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1 Introduction

Leptoquarks (LQs) are particles with an interaction vertex connecting leptons with quarks.
These particles are predicted by Grand Unified Theories [1–4] and were systematically
classified for the first time in ref. [5] into ten possible representations under the Standard
Model (SM) gauge group (five representations of scalar particles and five representations
of vector particles). Their tree-level effects in low energy precision and flavor observables
were studied comprehensively in ref. [6]. After the disappearance of the HERA excess [7, 8],
which could have been interpreted as a LQ, the interest in LQs decreased until in recent
years they experienced a renaissance due to the emergence of the flavor anomalies.

These flavor anomalies are hints for lepton flavor universality (LFU) violating NP in
R(D(∗)) [9–14], b → s`+`− [15–20] and in the anomalous magnetic moment (AMM) of
the muon (aµ) [21], with a significance of > 3σ [22–26], > 5σ [27–34] and > 3σ [35],
respectively.1 In this context, it has been shown that LQs can explain b→ s`+`− data [40–
66], R(D(∗)) [40, 41, 43–47, 49–51, 53, 54, 58–60, 62–65, 67–99] and/or aµ [6, 62, 63, 65,
66, 71, 80, 83, 86, 95, 100–117], which makes them prime candidates for extending the SM
with new particles.

Therefore, the search for LQ effects in observables other than the flavor anomalies
is very well motivated. Complementary to direct LHC searches [118–131], oblique elec-
troweak (EW) parameters and Higgs couplings to gauge bosons can be used to test LQs
indirectly [132–136], as studied recently in detail in ref. [137]. In this article we focus on
the purely leptonic processes ` → `′γ, a`, Z → `+`(′)−, Z → νν̄, W → `ν, h → `+`(′)−,
` → 3`′ and ` → `′νν̄. The correlations between h → τµ and τ → µγ were studied in
refs. [138, 139], between Z → µ+µ− and aµ in ref. [107] and between Z and W decays
in ref. [140]. While in the references above no LQ mixing, induced via couplings to the
SM Higgs, was considered, this has been done for aµ in ref. [113] and for the case of the
singlet-triplet model in refs. [65, 136]. However, a complete calculation of leptonic pro-
cesses with scalar LQs, including all possible interaction terms with the SM Higgs, is still
missing. This is the purpose of this article.

In the next section we define our conventions before we discuss the self-energies, masses
and the renormalization in section 3. We then present the analytic results of LQ-induced
effects in leptonic amplitudes in section 4. In section 5 we perform our phenomenological
analysis, followed by the conclusions. The appendix contains further helpful results, in
particular the generic expressions with exact diagonalization of the LQ mixing matrices.

2 Setup and conventions

As outlined in the introduction, LQs are prime candidates to explain the accumulated
anomalies in semi-leptonic B meson decays. Since vector LQs, as any massive vector
particle, are not renormalizable without a Higgs mechanism, and since we are interested in
loop processes, we will study only scalar LQs in the following.

1Also the (apparent) deficit in first row CKM unitarity can be interpreted as a sign of LFU viola-
tion [36–39].
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The five different representations of scalar LQs transform under the SM gauge group

GSM = SU(3)c × SU(2)L ×U(1)Y (2.1)

as given in table 1. Note that we have two singlets under SU(2)L (Φ1 and Φ̃1), two doublets
(Φ2 and Φ̃2) and one triplet Φ3. The fermion fields Q(c) and L are (charge-conjugated)
quark and lepton SU(2)L doublets, while u(c), d(c) and ` are the corresponding SU(2)L
singlets of up-quarks, down-quarks and charged leptons, respectively. The indices f and j
refer to flavor and τ are the Pauli matrices, for which we use the convention

τ1 =
(

0 1
1 0

)
, τ2 =

(
0 −i
i 0

)
, τ3 =

(
1 0
0 −1

)
. (2.2)

We defined the hypercharge Y such that the electromagnetic charge is given by

Q = 1
2Y + T3 , (2.3)

with T3 representing the third component of the weak isospin (±1/2 for SU(2)L doublets
and 1, 0,−1 for the SU(2)L triplet). According to this relation, LQs can be decomposed
into the electromagnetic charge eigenstates as

Φ1 ≡ Φ−1/3
1 , (2.4a)

Φ̃1 ≡ Φ̃−4/3
1 , (2.4b)

Φ2 ≡
(

Φ5/3
2

Φ2/3
2

)
, (2.4c)

Φ̃2 ≡
(

Φ̃2/3
2

Φ̃−1/3
2

)
, (2.4d)

τ · Φ3 ≡
(

Φ−1/3
3

√
2Φ2/3

3√
2Φ−4/3

3 −Φ−1/3
3

)
, (2.4e)

where the superscripts refer to the electric charge.
The LQs couple according to their representation under the SM gauge group to gauge

bosons, introduced for the first time in ref. [141], where we use the following definition for
the covariant derivative

DµΦ =
(
∂µ − ig1

Y

2 Bµ − ig2TkW
k
µ − igs

λa
2 G

a
µ

)
Φ . (2.5)

Here, Bµ is the U(1)Y gauge boson, Wµ the one of SU(2)L and Gµ of SU(3)c with the
couplings g1, g2 and gs, respectively. The index k runs from 1 to 3, a from 1 to 8. Tk
are the generators of SU(2) and λa are the well-known Gell-Mann matrices. For SU(2)L
singlets we have Tk = 0, for doublets we have Tk = τk/2 with the Pauli matrices from
eq. (2.2) while the SU(2)L triplet Φ3 is in the adjoint representation of SU(2). We use

T1 =

0 0 0
0 0 −i
0 i 0

 , T2 =

 0 0 i

0 0 0
−i 0 0

 , T3 =

0 −i 0
i 0 0
0 0 0

 , (2.6)

where Φ3 is defined according to eq. (2.4e).
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GSM LqlΦ

Φ1

(
3, 1,−2

3

) (
λ1R
fj ū

c
f `j + λ1L

fj Q̄
c
f iτ2Lj

)
Φ†1 + h.c.

Φ̃1

(
3, 1,−8

3

)
λ̃1
fj d̄

c
f `jΦ̃

†
1 + h.c.

Φ2

(
3, 2, 7

3

)
λ2RL
fj ūfΦT

2 iτ2Lj + λ2LR
fj Q̄f `jΦ2 + h.c.

Φ̃2

(
3, 2, 1

3

)
λ̃2
fj d̄f Φ̃T

2 iτ2Lj + h.c.

