, we must choose a prescription for this pole along the initial line
of integration. We will choose to move this pole into the upper half-plane, such that it is
enclosed by our final integration contour,

o0 1
+ o=ly - + - ol
L_n(.’I} , L )—Lmd$ mT__(IE s L ,T ), n>2. (213)
This choice of prescription ensures that these operators act as creation operators on the
vacuum, in analogy with two-dimensional CFTs.

3 Conformal transformations of light-ray operators

Before studying the structure of correlation functions involving the light-ray operators L,
it will be useful to first understand their behavior under conformal transformations. In par-
ticular, we shall focus on the so-called “collinear” subgroup of conformal transformations,
which preserve the null line z+ = Z+ = 0. Under these transformations, the operators L,
in general dimensions behave similarly to their d = 2 inspiration, with a set of “global”
operators forming a finite-dimensional representation of the collinear subgroup, and the
remaining L,, grouped into two infinite towers of “Virasoro” operators.

3.1 Collinear subgroup

In d dimensions, the conformal group SO(d,2) is built from translations P,, Lorentzian
boosts and rotations M, dilatations D, and the special conformal transformations K.
We will follow the conventions of [44] for the commutation relations of these conformal
generators.

We are particularly interested in the set of conformal transformations which map the
light-ray along the x~ direction,

# = ant, n*= (n+,n_,fiL) =(0,1,0), (3.1)

to itself. These transformations are generated by the four generators D, P_, M, _, and
K, which form the collinear subalgebra of the full conformal algebra. If we arrange these
generators into the useful form

J_1 = iP_, J() = (D — 2M+_), Jl = —iK+, (32)

N | .

we see that they satisfy the familiar algebra of SL(2,R),
[Jo, J1] = FJx1,  [J1,J-1] = 2o, (3.3)

similar to the “global” conformal algebra in d = 2. We also have the remaining combination

Jo==(D+2M,_), (3.4)



which commutes with all .J; and measures the collinear “twist” h = %(A —m), where m is
the spin component in the z* plane.
Under a general collinear transformation, the coordinate x~ transforms as

ar” +b

3.5
cx— +d’ (3:5)
with the constraint ad — bc = 1. The remaining coordinates transform as
=12 -1
|z z
vt =t — Gl Tt (3.6)

cx— +d’ v cx—+d

We therefore clearly see that these transformations preserve the null line z+ = 2+ = 0.
The action of the collinear generators on a general primary operator O(z~) located on
this null line is

[J_h(’)(x*)] = 8—0(‘%7)7
[Jo,O(z7)] = (h+270-)O@"), (3.7)
[71,0(27)] = (2h2™ + (27)%0- ) O(a"),

where h = %(A+m). We are specifically interested in the operator T__, which at arbitrary
x transforms as

[Jo1, T-—(2)] = 0-T__(2),
o, T ()] = (hT b0+ %a# - 81) T (), (3.9)
[, T ()] = (2hra™ + (@720 + 277 00) + |20y )T (z) + 28 - T (),

with hp = 3 (and hy = 1) for d = 4. Away from &+ = 0, T__ therefore mixes with other
components of the stress tensor under collinear transformations.

3.2 Transformations of generalized ANEC operators

Let’s now consider the behavior of the light-ray operators L, under general collinear trans-
formations, which can be derived from that of T__ in eq. (3.8). These transformations are
simplest for #+ = 0, in which case we find®

[J 1, Lp(x)] = —(n+2)Ly_1(2T),
[Jo, Ln(21)] = —nL, (™), (3.9)
[J1, Ln(27)] = —(n — 2) Lyt ().

The operator L, thus has collinear weight —n. Unsurprisingly, we see that Ji; act as
raising and lowering operators, moving us between the different L,,.

5In deriving these expressions, we have used the fact that all support for T__(z) vanishes at £~ — oo.
This follows from the limiting procedure (2.12).



Ji

P Y P Y Y W 7 A
L 3| Ly L, Ly Ly Lo Ly ---
A\ g w“ A U T S T

Ja

Figure 1. Schematic representation of the action of the collinear generators Ji; on the light-ray
operators L,. The “global” operators with n = {—2,—1,0,1,2} form a five-dimensional represen-
tation of SL(2,R), with the remaining operators in two infinite towers.

However, if we specifically look at the ANEC operator L_o, we see that it is annihilated

by J_1,
[J_1,L_o(x™)] =0, (3.10)
which simply follows from the fact that L_s is translation-invariant along x~. If we now
repeatedly act with J; on L_5, we move through the higher L,, until we reach Lo, which

is annihilated by Ji,
[J1, La(z )] = 0. (3.11)
The central five operators

{L_2, Ly, Lo, L1, Lo},

thus form a finite-dimensional representation of SL(2, R) when acting at &+ = 0. We shall
refer to these five operators as “global” light-ray operators, in analogy with two dimensions.
None of the remaining generalized ANEC operators L., with n > 3 are annihilated by the
J;, and instead form two infinite towers with respect to the collinear subgroup, as shown
schematically in figure 1.

We can also consider the behavior of these light-ray operators under the finite SL(2, R)
transformation (3.5). At 1 = 0, the stress tensor simply transforms as

T _(zt,27) = (cx™ +d)*TT__(at,27), (3.12)

which we can use to derive the transformation of the general light-ray operator

(ax™ + b)"+? _
T (2t : 1
—>/d e gy ) (3.13)

Expanding this expression as a series in x~, we see that for |n| > 2 the operator L,, mixes
with an infinite number of other light-ray operators. However, the five “global” operators
only mix with each other, as expected. The transformation of the five global operators
under a general collinear transformation are

L_g—d*L_g+4cd®L_1 + 6c¢2d*Lo + 4c3dLy + ¢*Ly ,

L 1 — bd3L_o 4 d*(ad + 3bc)L_1 + 3cd(ad + be) Lo + ¢*(3ad + be) Ly + ac® Ly,
Lo — b*d*L_o + 2bd(bc + ad)L_1 + (a*d?® + 4abed + b*c?) Lo + 2ac(ad + be) Ly + a*c* Lo,
Ly — b3dL_o + b*(3ad + be) L1 + 3ab(ad + be) Lo 4 a®(ad + 3bc) Ly + a3cLy
Ly — V'L o 4+ 4ab®L_1 + 6a*b* Lo + 4a®bLy + a* Ly, (3.14)

where all operators are functions of z* with &+ = 0.



Things become more complicated if we move the light-ray operators to general 7',
because the collinear tranformations were specifically chosen to preserve light-rays along
Z+ = 0. At finite -, the direction of the null line changes under general collinear trans-
formations, such that 7 _ mixes with other components of the stress tensor, as we saw in
eq. (3.8). At arbitrary x, we therefore obtain the general transformations

[J_1,Ln(z)]=—(n+2)L,—1(x),
1 —
o, Ln(2)] = — (n— S -8L>Ln(x), (3.15)
1, La(@)] = = (n—=2= 281 ) L (2) + |7 204 Ln(x) +2 / de= (27" 27t T | (z).
Finally, we can consider the action of the generator Jy, obtaining

o, In(z)] = <hT +ato. + %F - a) Lo(x). (3.16)

Unsurprisingly, every light-ray operator has the same collinear twist hy = 1, since the
raising and lowering operators commute with Jp.

4 Two- and three-point functions and the tale of integration

In this section, we would like to gain some intuition for the behaviour of these light-ray
operators. In addition, we want to explain with the simplest examples how to perform
the light-ray integral that converts (z~)"*2T__ into a light-ray operator L,. The easiest
playgrounds to probe this question are the two- and three-point functions:

(T (1) T (2)), (O(x1)T-—(22)O(x3)),

whose structure is fixed by conformal symmetry. In this fairly simple setup, we can under-
stand how light-ray operators act on the vacuum and on scalar operators, as well as gather
information about the candidate central charge that a possible algebra could have.

4.1 Two-point functions of light-ray operators

The stress-tensor two-point function in d dimensions takes the following form [46]

cTr 1 1
(T (2)Tpo (0)) = 22d [2 (Iup(x)lw(ff) + Iucr(x)fup(x)) - dnuvnpa] ) (4.1)
where we have defined
T2y
L(z) = np — 2 22 . (4.2)

To compute correlators involving light-ray operators, we are specifically interested in the
component T__ in d = 4, which has the simple correlator
(z-)! _er(at)!

(T (@)T (0)) = der-—g = T2 (4.3)

~10 -



Two-point function involving global operators. Using this two-point function, we
can integrate over one of the positions, weighted by a function f(z~) which we first take to
be holomorphic up to possible poles at infinity, which are outside the contour of integration
due to the regularization procedure (2.12). To ensure that the operators are properly
ordered, we use the ie prescription given in (2.7), namely

o, = 8, —de. (4.4)

We now want to compute

(Ee0T(e2)) = [ day f@T)T-—(01)T— (22))

(SUE)ZL

_(1&5 —ie)(w]p — i€) + 15%2’2]6 .

(4.5)

= et s

The integral over z; can be evaluated using Cauchy’s theorem (recall that the integral has
been transformed into a contour integral by the limiting procedure described in section 2).
There is a sixth-order pole for =7, located at

B o P

Ty =Ty + —7— Fi€=T9, +i€, (4.6)
P ’
from which we obtain
(5) (=
~orf (952 1)
T _ = (2m) — —7p7 2~ . 4.

(Ef(x1)T-—(22)) = (2i) 0 (@) (4.7)

If we instead integrate over the position z, of the second operator, there is no pole in the

contour and we obtain

(T-—(1)Ef(x2)) = 0. (48)

The appearance of a fifth derivative in (4.7) is rather important. From this, we immediately
see that the five “global” operators that form a finite-dimensional representation of the
collinear subalgebra annihilate the vacuum when acting both to the left and to the right

(Ln(x1)T——(22)) = (T (x1)Ln(22)) =0, (In] <2). (4.9)

This observation follows directly from the fact that the functions
flam) e {(@)? @)h (@)% (27)% (@7)1), (4.10)
have a vanishing fifth derivative. For these five functions, there is no pole at infinity in

the two-point function, such that we could have closed the integration contour in either
direction, without the need for our regularization procedure.
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Two-point function involving non-global L,,. We now turn to the remaining L,
operators with |n| > 2. Let’s start with the operators with higher powers of 27, i.e. n > 3.
Since the only poles in this choice of f(x™) are at infinity, the procedure is exactly the
same as for the global operators, and we find

(T—_(x1)Lp(z2)) =0, (4.11)
i7rcT(:1c2—71)"*3

(Lp(x1)T-—(z2)) = (n+2)(n+ )n(n —1)(n — 2) YIEEAL

(4.12)
These L, therefore act like annihilation operators on the vacuum. Note that because
the integrands contained poles at infinity, unlike the case for the global operators, it was
necessary to implement our regularization procedure in evaluating these expressions.

For the operators L_, with n > 3, the story is slightly more involved. The integral
that we need to perform is given by

_cr [ o (275)*
(ntalonten) = T | % G oo v Y

The new feature is that the integrand in (4.13) now has two poles, one of which is introduced
by the function f itself (see eq. (2.13)). They are located at

Ty — i€, Ty = Tyg — €. (4.14)

One is in the upper half-plane while the other is in the lower half-plane, so only a single
pole contributes to the contour integral. We obtain

iTer
240(55T2)2(951_,2)n+3 7

(T-_(x1)L—p(x2)) = (n+2)(n+ )n(n—1)(n —2) (4.15)
which implies that L_, does not annihilate the vacuum when acting to the right.
For the opposite ordering, both poles are now in the upper half plane and the integral

thus vanishes
(L_p(x1)T-_(z2)) = 0. (4.16)

The operators L_,, for n > 3 therefore act as creation operators on the vacuum.

4.2 What about the central charge?

We now consider the two-point function between two light-ray operators. From the discus-
sion above, it is clear that the only non-vanishing two-point function is

<Lm(x1)Ln($2)> s (4.17)

with m > 2 and n < —2. For notational simplicity, we can relabel n — —n such that both
m > 2 and n > 2. The integral to perform is then

or [ (g = 2ie)"F? (zfy —ie)*
(nlebontea) = | A1y e [ e - 10+ BT
(4.18)
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The easiest approach is to evaluate the ] integral first to obtain (4.12) and then perform
the x5 integral. We find

crl(n —m) (=1)"|Z

4800 (n — 2)T(—m — 2) (af, — ie)m—n+2 (4.19)

(Lin(21)L—n(22)) = (27Ti)2

which is symmetric under the simultaneous exchange m <> —n and x; <> 2, and vanishes
when m < 2 or n < 2. Notice that this implies that these operators are not an orthogonal
basis for the algebra.

This correlator is also the commutator, because the reversed ordering vanishes due
to (4.11). We can thus look at the case where m = n to probe a possible central charge in
the algebra,

m m m{m — m — 7T2
(L) L)) = = 2L ORI ()

To probe the algebra, one would specifically want to consider the case xf = x; . How-

ever, (4.20) diverges once we further take the ¢ — 0 limit. At face value, this would suggest
that the central charge of a putative algebra is infinity, which matches the observations
made in [15, 47]. An important remark is that this divergent central term is not strictly
speaking the one that one would guess by the form of the proposed Witt algebra discussed
in [15]. That term is forbidden by the collinear conformal group. Note however that a
term of the form (4.20) has appeared before in [29].

One may try to regularize the operators to obtain a finite answer, but we will not
attempt do so here (see [29] for a discussion of such an approach). We come back to this
issue briefly in the discussion, see section 9.

4.3 Three-point functions

Three-point functions are also fixed by conformal symmetry (up to OPE coefficients), so
we can compute three-point functions involving light-ray operators without specifying a
CFT (unlike four-point functions, which will be the focus of the subsequent sections).

In four dimensions, the three-point function between the stress-energy tensor 1 _ and
a general scalar operator O takes the form [46]

A1 (z15)? ey | (a33)?
(O() T (22)O(3)) = —— _< U o . (a2
67 x%gA 2 37?21’%3 95[11233%3 x%zxgz

where we have normalized the operator O such that
(O(x)0(0)) = —~ - (4.22)

We can now integrate (4.21) to obtain three-point functions involving light-ray operators.
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4.3.1 ((’)Sf(’)>

Let’s first consider a general function f(x~) to obtain the generalized ANEC correlator
(O(21)Ef(22)O(3)) = / day f(){O(x1)T-—(22)O(x3)), (4.23)

where we assume for now that the inclusion of the function f does not introduce new
singularities in the integrand. There are therefore two poles in the z;, plane:

Ty = Ty — i€, Ty =34+ i€ (4.24)

Using the integrals from appendix A, we can then evaluate this expression, obtaining
either the residue of the pole in the lower half-plane,

iA 1 f(x12) f(@1) f(z1,)
(O(x1)E¢(22)O(w3)) = —— 553 l o B e
67 2,x33275 (951,2 _353,2) (951,2 - 953,2) (351,2 _333,2)
(4.25)
or the residue of the pole in the upper half-plane,
iA 1 f(x3) f(x3) flx3,)
(O(21)Ef(22)O(3)) == — —— 55— l e e b e b
67 27233775 (951,2 _373,2) (5U1,2 - 953,2) (95172 _333,2)
(4.26)
Note that these two expressions are equivalent only for functions f which introduce no

additional singularities. As we will now discuss, for our set of functions f(x~) = (27)"*+2

this specifically corresponds to the case —2 < n < 2, which are the five global operators.

4.3.2 (OL,0)

Let’s now focus on the operators L, with n > 3. These functions introduce a pole at
infinity, in which case we must follow our regularization procedure (2.12) and close in the

upper half-plane. We can then use eq. (4.26) for the case f(x~) = (x7)"*2, obtaining
1A (z32)" — N2
(O(x1)Ln(22)O(23)) = —— — — |(n+1)(n+2)(215)
67 o fywgs (27, — 5”3,2)395%? 2 { ’
—2n+2)(n = 2arary,+ (n— D(n—2)(z5,)2].  (427)

Next, we can consider L_, with n > 3. With our ¢e prescription, these functions
introduce a new pole at x, = ie. We therefore must include the contribution of this pole
when closing in the upper half-plane. Equivalently, we can evaluate the contour in the
lower half-plane, as this function introduces no pole at infinity. Either way, we obtain the
resulting expression

(O(x1)Ln(22)O(23)) =

1A (x1_2)7n — \2
- : n+1)(n+2)(x
67 x;rzfc;s(xl_,z - 953:2)335%3%_2 [( ) 12)

—2(n+2)(n — 2)a7 4055 + (n— 1)(n — 2)(93:,;2)2]. (4.28)
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Finally, we have the global operators L,, with [n| < 2. These operators do not introduce
either a pole at zero or a pole at infinity for these three-point functions, in which case we
can safely close the contour in either direction. Indeed, one can explicitly check that (4.27)
and (4.28) agree for L, with

n={-2-1,01,2}. (4.29)

For reference, let us explicitly write out the resulting expressions for these five special
operators in scalar three-point functions:
2i1A 1
(O(@1) Loa(@2)O(a)) = 2
T x5T53(21 9 — T35)°773
1A Tig+ Tz
<O($1)L_1(CCQ)O(1’3)> =T ¥ ¥, = — \3,.2A-2"
T 29%93(1 o — 35)%273
A (21)? + 4wy a5, + (23,)°

(O(z1)Lo(72)O(23)) = — 5= — = R 4.30
3 $f2$2+3($1,2—333,2)3$%3A ? (4.30)
IA Ty 9T59(T 9+ T3 5)

(O(z1)L1(22)O(23)) = —— s
™ xfngg(xm - %,2)395%? ?
2iA 17 9)%(755)?