Φ3

(
3, 3,−2

3

)
λ3
fj Q̄

c
f iτ2 (τ · Φ3)† Lj + h.c.

Table 1. The five different possible scalar representations of LQs under the SM gauge group and
their couplings to quarks and leptons. Note that in our conventions all LQs are SU(3)c triplets.
The superscript T refers to transposition in SU(2)L space, c to charge conjugation and τ to the
Pauli matrices. We did not include LQ couplings to two quarks, which are possible for some
representations and which would lead to proton decays. Note that such couplings can always be
avoided by assigning quark or lepton number to the SM fermions and to the LQs.

2.1 Leptoquark-Higgs interactions and electroweak symmetry breaking

In addition to their couplings to fermions and the gauge interactions, LQs can couple to
the SM-like Higgs doublet H (with hypercharge +1) via the Lagrangian [142]

LHΦ =
(
−A2̃1

(
Φ̃†2H

)
Φ1 +A2̃3

(
Φ̃†2
(
τ · Φ3

)
H
)

+ Y22̃
(
Φ†2H

)(
Hiτ2Φ̃2

)
+Y31̃

(
Hiτ2 (τ · Φ3)†H

)
Φ̃1 + Y13

(
H† (τ · Φ3)H

)
Φ†1 + h.c.

)
− Y22

(
Hiτ2Φ2

)(
Hiτ2Φ2

)† − Y2̃2̃
(
Hiτ2Φ̃2

)(
Hiτ2Φ̃2

)†
− iY33εIJKH

†τIHΦ†3,KΦ3,J

−
3∑

k=1

(
m2
k + YkH

†H
)
Φ†kΦk −

2∑
k=1

(
m̃2
k + Yk̃H

†H
)
Φ̃†kΦ̃k .

(2.7)

Here m2
k and m̃2

k represent the SU(2)L invariant mass terms of the LQs before EW sym-
metry breaking and εIJK is the three-dimensional Levi-Civita tensor with ε123 = 1. For
simplicity, we omitted the color indices, which are always contracted among the LQs. Note
that A2̃1 and A2̃3 have mass dimension one, while the Y couplings are dimensionless.2 The
LQ-Higgs interactions depicted in figure 1 lead to mixing among the LQ representations
after EW symmetry breaking.

Once the Higgs acquires its vacuum expectation value (vev) v ≈ 174GeV, this generates
the mass matrices

LLQ
M = −

∑
Q

Φ†QM
QΦQ (2.8)

2We did not include terms with three or four LQ fields since they do not contribute at the one-loop level
to the observables computed in this article.
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Φ−1/3
1 Φ̃−1/3

2A2̃1

h

Φ−1/3
3 Φ̃−1/3

2A2̃3

h

Φ−2/3
3 Φ̃−2/3

2A2̃3

h

Φ−1/3
3 Φ−1/3

1Y13

hh

Φ̃−2/3
2 Φ−2/3

2Y22̃

hh

Figure 1. Feynman diagrams depicting the LQ-Higgs interactions induced by the terms in the
first two lines of eq. (2.7). If the physical Higgs h is replaced by its vev, mixing among the LQ
representations is generated.

in the weak basis, with Q = {−1/3, 2/3,−4/3, 5/3} and

M−1/3 =

m
2
1 + v2Y1 vA∗2̃1 v2Y13
vA2̃1 m̃2

2 + v2Y2̃ vA2̃3
v2Y ∗13 vA∗2̃3 m2

3 + v2Y3

 , (2.9a)

M2/3 =

m
2
2 + v2Y2 v2Y22̃ 0
v2Y ∗22̃ m̃2

2 + v2(Y2̃2̃ + Y2̃
)

−
√

2vA2̃3
0 −

√
2vA∗2̃3 m2

3 + v2(Y3 + Y33
)
 , (2.9b)

M−4/3 =
(
m̃2

1 + v2Y1̃
√

2v2Y ∗31̃√
2v2Y31̃ m2

3 + v2(Y3 − Y33
)) , (2.9c)

M5/3 = m2
2 + v2(Y22 + Y2

)
, (2.9d)

where the eigenstates of the electric charge

Φ−1/3 ≡


Φ−1/3

1
Φ̃−1/3

2
Φ−1/3

3

 , (2.10a)

Φ2/3 ≡


Φ2/3

2
Φ̃2/3

2
Φ2/3

3

 , (2.10b)

Φ−4/3 ≡
(

Φ̃−4/3
1

Φ−4/3
3

)
, (2.10c)

Φ5/3 ≡ Φ5/3
2 , (2.10d)

are assembled from the LQ field components of eq. (2.4).
To work in the physical basis with mass eigenstates, in which the amplitudes are

calculated, we need to diagonalize the mass matrices in eq. (2.9). This can be achieved by
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a unitary transformation

M̂Q = WQMQWQ† , (2.11)

such that M̂Q is diagonal. This means that the interaction eigenstates in (2.10) are writ-
ten as

WQΦQ ≡ Φ̂Q , (2.12)

where Φ̂Q are the mass eigenstates. The analytic expressions for the diagonalization ma-
trices W−1/3 and W 2/3 are very lengthy or must be computed numerically. Therefore, we
diagonalize the mass matrices perturbatively up to O(v2/m2

LQ), where m are the SU(2)L
invariant mass terms of the LQs. The analytic expressions for the perturbative WQ read

W−1/3 ≈


1− v2|A2̃1|2

2(m2
1−m̃

2
2)2

vA∗2̃1
m2

1−m̃
2
2

v2(Y13(m2
1−m̃

2
2)+A∗2̃1A2̃3)

(m2
1−m

2
3)(m2

1−m̃
2
2)

−vA2̃1
m2

1−m̃
2
2

1− v2

2

(
|A2̃1|2

(m2
1−m̃

2
2)2 + |A2̃3|2

(m2
3−m̃

2
2)2

)
−vA2̃3
m2

3−m̃
2
2

−v2(Y ∗13(m2
3−m̃

2
2)+A2̃1A

∗
2̃3)

(m2
1−m

2
3)(m2

3−m̃
2
2)

vA∗2̃3
m2

3−m̃
2
2

1− v2|A2̃3|2
2(m2

3−m̃
2
2)2

 ,

(2.13a)

W 2/3 ≈


1 v2Y2̃2

m2
2−m̃

2
2

0
−v2Y ∗2̃2
m2

2−m̃
2
2

1− v2|A2̃3|2
(m2

3−m̃
2
2)2

−
√

2vA2̃3
m̃2

2−m
2
3

0
√

2vA∗2̃3
m̃2

2−m
2
3

1− v2|A2̃3|2
(m2

3−m̃
2
2)2

 , (2.13b)