(O(@1) La(12) O(3)) = — = 12)"(%3.) e

F F - _ -3
T x5To3(21 9 — T32)°773

Because these operators form a finite-dimensional representation of the collinear subgroup,
their correlation functions are related by the action of the generators J; in (3.15).

For the rest of this work, we will leave the operators with |n| > 2 aside and only focus
on the five global operators. From now on, when we write a function f we will therefore
implicitly mean that the function is f(z~) = (#7)"*2 for -2 <n < 2.

5 Four-point functions in free field theory

So far, we have only considered properties of light-ray operators which are fixed by con-
formal symmetry. In the coming sections, we will now turn to explicit computations of
four-point functions involving two generalized ANEC operators. Since such correlators are
highly theory-dependent, we must specify the CFT in which we want to compute them.
We will start in free field theory, before moving to holographic CFTs in section 7.

In d = 4, a free field ¢ has dimension A = 1, whose two-point function we will
normalize as in (4.22).° The associated Wightman functions can all be constructed via
Wick contraction, and involve derivatives of two-point functions of the field ¢. It will
therefore be useful to consider the building block two-point function

()" (m+ )" =y
(o — )2

(02 ()0 (y)) =

(5.1)

SWhile this normalization is natural from a CFT perspective, it differs from the usual convention for a
free scalar by a factor of ﬁ.
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In free-field theory, the stress-energy tensor is given by

1 1 1
T,uu(x) = @6,u¢($)8u¢(m) - mnuuao¢(x)aa¢($) - W¢($)auau¢(x)' (5'2)
We will mainly be interested in the component T _,
1 1
— 3 |(0-0() - 36() o). 5.3

which has been normalized according to the three-point function (4.21). We are interested

T _(x)

in computing the following correlation functions

(0(21)Ef(22)Eg(23)P(24)) = /dwidl’g flxzg) g(as) (D(en) T (x2) T~ (x3)¢(24)) , (5-4)
for
fla™)g(a) e {(a7)% (@) (27)% (27)% (@)1}, (5.5)
corresponding to the five global operators {L_o, L_1, Lo, L1, L2}. Note that for any cor-
relation function in this class, the integrand never has poles at zero or infinity. We can
therefore safely close each of the integration contours in either the lower or upper half-
plane, without worrying about the regularization procedure (2.12). Moreover, the order in
which the integrals are performed also does not affect the resulting expressions.

To compute (5.4), we first need the correlator (¢pT__T__¢). Using (5.3), it is a straight-
forward Wick contraction exercise to compute the full correlator, and the full expression is
shown in appendix B. However, it turns out that not all Wick contractions are relevant for
computing the correlation functions of light-ray operators, since several of them will vanish
once the integrals are evaluated. The simplest way to see this is to close both contours
outwards, which we can represent as

(0(1)E (@208, (w0 (w0)) = [ darydos f(wy gl ) Dl T ()T () 9(0),
where this notation means that we integrate x5 by picking up the singularity when xo — 1,
and integrate x5 by picking up the singularity when x3 — 4. Because of this, it is clear
that the only terms that will contribute to the final result are terms in (¢7T__T__¢) that
have a denominator of the form x$,2%, for positive a and b. All other terms will vanish once
we integrate. The different contractions of this four-point function lead to three possible
topologies, shown schematically in figure 2. Based on the preceding argument, it is clear
that only the first topology contributes upon integration.

To compute a four-point function with light-ray operators, we can therefore concentrate
solely on the subset of the full correlator given by the Wick contractions appearing in the
first topology. This is explicitly given by

(d(x1)T-—(22)T——(x3)P(x4))
1 1 1 zt: 3 3 oy
») 3 4+7l'4 )2 £+ﬁ £+ﬂ
(3%4( o) Pl (2 Y I\, T2 e

2 2
+ + + +
1 s (21 | g3 Loz | T3q

+ 3674723\ 2 + 3 5 T3 .
@ L1g  Ta3 Loz T3y

We are now ready to perform the integrals and compute the four-point function (p€;E,¢).
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< e
+ +
@ L J
¢(z1) P(xs)  P(a1) P(za)  Pla1) ¢(z4)
Figure 2. The three different topologies of Wick contraction that appear in

(p(x1)T-—(x2)T—_(x3)p(x4)), where we wrote T(x2) = T-_(x2). The lines indicates how
the fields are contracted since T__(x) is bilinear in ¢(z). Only the first topology contributes to
the integrated correlators for the contours at hand.

5.1 The four-point function (¢€;E4¢) and the commutator

In this section, we compute both the four-point correlator with two distinct light-ray op-
erators & and &,, as well as the resulting commutator. The relevant part of the local
four-point function is given by (5.6) and we now need to integrate it, picking up poles as
ro — x1 and x3 — x4.

The very first term of (5.6) has a single pole in both z; and z3. The next term has
both a single pole and a double pole for both coordinates, while the last term has poles
up to third order. These integrals are displayed in full glory in appendix B (cf egs. (B.5)

o (B.7)). Combining the results of all the integrals together, we then obtain the full

light-ray correlator,

(@(21)E¢(22)Eq(23)P(4)) (5.7)
= (2mi)? <64 /oia)olwas) (i — i)
T (21y) () [~ (253 — i) (z Ty —x43)+|x23 2]
3 (F'(a12)9(a1,) — F@12)d (275) ) (a — i€)®
21t (o) (wfy) [~ (ady — i€) (w1 — wya) + T35/
N f’(xl_Q)g’(xZ?,) (x;g. — i€)?
21 (zfy) (w4 [ (235 — i€)(z1 9 — 3743)‘*“ 3/2]3

v )
1 (F@r2)a(@s) + Fa12)g" (w5,) ) (2 — ie)?
|

)

(21y) () [~ (253 — i€) (z o — 233) + |Ta3/]3

)

127T

)

F'(@12)g (25) = f'(@12)g" (215)) (23 — i)

2477 (] 2) $§4)[ (3523 “)(3512 T ,3) ‘3323 22
1 J"(@15)g" (x4 3) )

" Taar (21y) () [~ (253 — i€) (27 — 273) + |[T317] )

In expression (5.7) we have anticipated which factors of ie will be necessary to compute

the commutator and have suppressed all factors of ie that are irrelevant.” To compute the

"To reinstate all the ie where needed, one just needs to perform the following replacements in (5.7):
Tyo = Tyg — 1€, Tyg —> Tygt 1€ xfy = af, —ide, and xd, — z, —ie.
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correlator with the opposite ordering for the light-ray operators, we simply take (5.7) and
replace f <> g and x9 <> x3. We can then take the difference of these two expressions to
obtain the commutator.

Because we are interested in the case where both light-ray operators are on the same
null-plane, we need to be particularly careful with the ie prescription between zo and x3
when we subtract correlators of the form (5.7). To simplify the analysis, we will study the
various terms independently, starting with the term that has no derivatives acting on the
functions f(z7) and g(xz~). We denote this specific term as

fa1s)g(ays) (235 —ie)!
(¢[5f(x2),59($3)]¢>|fg (JUE)@:’Q)[_(Q?% —i€)(zy, 2 Ty 3) ‘9323 25

B f(x;2)9(371,3) (3323 + 26)4
(z13) (23 [(x 3 + i€)(z13 — Ty9)

— 5.8
g O
If we did not include the correct ie prescription, then the numerator would naively vanish
for xg}) = 0 and one would conclude that this contribution is zero. Instead, with the correct

i€ prescription, we obtain the following expression in the limit where x5 = azg,

<Z€)4 ( f(x1_2)9(3323) B f(ﬂﬁzf,z)g(l’l_,s) >
[ :

| Tg|2 +ie(xyy—ap )" [|T53)2 +ie(z3—250)]°
(5.9)

Looking at this expression, we see that it vanishes in the limit ¢ — 0 provided |Z33|? # 0.

(D1€7 (22), €, (23)]6)] 5, —

33129524

However, if |:E’§-3]2 = 0, then this expression actually diverges as ¢ — 0. It is hence clear
that this expression should be thought of as a distribution proportional to a delta function
in the transverse separation between the two light-ray operators: §(2 )(x23) To extract this
delta function contribution, we need the following relation

(€)1 T

li = 5@ (gt 1
I T +ie® @Dy’ ) (5.10)

which is valid provided a > 2. The derivation of this result is presented in appendix C.%
Using (5.10), the term (5.9) hence becomes

w5 (@Ls)

495f2$2+4($1,2 - 951,2)4 (

(D1€7 (22), Ey(@3)])];, ~ Fara)alwrs) — Faia)a(rs)). (5.11)

Based on this analysis, we can now compute the general commutator contribution, which
is valid for j < 3 and 0 < k < j.

($2+3)4_jf(k)($£2)9(j_k) (z13) _ (—a33)t I fU=R) (%:2)9(@ (z13)
$1+2$§r4[—$;3(33i2 —Ty3) + |Z33]250 afad,[ags (2 3~ Tyo) |Z33]2]°—

— 1)@ (L o o _
- Tt e e (PP e P ) = 19 e any)).

(5.12)

8See appendix D.4 for a different way of extracting the delta function, by integrating over the transverse
coordinates.
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Note that the commutator only has support when \55-3\ = 0, except for when j = 4, which
has a finite contribution when |#3;| # 0, and is much more subtle, as we will discuss below.
We can now present the full commutator, which is given by

(0(z1)[Ef(22),Eg(23)]P(24)) (5.13)
— ;5(2)(1# ) [_ 6f1’2 912 — f12912 Lo (f{z 912 — fa,2 gi,z) - (fl,z Gio—fio 91,2)
+ .+ 23 - — \4 — — \3
TTL19Toy (1‘1,2_954,2) (951,2 —x4’2)

1 (f{/z 94,2 — f4,291’,2) —6 (f{,Z 92,2 - lel,Q 91,2) + (f1,2 gff,z - fzf,z 91,2)
(212 —T40)?
1 (Fladha—Fiagls) = (flagia— fatggag)]

6 T1o—~Ty2

1
36722575, l[—(x;@, —ie)(wr g —wpy) FTHP] (15 +i€) (@) —w1a) +|Th 7]
where we have defined the shorthand notation,
fig=Fy), g5 =glz)- (5.14)

In (5.13), the two terms displayed on the last line which are proportional to f”g”, do not

1 /! " 1
f1,2 94,3 f4,2 91,3 1
)

admit a representation as a distribution proportional to a delta function. They correspond
to (5.10) with a = 1, whose numerator is finite. In appendix C, we demonstrate that this
contribution is not integrable and explain why we cannot write a meaningful transverse
function 6()(Z33). Nevertheless, these two terms admit a well-defined limit when € — 0,
provided |#3;|? # 0.

Before analyzing this finite-separation contribution, let us first focus our attention on
computations where the f”¢” term does not contribute. This is the case for all computa-
tions where £ or £, are one of the three operators {L_a, L_1, Lo}. This subset of operators
is special in the sense that they are the local versions of some of the charge operators of
the conformal algebra, and are thus constrained by the associated Ward identities [17].

5.2 The algebra of light-ray operators
We have now obtained the general commutator (5.13) valid for the operators:
gf,gg € {L72, L 4, Ly, Ly, LQ} (515)

In addition, we have seen that there is a subtlety involving a finite piece at spacelike
separation when f”¢” does not vanish, namely for certain commutators involving L; and
Lo. Let us start by discussing the algebra in the absence of this finite piece.

5.2.1 Algebra in the absence of the finite separation term

We can use (5.13) to directly evaluate commutators. The simplest scenario is the commu-
tator of two ANEC operators

(¢(z1)[L-2(x2), L-2(23)|d(24)) = 0, (5.16)
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which in fact vanishes not only in free field theory but in arbitrary CFTs [19] leading to
CFT sum rules with important consequences for large N theories [18, 19].
Next, consider the commutator [L_s, L_1]. Using (5.13), we find

2 1

z — (), (5.17)
T 5U1+2$5r4($1,2 - 954,2)

(¢(z1)[L-1(x2), Loo(w3)]d(74)) = —

3
which has a nonzero contact term. Note that here we specifically assumed that z3 = 23,
but kept the transverse components ¥, ¥y, and &7 arbitrary. Up to a prefactor, the
function multiplying the delta function in #3; turns out to be the one-point function on
the ANEC operator, namely

(d(21)[L1(w2), La(w3)]p(w4)) = —i6P (Fn3) (d(a1) Lo (w2)d(4)) - (5.18)

This easily generalizes to many other commutators as we summarize below (see appendix D
for details):

[L_2(x), L_2(0)] =0 [L_1(x),L_10)] =0

[L_1(x), L5(0)] = —i6® (#1)L_5(0) [Lo(z), L-1(0)] = =i (&) Lo(0)
[Lo(z), L_2(0)] = =2i6P(#)L_1(0)  [La(x), L_1(0)] = —2i6®) (&) L1 (0)
[L1(z), L_2(0)] = —3i6*) (&") Lo(0) [La(z), L-1(0)] = —3i6®) (&") Ly (0)
[La(), L_2(0)] = —4i6®) (&) L1(0) [Lo(), Lo(0)] = 0. (5.19)

These relations are not an accident, we are reproducing part of the Witt algebra mentioned
in the introduction, namely

Ln(@1), La(§h)| = =i0@ @ = §5)(m = 1) Lt (7). (5.20)

This algebra was advocated in [15], and some commutators were checked in [17] for free
field theories for correlators evaluated on the same null-plane (i.e. z+ = y*). We have now
reproduced those results, and generated many more terms in the algebra.’

So what becomes of the commutators not included in (5.19)7 These are precisely the
ones where the finite piece coming from f”¢” does not vanish. As we will now see, they
seem to present an obstruction for the algebra.

5.2.2 Commutators involving the finite separation term

Let’s finally discuss the commutators that involve a contribution at |Z3;| # 0. At finite
separation we can use the general result derived in (5.13),

_ 12~ T
(d(x1)[L1(x2), Lo(x3)]¢p(x4)) = R AR (5.21)

Note that in (5.20), it naively seems that the quantum numbers don’t match on both sides of the
equation, but in fact they do because the transverse delta function 6(2>(;E'J‘ — ) carries the appropriate
compensating dimension.
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This expression produces an ambiguity at fég = 0. The problem is that the finite separation
commutator diverges in that limit as |2|~2, and this singularity cannot be integrated
against arbitrary test-functions. It is therefore not possible to extract a delta function
term at coincident points like for previous examples. This spells doom for the proposed
operator algebra (5.20). We expand on this point in appendix C.

The breakdown of the algebra was already hinted at in [19], where it was argued that
Wightman functions which do not converge absolutely under the lightlike integrals when
x;g = 0 can spoil commutation at spacelike separation. However, the integral of the double
commutator might still converge, because the double commutator is better behaved in
singular limits than the Wightman function, in which case the spacelike commutator is
well-defined but nonzero. This is precisely the scenario we have for eq. (5.21), where the
integral of the double commutator is absolutely convergent at x;?) = 0 while the integral of
the Wightman function is not.

For completeness, we also give the other commutators, which have similar structure.

Restricting to |#33| # 0, where the finite separation contribution is well-behaved, we have

2 (19— Ty0) (T + Tys)

($(z1)[La(w2), Lo(ws)¢(w4)) = =3 pEREINT : (5.22)
12724723
1y 3(x59)? — (])%2
(o liatea) Ialoten) = TR EETL aay

Once again, we obtain non-integrable finite separation contributions.
The final two commutators are the diagonal ones, for which the delta-function contri-
bution vanishes. The finite-separation piece is thus the only non-zero contribution,

e
($(a)lLr (@), Li(wa)]g(aa)) = — — 1242 - éjﬁf = (5.24)
1242 23
4 (331_,2)2(55;3)2 - (w;Q)z(xl_,3)2

(¢(21)[Lao(x2), La(x3)]¢(24)) = — = : (5.25)

2 xf2x34|f2%3|2

The divergences are integrable in this case and there is no |#3;| = 0 contribution.

The three off-diagonal commutators pose a serious challenge to any possible algebra
of light-ray operators. Moreover, we would like to emphasize that these results did not
depend on the choice of the external state: all commutators discussed in this section have
finite contributions in other scalar states. For example, we can easily see that

(¢" (1) [La(x2), L1 (23)]¢" (24)) = n® (" (21)¢" " (x4)) (@(21)[L1(22), L1 (w3)]p(4))

which obviously also contains a finite separation term. In the next section, we demonstrate
how to reproduce this contribution using the OPE in free field theory.

5.2.3 T__ X ¢ OPE in free field theory

The choice of contours from the previous section is such that the relevant OPE channel to
study our correlators is 7__(z) X ¢(y). In this section, we explore what becomes of this
OPE under the null integral over ™ in free field theory.
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Using the definition of 7__(x) in free field theory (5.3), we can look at the OPE of
T__(x) with ¢(y), focusing only on the terms that are proportional to the operator ¢ itself.
We find

T (£)o(y) ~ | 300 (@) — 155008 6(2) | 9(0)
1 2zt —yh)? At —yh) - 1 , i
IREZS ( (x —y)° " (z —y)* 0- (z — y)28_> ¢(x).  (5:26)

Note that this OPE is not written in the canonical way, because the resulting operator on
the right-hand side is evaluated at position x instead of position y. If we would like an OPE
evaluated at ¢(y), then we still need to expand ¢(x) around the position y. This implies
that ¢(x) in (5.26) is already the resummed version of that Taylor expansion. Because of
this, one should keep in mind that we are really keeping infinitely many descendants.

We can use the OPE (5.26) twice in (¢(z1)T-—(x2)T-_(23)d(x4), as z2 — 1 and as
xr3 — x4 to obtain a differential operator acting on the two-point function (¢(z2)p(x3)).
This implies

IE+ 2 l’+ 2
<¢($1)T__(x2)T__($3)¢(x4)> — 1 <( 21) ( 34)

- 4 6 .6
367 Ty T3y

+.. ) (p(z2)9(x3)) (5.27)

where we have written only the most singular term coming from the double OPE, as this is
the only term that contributes to the finite separation term. We can then multiply (5.27)
by (z3)3(z3)3 and perform the two integrals as ¥y — 1 and x3 — 4, we arrive at
(p(x1)L1(x2)L1(x3)p(24)). Once we send € — 0, the contribution from (5.27) is

(6(21) L (22) L (23) (1)) = — 5 —i2A8_ (5.29)
T 25Ty | T
which is half the commutator from (5.24). The other half is obtained the same way, but
for the other ordering by performing the OPE as x5 — x1 and xo — x4.

In addition, we can ask how to reproduce these results in the other OPE channel,

namely by fusing 7__(x) with 7__(y). This is what we will discuss in the next section.

6 The OPE of light-ray operators

In the previous section, we saw that in free field theory commutators involving the light-ray
operators L1 and Lo do not vanish at finite transverse separation. We would now like to
understand whether this nonvanishing commutator can be understood as arising from the
integrals of local operators O in the T' x T OPE,

(Lu@). L)) = X r—=rag [ 0 folu )OW) (6.1
@

where, for simplicity, we will focus on the diagonal case where the two generalized ANEC
operators are the same.
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The OPE of two light-ray operators has been studied several times in the literature [16,
20, 21, 24], but here we will largely not make direct contact with these general results, and
instead choose to focus on the particular example of free field theory. It would be very
interesting in future work to understand the structure of generalized ANEC commutators
more broadly, using the technology developed in those works.

To begin, we need to first rephrase the calculation of the commutator (¢[Ly,, L,]¢)
from the previous section in order to make the connection with the 17" x T" OPE more
manifest. There, we originally computed the commutator by evaluating

(O Ln(w2). Lzl é(wa)) = [ oy dg (2)" (3" () T (82)T-— (#5)5(1))
~ [ doy dag (a3 a3 2 () T () T (w2) ().

s N -

where the contraction symbols indicate which poles we considered while performing the
integrals over z; and z3 (for example, in the first line we integrate z; by picking up the
OPE singularity at 3, — 0). In order to obtain an expression of the form (6.1), we need
to evaluate only one of these two integrals (for concreteness, z; ), such that we can write
the commutator in terms of the single remaining light-ray integral (over x3 ).

While the particular contraction shown above was useful in practice, it clearly makes
use of the OPE in the T x ¢ channel, obscuring any connection with the T" x T" OPE.
Instead, we can choose to close the contour for x5 in the upper half-plane for both orderings,
represented by the contractions

—— 1
(6(21) [ Ln (w2), L (3] (20)) = / dary day (w3 )" (w3 )" (0 (w1) T — (w2) - (w3) ()

—/d9€5d$§($5)"+2(965)”“<¢($1)T77($3)Tﬁ(xz)ﬂé(u)), (6.2)

In the first term, we now need to pick up both OPE singularities in 23, and x3,, while in
the second term, we only need to pick up the singularity in x%4 (as before). One can check
explicitly that in this correlator the two contributions from the 23, OPE singularity cancel

when evaluating the commutator and we are left with'?

(6(@0)[Ln(z2). Lu(ws)|o(aa))= fdos (a3)" "2

1
Jaz a5 )T ()T ()bl

(6.3)
With this, we can compute the z integral, picking up only the singularity at x3; — 0. If
we now expand the integrand with the T x T" OPE, we thus obtain an expression of the
form (6.1). We now need to understand this OPE in free field theory, which we do below
for the case of [L1, L1].

10 A5 an operator statement, one generally cannot deform the integration contour for x, to represent the
commutator [O2, 03] as an integral around x5 . Conceptually, this is due to the ie prescription for xJs,
where the two orderings on the Lh.s. of (6.2) are functions of 23, + i€, while the r.h.s. only depends on
x4, — ie. However, for this particular correlation function involving ¢, where we are focused solely on the
finite separation piece when both light-ray operators are on the same null plane, one can check explicitly

that there is no dependence on this subtlety, and (6.3) holds.
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6.1 Example: [Lq, L]

To illustrate how to obtain the finite separation term from the OPE we will focus on the
concrete example of [Lq(z2), Li(x3)] (we also explain how to adapt this to other commuta-
tors). The goal is to understand the leading divergence in this commutator as |Z33]2 — 0
by identifying which operators in the T x T OPE are responsible for it.

One might have hoped that this finite separation contribution arises from the integral of
a single local operator. However, we will see that this is not the case and we need to include
an infinite number of terms in the sum (6.1). This infinite sum can also be rewritten as the
light-ray integral of a single non-local operator, which we construct explicitly in appendix E.

The commutator we wish to compute via the OPE is given in (5.24), but we reproduce
it here for convenience

<¢($1)[L1($2),L1(933)]¢(x4)>:1(3:1_ ) (e ) (o ) (- ')

T2

5U1+3$§§1|9523|

We will not aim to derive the complete contribution from the stress-tensor OPE, but
will concentrate solely on the terms that are responsible for the leading singularity in the
transverse separation |3/,

2lags). {_(53%3)15”;49523"‘(9C3L4)I$T3$1_3}
- 9
mé%aqs 7T2‘l'2Lg‘2(xE$;’r4) 7 (76 4)

where I = 1,2 runs over the perpendicular indices. Note that the naive leading singularity

(p(z1)[L1(22), L1(23)](4))

~ 1/|r33]? vanishes due to antisymmetry. It is worthwhile to mention that the rest of the
expansion truncates, with only one subleading correction which is regular as |Zg5| — 0.

We now want to understand the leading term (6.4) as arising from the integral of local
operators in the T' x T" OPE. The only operators which can contribute must satisfy the
following set of constraints. First, given the overall factor of (r33)!, it is clear that the
operators must all be vectors in the transverse direction. In addition, the operators cannot
contain dy derivatives, as these would be contracted with factors of x%@), which is zero.
Finally, the operator must contain only two insertions of ¢, otherwise the resulting three-
point function would vanish. With this, we can construct the most general set of operators
that have the required properties and are consistent with scale and boost invariance, giving
us the general sum

(La(e), InGe)|, = 20 Zam [ dwz @ 6810 ws), (65)

’2
23

where the subscript l.s. stands for leading singularity in the ¢ correlator. Concretely, the
operators written schematically in the r.h.s. correspond to (descendants of) the conserved
higher-spin currents,

OrJ_.._(x) m even,

3 gm =
$0:979(z) Jr—..—(x)  modd,

(6.6)
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Figure 3. Setup for the operators in the 2 and Z* directions in our simplifying limit.

whose explicit form is given by [48, 49|

R (=D*
Jiy i.(x) = ,;) 20k T 1)T2(s — i + 1) .05, 9(x) 0 ks - - .0;,¢(x) — traces, (6.7)

where the indices are symmetrized. For example, the term with m = 0 corresponds to
07¢?, while the next term with m = 1 is the stress tensor component T7_.

The overall coefficients a,, can in principle be determined from the OPE coefficients in
T x T. For our purposes here, however, we merely wish to understand the structural form
of this expansion. To do so, we will consider a simplifying kinematic limit and compute the
resulting contributions in the sum. Specifically, we consider the following arrangement:

+ + — .+ =1 —»l_—i
Tig =2Tzy =T , T3 =Ty =% |

L’ > |$23’2 (6.8)

We thus align all four operators on a line in the two transverse directions, with x1 and x4 at
large equal distance on either side of the light-ray operators. This simplifying arrangement
is displayed in figure 3. In this setup, the leading singularity (6.4) takes the simple form

_4( 1 )I(mJ_)I —»J.,Z

shoet (o) [ih P

(p(x1)[L1(22), L1(23)]p(74))

(6.9)

In appendix F, we explicitly compute the terms in the sum (6.5) evaluated inside the
correlation function, which we denote as

x2

i‘g [ @) 0lw) 69107 0(ws) D)) (6.10)

s

We then show that in the limit described above these expressions all have the same func-

tional form, up to an overall coefficient,

b (w33)" () |2
w2 (a )2

G" () ~ (6.11)
where b, are numerical factors that can be found in the appendix F. We can therefore
clearly see that all operators in the OPE (6.5) contribute to the leading term, and we are
ultimately just resumming the infinite series of coefficients.

We have therefore seen that the nonvanishing commutator (¢[L1, L1]¢) can be under-
stood directly as an infinite sum of light-ray operators built from the 7' x T" OPE. Let us
briefly comment on two aspects of this calculation.
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First, if we want to understand the finite separation contributions of other commuta-
tors, then we just need to modify the sum of operators in (6.5) to account for the dimension
and spin of the specific commutator we are considering. For example, in the case of [Lg, Lo,
we just need to replace (z3 )% — (3)° in (6.5) (with new coefficients ay,).

Second, the integrand of (¢[L1, L1]¢) does not contain a pole at infinity, as one can
explicitly confirm. As we discuss in more detail in appendix F, the first three terms
of the sum m = {0,1,2} individually each contain a pole at infinity in their respective
integrands. Nevertheless, in the limit used above, this contribution vanishes and the sum
is well-behaved. Because the full expression that this sum is replacing has no pole at
infinity, we expect the general infinite sum to also not have any such poles. This concludes
our discussion of the generalized ANEC commutators in free field theory.

7 Conformal block decomposition at large N

So far, we have only studied commutators of light-ray operators in the example of free field
theory. In this section, we generalize this analysis by considering the commutator [L,, L]
(at finite transverse separation) in a four-point function with a general scalar operator O
of dimension A,

(O(21)[Lin(x2), Lu(3)]O(2a))  (Fy # T35 |ml, In| < 2). (7.1)

Specifically, we study the contribution to this commutator from the conformal block asso-
ciated with O itself,
OxT—-0—-TxO. (7.2)

This particular contribution is interesting for two reasons. First, it is universal, as the
OPE coefficient is fixed by conformal Ward identities. Second, this particular block is the
leading contribution to the correlation function of light-ray operators in CFTs with large
N and a large gap, as we explain below by slightly generalizing an argument from [16, 19].
We can therefore compare the resulting commutator from O exchange to gravitational
computations in AdS, which we do in section 8.

In practice, the easiest way to compute the contribution of individual conformal blocks
is to map the null plane 2+ = 0 to the celestial sphere. After briefly reviewing this map,
we demonstrate that O exchange gives rise to a nonzero commutator at finite separation,
even for the simplest case of [L_1, L_s], which suggests the existence of a non-trivial sum
rule, where subleading conformal blocks must cancel this finite-separation commutator in
physical CFTs.

7.1 Contributions in holographic CFTs

One of our main motivations in studying the commutators of generalized ANEC opera-
tors is to gain insight on possible universal structure in gravitational theories in AdS. We
are therefore particularly interested in CFTs with a weakly-coupled bulk dual. Such the-
ories generally must have the structure of generalized free field theory, with corrections
suppressed by a large parameter NV,

(O(21)T(22)T(23)O(x4)) = (O(21)O(x4) (T (22)T (23)) + O(1/N?), (7.3)
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Figure 4. Leading contributions to the four-point function (OTTO) in CFTs with large N and large
gap. When integrating to obtain correlators of the global light-ray operators L,,, the contribution
from double-trace operators (right) vanishes, leaving only the O exchange.

as well as a large gap Agap in the scaling dimensions of the lowest single-trace operators
with spin j > 2.

In such theories, the leading correction to the four-point function (OTTQO) can only
come from O itself, as well as the leading 1/N corrections to the infinite family of double-
trace operators [OT],, ; corresponding to two-particle states in AdS. This is shown schemat-
ically in figure 4.

Note that we are specifically interested in correlation functions of the global light-ray
operators L,, with |m| < 2, which annihilate the vacuum in either direction. In this case,
we can rewrite their correlation function as the double-commutator

(O(x1) Lin(22) Ln(23)O(24)) = ([O(21), L (22)][Ln(23), O(24)])
= /dl’i dzg (x3)" 2 (23)" ([0 (21), T (22)][T- - (x3), O(24))]) (7.4)
- / doy day (w3 )™ (23 )" 2 dDise[(O(21) T (22) T (23)O(x4))]
Four-point functions involving the global L,, therefore correspond to weighted integrals of
the double-discontinuity of (OTTO). However, the leading correction due to double-trace
operators has no double-discontinuity, which means that their contribution is suppressed by
additional powers of 1/N [50]. At leading order in 1/N and 1/Ag,,, the only contribution
to the commutators [L,,, L,] therefore comes from the exchange of O.
7.2 Event shapes on the celestial sphere

Up to this point, we have focused on light-ray operators located on a null plane at finite

7. However, we can also consider the limit where these operators are taken to future null

infinity (i.e. 27 — o00),!!

a+t\?
Ly(o0) = lim () Ly, (x). (7.5)

More generally, we can use rotations to take light-ray operators to future null infinity in
any direction, parametrized by the null vector

n* = (1,7), n®>=0 7.6
(7 )? bJ

HThe rescaling by 1 ensures that the resulting correlation functions are finite, while the factor of 2
simply provides a useful normalization for the resulting expressions.
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Figure 5. Two light-ray operators (indicated by the blue and orange lines) on the null plane z+ = 0
(left) can be mapped via the conformal transformation (7.7) to future null infinity .#* (right). The
transverse separation ff; between the two operators on the plane leads to an angular separation 0;;
on the celestial sphere.

where 71 is a unit-normalized vector indicating a point on the celestial sphere. In the

following discussion, we will label these light-ray operators at general positions on the

celestial sphere as L,,(n), suppressing the oo in the argument for notational simplicity.
We can also map the null plane 2™ = 0 to future null infinity .# via the conformal

transformation
1 3 a xﬂ_ 2 . fL
A R— T =z — = , i g (7.7)
zt zt zt

In this case, light-ray operators at distinct transverse coordinates ;-

on the null plane map

to light-ray operators inserted in different directions 7i; on the celestial sphere, as shown in

figure 5. The relative angle 7; - 7i; = cos ;; between them is given by

1 — cos 0;; B |f$ 2 (7.8)
2 L+ T2 (1 + 172 '

We can therefore map correlation functions involving light-ray operators on the same null
plane to so-called event shapes [51-54] involving light-ray operators at null infinity,

(OlLmy (1) -+ Liny (21)|O) & (O|Limy (n1) -+ - Liny, (71:)]O).- (7.9)

Physically, these event shapes can be thought of as the correlation between detectors located
at different points on the celestial sphere.

The important point is that we can study the commutators of light-ray operators at
finite separation by computing event shapes for light-ray operators separated by a finite
angle. As we will see, the calculation of the resulting commutator will be much simpler for
event shapes than on the null plane.

We can already see this simplification in three-point functions involving the insertion
of a single light-ray operator. For example, if we consider the three-point function with
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the ANEC operator L_ from eq. (4.30), at x+ — 0o we obtain

im (%2 2(9 L Olay)) = 2 ! 7.10
1m o (O(x1) L-2(z2) ($3)>*§W- (7.10)

Generalizing this expression to an arbitrary direction on the celestial sphere, we have

(O L-2(mOGs) = 4 s, (711)
n-x13)3x7s

which reduces to the above expression for n* =2, n= =7+ = 0.