W−4/3 ≈

 1
√

2v2Y ∗31̃
m̃2

1−m
2
3

−
√

2v2Y31̃
m̃2

1−m
2
3

1

 . (2.13c)

Then the physical LQ masses are

(
M−1/3
a

)2
≈
(
m2

1+v2
(
Y1−

|A2̃1|2

m̃2
2 −m2

1

)
, m̃2

2+v2
(
Y2̃+ |A2̃1|2

m̃2
2 −m2

1
+ |A2̃3|2

m̃2
2 −m2

3

)
,

m2
3 + v2

(
Y3−

|A2̃3|2

m̃2
2 −m2

3

))
a

, (2.14a)

(
M2/3
a

)2
≈
(
m2

2+v2Y2, m̃
2
2+v2

(
Y2̃2̃+Y2̃+ 2|A2̃3|2

m̃2
2 −m2

3

)
,

m2
3+v2

(
Y3+ Y33−

2|A2̃3|2

m̃2
2 −m2

3

))
a

, (2.14b)

(
M−4/3
a

)2
≈
(
m̃2

1 + v2Y1̃, m
2
3 + v2(Y3 − Y33

))
a
, (2.14c)(

M5/3
)2
≈ m2

2 + v2(Y22 + Y2
)
, (2.14d)

keeping terms up to order v2. The index a runs from 1 to 3 for Q = −1/3 and Q = 2/3
and from 1 to 2 for Q = −4/3, respectively.
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2.2 Leptoquark-fermion couplings

EW symmetry breaking also leads to non-diagonal quark mass matrices in the weak basis,
originating from the SM Yukawa couplings. Note that we can work in the basis with a
diagonal lepton Yukawa coupling in the approximation of massless neutrinos. We therefore
apply the following unitary rotation matrices on the left-handed quark fields

uL → UuL uL , dL → UdL dL , (2.15)

while the right-handed rotations can be absorbed by a redefinition of the LQ-quark-lepton
couplings and are therefore unphysical. We now choose to work in the so-called down basis
such that

UuL∗ji = Vij , UdLij = δij , (2.16)

with Vij being the CKM matrix. This means that CKM elements only appear in couplings
involving up-type quarks.

We now decompose the LQ-fermion interactions in table 1 into their SU(2)L compo-
nents and write them in terms of mass eigenstates

LqlΦ =
[
ūci

(
ΓR,auci `j

PR + ΓL,auci `jPL
)
`j + ΓL,adciνj d̄

c
iPLνj + ΓL,a∗diνj

ν̄jPRdi
]
Φ̂−1/3 †
a

+
[
d̄i
(
ΓR,adi`j

PR + ΓL,adi`jPL
)
`j + ΓL,a∗uciνj

ν̄jPRu
c
i + ΓL,auiνj ūiPLνj

]
Φ̂2/3
a

+
[
d̄ci

(
ΓR,adci `j

PR + ΓL,adci `jPL
)
`j
]
Φ̂−4/3 †
a +

[
ūi
(
ΓRui`jPR + ΓLui`jPL

)
`j
]
Φ̂5/3

+ h.c. ,

(2.17)

with

ΓR,auci `j
= λ1R

ij W
−1/3
a1 , ΓL,auci `j = V ∗ik

(
λ1L
kjW

−1/3
a1 − λ3

kjW
−1/3
a3

)
,

ΓL,a∗diνj
= −λ̃2∗

ijW
−1/3
a2 , ΓL,adciνj = −

(
λ1L
ij W

−1/3
a1 + λ3

ijW
−1/3
a3

)
,

ΓR,adi`j
= λ2LR

ij W
2/3∗
a1 , ΓL,adi`j = λ̃2

ijW
2/3∗
a2 ,

ΓL,a∗uciνj
=
√

2Vikλ3∗
kjW

2/3∗
a3 , ΓL,auiνj = −λ2RL

ij W
2/3∗
a1 ,

ΓR,adci `j
= λ̃1

ijW
−4/3
a1 , ΓL,adci `j = −

√
2λ3

ijW
−4/3
a2 ,

ΓRui`j = Vikλ
2LR
kj , ΓLui`j = λ2RL

ij .

(2.18)

Note that the index a runs from 1 to 3 for Q = −1/3 and Q = 2/3, while for Q = −4/3 only
from 1 to 2. Due to our choice of basis, the CKM matrix appears in all couplings involving
left-handed up-type quarks. Similarly, also the PMNS matrix would enter in all couplings
involving neutrinos in case they were taken to be massive. However, all processes that we
are interested in can be calculated for massless neutrinos such that the PMNS matrix drops
out. Nonetheless, we will return to the PMNS matrix in the next section when we discuss
possible contributions to Majorana mass terms and the renormalization of the W`ν vertex.
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2.3 Leptoquark-Higgs couplings

Let us finally consider the couplings of the SM Higgs to LQs. The interaction terms are
also affected by the LQ rotations induced by EW symmetry breaking. Again, we express
eq. (2.7) in terms of mass eigenstates as

LHΦ = −Γ̃1/3
ab hΦ̂−1/3 †

a Φ̂−1/3
b − Γ̃2/3

ab hΦ̂2/3 †
a Φ̂2/3

b − Γ̃4/3
cd hΦ̂−4/3†

c Φ̂−4/3
d

− Γ5/3hΦ̂5/3 †Φ̂5/3 − Λ̃1/3
ab h

2Φ̂−1/3 †
a Φ̂−1/3

b − Λ̃2/3
ab h

2Φ̂2/3 †
a Φ̂2/3

b

− Λ̃4/3
cd h

2Φ̂−4/3 †
c Φ̂−4/3

d − Λ5/3h2Φ̂5/3 †Φ̂5/3 ,

(2.19)

with h as the physical Higgs field, a, b = {1, 2, 3} and c, d = {1, 2}. The couplings are
defined as

Γ̃1/3 = W−1/3Γ1/3W−1/3 † , Λ̃1/3 = W−1/3Λ1/3W−1/3 † ,

Γ̃2/3 = W 2/3Γ2/3W 2/3 † , Λ̃2/3 = W 2/3Λ2/3W 2/3 † ,

Γ̃4/3 = W−4/3Γ4/3W−4/3 † , Λ̃4/3 = W−4/3Λ4/3W−4/3 † ,

Γ5/3 =
√

2v
(
Y22 + Y2

)
, Λ5/3 = 1

2
(
Y22 + Y2

)
,

(2.20)

where the ΓQ and ΛQ matrices read

Γ1/3 = 1√
2

 2vY1 A∗2̃1 2vY13
A2̃1 2vY2̃ A2̃3

2vY ∗13 A∗2̃3 2vY3

 Λ1/3 = 1
2

 Y1 0 Y13
0 Y2̃ 0
Y ∗13 0 Y3

 (2.21a)

Γ2/3 = 1√
2

 2vY2 2vY22̃ 0
2vY ∗22̃ 2v

(
Y2̃ + Y2̃2̃

)
−
√

2A2̃3
0 −

√
2A∗2̃3 2v(Y3 + Y33)

 Λ2/3 = 1
2

 Y2 Y22̃ 0
Y ∗22̃ Y2̃ + Y2̃2̃ 0
0 0 Y3 + Y33


(2.21b)

Γ4/3 = 1√
2

(
2vY1̃ 2vY ∗31̃
2vY31̃ 2v(Y3 − Y33)

)
Λ4/3 = 1

2

(
Y1̃ Y ∗31̃
Y31̃ Y3 − Y33

)
. (2.21c)

The expanded expressions for Γ̃Q and Λ̃Q are given in the appendix A.5.

3 Self-energies, masses and renormalization

Self-energies of SM fermions after SU(2)L breaking are directly related to their masses and
enter the calculations of effective fermion-fermion-gauge-boson and fermion-fermion-Higgs
couplings. In this section, we will first calculate the self-energies, then discuss the issue
of renormalization and how the self-energies are included in the calculation of modified
gauge-boson and Higgs couplings.

First, let us define the mass and kinetic terms of the charged lepton and neutrino
Lagrangian in momentum space

L`ν = δfi

(
¯̀
f

(
/p−m`

f

)
`i + ν̄f/pνi −

mν
f

2 ν̄cfνi

)
. (3.1)
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We allowed for the possibility of Majorana mass terms for the neutrinos, which can be
generated via LQs. We then moved to the physical basis in which all mass matrices are
diagonal, such that the CKM matrix V (the PMNS matrix V̂ ) appears in the Wud (W`ν)
vertex. Considering only the leptonic part, we have explicitly

L`νW = g2√
2
V̂fi

¯̀
fγ

µνiW
−
µ . (3.2)

We define the self-energies of charged leptons as follows

`i `f

p p
= −iΣ`

fi(p2) , (3.3)

and decompose Σ`
fi(p2) as

Σ`
fi(p2) = /p

(
Σ`LL
fi (p2)PL + Σ`RR

fi (p2)PR
)

+ Σ`RL
fi (p2)PL + Σ`LR

fi (p2)PR , (3.4)

and similarly for neutrinos, where only the LL self-energy exists, but a possible contribution
to the neutrino mass term arises.

We now expand Σ`AB
fi (p2) with A,B = {L,R} in terms of p2/m2

LQ, where m represents
the LQ mass. Only the leading terms in this expansion (i.e. the ones independent of p2)
are UV divergent and non-decoupling. Furthermore, they are the only relevant ones in the
calculation of Z``, Zνν, W`ν and h`` vertices to be discussed later. The terms linear in
p2/m2 are only necessary to calculate ` → `′γ. However, as they are finite and do not
affect the renormalization of any parameter, they can be included in the calculation of
`→ `′γ in a straightforward way and we do not give the explicit results here. The ones for
Σ`,νAB
fi ≡ Σ`,νAB

fi (0) are given in the appendix A.1.

3.1 Neutrino masses

The contribution to the Majorana mass term of the neutrinos can be calculated by consid-
ering the ν̄cfνi two-point function. We have generically

mνLQ
ij =

−mqkNc
(
ΓLqkνiΓ

L
qkνj

+ ΓL∗qkνjΓ
L∗
qkνi

)
16π2 I0

(
µ2

M2 ,
m2
qk

M2

)
, (3.5)

where we neglected the external momenta. An implicit sum over all internal quarks u, d, uc
and dc as well as over their flavors and the corresponding LQs is understood. The loop
function I0 is given in the appendix A.1.
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ν νc

v

dk

Φ̃2 Φ3,1

ν νcul
Φ2

Φ̃2

Φ3

v

v
v

Figure 2. One-loop self-energy diagrams generating Majorana-like neutrino masses. On the left-
hand side, we have a down-type quark in the loop. In the case of up-type quarks, the leading
contribution only occurs at O(v3).

After summation one can expand this expression in terms of v/mLQ. In this way, one
recovers the two diagrams shown in figure 2 and finds

mνLQ
ij ≈ mdkNcv

16π2m̃2
2

((
λ1L
ki λ̃

2
kjA2̃1+λ1L∗

kj λ̃
2∗
kiA

∗
2̃1

)
H1

(
m2

1
m̃2

2

)

+
(
λ3
kiλ̃

2
kjA2̃3+λ3∗

kj λ̃
2∗
kiA

∗
2̃3

)
H1

(
m2

3
m̃2

2

))
+O(md v

3/m4)

+mulNcv
3

8π2
λ2RL
lj V ∗lkλ

3
kiA2̃3Y22̃+λ2RL∗

li Vlkλ
3∗
kjA

∗
2̃3Y

∗
22̃

m2
2(m̃2

2−m2
3)

(
H1

(
m̃2

2
m2

2

)
−H1

(
m2

3
m2

2

))
+O(mulv

4/m5) ,

(3.6)

where the first two lines agree with ref. [143], originating from down-type quark contribu-
tions. The third line, generated by couplings to up-type quarks, was not given previously
in the literature. Note that for the latter, the leading contribution only appears at O(v3),
see figure 2, while for down-type quarks already a v1 term exists and higher orders in v do
not generate new, independent coupling structures. The loop function H1 is given in the
appendix A.2.

3.2 Renormalization

With these expressions at hand, we can include the loop effects into the Lagrangian of
eq. (3.1) to obtain

L`ν = ¯̀
f

(
/p
(
δfi − Σ`LL

fi PL − Σ`RR
fi PR

)
−m`(0)

f δfi − Σ`LR
fi PR − Σ`RL

fi PL
)
`i

+ ν̄f/p
(
δfi − ΣνLL

fi

)
νi −

m
ν(0)
f +mνLQ

fi

2 ν̄cfνi . (3.7)

The superscript (0) indicates the bare (unrenormalized) quantities. Now we have to make
the kinetic terms canonical again and render the mass matrices diagonal in order to arrive
at the physical basis. We start with the kinetic terms, which are made diagonal and
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correctly normalized once the shifts

`fL →
(
δfi + 1

2Σ`LL
fi

)
`iL , (3.8a)

`fR →
(
δfi + 1

2Σ`RR
fi

)
`iR , (3.8b)

νf →
(
δfi + 1

2ΣνLL
fi

)
νi , (3.8c)

have been applied. These shifts enter in all observables with external lepton fields, i.e. they
also lead to effects in gauge-boson couplings to leptons. Therefore, we include them in this
way in our calculations later on.