Note that this expression depends only on the relative distance between the two in-
sertions of O, which means that if we Fourier transform to momentum space we find that
momentum is conserved [55],

(OF)|L-2)|OW) = [ dhord'ay e T (O L_a(m)O(as)

2 9\A (7.12)
— (9454 (p — o m(=p) .
S =Yy
As is well-known, if we divide this expression by the norm of the external state,
T3 (—p?)A-2
OE)OWF) = (2m) 6% (p — ) st 2 (713)

228-6T(A — 1)1 (A)’
we measure the energy deposited in a given direction on the celestial sphere, which for a
spherically-symmetric state with p'= 0 is simply

1y = (OOONLaIO) 1
(O@E")10(@°)) A
We can also consider three-point functions involving the other global light-ray operators

(7.14)

at null infinity, such as L_1,

(O Lr (m)Oay)) = 2 (‘(’f “"”1;5‘;2”23). (7.15)
n-x13)3x7s

As we can see, this expression is almost the same as for L_s, except for the positions in the
numerator. We can use this fact to simplify the Fourier transform to momentum space,

—n-x1)+ (—n-13)

(—n - z13)3235 >

. é 4 4 —i(p-x1—p’-x3) 1
((n p) — (n 8p/)> 5 /d x1d xo € T

A , /
OWILAWIOW) = = [ dardteg e nrao!

o
2

1

=~ ((0-3) — (1 9,)) (O L > ()| OG))

The three-point function with L_; is therefore given by a differential operator acting on

(7.16)

the three-point function with L_o,

iTrQA(—pz)A_l

(=n-p)’T(A = 1I(A)
20 2\A

_ . d4cde ir*(—p®)

(O@ILAmIOW)) = —(2m)'6"(p = P) 35— (7.17)
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Notice that the second term gives a singular contribution to the expectation value in a
given momentum eigenstate. This is a common feature related to the non-normalizability
of definite momentum states [24]. It can easily be solved by spreading the wave function
over a small neighbourhood around p. By doing this one can integrate the second term by
parts. The upshot is that the expectation value becomes independent of the direction n,
just like that of L_o,

OGO mOE) A
L) = =50mow) i (7.18)

A similar calculation can be performed for the remaining global light-ray generators

Ly, with m = 0,1,2. We can still connect them to the three point function involving L_o
albeit by acting with higher-order differential operators,

(O Lom)IO®W) = — ((n-0, — 4(n- 3,) (0 8y) + (1 3)*) OB L] OG)),

O )|OW)) =~ 50 3)(n - 3) (1 8y) — (0 8)) (OP)| Lm0, (7.19)
(OW)|L2(n)|OW) = (n- 9p)*(n - 8y)*(O(p)| L-2(m)|O@)).
7.3 Commutators at finite separation

Let’s now consider event shapes involving two light-ray operators. In general, we can
compute this correlation function by inserting a complete set of intermediate states, which
in momentum space takes the simple form

(O®) L, nl)Lmz(nz)IO( )

P)| Ly (11)|0(9)) (O (q)| Liny (n2)|O(p')) (7.20)
Z/ (0'(9)|0'(9)) ’

where the sum is over primary operators @’ in the O x T' OPE. Here we will specifically

focus on the case where the only contribution is from O itself. In this case, we can easily
obtain the resulting four-point function from the three-point functions computed in the
previous section.

To start, let’s consider the case where both light-ray operators are the ANEC operator
L_5. In this case, the delta function in eq. (7.12) fixes the intermediate momentum g,
leaving us with the straightforward result

2\A+2

(OWL-aln)L-a(n2) OG) = (20)'5*(p ) g —E L s
(7.21)

This expression is symmetric under the exchange n; <+ ng, which means that the ANEC

operators commute for any relative position on the celestial sphere [19, 24],

(O)|[L-2(m), Lo ()| O(P'))] | = 0. (7.22)

where the subscript indicates that this is specifically the contribution of the O conformal
block to the commutator.
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Next, we can study the commutator between L_; and L_s. Using the differential
operator derived in the previous section, we can write the resulting commutator as

(O)[L- 1(n1) Lo n2)]!0 (')

B / 3 0y —m - )OI 2(m)|OW) (OWIL2(m)OW)
(0(9)0()) |
B / d4q (O@)|L-2(2)|0(0)) (—§(m - 8y = m1 - B){O(@)|L-2(m)|O(P)))
()t (©(9)0()) |

Using integration by parts, we can massage this expression into the form

(O@)IL-1(m), La(m)]|O)
= —5 (01 9) + (1 9)) (OP) | L-(m1) L-2(n2) O¥))

i d*q / 1
= 5 | G OWL-2(m) 0@} O(0) L-2(n2) O (6 aq>wo(q)>)
i [ dYq {O(p)|L-2(n1)|O(q)) ((n1 - 9,)(O(q)|L_2(n2)| O(p))) (7.24)
2m) (0(9)|0()) |
N 2/ d*q (O(p)|L_2(n2)|O(q)) ((n1 - BNO(Q)| L_2(n1)|OP)))
i (0(9)|O(q)) '

While this expression is admittedly somewhat complicated, it makes a few useful facts
manifest. First, all derivatives of the overall momentum-conserving delta function cancel,
which is not true in general correlation functions involving L_;. Next, the last two terms
cancel if the two null directions are the same, n} = n%, which means their contribution must
depend solely on the angular dependence of the ANEC correlator (7.21) and is proportional
to n1 - ng. Finally, any proportionality to the scaling dimension A of the external operator
comes from the first two terms, and this dependence clearly cancels.
Evaluating this expression, we then obtain the resulting commutator

(Op)|[L-1(m), L2 (n)]|O(p)) (7.25)
—im(—p?)A ! ( 3 (=m1m)(—p?) )
“A(=n1 - p2(=n2 - pPTA-DL(QA) " 4(=m - p)(-n2-p) )

= (20)'54 (0 — 1) 5

In a spherically symmetric state with § = 0, this expression reduces to the expectation

value

(L1 (n1), L_a(ns)]) = ﬁ (1 _ %_nl . m)) _ 1’6’7 S(1+3costs).  (7.26)

Using the map from null infinity to the null plane in eq. (7.7), we therefore find

<0(x1)[L—1(x2),L—2($3)]0(334)>‘O #£0 (T #T3). (7.27)

We confirm this directly in position space in appendix G (see (G.23)).
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Figure 6. Schematic representation of the leading Regge trajectory at large N for the example of
N = 4 super Yang-Mills at zero (blue), strong (red), and infinite (gray) coupling. In free theory, the
Regge trajectory corresponds to the tower of higher-spin conserved currents (blue), with intercept
jo = 1. At infinite coupling, the higher-spin currents are lifted to Ag,, — 00, resulting in a flat
Regge trajectory (gray) with intercept jo = 2.

To sum up, L_; and L_5 do not commute perturbatively at leading order in 1/N and
1/Agap. In section 8 we reproduce this result, as well as the exact form of the non-vanishing
commutator, explicitly from the AdS side.

On the one hand, this result is not surprising. In [19], it was argued that the com-
mutator [Lyy,,, Lm,] is controlled by the intercept jo of the leading Regge trajectory in the
T x T OPE, with the expectation

mitmy < —(jo+1) = [Lum(21), Ly (22)] =0 (1 # Ty). (7.28)

In the limit Ag,, — oo, the Regge intercept jo = 2, as shown schematically in figure 6.
The commutator [L_1, L_s] therefore lies outside the bounds of guaranteed commutation.
The authors of [19] do not commit on the fate of such operators since the integral of the
Wightman function needs to be regularized, but they mention the possibility that this leads
to non-commutativity at spacelike separation, as we have now confirmed.

However, it was also shown in [19] that nonperturbatively any CFT should satisfy
Jo < 1. This indicates that in a physical theory with finite N and Ay, the nonperturbative
contributions from additional intermediate states must perfectly cancel the O contribution,
such that the commutator vanishes for any finite separation. This parallels the discussion
in section 5.2: if we had considered ¢? as an external state, the contribution from the
infinite tower of higher-spin conserved currents in the ¢> x 7" OPE would have exactly
cancelled the contribution from ¢? itself,

=0, (& #T). (1.29)

J

(@*|[L-1(22), L—2(3)]]¢”)

. +§2<¢2| [L_1(x2), L_a(x3)]|¢*) o

It would be interesting to study this sum rule in more detail in future work, especially
in the context of holography, as it requires nonperturbative effects in a UV complete theory
of gravity to contribute an O(1) correction to an inherently IR observable.

~32 -



One can now repeat this procedure for other commutators of global operators, such as
[L_1,L_1]. While the exact form of the final expression is not important, the crucial point
is that those commutators are also nonzero at finite separation. The naive expectation
from (7.28), along with the bound jp < 1 from [19], is that in general physical CF'Ts only
[L_o, L_o] and [L_1, L_5] vanish nonperturbatively. However, we have seen that in the case
of free field theory all global commutators with m; + mo < 0 vanish at finite separation.
It would be useful to determine whether this is specifically a property of free field theory,
or if such correlators are well-behaved in a larger class of CFTs.

8 Generalized shockwaves in AdS

In this section, we discuss the gravitational counterpart of the generalized ANEC operators
in holographic CFTs. It is not surprising that linearized solutions, representing the insertion
of generalized ANEC operators in the boundary, can be obtained both by solving the
Einstein equations directly or by performing the bulk dual of the conformal transformations
discussed for the CFT formulation. Maybe more surprisingly, we present exact solutions in
the bulk which contain the information of higher n-point correlators in an analogous fashion
to known results for the ANEC operator [24, 56]. This is a consequence of the collinear
algebra explored in section 3. Even more unexpectedly, there exists a gauge where the
linearized solutions can be made exact. We explain why this is the case and why it fails
for the shock dual to the Ly operator.

Using these results we discuss correlators and commutators in the gravitational theory.
We see that the naive commutation relations found in free theories fail to materialize in this
setup. This is expected from the fact that the gravitational theory is only keeping track of
a single block running between shockwaves in the scattering process. As shown in section 7
this is also the case in the CFT if only one block contributes. Non-perturbative corrections
at finite IV should presumably fix this glitch. We comment on this in the conclusions.

8.1 AdS isometries and collinear transformations

Throughout this section, we will work with AdS in Poincaré coordinates with metric
dz? — dextdx™ + dzt?
22 /02

We will also set £ = 1 for convenience. As explained in section 3, the collinear transforma-

ds? = Gudatdx” =

(8.1)

tions that map a light-ray onto itself are generated by a scale transformation, translations
in the £~ direction, and a special conformal transformation. While the scale and transla-
tional isometries of the metric (8.1) are manifest, the special conformal transformations are
less obvious. They can be obtained by the usual inversion/translation/inversion procedure.
In the bulk inversion is simply z# — z#/(2"z,) [57]. Therefore, the most general collinear
transformation in the bulk is given by

— b 2 =112
oy @ th ol vl (8.2)
cx™ +d cx” +d
P b T
cx— +d’ cx— +d’
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with ad — bc = 1. In what follows, the S transformation will be particularly relevant so we
give it here explicitly

L R4

T — —, = oz , (8.3)
x~ x~
z i x’
z— U T —r —
x~ x~

As we will see, the isometries (8.2) can be used to obtain new linearized shockwave solutions
corresponding to generalized ANEC operators from known exact solutions (e.g. the usual
ANEC shockwave). Moreover, the S transformation (8.3) can in some cases be further
exploited to obtain new exact solutions. We explain this in detail below.

8.2 Review of AdS shockwaves

Shockwave geometries [58—60] (see [56] for an AdS perspective) are solutions to the Einstein
equations of the form

Juv = Guv + 59;111 = 0w + eh,uu > (8'4)

where g, is the AdS metric. They have remarkable properties: they are full non-linear
(i.e. to all orders in ¢€) solutions to Einstein’s equations and remain so even when higher-
derivative terms are added to the action. The shockwave solution in AdS takes the form

22

b =R

(8.5)
for any function H(z"). In what follows we will be mostly interested in the case where the
shock is localized to a null-plane, namely

H(zT) =0(2T). (8.6)

From the form of the metric, it is manifest that for any &+ # 0, there is no source turned
on. At - = 0, there is a source for the stress-tensor with delta function support in zt.12
The CFT operator that couples to the ++ component of the metric is 7__ and so this
metric describes the insertion of the following operator in the path integral

Scrr — ScrT + ¢ / &z T__§(2H)6@ (7). (8.7)

In other words, shockwave geometries are the gravitational duals of exponentiated ANEC
operators. These shocks can be superposed non-linearly giving access to higher n-point
functions for the ANEC operators by taking the appropriate e derivatives. Alternatively
we can compute correlators of ANEC operators by propagating wavefunctions for particular
states in the bulk of AdS and expanding the result in a power series in e.

One perspective that we will exploit further below to obtain more general solutions
in Einstein gravity is to understand the action of the collinear conformal group on this

12Note that because the source is localized in the Z* directions it is contained in the z~* term of the

metric rather than the ordinary z~2.
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operator. When the source is localized in the ™ direction this can be of great help.
Concretely, the operator above is invariant under z~ translations and has collinear twist
Jo = 1 and collinear weight Jy = 2 as can be seen from the transformations in section 3.
It is easy to see that the most general ansatz for the metric given these properties is:

d(z™) : s
0g =€ o f(¢) dotdat, with ¢ = 2 (8.8)

This scaling ansatz turns Einstein equations into an ordinary differential equation that

can be solved to yield (8.5), f = ﬁ This procedure, for sources localized in % can
be generalized to obtain exact solutions for other generalized ANEC sources. We explain

these techniques in detail below.

8.3 Generalized shocks

In this section, we write down explicit metrics corresponding to the insertion of generalized
ANEC operators L_1, Ly, L1 and Lo. We will see that the story for Ly is more intricate
and discuss this fact. We present a linearized solution in this case. The most efficient
method to obtain these metrics depends on the particular operator at hand. We consider
each one individually.

L_; shocks. Here, a form of the scaling ansatz above produces an exact solution. We
are searching for a metric which corresponds to the insertion of the following operator in
the path integral

; / dw T 56 (7). (8.9)

This means we want to find a metric with collinear twist Jy = 1 and collinear weight
Jo = 1. The most general ansatz with this scaling that remains regular in =~ is

bg = ¢ (x_é(ﬁ)f ©+2@0 0+ L, <<>> ot

z z

+e (5/(?%(0 G (g)) datdat

z z
Ca . . S(xt
+e (z4 )k Q) &t - detda™ + 6(24)9 (¢) zdzdx™, (8.10)
2112
with ¢ = ’22' . (8.11)

Notice that in this case the scaling properties allow an €2 contribution to the exact shock-
wave solution. In principle this is the situation. It turns out that the functions ¢ (¢) and
s (¢) can be set to zero as they represent sources for independent ANEC operators.'® This
solution has some gauge freedom. In particular the general form above is not in Fefferman-
Graham gauge. We can remedy the situation right away by fixing g () = 0. The system
then becomes a fully determined system of coupled ODEs that can be solved explicitly.
We can fix the integration constants by demanding that their only source is given by the

13 An integrated ANEC operator in the case of s.

— 35 —



boundary operator (8.9). The procedure consists in demanding that away from Z+ = 0 the
metric contains no components which go as Z% To fix the remaining constants we demand
that integrating the source over the whole transverse plane yields the uniform shockwave
solution (up to an overall normalization):

O Guniform ~ 6%5($+)d1‘+d$+ . (812)

The result of this procedure produces the exact solution:

1

Q) = [Tk (8.13)
k() = —C(liog, (8.14)
1 1 1 ¢
q(¢) = 00 2040 510gm, (8.15)
1 3 3 ¢
O g i o (P2 eg) - (0

As advertised, this solution is quadratic in €. This term is proportional to the square of a
delta function in # 7. This feature might seem unpleasant. Notice, however, that this prop-
erty is actually gauge dependent. We used our gauge freedom to go to Fefferman-Graham
gauge but we could have just as easily used it to go to a gauge where r (¢) = 0, yielding
an exact linear in e solution.!* We will discuss this momentarily. In any case, calculations
that depend only on the linear properties in € will not be sensitive to the §(x™)? term.

More worrisome seems to be the case that this solution has a coordinate singularity at
#+ = 0 visible in k (¢). This singularity is solely due to the choice of coordinates, which can
be verified by computing the Kretschmann scalar Rgp.qR*°? = 40, just like empty AdS. In
any case this coordinate singularity is mild and disappears if one integrates the source over
a small area. Carrying out this procedure is useful if one wants to explore the properties
of this metric near #- = 0. As expected, if we do so in a rotationally invariant manner,
we obtain that the smeared value of the dz’dzt component of the metric is indeed zero
at #- = 0. The upshot is that this singularity can also be gauged away by a change of
coordinates as we now show.

Lastly, one might be interested in going to coordinates where the term proportional to
8’ (™) disappears. This is particularly useful when computing scattering past this shock.
If we are only interested in the insertion of the dual operator in a correlation function we
only care about terms that are linear in e. Looking at the metric (8.10), this is the only
offensive term that might complicate the calculation, see section 8.4.

We can deal with all these issues simultaneously by considering the following change
of coordinates which is consistent with our scaling Ansatz:
3 3 N ) ‘ fL’2
x= —ax —edlz)al(), with (¢ =

3 (8.17)

14 Actually, it is the inverse metric that determines the propagation of waves in this AdS geometry and
the actual source for the energy-momentum tensor, non-linearly. One could try instead to go to coordinates

where the §(zT)? term disappears from g~'.
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Under this change of coordinates:

F(Q) = F(O), (8.18)
k(C) = k(C)+2d(C) (8.19)
9(¢) = g(¢) —2¢d’(¢) (8.20)
q(¢) = q(Q)+a(Q), (8.21)
r(€) = Q) = f () a(() (8.22)

Having figured out the sources in the more physical Fefferman-Graham gauge, the trans-
formations above allow us to go other useful gauges. As promised above, it is trivial to see

that the choice . 5 5 ¢
= + + = (1+21 ) , 8.23
T o1+ 0?2 Ta1+0) 8( ®1v¢ (8.23)

takes us to an exact linear in € solution. As we will see momentarily this procedure extends

to the L1 and Lo shockwaves while it fails for Lg.
More useful for our purposes will be the choice

1 1 1 ¢
=307 Ty T2 %1 (8.24)

1+¢
In these coordinates we simultaneously remove the §’(x1) term in the metric and the

a

artificial singularity at &~ = 0. The price to pay was to depart our beloved Fefferman-
Graham gauge. As we will use this metric in our scattering experiments we quote the result

below for the new metric components.

1O = g (8.25)
k(¢) = —(14_203, (8.26)
-1
g(¢) = mv (8.27)
q(¢) =0, (8.28)
1 3 2 ¢
r(¢) = 007 st 0P <1+ 3 log 1+C> : (8.29)

Lo shocks. The Lj shocks turn out to be the most complicated. We have not found an
explicit solution in this case. The reason is that if one imposes Jy = 0 and Jy = 1 scaling,
the resulting dimensions for € allow the appearance of factors of the form ¢ (z*) or
€" (§(zT))" for any n > 0. Our scaling ansatz is therefore not guaranteed to produce a
solution at a finite order in e.

While the most general solution will certainly not be linear in € one can hope that
there is a gauge where that is possible, as was the case for L_;. This can be checked
explicitly. We have done so and found only complex solutions to this order. One can hope
that introducing terms quadratic in € the equation can be solved for a real metric.

There is also a good argument to explain why we would not expect exact solutions that
are linear in € for Ly. Remember that Ly 5 112} form a multiplet under the action of
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the SL(2) generated by J;_j ;. The light-ray operators transform in a five-dimensional
representation of the collinear group. One can compute the invariant SL(2) norm for this
(non-unitary) representation. In our conventions the transformation properties of the L’s
under the action of finite SL(2) group elements is given by (3.14). The invariant norm of

a generic vector
2

v=Y aL; (8.30)

1=—2

is given by

4 1
lv|? = <a3 — ga1a-1 + 3a2a_2> . (8.31)

Now, the fact that an exact solution can truncate to linear order is directly related to
the associated vector in the algebra squaring to zero, suppressing higher order corrections.
We see in the above expression that while L_o, L_1, L1 and Ly are indeed lightlike, Ly has
a non-zero norm. This explains the lack of exact linear solutions in this case, but gives us
hope that this will be possible for L; and Ly. We will confirm this expectation shortly.

An interesting comment relates to CF'Ts in odd dimensions. Here we expect the mul-
tiplet of L’s to lie in an even-dimensional representation of SL(2). In this case, we expect
there always exists a complete basis of null-operators. Therefore, we expect, for example,
that all associated shocks in AdS4 can be made linear in e.

While we leave for future work the task of finding an exact solution we now present a
linearized (i.e. non-exact) solution representing the Lo shock. While this could be obtained
by brute force, we present here a method based on the SL(2) algebra that will be crucial
to find exact solutions for L; and Ls.

The SL(2) algebra acts on a vector space and its action is therefore linear. This is very
clear in the CFT as can be seen in figure 1. In the gravitational setting this translates to
the fact that the algebra cannot act directly on the space of bulk solutions which can be
non-linear and, hence, do not manifestly exhibit the properties of a vector space. Of course,
this would be the case for linearized solutions but we will learn something by thinking about
the action of the group on exact solutions.

Given an exact solution, we can generate a new one by the action of a finite symmetry
transformation parameterized by an SL(2) group element. Notice that this technique only
allows us to access solutions within the same conjugacy class. As we can see by the form of
the norm (8.31), solutions sourced by the Ly operator have to necessarily be in a different
conjugacy class than those sourced by L_s and L_;. This problem does not affect L; and
Ls. In the next subsection we will use this method and the S transformation (8.3) to obtain
those solutions. Here we will have to content ourselves with a linear solution.

We act with a one-parameter family of SL(2) transformations connected to the identity
on an exact solution that is linear in ¢, for example the one sourced by L_o. Notice that
this produces a family of exact solutions, still linear in e. We can expand this solution in
powers of the parameter. If the transformation is generated by, say e/, then we will have
a solution of the form

g=g+eh+ e hy + eXhg + - - (8.32)
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This must be an exact solution, so it must also be a linear solution. Furthermore, it must be
a solution for all A which means that each h; for j = 1,2,--- must be a linear perturbation
that solves Einstein equations at this order. Matching to the expansion of e*/! we learn
that:

hy = (1Y (h). (8.33)

One can check explicitly that each one of these solutions has the following source at the
boundary (if h corresponds to the L_5 source (8.5)):

source(h;) = [Ji, source(hj_1)]. (8.34)

Because the L, ’s fall in a five-dimensional representation, after acting with J; five times we
obtain solutions that have no sources at the boundary and are pure gauge. This gives us
an efficient method to obtain linearized solutions for all L,,’s. Here we quote the linearized
solution for an Lg source:

h.. = 224(51(:56))3’ (8.35)
hoy = S0 2 30
hzi = m (8.37)
DR i s
hy = %, (8.39)
hij = m (8.41)

In the following section we will obtain exact solutions by acting with the S transforma-
tion (8.3) on the L_o and L_; shocks. Notice that the exact solution for Ly must be
self-dual under S. As expected, we have failed in finding an exact solution linear in € with
this property but hopefully this fact can be used to find a solution containing higher orders
in e. We leave this for future work.

L, and L shocks. Having learned our lessons in the previous cases we are now ready to
obtain exact linear in € solutions for L; and Lo sources. As for Ly, the scaling Ansatz fails to
produce a finite order in e guess'® for the solution. We will instead use the transformation
properties of the generalized ANEC operators under the collinear transformations (3.14)
as was done in the previous case. Here, however, we can use the finite group element
corresponding to the S transformation (8.3) to obtain exact solutions. This is possible
as L1 and Lo are, correspondingly, in the same orbit as L_1 and L_o. The procedure is

15 Although it gives us a systematic way to organize the solution order by order in .
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straightforward and metrics for both Ly and Lo share similar properties. Here we quote
the Lo metric only for succinctness, starting from the usual L_5 shock (8.5)

22 (z7)?
hy, = 40 (:z:Jr -1 +C)$> ma
22 (x7)3
h,y = —20 <x+ - (14 C):B) m7
22 T~
h,_ = =20 <$+ -1+ C)x_> ma
Z2 xi($7)2
hzi =46 <x+ — (1 +§)x_> m,
22 ()4
h++ = 6<$+—(1+<)x> ma
22 (x7)2
hy_ =19 <x+ -1 +<)x_> EITENOER (8.42)
22 :Ci(a:_)?’
h+i = —26 <l’+ - (1 +<)I_> my
22 1
22 'z
h_; = =26 <aj+ -1+ Ox) my
22\ 2'zd(z7)?

The first surprise is perhaps that the shockwave is no longer localized directly on a null-
plane everywhere in the bulk. This is a natural consequence of the way that we obtained
the metric through a change of coordinates. Note however that at the boundary, the
source is still localized on the light-ray 2t = 0, #& = 0 . The functional form of the
metric restricts support to 2+ = 0. In the bulk, the situation is more complicated. Notice
that if we expanded the delta function in its derivatives we would obtain all powers of
(;—i)n 5(n) (z™) which is dimensionless by our scalings. In our previous scaling ansatz this
was forbidden by demanding only positive powers of =~ appear in the solution. Once a
term like this shows up, the expansion cannot truncate to preserve regularity. There might
be other gauges where only regular terms appear and truncate to finite order in z=—. The
price to pay, however, will probably be the inclusion of arbitrarily high powers of €. It
would be nice to see if a simpler solution exists.

To see the way the shockwave propagates in the bulk, it is slighlty more convenient to
rewrite

2 =112
5 <x+ B Zﬂ;|$|> = |e718 (—ata + 22+ |7H) (8.43)

and we see that the shock lies on two hyperbolae, i.e. at all points null-separated from
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Figure 7. The support of the shock inside the bulk of AdS, plotted at ¥+ = 0. The magnitude of
the delta function is 2~ -dependent such that it vanishes (this is displayed in blue) on the lightlike
directions 2T at the boundary.

the origin, but that the delta function has a magnitude that is x~ dependent. This is
represented in figure 7.

Note that the fact that the magnitude of the delta function is = dependent is what
allows the limit towards the boundary to give the correct result yielding support on a single
light-ray of the light-cone at the boundary.

8.4 Superposing shocks

Having obtained shockwave solutions, we are now ready to discuss the superposition of
them and the propagation of particles in these backgrounds. This procedure will allow us
to compute correlators in the holographic setup. In some cases (i.e. when the support of the
shockwaves does not overlap in the bulk), it is trivial to obtain exact solutions by linear su-
perposition of the shockwaves discussed in the previous section. For example two usual L_o
shockwaves can be trivially superposed by placing them at different z+ and Z- positions as:

+ =12 + _ .t 2Ll _ 2l2
Sg = oz )f <|x ) detdx™ —1—626(96 Y )f (\m vl ) drtdx™ . (8.44)

€1 =
24 22 z4 22

Furthermore, since the solution above is completely smooth one can easily take the
limit ™ — 0 to obtain a shockwave localized on a single null plane. The limit is clearly
independent of the sign of y*, which determines the time ordering of these perturbations
for an incoming particle. This might make us think that the commutator of the sources
immediately vanishes as a consequence. While this is true for the case above, we will see
explicitly that this reasoning is incorrect for more general sources. In particular we will
use the results above to compute the commutator [L_o, L_1].*°
Let us now go over these computations for three different examples of shockwave

superpositions: L_o® L_o, L_o® L_1 and Ly ® Lo.

6More precisely, we will compute this commutator in states created by scalar operators.
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L_, @ L_5 superposition. It is known that ANEC operators commute [19]. This was
already observed in the gravitational setting in [24]. This fact has important consequences
for the space of allowed gravitational theories [18]. Let us review this computation following
mostly [24].

We consider scalar perturbations in a shockwave background created by L_s insertions.
All we need is the form of the Laplace operator in this curved space.'” Consider first the
metric (8.44) with ez turned off

+ =112
40_0,¢ + gaqu — ¢ — V3 + 4615(:2)f (‘ZJ) 29 =0, (8.45)

where V? is the Laplace operator in flat transverse space #. This equation can be solved
exactly. Away from the shock, the equation is trivially solved by AdS evolution. At the
shock we just need to integrate across the delta function. There, the only coordinate that
varies rapidly is 7, so we can disregard regular terms that do no involve z™ derivatives.
Integrating the resulting equation we obtain:

O_¢p(zt =0") = e_% (l = )8’a,¢(x+ =07). (8.46)

It turns out this is all we need to compute correlators of L_o insertions in scalar states.
Assume we know the wave function corresponding to scalar states on the null surface ™+ =
0. Then the expectation value of the exponentiated ANEC operator is computed as [24]:

dz dz' dz?
(Gontle™ 2|6 ) ~ / do™ g 20 + e (8.47)

Notice that this expression amounts to the integral over the light-ray parametrized by x~
and the three dimensional hyperboloid given by (z,x!,2?). We write the symbol ~ as we
are disregarding overall normalizations that can be obtained easily by knowing the charges
of the states involved. We will be mostly interested in the transverse space dependence of
the observables above.

If one is interested in the expectation value of L_5 all one needs to do is to expand the
expression above and keep only the linear term in e. Concretely:

z
- — 3
2+ &5 =)

(I 2(74)[0) ~ / do~dz dv' da?i 2o+ ce., (8.48)
where above we have inserted the operator L_, at an arbitrary position ¢~ in transverse
space. If we are interested in computing this for conformal collider experiments where
we imagine the shockwave is sourced at the conformal boundary of Minkowski space, this
calculation amounts to the computation of the energy flux at infinity. The wave functions
for scalar states with definite timelike momentum ¢° are delta-function localized in the
hyperboloid at z = 1 and - = 0 and are plane wave-like in z~ going as eiqoxi, see [24].

In this case we obtain: 1

(T4 |22

1"We disregard mass terms in this discussion as they play no role.

(8L (7|0 ~ (8.49)
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where we have stripped above overall coefficients not depending on . The map between
the transverse coordinates and the S? at infinity in the collider experiment is:

)= 175”3’ Y2 = 1123’ with (n1)2 + (n2>2 + (n3)2 =1, (8.50)

and the surface elements are related by:

d20)
Pyt = —— 8.51
4 (14 n3)? (8:51)

This implies that the operators on the plane and the sphere are related as [24]:
Lo(7) = (1 +n3)3E(n?). (8.52)

The power of 3 above can be understood as coming from the fact that the ANEC operator
has collinear twist 1 adding to the two powers coming from the transformation of the
measure.

Plugging these results in (8.49) above we find

(slEmMlg) ~ 1. (8.53)

The result is independent of the angle in the celestial sphere, as it should be for a scalar
operator evaluated on a scalar state. The actual normalization is % to reproduce the total
energy of the state upon integration.

We can now tackle the insertion of two shocks as in (8.44). We will be interested in
the computation of the commutator [L_o (%), L_2(0)] so we will be considering shockwaves
inserted at an infinitesimal distance from each other in light-cone time y*. Notice that
while the metric is smooth under 3 — 0, the solution for the propagation of perturbations
on top of it depends generically on the ordering of the shocks. This is because the formal
solution to the Laplace equation across the shock is

‘fi,giﬁ 5 _if ‘EL‘Q
22 _e 22 22

o oot
O_plzT =0")=¢ ** O_p(zT =07). (8.54)
This is completely analogous to solutions in gauge theory given by path ordered exponen-
tials. In this simple case, however, we see right away that the action of both exponential
operators commute and the ordering is not important. Concretely,

(IL-2(7"), L-2(0)]|8)

dd1d2 4 4
N/dx*”“” T g
~0

z z

o, 0|0 ¢+ce (855
e eIl R

23

as expected.
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L_5 @ L_; superposition. Let us now perform the equivalent computation for this
more interesting case. Here we consider the shockwave metric:

+ ’fL,Z - 2? + + 22* 2L g=log 4
2 2
+e16(z )z - dztdz™ + ed(at —y™) & dotdxt .

(22 + |7[2)” (22 + |7 — 7 2)°

We have chosen to represent the L_; shock in the coordinates where the §'(z™) term is
absent. Furthermore we have only kept track of terms linear in €; as they will be the only
ones of importance for the calculation at hand.

For now, let us set e — 0 and consider the resulting Laplace equation:

40_0,¢ + gazqs — 029 — V% (8.57)
N 4 ) 3 |ji|2 o 22
= —461(5(ZE )m (1 +x (91 +x o_ — 9,2 Zaz> (9_gz§

Going through the same steps as before (and moving the source to an arbitrary point =)
we can calculate:

(SIL1(7M)19) (8.58)

|a—7»J__—»J_|2_22

(o' =y O+~

~ /dm*ddexLid)* 28Z> O_¢p+c.c.

z
- — 3
(2% + |2 +=7?) (

Once again, considering a localized wave function on the hyperboloid and integrating by
parts we get:

T o0 21 =2 2
<¢|L1(37L)|¢>~<#—ai(”’ 5 y') +az|33 gt —z > ( z

z 247t =gy

z=1,71+=0
1

~N———— 8.59
T+ PP (859
In the above computation, the delta-function localized momentum states need to be regular-
ized to compute the action of x~0J_ on the wave function. The physics is completely equiv-
alent to that of the term including a derivative of the momentum delta function in (7.17).
For our purposes, it suffices to say that this term produces a constant, independent of 7.

Fixing the normalization would amount to demanding that, upon integration over trans-

iA 18
A *

This result, once again, corresponds to a uniform flux in the celestial sphere. In this

verse space, the dilatation charge is reproduced. As in (7.18) the correct factor is

case, the associated charge is the Lorentzian boost symmetry in the plane = — A ~lz~,
2t — Mxt. Under a conformal transformation this symmetry maps to the dilatation

18While we have disregarded the mass of the bulk scalar in this section, as it does not affect the scattering
of the shockwave, it does control the scaling of the wave function with the energy ¢°. This is where the A
originates in the normalization at hand.

— 44 —



symmetry in the conformal collider picture [24]. This is also a scalar operator, so we do
not expect any angular dependence.
It is now straightforward to compute the commutator of L_; and L_o shocks.