In addition, these field redefinitions affect the mass terms for charged leptons, which
then read [144]

L`m = −¯̀
f

(
m
`(0)
i δfi + 1

2Σ`LL
fi m

`(0)
i + 1

2m
`(0)
f Σ`RR

fi + Σ`LR
fi PR + Σ`RL

fi PL

)
`i , (3.9)

and for neutrinos we have

Lνm = −1
2 ν̄

c
f

(
m
ν(0)
f δfi + 1

2m
ν(0)
f ΣνLL

fi + 1
2ΣνLL∗

fi m
ν(0)
i +mνLQ

fi

)
νi . (3.10)

These matrices can now be diagonalized as

U `L∗f ′f

((
δf ′j + 1

2Σ`LL
f ′j

)
m

(0)
j

(
δji′ + 1

2Σ`RR
ji′

)
+ Σ`LR

ji′

)
U `Ri′i = m`

iδfi ,

Uνf ′f

(
m
ν(0)
f ′ δf ′i′ + 1

2m
ν(0)
f ′ ΣνLL

f ′i′ + 1
2ΣνLL∗

f ′i′ m
ν(0)
i′ +mνLQ

f ′i′

)
Uνi′i = mν

i δfi ,

(3.11)

with m`
i and mν

i being the physical masses. The unitary matrix U `L is given by

U `L =


1 Σ`LR12

m`2
+ 1

2Σ`LL
12

Σ`LR13
m`3

+ 1
2Σ`LL

13

−Σ`LR∗12
m`2
− 1

2Σ`LL∗
12 1 Σ`LR23

m`3
+ 1

2Σ`LL
23

−Σ`LR∗13
m`3
− 1

2Σ`LL∗
13 −Σ`LR∗23

m`3
− 1

2Σ`LL∗
23 1

 . (3.12)

We used the lepton mass hierarchy to simplify U `L and the fact that the self-energies are
just corrections to a diagonal matrix to get an explicit expression. U `R is simply obtained
by exchanging L and R.

These unitary rotations (or at leading order the unit matrix plus anti-hermitian correc-
tions) do not have a physical effect in the sense that they cannot be measured in observables.
In fact, they correspond to unphysical rotations, in case of U `R, or they can be absorbed
by a renormalization of the PMNS matrix, in case of U `L and Uν . This can also be seen by
applying these rotations to gauge bosons vertices, where they drop out for the Z interaction
terms and only enter the W`ν vertex in the combination

V̂fi = U `L∗f ′f V̂
(0)
f ′i′U

ν
i′i , (3.13)
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where V̂ on the left-hand side of the equation is identified with the PMNS matrix, see
eq. (3.2).

Finally, let us consider the h`` vertex. Here we have

− h¯̀
fU

`L∗
f ′f

((
δf ′j + 1

2Σ`LL
f ′j

)
Y
`(0)
j

(
δji′ + 1

2Σ`RR
ji′

)
+ Λ`LRji′

)
U `Ri′i PR`i , (3.14)

where Y `(0)
j = m

`(0)
j /v and Λ`LRji′ represents the genuine vertex correction. Therefore, the

effective Yukawa coupling measured in h→ `+`′− decays can be expressed in terms of the
physical lepton mass and Σ`LR

fi as follows

Y ` eff
fi =

m`
iδfi − Σ`LR

fi

v
+ Λ`LRfi . (3.15)

4 Calculation of the one-loop effects

In this section, we compute the amplitudes governing the various purely leptonic observ-
ables. For this we take into account the Higgs-induced mixing among the different LQ
representations. We will consider amplitudes involving the following fields:

1. ``γ
2. Z`` and Zνν
3. W`ν

4. h``
5. 4`
6. 2`2ν

For our purpose, the gauge bosons and the Higgs can be both on- and off-shell while the
leptons are all on-shell. We set all lepton masses to zero, except for `i → `fγ, where we
expand up to the first non-vanishing order. In addition, we expanded the loop integrals in
mEW/mLQ, where mEW ≈ v can denote mW , mZ , mH or mt. Furthermore, we expanded
the mass eigenvalues of the LQs and the mixing matrices in v/mLQ, while the results
obtained with exact diagonalization of the LQ mass matrices are given in the appendix.
Note that we do not include Higgs or gauge-boson self-energies in our calculations. Such
effects are flavor universal, drop out at leading order if branching ratios are considered and
are already included in the oblique parameters [145, 146] as studied in ref. [137].

4.1 ``γ

In case of an on-shell photon, we define the effective Hamiltonian as

H``γeff = CL`f `iO
L
`f `i

+ CR`f `iO
R
`f `i

, (4.1)

with

O
L(R)
`f `i

= e

16π2
[¯̀
fσ

µνPL(R)`i
]
Fµν . (4.2)

Note that we have CR`f `i = CL∗`i`f due to the hermiticity of the Hamiltonian.
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`i `f

γ

ΦQ
a

q
(c)
j

q
(c)
j

`i `f

γ

q
(c)
j

ΦQ
a ΦQ

a

Figure 3. The vertex diagrams which contribute to `i → `fγ. Depending on the electric charge of
the LQ, we have (charge-conjugated) up- or down-type quarks in the loop.