(SI[L—2(F"),L-1(0)]]9)

dz~d2ztd 4 ! : Gl
N/ d 35” i z S0_, i 5 <1+x13i+1:5'_|x | 5 z Zaz) d_¢+c.c.
z (22T =g 2)" (2 H[E]?) 22
/dm‘d2mldz¢Z6(2|fj'|2|fj'_37l2+(|2fj'_ﬂ|2_2qu'|2)22+224) 92 6+
~ 2 p+c.c.
2 EREIDUENEAT
2—|g|?
~Y 8.60
(1+[g[2)* (550

This commutator is not zero in contrast to free field theory computations in previous
sections of this work. It matches, however, the computation in conformal field theory when
only one block propagates between the shockwaves in section 7. A clear way to state this
result is in conformal collider variables. Defining'®

Loo(F") = (1+n®D(n’), (8.61)
we obtain:
(l[E(m"), D()|6) ~ (1+ 377 - 7). (8.62)

Once again, the normalization can be easily obtained by integrating over the S2. The
angular dependence however is striking and matches the CFT result (7.26).

Notice that by looking at the result (8.60) we see that, as far as the scalar field
is concerned, one can consider the evolution across the commutator as provided by an
effective metric. It is given by:

A (2T PIE - g+ (28 — g - 205t)#% + 22Y)

- 3 = - 4
(2% + [ 2)7 (22 + [ — g+ ]?)

dg = €ed(x detdzt  (8.63)
This metric does not satisfy the Einstein equations. This implies that this commutator
cannot be expressed in terms of sources for the boundary energy momentum components
alone. An interesting direction here would be to compute the bulk energy momentum tensor
that could support this solution. This way, one could understand if composite operators
related to ¢ could account for this commutator by back-reacting on the metric. We will
not pursue this here.

Ly, & Ly superposition. Here, we include a short discussion on the superposition prop-
erties of Lo shocks. A similar discussion would apply to L; shocks as well. The novelty in
this case is that two Lo sources located at different - and z* do have intersecting support
in the bulk as displayed in figure 8.

Therefore these solutions cannot be superposed. Omne could of course solve for the
linear propagation of one shock on top of the other. This would be enough to repeat the

19 A1l operators in the global five dimensional multiplet of generalized ANEC operators have the same
conformal twist, so they pick up the same factor (1 + n3)3 when mapping to collider variables.
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Figure 8. Intersection of two Lo shocks, where the sources are separated in the z* and !
directions. This is plotted at finite 2% and 2% = 0.

type of calculations from the previous section. Let us focused instead in a particular type
of configuration of these shocks that can be superposed. Let us start with the superposition
of two usual L_9 shockwaves

2 2
— §(rt “ z
dg =9(z™) (51 EENRE + &2 i Q’LP)?’) , (8.64)

which is an exact solution of Einstein’s equation. Now, we can apply the diffeomor-
phism (8.3). The transformation of the shockwave inserted at #+ = 0 is the solution given
in (8.42). The part proportional to €z ends up being more complicated. Looking at the
sources proportional to ez as z — 0, one can easily check that the new operator is located at

o = —yiz-
T = |7t (8.65)
The operator therefore intersects the previous light-ray at = = 0 with an angle dependent

on . This is represented in figure 9. Because the original two ANEC shocks commute,
the resulting two shocks must also commute, even though they intersect.

The (Jc*)4 dependence of the source here seems to make the amount of energy near
2~ = 0 soft enough that it allows for the crossing with another operator. It would be
interesting to understand better why such operators can cross, and whether it is interesting
from a more phenomenological point of view. One could imagine applications to quark-
gluon plasma physics where these operators correspond to dragging of nucleons in the
boundary gauge theory, see [61] for example.
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Figure 9. The blue and orange rays represent two L_o operators located on the same null-plane.
If we act with the S transformation on this setup, the blue ray maps to itself, while the orange ray
maps to the green one. We can see that it has left the null-plane and now intersects the blue ray at
an angle. Since the original blue and orange L_s operators commute, the configuration after the .S
transformation must also commute.

9 Conclusion and future directions

The problem of bootstrapping non-trivial d > 2 CFTs remains one of the most interest-
ing open problems in high-energy physics. While the solution of this problem for generic
theories might very well be out of reach, one could hope that the addition of extra simplify-
ing assumptions, like supersymmetry, large N and/or large gap might provide a lamppost
where this program can be carried out to completion. In recent years, important (non-
trivial) constraints coming from unitarity of UV complete QFTs have proven very helpful
in reducing the landscape of allowed consistent theories. These come in the form of pos-
itivity bounds or, more generally, sum rules that all consistent QFTs must satisfy. When
applied to holographic (i.e. large N, large gap) CFTs these tools become quite powerful.

A crucial role in this program has been played by light-ray operators. They appear
behind constraints in central charges [18, 24, 25], computations of entanglement entropy [15,
22|, unitarity constraints in QFT [23, 45, 62] and recent sum rules [19]. While computing
all correlation functions of a CF'T might not be possible even at large IV, one could ask if
the subsector spanned by light-ray operators can be solved in some form. Some hope that
this might be possible was presented in [15] and [18]. In a similar manner that all n-point
functions of the energy momentum are fixed for d = 2 CFTs, how much does the algebra
of operators and unitarity constrain the correlation functions of light-ray operators?

We have explored this problem in this present work. In particular, we have studied the
algebra of L,, = [dx~ (:17‘)”+2 T__(x) operators both in free field theories and holographic
CFTs both in a QFT setup and from the point of view of AdS bulk gravity. We list our
findings and comment on them, including a discussion on some future directions.

We have proposed a formalism to compute correlation functions of light-ray opera-
tors in states created by some CFT operator. Throughout this work we have focused on
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states created by scalar operators. The technique amounts to computing light-ray integrals
by complex contour techniques taking into consideration the time ordering of operators
through e prescriptions. While this technique is just an efficient calculational method
when the real integrals involved are convergent, it amounts to a regularization prescription
when they are not. This is an important point of contact to keep in mind when comparing
the results presented here to those of [19, 20]. A physical interpretation is to consider
matrix elements of these operators on states localized enough in the x~ direction. From
the conformal collider experiment perspective this relates to the assumption that most of
the radiation will be captured at the calorimeters after a finite time.

We then considered the action of the collinear conformal group that leaves the light-ray
invariant on generalized ANEC operators. We found that there exists a five-dimensional
subalgebra spanned by L, with n € {—2,—1,0,1,2} which is closed under the action of
this group. They annihilate the conformal vacuum and therefore have vanishing 2-point
functions.

Operators outside this finite set can have non-vanishing two-point correlators in the
vacuum giving rise to a central term for the infinite dimensional algebra. We find that this
central term is infinite at vanishing ™ separation, in agreement with suggestions in [15].
It is important to remark that this term is not the naive central term expected by the form
of the Virasoro algebra suggested in [15] (see however [29] for a previous appearance of this
term). Our finite complex contour integrals cannot produce that term as it is forbidden by
the collinear group. Said differently, in our computations there is no IR divergence. The
lack of this extra scale severely constrains the form of a central term to the one presented
in (4.20).

One might attempt to change the normalization of the generalized ANEC operators to
absorb this divergence as L,, — €"T!L,,. This regularizes the central term while preserving
the form of (1.3). This amounts to the insertion of an explicit UV cutoff scale e~!. Fur-
thermore, the expectation value of the L,’s themselves might become trivial or divergent
under this prescription. It would be interesting to pursue this in future work.

We further computed correlators involving one and two insertions of operators in the
five-dimensional global subalgebra in scalar states. We first considered this in free field the-
ory. We found that commutators involving L1 and Lo failed to commute at finite spacelike
separations. This non-commutativity behaved as |#+|~2 at short distances for non identical
operators and is therefore non-integrable. This implies that it is not possible to have a well
defined algebra of light-ray operators for free field theories. As was initially argued in [19,
20], this non-commutativity arises when the light-ray integrals of the Wightman function
are not absolutely convergent, though the integrals of the double commutator still converge.

One future direction to consider is the inclusion of other components of the energy-
momentum tensor in the definition of the light-ray algebra. Notice, from (3.15), that the

action of the collinear algebra, away from Z*

= 0, mixes the other components of T},
with T__. If one included those terms in the definition of the new light-ray operators one
might be able to soften (or even cancel) the finite separation contribution to commutators.
From the point of view of conformal colliders this amounts to considering the flux related
to other charges beside the ones associated to translations and dilatations. This is worth

exploring further.
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It would be interesting to understand how our results change by including interactions.
The obvious arena to push this agenda is to consider generalized ANEC operators in weakly-
coupled N/ = 4 Super Yang-Mills theory, building on [63-66].

For holographic CF'Ts, there is only one conformal block that can propagate between
the insertions of generalized ANEC operators. This has the effect of further enhancing
non-commutativity all the way down to [L_s,L_1] which we compute in (7.26) and
is in conflict with expectations for any finite N CFT [17]. This is explained in terms
of a discontinuity in the infinite N limit of Regge trajectories. In this case the non-
commutativity is integrable. This is the familiar behavior at strong coupling, where the
short distance singularities get softened as a consequence of operators acquiring large
anomalous dimensions [24]. It would be interesting to see if this feature persists generically
and allows the construction of a light-ray algebra in this case. We will return to this
briefly when we discuss our holographic results.

Of course, the commutativity of [L_o, L_1] should be restored by non perturbative
effects. This is quite interesting as we see that an IR sensitive observable is affected at
order 1 in the large N limit. It seems irresistible to suggest an analogy with the black hole
information paradox. In that case it is the fact that we care about late time observables
that complicates the situation. Is the present discussion a bootstrap version of this type of
phenomenon? Sum rules of the form (7.29) and the general discussion of [19] can provide
a hint on how to control this problem explicitly. This is yet another interesting direction
to pursue in the future.

We now turn to our computations in AdS gravity.

We have found new exact shockwave solutions that are dual to the insertions of expo-
nentiated generalized global ANEC operators. The operator L has resisted producing an
exact dual shockwave. A potential way forward would be to consider an S self-dual scaling
ansatz at finite order in e. This problem seems tractable and we leave it for future work.

Using these shockwaves we computed the propagation of perturbations in their back-
ground. We have used this to compute the holographic commutators of generalized ANEC
operators obtaining full agreement with the results in section 7.

We also computed the effective metric created by the commutator of shockwaves and
stated that it does not satisfy the Einstein equations. It would be nice to understand
what type of (multi-trace) operators are responsible for the bulk energy-momentum tensor
producing these solutions. Further understanding here could shed light on the operators
involved in the holographic light-ray algebra and could help making progress in under-
standing the sum-rules that give the non-perturbative completion to these calculations.

We left for the future the computation of commutators involving L1 and Ls in the
gravitational setup. The fact that these shocks intersect in the bulk changes qualitatively
the nature of this experiment. Finally, it would be nice to explore phenomenological ap-
plications of the shockwaves presented here. For example, in the understanding of nucleon
scattering in Quark-Gluon plasma physics [61]

In conclusion, the study of light-ray operators has already provided important results
in constraining the space of consistent UV complete QFTs. While their properties are
strikingly simpler than those of local operators, and particularly so for holographic CFTs,
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the understanding of their algebra and bootstrapping of their correlation functions remain
yet out of reach. Still, the simple geometric action of the conformal group on them and their
inherent Lorentzian nature make these objects the ideal avenue to further the understanding
of the landscape of allowed theories. We hope to see important progress in this area in the
coming years.
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A Useful contour integrals for three-point functions

When we compute three-point correlators involving light-ray operators in section 4.3, we
encounter various integrals over £, which can be evaluated by closing the contour in the
upper or lower half-plane. In general, the pole structure of the correlation function implies
that one direction is easier to evaluate than the other. For global operators, the way we
close the contour does not matter and every possible contour yields the correct answer.

Lower half-plane (operator to left). First, we can close the contour in the lower half-
plane, in which case we pick up the OPE singularity with the operator to the left in the
correlator (i.e. the singularity where xg hits x1):

Ty =Ty — €. (A.1)

For correlators involving the stress tensor, the pole will be at most third order, which
means we only need to evaluate three integrals:

_2mi(=1)PT T f()
/ dry 1(72) x12x23 1’?—2($;3)b (931,2$3,2)b]’
o o1 2mi(=0bt o fiany) f(z12)
d ) —b 7 , A2
/—oo 72 /() rlow %g (z3)%(233)" (z1a—230)" (21— 23,)0H! 42
~2mi(— Dbt f(w,) bf'(z15) b(b+1)f(xy,)

1 1
d:BQ f [L‘2 — — — — a — — .
/ 28ox 23 (xf2)3(x;3)b 2 (951,2 _x3,2)b (x1,2 _x3,2)b+1 2 (331,2 _x3,2)b+2

Upper half-plane (operator to right). If we instead close the contour in the upper
half-plane, we pick up the OPE singularity with the operator to the right in the correlator
(where xg hits x3):

Ty = T3y + i€ (A.3)

— 50 —



We then need to evaluate three integrals that are similar to the previous case:

o ey L 2mi(— 1)a+1
/ dxy f(2y) 2202 a
—o0 L2723 ($12) 5”23

o 1 2mi(—1)° fl(x?:g) af(a:?jg)
/ dry f(z2) 2aA (T a2 | (o — e ya (g a1 |’
—o0 r15253  (v13)"(233) (951,2—333,2) (531,2—353,2>

2mi(—1)a+1 [1 f”($:’;2) N le/(x?;g) la(a+1)f(x?;2)

2 (21 9—w35)" (w1 9—35)" T 2(wyy—13,)T2 .

f(x35) }7

(T12—23)"

(A.4)

B Useful contour integrals for four-point functions in free field theory

To compute the four-point functions involving two light-ray operators, the starting point
is the four-point function of two local stress-energy tensors (¢(x1)T-—(x2)T——(z3)p(x4)).
In free field theory, this is just a Wick contraction exercise, starting from

T (a) = o5 |(0-0(a))” - 30(2)0 o(a)] | (B.1)
that yields
(@(x1) T (22)T-—(x3)P(x4))
)t 1 [0 1Yo 1[0 1
3(27r ) z3 283 + (27r )2 [(&r; a?%2> <8x2_8:v§ x§3> (835?: x§4> 2o 3)]
K S | +209) (B.2)
(1272) (w3 )? O(z3)? v1y23373,

1 d? 1 (0 1 o 1
_ 6@n?)? { [8(%)2 (50%2 <6x333%3> <8x393§4>> +2+3)|+(1« 4)} :
This result is identical, up to an overall normalization, to the one in [17].

Because we are interested in the four-point functions that involve global light-ray
operators, we already explained how the final answer is insensitive to the way we close
the contours to evaluate the integrals. We thus evaluate these integrals by closing both
contours outwards, meaning we integrate x5 by picking up the singularity when xo — 1,
and x5 by picking up the singularity when x3 — x4. It implies that only the terms with a
denominator of the form z$,2%, for arbitrary a and b will survive integration. These are the
terms that have the first topology of figure 2. This implies that to perform the integrals,
we can concentrate solely on the following terms in the four-point function

(p(z1)T-—(w2)T——(23)P(24))
1 Lo b oy cofalh an) (v | vy
> b —ab(af)? (24 2B ) (2B
T35 73973, (367T (723) 9t 23(72) xly w3y ) \ w3y T3 (B.3)

2 2
+ + + +
1 8 $12+1‘23 Log +$34
arav23 | 3 2 2 2 .
36 T2 T3 Ta3 T34
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To compute the four-point function involving two global light-ray operators

(@@ (@€ (an)o(wn) = [ doy flaz) [ dugglar) (@) T ()T (2)0(a0)
(B.4)
we just need to integrate (B.3). Let us step through the various terms in eq. (B.3) sepa-
rately, using the general expressions in (A.2) and (A.4). The different terms have poles up
to third order in both x5 and z3. The integrals are

) : (235)" f (21 2)9(2y3)
/dm2 f(z3) /dx3g (x3) = (2mi)? T — — 55 (B.5)
5”1295235534 Ty [—o3(21 p — 2y 3) + 7537
and
(133)? i, rh  ad
) [ amsata) 0 (2 20 (4 2
931295239334 T2  Ta3 Loz T3y
. - - (1’;3)4
= (27”>2<21f($1 2)9(13) - - S
' ’ xf2$§4[—95;3($1,2 —Ty3) + |Z33)2]°
_ _ _ - (33;3)3
+ 4 (fl(z12)9(wy3) — flr12)d (24 3) - - -
( ’ ' ’ ’ ) xfﬂ?z[—@%(mm —xy3) + |Z33/2]*
_ _ (233)°
— f(@12)d (x3) = = - : (B.6)
’ ’ $f295§r4[*55§r3(551,2 —y3) + |5 2]3

Finally, we have the third term, which has poles up to third order in both z; and w3,
leading to the resulting expression

2 2
_ _ _ _ 1 X o 3 L
[z ptaz) [drgoten) oy (L2422 ) (2
12423%34 12 23 23 34

. - - (9533)4
= (271'2)2 (131f(951 9)g(xy3) — — —
’ ’ firzxéz[—fc;%(xm —xy3) t |T53/2]°

T AT (e B P Vo) BN .. —
’ ’ ’ ) alyray [ wog (w1 o — 7y 3) + T3]

S AT () I .1 —
7 T yway [~ wag (w1 9 — Ty 3) + |To3/7

+ 3(PaTae(an) + e w5s) (o)
1,2 4,3 1,2 4,3 = - —
CUTL237§F4[—33§F3(‘131,2 —xy3) + |33/
3 _ _ _ _ T3
- (" @r2)d i) - £ ar2)e" (wis)) 2