The coefficients are induced by the diagrams in figure 3 and for a single LQ represen-
tation only are given by

CL,Φ1
`f `i

≈
Nc(m`fλ

1L∗
jf λ1L

ji +m`iλ
1R∗
jf λ1R

ji )
24m2

1

− Ncmt

12m2
1
λ1R∗

3f V ∗3kλ
1L
ki

(
E1

(
m2
t

m2
1

)
− v2Y1

m2
1
E2

(
m2
t

m2
1

))
, (4.3a)

CL,Φ̃1
`f `i

≈
−m`i λ̃

1∗
jf λ̃

1∗
ji

12m̃2
1

, (4.3b)

CL,Φ2
`f `i

≈
−Nc

(
m`fλ

2LR∗
jf λ2LR

ji +m`iλ
2RL∗
jf λ2RL

ji

)
8m2

2

+ Ncmt

12m2
2
V ∗3kλ

2LR∗
kf λ2RL

3i

(
E3

(
m2
t

m2
2

)
−
v2(Y22 + Y2

)
m2

2
E4

(
m2
t

m2
2

))
, (4.3c)

CL,Φ̃2
`f `i

≈ 0 , (4.3d)

CL,Φ3
`f `i

≈
−Ncm`fλ

3∗
jfλ

3
ji

8m2
3

, (4.3e)

where the quark index j runs from 1 to 3. We expanded the results up to the first non-
vanishing order in external momenta and masses. Note that the Wilson coefficients are
composed by two parts: a contribution which is proportional to m`f,i and a contribution
proportional to the quark mass, originating from a chirality flip on the internal quark line.
The latter term appears only if a LQ couples simultaneously to left- and right-handed
up- or down-type quarks. E.g. for the AMM of the muon this effect dominates in cases
where we couple to third generation quarks, i.e. generates a relative enhancement by a
factor mt/mµ ∼ 1600 or mb/mµ ∼ 40, respectively. Therefore, these terms are the most
important ones from the phenomenological point of view. And for our results with mt and
mb we also include the O(v2/m2

LQ) terms, originating from the Higgs-LQ interaction, while
we only present the leading order effects for the m`f,i terms.
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Turning to the contributions with multiple LQ representations, i.e. the terms involving
LQ mixing, we also focus on the terms proportional to mb,t and we find

CL`f `i ≈
−Ncmtv

2

12m2
1

[
λ1R∗

3f V ∗3kλ
1L
ki

|A2̃1|2

m̃4
2
E5

(
m2
t

m̃2
2
,
m2

1
m̃2

2

)

+ λ1R∗
3f V ∗3kλ

3
ki

(
Y13
m2

3
E6

(
m2
t

m2
3
,
m2

1
m2

3

)
+
A2̃3A

∗
2̃1

m̃4
2
E7

(
m2
t

m̃2
2
,
m2

1
m̃2

2
,
m2

3
m̃2

2

))]

+ Ncmbv
2

12

[
λ2LR∗

3f λ̃2
3iY
∗

22̃
m̃4

2
E8

(
m2
b

m̃2
2
,
m2

2
m̃2

2

)
+
λ̃1∗

3fλ
3
3iY
∗

31̃
m4

3
E9

(
m2
b

m̃2
1
,
m̃2

1
m2

3

)]
.

(4.4)

The involved loop functions are given explicitly in the appendix A.2 and the general analyt-
ical results in appendix A.3. Note that we assumed the quarks of the first two generations
to be massless and that we integrated out the bottom and top quark together with the LQs.
This means that eq. (4.3) and eq. (4.4) should be understood to be at the low scale, such
that the mixing of the four-fermion operators into the magnetic one is already included,
reproducing the logarithms.

Considering `i → `fγ
∗ transitions with a momentum configuration q2 = (pi− pf )2, we

define the amplitude

A(`i → `fγ
∗) = −eq2 ū(pf ,mf ) /ε∗(q)

(
δfi + Ξ̂LfiPL + Ξ̂RfiPR

)
u(pi,mi) . (4.5)

We first give the separate contributions of each LQ representation

ΞL,Φ1
fi ≈

−Ncλ
1L∗
kf VjkV

∗
jlλ

1L
li

288π2m2
1

(
F1

(
m2
uj

m2
1

)
− v

2Y1
m2

1
F2

(
m2
uj

m2
1

)
+ v2|A2̃1|2

m̃4
2
F3

(
m2
uj

m2
1
,
m2

1
m̃2

2

))
, (4.6a)

ΞR,Φ1
fi ≈

−Ncλ
1R∗
jf λ1R

ji

288π2m2
1

(
F1

(
m2
uj

m2
1

)
− v

2Y1
m2

1
F2

(
m2
uj

m2
1

)
+ v2|A2̃1|2

m̃4
2
F3

(
m2
uj

m2
1
,
m2

1
m̃2

2

))
, (4.6b)

ΞR,Φ̃1
fi ≈

Ncλ̃
1∗
jf λ̃

1
ji

144π2m̃2
1

(
F4

(
m2
dj

m̃2
1

)
− v

2Y1̃
m̃2

1
F8

(
m2
dj

m̃2
1

))
, (4.6c)

ΞL,Φ2
fi ≈

Ncλ
2RL∗
jf λ2RL

ji

288π2m2
2

(
F5

(
m2
uj

m2
2

)
− v

2(Y2+Y22)
m2

2
F6

(
m2
uj

m2
2

))
, (4.6d)

ΞR,Φ2
fi ≈ Nc

288π2m2
2

(
V ∗jkλ

2LR∗
kf Vjlλ

2LR
li

(
F5

(
m2
uj

m2
2

)
− v

2(Y2+Y22)
m2

2
F6

(
m2
uj

m2
2

))
,

−2λ2LR∗
jf λ2LR

ji

(
F7

(
m2
dj

m2
2

)
− 2v2Y2

m2
2
F8

(
m2
dj

m2
2

)))
, (4.6e)

ΞL,Φ̃2
fi ≈

−Ncλ̃
2∗
jf λ̃

2
ji

144π2m̃2
2

(
F7

(
m2
dj

m̃2
2

)
− v

2(Y2̃+Y2̃2̃)
m̃2

2
F4

(
m2
dj

m̃2
2

)
+ v2|A2̃3|2

m̃4
2
F9

(
m2
dj

m̃2
2
,
m2

3
m̃2

2

))
, (4.6f)

ΞL,Φ3
fi ≈ −Nc

288π2m2
3

(
λ3∗
kfVjkV

∗
jlλ

3
li

(
F1

(
m2
uj

m2
3

)
− v

2Y3
m2

3
F2

(
m2
uj

m2
3

)
+ v2|A2̃3|2

m̃4
2
F3

(
m2
uj

m2
3
,
m2

3
m̃2

2

))
,

−4λ3∗
jfλ

3
ji

(
F4

(
m2
dj

m2
3

)
− v

2(Y3−Y33)
m2

3
F8

(
m2
dj

m2
3

)))
. (4.6g)
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Z
`i, νi

`f , νf

q
(c)
j

q
(c)
j

ΦQ
a

Z
`i, νi

`f , νf

ΦQ
b

ΦQ
a

q
(c)
j

Figure 4. Vertex diagrams which contribute to Z → `−
f `

+
i and Z → νf ν̄i. Note that in case of

mixing among LQs, the Z coupling, unlike the photon, can connect different representations with
each other.