95129534[—335%(*’131,2 —xy3)+ |Z33)2]2

1 1
+ —f(x19)9" (x13) = = - ) (B.7)
4 ' ' 931*2@4[—%%3(%1,2 —xy3) + |Z33/2]

Combining these results yields the four-point function of light-ray operators.
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C Aside on delta functions

In this section, we want to review how to extract a perpendicular delta function §(2) (Z33)
from the expression with e that we encounter as commutators. We need to evaluate the
€ — 0 limit of expressions of the schematic form:

(Z'E)afl
(12> + ieq)*
Let us now try to systematically evaluate such expressions, in order to extract the delta

function contribution.
To start, let us quickly review how to evaluate the familiar expression

y(z) = ——. (1)

T + 1€

We can think of y(z) as a distribution satisfying the relation
x-y(r)=1. (C2)
The general solution to this constraint is clearly
y(x) = 77% + cpd(x), (C.3)

where P indicates the principal value. We can then fix the coefficient ¢y by integrating
over the region —b < x < b, take the limit ¢ — 0, then take b — 0 so that we only pick up
the delta function. Evaluating this integral and taking ¢ — 0, we find

b 1
/4, do —— = log(b+ i€) — log(~b+ ie) = —ir. (C.4)
We therefore find ¢y = —im, giving us the familiar identity
1 1 .
e 73; —imd(x). (C.5)

Integrating this expression against a test function shows that this relation is correct in the
distribution sense.
Let us now try to generalize this analysis to evaluate the expression
s \a—1

lim U9

=0 (|Z]% 4 ieq)®
where & = (r cos §, rsin #) is a vector in R?2. We expect that this expression contains a delta
function §(?) (Z). To determine whether this is the case, and to determine the coefficient, we
can follow the procedure above, though now we’ll integrate over a disk of radius b around
the origin,

/d2 (ie)® /dr/%d o (C.6)
|:c|2 + i€eq)® 7“2 + zeq)  (n—1)ge 1’ ’
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We thus obtain the identity

: (ie)*" 7T 2) (=
l =
ey (|72 +ieq)*  (a— 1)qa_16 (@)

(a>1). (C.7)

Integrating (C.7) against a test function proves that this is the correct relation and that it
stands as a distribution.
What happens when a = 17 In this case, we want to understand the following quantity

I ! I 7« (C.8)
im ———— = lim —1 . .
=0 |T]2+ide =0 \ |Z|1+ €2 | 7]+ + €2
If we consider the real part of (C.8) and integrate it on a disk of radius b, we get
00 :f|2 b T‘S b4
d2|:2/d: log (1+ — | - C.9
/_Oo a:|f|4+€2 ™ ; TT4+€2 7 log -1—62 (C.9)

In the limit € — 0, it diverges and we conclude that the real part is not integrable. For the
imaginary part, we get

) 9 € b 2w re bQ
/;ood IBW = /(\) dr 0 d@m = marctan ? N (CIO)

and the limit € — 0 gives 72/2. We thus see that the imaginary part is integrable and
has a well-defined limit when ¢ — 0. This is the part responsible for our finite separation
contribution. It is thus impossible to extract a meaningful transverse delta function in this
case for a = 1.

D Commutators of global light-ray operators

In this appendix, we want to list the results of the commutator of two global light-ray
operators for the cases where there is no finite transverse separation contribution and
where 23 = x3. We will present two examples in some details and list the results of the

other computations.

D.1 The commutator [L_1, L_2]

In terms of transverse delta functions, the two orderings are

@) (gL xT
(O 1 () L)) = & L2 [— (x6_1;j T )3] NIRY
12T24 1,2 4,2 12~ Ty0
@) (gL 61,
(o) oala oty = T | e B | oy
12%24 12~ T42 12~ T42

Combining them results in the commutator
2 1
(d(21)[L-1(22), L-2(73)]B(74)) =

—= = —— 03 (i), (D.3)
T $T2$§L4($1,2 - 334,2)3

which is also what (5.13) yields if you use f(z~) = 2~ and g(x~) = 1. This exactly matches
the 3-pt function involving L_ that we computed in (4.30) (multiplied by —i6()(Zg3)):

(@(z1)[L-1(x2), Loa(ws)]g(za)) = —i6® (T33)((21) L-a(w2)$(4)). (D.4)
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D.2 The commutator [Lg, L_3]

In terms of transverse delta functions, the two orderings are

5 (ifg3) [ 6(z,)? a7y, ]
L L, = J— 2 9 _
(#la1)Lolm2) Lal(as)¢l4)) 7rf'31+2$§r4 (1'1_,2_513;2)4+(371_,2_17;2)3 3(371_,2_“742)2 ’
0@ (#) [ 6(x ) 4]y 1 ]
L_ L = — 2 _ ) _ .
(0o k2l Lol2)olra) mriprdy | (2 —win)t (21— 10)°  3(wis—ay,)?

Combining them results in the commutator

2 ':U1_2 + :CZQ
(¢(z1)[Lo(w2), L-2(x3)|d(24)) = —— ———
T 33?29534(95172 - 371,4)3
which matches the three-point function with L_q:

(d(21)[Lo(w2), Lo (w3)|$(2a)) = —2i0®) (F33)($(a1) L1 (w2)p(4)).

D.3 Remaining commutators

The different cases are given by

27 5)2 X1 oL, 7 5)2
(6 En(2), Loaea)loles)) = — 2020 F APaha & (Paa)” sy gty

T 95;33734(371,2 - x174)3

= —3i6@) (Z33) (p(x1) L1 (z2)p(24)) -

and
(6(00)[La(a2), La(as))(en)) = — 200202 F 7o) sy s
i TioToy(T1 0 — T14)
= —4i6®) (#53) (¢ (1) Lo(w2) $(4)) -
and

1 (ml_’z)i ++4x1_,_2$;2 "’: ($12>25(2)(£%_3) 7
3 x12$24($1,2 - 951,4)3

= —i6®) (#g3) (@ (1) Lo(x2)$(w4)) -

(d(x1)[Lo(wa), L-1(x3)](x4)) = —

and
(6(00) Ea(2), Lor ()l = — 2 20022 T02) o)y
™ $12fc24(5’31,2 - 351,4)3
= —2i6) (Z33) (¢(a1) Lo(22)p(74)) -
and finally

T 9Ty 5)?
(¢p(x1)[La(22), L_1(23)]¢(24)) = 6 (w157

T $1+2$§r4($1i2 - $i4)3

= —3i6 )(m23)<¢($1)L0(332)¢(fU4)>-

8@ (753),

(D.9)

(D.10)

(D.11)

(D.12)

(D.13)

(D.14)

(D.15)

(D.16)

This concludes the discussion of all the cases where the algebra (5.20) is satisfied in free

field theory, and where the f”(z7)g¢"”(z~) contribution to the commutator is vanishing.

— 55 —



D.4 Integrating commutators in the perpendicular direction

Instead of extracting a transverse delta function for our commutators, we can also evaluate
integrals in the perpendicular direction instead. Evaluating the a_:'?f integral allows us to read
of the coefficient multiplying 6(2) (#'33), thus providing a useful consistency check. We will do
this in some details for the case [L_o, L_s]. We need to compute both orderings, obtaining

__% (95;3_@'6)4
5 s s e s prspe R
24 (235 +ie)

(d(w1) Lz (w3) Lo (x2)p(wa)) = —

us (3{% _if)($§r4 —i€) [(33;3 +i6)($1_3 —Ty9 —i€)+ |52l3’2]5 '

Prior to evaluating the commutator, we will first integrate over :c3 To make the resulting

integral simpler, we’ll set the transverse components of the remaining three operators to

Zero:
It =iy =7 =0. (D.17)
We can then write #3- = (r cos#, rsin §), and the coordinates ; ; become
_ _ _ o _ o r? _ _
Ty =Ty, Tyz =Ty + Pt Ti3 =T — Tyog=Ty. (D.18)
L34 213

When inserting (D.18) into both orderings, we get two expressions that have no dependence
on 6, and very simple dependence on r, so we only need to evaluate the general integral

1 T s
d*x L— / dr? = . D.19
/ (A + B|zL[]2)n " (A+ Br2)»  (n—1)A"1B ( )
Using this general integral, the two orderings after integrating over fgl are given by
6 1
d?zs L_ =_—— ,
[ ot Loatma) oalas) o)) =~ ey

/d2x3L<¢(fE1)L o(23)L_o(z2)p(x4)) = 6 1

m (2l —i€)(z3y — i€) (g —ie)t

As we can see, these two orderings give the exact same expression, such that the

commutator vanishes
[ et iolanlislwn), Ls(alolen) = 0.

Note that this integrated commutator vanishes even when :1;5L3 # 0 (i.e. when the light-ray
operators are not on the same null surface). It is clear that the same procedure can be
repeated for any of the correlators we already presented. It gives the correct answer for
all these cases, and we present

[ k@ IEa), Loalas)lples) =~ ety = —ilom) Loa(e)ofe),
[ ko Loe), Lostlotm) = — TG = 2ilo(@) Lol
[t @), Loalogloe) = L AT T )

™ 1534 (714)?
= —3i(p(x1) Lo(w2)¢(x4)) -
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E Non-local operator from the T' X T' OPE

E.1 Derivation of the non-local operator

In this appendix, we want to explain how we can get the non-local operator that reproduces
the commutator when inserted into correlation functions with scalar external states. This
allows us to write the leading singularity of the [Lj(z2), L1(x3)] commutator as a non-local
operator. This is the resummed version of the infinite sum we presented in section 6.1.
The computations are done in free field theory, where the stress energy tensor is given as
in equation (B.1). The TT OPE follows from considering

T (2T (y) ~ o |(0-6(a))” - 300P(a)| |(0-00))” - J0dPolw)| . (B

1
6m2"
while leaving two fields uncontracted and normal ordered. Doing this, we obtain

where o = We want to do one Wick contraction in each product of four fields above

T (2)T-—(y) = 40* (0-6(2)9-¢(y)) : O-$(w)0-(y) : (E2)
— a2 [(0-6(@)(y)) : D-¢()I2H(y) : + (0-0(2)0% $(y)) : D-$(w)(y) -]
— a? [($(@)0-6(y)) : 926(2)0-6(y) : + (D2 B(2)D-0(y)) : B(2)D-0(y) :|

2

+ T [6@0) : 92 6(@)326(y) : + (@) 6(w)) : 2 6(x)o(y)

+ (2 p(x)d(y)) « ()02 (y) : + (92 $(2)02 6(y)) : d(2)d(y) :]

To derive the commutator (once inserted into three-point functions with appropriate ex-
ternal states), we need to integrate this as = goes to y~. Using (E.2), and integrating =5

around x5 , we get

i) (z)" 2 | (m m m(m —

O_p(xs z ZTao)O_o(x
~|—(m~|—2)(m+1)m(:v372)m_1< o ?i,;)cf’( 3)  o( 3,2)36 9( 3))

1902 ¢(35)¢(w3)  T0-¢(w3,)0-¢(3) N ¢(f'35,2)32¢($3)>

(Ln(a2), Ln(ag) = - | o

—i€)

+(m+2)(m+1)(z3,)™ ( i 26 o

(m42) (g, (33¢(9€:§é2)¢(903) B 32¢($§,2§3—¢(9€3) N 3—¢($§,22)52¢(903)>

0Lp(w50)d(x3) 02 p(r5,)0-d(w3) 02 (35,)0% d(5)
B

+ ( xg—,2>m+2
where all products of fields are normal ordered. Let us explain the notation in the last
equation. ¢(z3,) is the field ¢ evaluated at the position ¢(z3,) = qﬁ(x;,x:,:z,fﬁ-). This
happens because we evaluated the dx, integral at the location of the pole where atgg =0,
which is z3,. In addition, the minus derivatives are x5 minus derivatives.

— 57 —



For [Li(x2), L1(x3)], which is the easiest case with a contribution at finite separation,
we get

[L1(z2), L1 (x3)]=— ;m /dx3 (z3)° (E4)
23

X { [:1))3—¢(~’U§2) ;Zx?) 23 ¢($3_,2) + g(x3:2)28§¢($?:,2) + 2141(952_73)384¢(x2_73)] ¢(s)

~ G0+ glai0-0(wr) + (7220 dlaza) + 5 (72)°00 (e | 0-6(oa)

+ |37 @0+ 5 (52)70-0(wi) + o7 (0508 6w | 2 (o) |

Once inserted into three-point functions with scalar external states, the non-local opera-
tor (E.4) reproduces the result (5.24) for (¢(x1)[L1(2z2), L1(x3)]¢(x4)). Let us see how this
works.

Once we compute the three-point function of (E.4) with ¢ as external states, every
term in the three-point function is of the form (p(x1) : 9™ ¢(x5,)0"* : ¢(x4)), which has
two different Wick contractions

(9(21)02 (x5 9)0™2 ¢ (w3)p(x4)) = (B(21)02" d(w55)) (072 P(w3)P(74)) (E.5)
+ (¢(21)022 ¢ (w3)) (02 d (w3 5)P(4)) -

)

When performing the dz; integral of (E.4), we want to close the contour in the upper-half
plane. It means that the two poles are at positions

2
T3 =Tyg+ie =1, + i 34| + i€, (E.6)
2
L2 12 12
x ) _ x x .
x52x22—7’+23’, +ie=x, — |+23|, +‘ 2jf‘ + €. (E.7)
T Xy — e Tgg — i€ Ty

If we insert (E.4) in a three-point function and use only the first Wick contraction (E.5),
performing the integral by computing the residue at the location of the pole (E.6), we
arrive to

1 To%y3
prﬂﬂﬁfgp .

<¢((L‘1) [LI(SUQ), Ll(wg)]¢($4)>‘1 [

On the other hand, if we use the second line of (E.5) and perform the integral picking up

(E.8)

the pole as (E.7), we get

1 T 0% 3

(@(x1)[L1(w2), L1(23)]p(24)) |, (E.9)

- ﬁmfﬂﬂ‘ﬂ?%‘z
Adding both results yields the commutator we already derived using
(p(x1)T-—(22)T——_(x3)p(x4)) that is (5.24).
If the goal is to reproduce only the leading singularity in an expansion as :Z"%‘ — fé-,
which is given by
2ugs) [~ (oty) aia7s + (23) yors]

(@(x1)[L1(22), L1 (23)](24)) |71 Lzt = : —+...,

2| o3| (2323,)?
(E.10)

— H8 —



then only the last line of equation (E.4) is needed. This implies that you can get the whole
finite separation contribution to the commutator by just considering

(27i) (x5 )3
731(95);3—3@)6) i(%:z)<¢(931)¢(9C§,2)33¢(x3)¢>(x4))
;71(x?:2)3<¢($1)3z¢(333:2)¢(903)¢(x4)> . (E.11)

where the two central operators of each term are normal ordered.

(@) (). La @)l wa)) | =— [ dos

45 (a5 (6 (e0)0- 0 (2200 Gz (i) +

Finally, we want to comment on the following. We can expand (E.11) as x5 goes to xs.
This produces an infinite sum that is similar to the one we proposed in (6.5). This suggests
that the non-local operator (E.11) is the resummed version of the infinite sum (6.5). Let us
explain this in more details. If we consider (E.11) and expand ¢(z3,) around z3, this will
produce a bilocal operator built out of ¢(x3) and its derivatives. Because throughout this
work, we have evaluated correlators at x; = :cgr, the Taylor expansion of qﬁ(xg 5) cannot
have d derivatives, and is given by

Z Z() (230-)" ((33) 01 )P (3) . (E.12)

The leading singularity in the commutator [L1(z2), L1(z3)]};, is of the form (x33)7/|z33|?,
and we thus want to focus on terms in the expansion (E.12) that have exactly one 0
derivative. They are given by k = p — 1 in (E.12). Moreover, x5 = x5, such that

Loz = —%, and the expansion becomes
- O N L1 RN
Oazg)iten) = Y o (B ) @) P owola) . (B13)
p=0*"

Inserting this expansion in the last line of (E.11), we obtain an infinite sum that resem-
bles (6.5). In principle, one can obtain the coefficients a,, by explicitly comparing these

two sums.
Finally, note that it is clear that one can also just resum (E.11) with (E.13). Unsur-
Ly(w2), L1 (w3)]

prisingly, this reproduces the full contribution at finite separation of the [
commutator.