If we include LQ Higgs interactions, we find a new structure originating from Φ1-Φ3 mixing

Ξ̃Lfi≈
Ncv

2λ3∗
kfVjkV

∗
jlλ

1L
li

288π2

(
Y ∗13
m4

3
F10

(
m2
uj

m2
3
,
m2

1
m2

3

)
+
A2̃1A

∗
2̃3

m̃6
2
F11

(
m2
uj

m̃2
2
,
m2

1
m̃2

2
,
m2

3
m̃2

2

))

+
Ncv

2λ1L∗
kf VjkV

∗
jlλ

3
li

288π2

(
Y13
m4

3
F10

(
m2
uj

m2
3
,
m2

1
m2

3

)
+
A2̃3A

∗
2̃1

m̃6
2
F11

(
m2
uj

m̃2
2
,
m2

1
m̃2

2
,
m2

3
m̃2

2

))
,

(4.7)

at O(v2/m2
LQ). The quark index j runs from 1 to 3 and the loop functions are given in

the appendix A.2. Note that we again assumed that the quarks can be integrated out at
the same scale as the LQs. This means that the expressions should be understood to be at
the low scale and include the mixing of two-quark-two-lepton operators into four-fermion
ones. Therefore, in case the quark is lighter than the corresponding leptonic process, one
has to insert the scale of that process (rather than the quark mass) into the logarithms of
the loop functions in appendix A.2.

4.2 Z`` and Zνν

We now compute the LQ effects on the Z → `−f `
+
i and Z → νf ν̄i amplitudes, depicted in

figure 4

A(Z → `−f `
+
i ) = g2

cw
ū(pf ,m`f )/ε(q)

(
ΛL`f `i

(
q2)PL + ΛR`f `i

(
q2)PR) v(pi,m`i) , (4.8a)

A(Z → νf ν̄i) = g2
cw

Θνfνi

(
q2)ū(pf )/ε(q)PLv(pi) , (4.8b)

with εµ(q) as the polarization vector of the Z boson and q2 = (pf +pi)2. In addition, there
is an magnetic form factor for Z → `+`−. However, we do not give the form factor of this
amplitude explicitly, since it does not interfere with the SM for m` = 0. We perform this
calculation for vanishing lepton masses and decompose the form factors as

ΛL(R)
`f `i

(
q2) = ΛL(R)

SM (q2)δfi +
∑
Φ

∆Φ
L(R),fi

(
q2)+ ∆̃L(R),fi , (4.9a)

Θνfνi

(
q2) = ΘSM(q2)δfi +

∑
Φ

ΘΦ
fi

(
q2)+ Θ̃fi . (4.9b)

The ∆Φ
L(R),fi

(
q2) and ΘΦ

fi

(
q2) contain the part with no LQ mixing, grouped into Φ =

{Φ1, Φ̃1,Φ2, Φ̃2,Φ3}, while the ∆̃L(R),fi and Θ̃fi contain the part induced by LQ mixing.
In our conventions, the tree-level SM couplings read

ΛLSM = s2
w −

1
2 , ΛRSM = s2

w , ΘSM = 1
2 , (4.10)
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with sw (cw) being the sine (cosine) of the Weinberg angle. Beyond tree-level, also the SM
couplings receive momentum dependent corrections, which are included in the predictions
for EW observables that we study later in the phenomenological analysis.

In our calculation we only include contributions of O(m2
EW/m

2
LQ), i.e. effects from the

top quark, the Z mass as well as the ones induced by LQ mixing, while setting all other
masses to zero.3 In case where the Z boson has a squared momentum q2 we find

∆Φ1
L,fi(q

2)≈
−Ncλ

1L∗
kf V3kV

∗
3jλ

1L
ji

32π2

[
H0

(
m2
t

m2
1

)
− q2

18m2
1

(
11−10s2

w+2(3−4s2
w) log

(
m2
t

m2
1

))

− q2

180m2
1

q2

m2
t

(
16s2

w−9
)]

−
2∑
j=1

Ncλ
1L∗
kf VjkV

∗
jlλ

1L
li

864π2
q2

m2
1

[
3−3iπ(4s2

w−3)−5s2
w+3(4s2

w−3) log
(
q2

m2
1

)]
,

(4.11a)

∆Φ1
R,fi(q

2)≈
Ncλ

1R∗
3f λ1R

3i
32π2

[
H0

(
m2
t

m2
1

)
− q2

18m2
1

(
3+10s2

w+8s2
w log

(
m2
t

m2
1

))

+ q2

180m2
1

q2

m2
t

(
16s2

w−3
)] (4.11b)

+
2∑
j=1

Ncλ
1R∗
jf λ1R

ji

864π2
q2

m2
1

[
5s2
w+12iπs2

w−12s2
w log

(
q2

m2
1

)]
,

∆Φ̃1
R,fi(q

2)≈
3∑
j=1

Ncλ̃
1∗
jf λ̃

1
ji

432π2
q2

m̃2
1

[
s2
w−3iπs2

w+3s2
w log

(
q2

m̃2
1

)]
, (4.11c)

∆Φ2
L,fi(q

2)≈
−Ncλ

2RL∗
3f λ2RL

3i
32π2

[
H0

(
m2
t

m2
2

)
− q2

9m2
2

(
1+7s2

w+4s2
w log

(
m2
t

m2
2

))

+ q2

180m2
2

q2

m2
t

(
16s2

w−3
)]

(4.11d)

−
2∑
j=1

Ncλ
2RL∗
jf λ2RL

ji

1728π2
q2

m2
2

[
3−2s2

w+24iπs2
w−24s2

w log
(
q2

m2
2

)]
,

∆Φ2
R,fi(q

2)≈
NcV

∗
3kλ

2LR∗
kf V3jλ

2LR
ji

32π2

[
H0

(
m2
t

m2
2

)
− q2

9m2
2

(
6−7s2

w+(3−4s2
w) log

(
m2
t

m2
2

))

− q2

180m2
2

q2

m2
t

(
16s2

w−9
)]

+
2∑
j=1

NcV
∗
jkλ

2LR∗
kf Vjlλ

2LR
li

1728π2
q2

m2
2

[
3+2s2

w−6iπ(4s2
w−3)+6(4s2

w−3) log
(
q2

m2
2

)]

−
3∑
j=1

Ncλ
2LR∗
jf λ2LR

ji

1728π2
q2

m2
2

[
3−6iπ(2s2

w−3)−8s2
w+6(2s2

w−3) log
(
q2

m2
2

)]
, (4.11e)