F Details of the [L;, L] expansion

In this appendix, we want to give more details on the computation of the Li1L; OPE to
investigate the leading singularity in the commutator of [Li(z2), L1(z3)] at finite trans-
verse separation. We are going to compute the leading operators in the infinite sum of
equation (6.5), that we remind here for convenience

[L1(22), Ly (23)]l1, = Z amG™ . (F.1)
with Ly o
G (ar) = (@Z‘L [ dz ()6 0) 651076 () (). (F.2)
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F1 m=0

When m = 0 in (F.2), the leading operator is 9;(¢?(x3)) and the three-point function is

5323 3
xl /d3 |L|2 )

These two terms are never going to mix so we can compute them independently, and we

1 1
@) oy~ @) | (F
1573 i3T5

denote the term we are considering by a subscript indicating which perpendicular vector
will be summed over with (z33)!. Let us consider

$J_ I e 3
13 /dxg4(xf32 [(xt%)l (43)2 ] : (F.4)

T3 L13T34

G0(x:)

This expression has three poles in x3. The first one is when x%; = 0, the second when
23, = 0 and the last one when 23 — co. We will come back to the contributions from
the pole at infinity shortly. Let us compute all of these and indicate which pole we are
considering by a superscript

0, \|T3T 4(27ri) 1‘1 3)? 29’51 3+ 3253)
G (zi) = 2 ’
13 |z33] g, (2f3)? (2], 3 Ty 3)?
0 x3—ay 4(27m) 334 3)3
G (i) = Tip® s
13 |33 23, (z3)? (13— Ty3)
T3—00 —4(27TZ) ANT/ I NT (2:131 3 + Ty 3)
G"(z;) = —15 () (r3) | —F 05—
13 ‘1'23‘2 $§r4(xir3)2

Summing the three contributions gives zero as expected, but this indicates that we need to
take care of the pole at infinity for this operator. We can do the same computation with
the second term of (F.4). It gives

T3—T1 4(27’(‘2) NI/ LNT [ (ml 3)3
go(fﬁ') = —7(9323) (9534) — - )
134 |33 wfz(23,) (13— 243)

T3 %4 4(27Ti) AT/ NI [ (9523)2(23723 B 31‘1_3)
G%(x;) = ——T1 (x33) (z34) : = ’ ,
34 |z33)2 _35?3(37;4)2(951,3 — Ty 3)

r3—00 4(27T2) BN RN [— ZL‘I3 + 23323)
G%(x;) =1 () (z3) | —F 55—
34 |23 ziy(23,)?

The limit we described in the main text, and that we remind here, has been designed such
that the contribution of the pole at infinity vanishes (at least at leading order), such that
the subtlety at infinity disappears. The limit is the following;:

|233| = |zgy] = |2t | — o0, ag = afy =2t (F.5)

Let us add the two terms for the pole at infinity, and take the limit we just described. This
yields

G0 ()

T30 ()" |2 ? 1N 1N
s = TR oy ) + @)+
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Because (713)! = (73;)! = (z)!, this vanishes. The other poles give

r3—T4 T3—T1 6(2 ) (ﬂleg)l(l'L)I |55L|2
= — v
13434 lzg5)2  (x)?

GO () =—G%x)

+...
13434

They have exactly the same functional form as the leading singularity of the commutator
in this limit [Lq(x2), L1(x3)]|,s (cf (6.9)). We will now present the general terms in this
sum, splitting m into even and odd numbers and explaining the general features.

F.2 Evenm

The leading operators that appear in the sum are given by (6.7). We remind them here
for convenience

Jiy. o Z h(k,s)0; ...0:,¢(x) 0y, ., - .. 0;,¢(x) — traces, (F.6)

with N
hikys) = — D (F.7)

For even m = 2p, we want to compute

G(0:) = [ ey SEBE (52001 6101 a)ole) (F.5)

The operator J(,), where the subscript denote the number of — indices, can be constructed
as

p—1
Jiop) = Y 2h(l,2p) : 060" ¢ - +h(p,2p) : 0" ¢ ¢ ,. (F.9)
/=0

The location of the poles is the same as for the case m = 0, but the pole at infinity is
present in the sum only for p = {0,1}. We will come back to this shortly. As for the m =0
case, their contribution vanishes in the limit we are considering. For generic p and in the
limit we are interested in, the outcome is

T3—bea (2ri) (—1)P21=2P(1 + 2p)(3 + 2p) (.1‘%‘3)I(ZL‘J‘)I |zt |?
to4ss = @p— DT(1 +p)? HP @)

We then see that all the even terms contribute to [L1(x2), L1(x3)]|, 4 in the limit we consider.

G (2:)

(F.10)

F.3 0Odd m

We can now consider the case where m = 2q + 1 is odd. We want to compute

:c
G / oy’ 2f|2 25 )2 (1) T apy(23) Bla)) - (F.11)
The operator J, (2p)1 can be constructed as
q+1 Z Z
Joginyr = Y _(2q+2 — O)h((,2q + 2) (: 021,60 6 + : 8L 0% 0,4 :)
=0

q
+3 0n(e, 29+ 2) (: P00 016 + 1 99,0072 :) . (F.12)
(=1
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Reproducing the computation we did for arbitrary ¢ in the limit we are interested in yields

3T (172723 +2¢)  (x33)'(@1) |2t

= (2mi)

QO(I) .
“l1s+34 (14+29T(q+1)(g+2)  |zg2  (2*)

(F.13)

We then see that all the odd terms all contribute at leading order to [Lq(x2), Li(x3)]}, , in
the limit we consider. In addition, only ¢ = 0 has a contribution coming from a pole at
infinity. We conclude that all terms in the expansion contribute at the same order and thus
the infinite sum does not truncate. We are just resumming an infinite number of coefficients.

F.4 Poles at infinity

Let us now explain why only the first three terms with m = 0, 1, 2 have a contribution
coming from evaluating a residue at infinity. For this discussion, we use our intuition from
two-dimensional CFT.

In this setup, the relevant scaling dimension is the collinear weight h. When performing
a light-ray integral on an arbitrary operator O(z) with collinear weight h, the resulting
light-ray operator has collinear weight A~ — 1. In two dimensions, the first operator that
acts non-trivially on the vacuum on the right is schematically

/dx_;_O(x), (F.14)

which has collinear weight h. Using inversion, the first operator that acts non-trivially on
the vacuum on the left is then

/ o (2710 ). (F.15)

Because acting non-trivially on the vacuum is directly related with having a pole at infinity,
this implies that for any operator O(z) dressed with a power of (z7) smaller than 2h — 1,
there will be no poles at infinity.

Let us now do some collinear weight counting. The rules are the following: ¢(z) has
h =1/2, 0_ has h =1 and J; has h = 1/2. In addition, when considering operators with
even m that are of the form 9rJ,) we do not count the dr because it can be stripped off
from the integral without changing the behaviour at infinity.

For a given m, the collinear weight of the leading operator is

h(m)=1+m+ %(m mod 2) . (F.16)

We have a pole at infinity if 2h — 1 < m — 3, which is the power of (x5 ) that appears in
our infinite sum. This implies

2+2m+ (mmod2) <m—3 — m <2 — (mmod 2). (F.17)

This inequality is satisfied provided m < 2, which indicates that only the three first terms
in our sum have a contribution coming from a pole at infinity. This is exactly the behaviour
we witnessed when performing these integrals explicitly.
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G Conformal blocks at finite position

In section 7, we analyzed the contribution of the O conformal block to the commutators
of light-ray operators. However, we specifically considered the case where the light-ray
operators were all inserted at future null infinity, which simplified the calculation signifi-
cantly. In this appendix, we consider the case where the two light-ray operators are instead
inserted on the same null slice at some finite ™, to confirm the non-vanishing commutator
at finite transverse separation. Because this setup is more complicated, we will focus on
the specific case where O has dimension A = 2, which corresponds to ¢? for the case of free
field theory. Our computation of the O conformal block will use the Mathematica pack-
age CFTs4D presented in [67] and will largely follow the same methodology and notation
introduced there.

G.1 Lightning review of spinning correlators

A general four-point function of operators in traceless symmetric representations of the
Lorentz group (each labeled by their spin j;) can always be written in the form

(O, (21)Ojy (22) O3 (23)Ojy (4)) = Ka(x) Y g (u, v) Ti (1), (G.1)
1

where the r.h.s. is a sum over all possible four-point function tensor structures T%, which
are completely fixed by conformal symmetry, based on the spins j;. Each tensor structure
is multiplied by a corresponding scalar function g’ (u,v), which is a function of the standard
conformally-invariant cross-ratios

2 .2 2,2
TioT 4,7
u= éQ 2’4 = 2Z, v= é4 33 =1-2)(1-2). (G.2)
L13To4 L13To4

Finally, the overall kinematic factor &4 is fixed by the scaling dimensions and spins of the
external operators,

Tog \FLTR2 (g \ BT 1
Ka(z:) = () () Y (G.3)

T14 13 75

where k; = A; + j;.
The set of tensor structures Tﬁ depends on the spins of the four operators, but they
can all be constructed from the two building blocks

2.2 w I

w2y n v nwo_ kitky ki kj
Hi;" = ayn 2%, Vkﬂj =2 o = | (G.4)

ij ki kj

We can compute the four-point function by inserting a complete set of intermediate
states. These can be arranged into irreducible representations of the conformal group,
each associated with a primary operator (', resulting in the conformal partial wave
decomposition

(0}, (21) 04, (22) 0jy (23) 05, (24)) = DD~ A, 0,0 Ao 0,0, W (1) (G.5)
O a,b
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The indices a, b label the set of allowed tensor structures for three-point functions involving
O’ with the external operators, and A* are the associated OPE coefficients,

(0, (21) 0y, (12) Oj, (w3)) = Ka(:) Y A, 0,05 T4 (20), (G.6)

with the familiar three-point function kinematic factor

1

K1+K2—K3 ,K2+K3—K1 ,,K1+K3—K2 '
L12 L93 L13

IC3 ({L‘Z) = (G?)

The functions W(%lf in eq. (G.5) are known as conformal partial waves, and encode
the contribution to a four-point function from a given pair of three-point function ten-
sor structures associated with @’. These individual conformal partial waves can each be
decomposed into four-point function tensor structures,

W (2;) = Ka(x:) Y G (u, v) T (). (G.8)
I

The functions Gé’?b are referred to as conformal blocks, and encode the contribution of
a pair of three-point function tensor structures for O’ to a particular four-point function
tensor structure. Their structure is completely fixed by conformal symmetry, with many
efficient techniques for computing their exact expressions.

In this work, we are specifically interested in the case where two of the external oper-
ators are scalars (j; = js = 0), and the other two are the stress tensor (j2 = j3 = 2).

G.2 Computing the conformal partial wave

Concretely, we would like to compute the contribution of O to the four-point function
(O(x1)T-—(22)T-—(23)O(24)).

As discussed in the previous section, this contribution can be decomposed into a sum
over four-point function tensor structures ’]I‘i, which can all be built from the five building
blocks:

H2+3+, VQJ,F13a VQJ,F14a V:;,r14a V:;,r24- (G.9)

Schematically, we have three types of combinations,
(H;3+)27 H;ES+V2+V3+7 (V2+)2(V3+)27 (GlO)

with two options each for V5 and V3. There are therefore 1+4+9 = 14 different four-point
tensor structures.

In general, there is a distinct conformal partial wave W(%b for every incoming and out-
going three-point function tensor structure. Fortunately, because the exchanged operator
O is a scalar, for this case there is only one three-point tensor structure, and therefore only
a single conformal partial wave.

The typical strategy for constructing conformal partial waves for external states with
spin is to act with particular differential operators, known as weight-shifting operators, on
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the known conformal blocks for scalar external states [68, 69]. For our particular case,
where the spinning external operator is the stress tensor, with A7 = 4 and jr = 2, the
seed conformal block is

Gseed( ) _ 2z (k(A 2,2— A)( )k(AA_fQQ,QfA) (2) . k(AA_;2,27A) (Z)k(AAfZ,ZfA) (5))7 (Gll)

zZ—Zz

where kgxﬂ ) (x) is defined as

K@) = 2R (A - 0) 5 (A + Bl i), (@.12)

Because the exchanged operator is a scalar, we can rewrite this seed block in the more
useful form [70]

Gseed u U Z Z (n +m + 1)u%+n(1 o v)m7 (G13)

n=0m=0 m'(A)2"+m

which can be partially resummed to obtain
o
G54 (u, v) Z u2+”2F1(n+1 n+1;A+2n;1 —wv). (G.14)

We then need to construct the appropriate weight-shifting operator and act on the
seed conformal block to obtain the conformal partial wave. The result is remarkably
complicated, but fortunately we are only interested in a subset of the full expression. In
particular, we are interested in terms which are nonzero when we integrate over both x5
and x5 to obtain a correlation function involving light-ray operators. This means we only
need to focus on terms with poles when xo — x1 and 3 — 4. Such poles come from the
overall kinematic factor

1 T A—6 T 6—A
Ka(zi) = “AT6_A+6 (24) (14> ) (G.15)

Ty T3y L14 L13

multiplied by powers of uztm coming from derivatives of the seed block. Because higher-
order terms in u are less singular, in practice we therefore only need the first three terms
in the block expansion (G.14).

In addition, we are interested only in contributions to the finite separation commutator
of operators on the same null slice. We can therefore set z3; = 0, in which case all tensor
structures containing Ho3 vanish.

For general O, the most singular term has a third-order pole in both x5 and z3, and
takes the simple form

+32( ot \2.,.4—2A
(O T (w2)T-—(a)O))|_ > I 1 a1 —0),  (Gu16)
o 2§)28427523,

which corresponds to the first term in the expansion of the seed block (G.14). The re-
maining less singular terms have the same basic structure, but include sums of multiple
hypergeometric functions with various arguments.
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For the rest of this appendix, we will focus on the specific case A = 2, which cor-
responds to the operator ¢? in free field theory, though these results hold for any scalar
operator with the same scaling dimension in any CFT. In this case, we obtain the full set
of singular terms:

(0% (21) T~ (22) T (23)$* (24)) 5

Axip)*(xdy)* logv  8(ay)(w4,)(1 — v +logv) <($T2)2 n (3«"?4)2)

:) p— —_
6 .2 2 .6 2.4 .2 .2 4
(1 —v)aPy21325,23, (1-v) T1oT13L24L 34

_ 2(3—4v+v* +2logv) ( (z13)* + (x;4)4>

2 .2 2 .2
TioT13  TgT3y

(1 —v)3athatsas,edy \2larly 23425
52(ay)? (@3 (2(1 = v) + (1 + v) log) (G17)
(1 —v)3atyrizryasy
40(275) (z3) (1 = ) (5 + v) + 2(1 + 2v) logv) ( (15)* | (23,)° )
(1- v)4x%2x‘1‘3m§4x§4 a3a1yy w3403,
292(x75)%(23,)% (3(1 — v?) + (1 + 4v + v?) log v)
(1 = v)oafyafsal,z3,

where we have suppressed any overall OPE coeflicient.

)

G.3 Light-ray operator commutators

Now that we have the singular terms from the ¢? partial wave, we can integrate to obtain
the contribution to correlators of light-ray operators. As a simple example, let’s first
consider the case where both operators are the ANEC operator L_5. In this case, we
simply need to evaluate the integral

(@) Loalan) Loa(ea)d*@n)|, = [ day dag (6(@) T (@) (@)% @),
(G.18)
In practice, this integration is rather straightforward, as we simply pick up the poles

Ty = Tq o Ty = Ty 3. (G.19)

)

As we can see from eq. (G.17), the singular terms are largely functions of v, so the
resulting expression is mostly dependent on v evaluated at the singular points, which we
indicate by

2 1=l 2
_ 24| T G.20
= T—— = — —. (G.20)
¢U129524(9C1,2 - x4,2)(ff1,3 - x473)

V= ey =,
T3 :I4_,3
Note that ¢ is simplified somewhat by the fact that z3; = 0.

Evaluating this integral, we then obtain the resulting partial wave contribution to a

light-ray operator correlator (up to an overall numerical coefficient),

864(3(1 — 2) + (1 + 47 + 7%) log 7

0 (2fy)2(23,)2 (w1 — wpa)3 (2 s — )3 (1 — )%
(G.21)

(¢*(z1)Lo(2) L_o(x3)¢° (z4))
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One important feature of this expression, apart from its notable simplicity relative to the
full partial wave, is that it is clearly symmetric under the exchange xo <> x3, due largely to
the symmetric nature of ©. Because of this symmetry, the resulting commutator is clearly
zero, as expected,

(% (21)[L-2(x2), L_2(23)]¢° (z4))

In fact, the integral of each individual singular term in eq. (G.17) has this same structure,

=0, (G.22)

¢2

such that no cancellation between distinct terms is needed to ensure that ANEC operators
commute for ¢? exchange.

Finally, let’s repeat this procedure for [L_1, L_5]. Using (G.17), we can compute the
two orderings, then take the difference to obtain:

216((1-5)(7+165+52) +2(1+ 70+ 47%) log )

¢? (xf2)2($;4)2(331_,2_55;2)2(351_,3—%;3)3(1—77)5 ,
(G.23)
again, up to an overall coefficient. We therefore find that O exchange leads to a nonzero

(8% (z1)[L-1(m2), L_o(x3)]¢*(24))

commutator at finite transverse separation, as seen in section 7 from correlators on the
celestial sphere. In free field theory, this nonzero contribution must therefore cancel with
the infinite tower of two-particle operators in the ¢?xT OPE to ensure that the commutator
vanishes in the full correlator, as we would have seen in section 5.2.3 had we considered
the state ¢2.
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