3Similar results for the diquark contribution to Z → `+`− have been obtained in ref. [147].
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∆Φ̃2
L,fi(q

2)≈
3∑
j=1

−Ncλ̃
2∗
jf λ̃

2
ji

1728π2
q2

m̃2
2

[
3−8s2

w−12iπs2
w+12s2

w log
(
q2

m̃2
2

)]
, (4.11f)

∆Φ3
L,fi(q

2)≈
−NcV3kλ

3∗
kfV

∗
3jλ

3
ji

32π2

[
H0

(
m2
t

m2
3

)
− q2

18m2
3

(
11−10s2

w+2(3−4s2
w) log

(
m2
t

m2
3

))

− q2

180m2
3

q2

m2
t

(
16s2

w−9
)]

−
2∑
j=1

NcVjkλ
3∗
kfV

∗
jlλ

3
li

864π2
q2

m2
3

[
3−3iπ(4s2

w−3)−5s2
w+3(4s2

w−3) log
(
q2

m2
3

)]

−
3∑
j=1

Ncλ
3∗
jfλ

3
ji

216π2
q2

m2
3

[
3iπ(2s2

w−3)−2s2
w−3(2s2

w−3) log
(
q2

m2
3

)]
, (4.11g)

where we expanded the results in q2/m2
LQ and m2

t /m
2
LQ. Finally, the contributions from

LQ mixing read

∆̃L,fi ≈
3∑
j=1

−v2Nc

64π2m̃4
2

[
λ1L∗
jf λ1L

ji |A2̃1|
2H3

(
m2

1
m̃2

2

)
+
(
λ3∗
jfλ

3
ji + 2λ̃2∗

ji λ̃
2
jf

)
|A2̃3|

2H3

(
m2

3
m̃2

2

)

+
(
λ1L
jf λ

3∗
jiA2̃1A

∗
2̃3 + λ3

jfλ
1L∗
ji A2̃3A

∗
2̃1

)
H4

(
m2

1
m̃2

2
,
m2

3
m̃2

2

)]
, (4.12a)

∆̃R,fi ≈
3∑
j=1

−v2Nc

64π2m̃4
2
λ1R∗
jf λ1R

ji |A2̃1|
2H3

(
m2

1
m̃2

2

)
, (4.12b)

where the H-functions are given in appendix A.2.
Now we turn to the Z → νf ν̄i amplitudes, where we show the contributions again

separated by each representation

ΘΦ1
fi (q2) ≈

3∑
j=1

Ncλ
1L∗
jf λ1L

ji

864π2
q2

m2
1

[
3− s2

w + 3iπ(3− 2s2
w)− 3(3− 2s2

w) log
(
q2

m2
1

)]
, (4.13a)

ΘΦ2
fi (q2) ≈

−Ncλ
2RL∗
3f λ2RL

3i
32π2

[
H0

(
m2
t

m2
2

)
− 2q2

9m2
2

(
1 + 3s2

w + 2s2
w log

(
m2
t

m2
2

))

+ q2

180m2
2

q2

m2
t

(
16s2

w − 3
)]

(4.13b)

+
2∑
j=1

Ncλ
2RL∗
jf λ2RL

ji

1728π2
q2

m2
2

[
3− 4s2

w − 24iπs2
w + 24s2

w log
(
q2

m2
2

)]
,

ΘΦ̃2
fi (q2) ≈

3∑
j=1

Ncλ̃
2∗
jf λ̃

2
ji

1728π2
q2

m̃2
2

[
3 + 2s2

w + 12iπs2
w − 12s2

w log
(
q2

m̃2
2

)]
, (4.13c)
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ΘΦ3
fi (q2) ≈

−NcV3kλ
3∗
kiV

∗
3jλ

3
jf

16π2

[
H0

(
m2
t

m2
3

)
− q2

18m2
3

(
13− 12s2

w + (6− 8s2
w) log

(
m2
t

m2
3

))

− q2

180m2
3

q2

m2
t

(
16s2

w − 9
)]

+
2∑
j=1

NcVjkλ
3∗
kiV

∗
jlλ

3
lf

432π2
q2

m2
3

[
2s2
w − 3iπ(3− 4s2

w)− 3(4s2
w − 3) log

(
q2

m2
3

)]

+
3∑
j=1

Ncλ
3∗
jfλ

3
ji

864π2
q2

m2
3

[
3− s2

w + 3iπ(3− 2s2
w)− 3(3− 2s2

w) log
(
q2

m2
3

)]
. (4.13d)

Finally, we again have the contributions from LQ mixing

Θ̃fi ≈
3∑
j=1

−v2Nc

64π2m̃4
2

[ (
λ1L∗
jf λ1L

ji + λ̃2∗
ji λ̃

2
jf

)
|A2̃1|

2H3

(
m2

1
m̃2

2

)

+
(
5λ3∗

jfλ
3
ji + λ̃2∗

ji λ̃
2
jf

)
|A2̃3|

2H3

(
m2

3
m̃2

2

)

−
(
λ1L
jf λ

3∗
jiA2̃1A

∗
2̃3 + λ3

jfλ
1L∗
ji A2̃3A

∗
2̃1

)
H4

(
m2

1
m̃2

2
,
m2

3
m̃2

2

)]
.

(4.14)

In case of zero momentum transfer, i.e. q2 = 0, the form factors correspond to effective
Z`` and Zνν couplings. We define them for later purposes in an effective Lagrangian

LZ``int = g2
cw

[
¯̀
f

(
ΛL`f `i(0)γµPL + ΛR`f `i(0)γµPR

)
`i
]
Zµ , (4.15a)

LZννint = g2
cw

Θνfνi(0) [ν̄fγµPLνi]Zµ , (4.15b)

where only the ∆̃, Θ̃ and the top contributions remain.

4.3 W`ν

We define the amplitude of this process, also considered for generic new scalars and fermions
in ref. [140], as follows

A(W− → `−f ν̄i) = g2√
2

ΛW`fνi
(
q2)ū(p`f ,m`f )/ε(q)PL v(pνi) , (4.16)

with

ΛW`fνi
(
q2) = ΛWSM(q2)δfi +

∑
Φ

ΛΦ
fi

(
q2)+ Λ̃fi . (4.17)

The diagrams are shown in figure 5. The form factors ΛΦ
fi

(
q2) again contain the parts

with no LQ mixing, grouped by representation with Φ = {Φ1, Φ̃1,Φ2, Φ̃2,Φ3}, while Λ̃fi
contains the part with LQ mixing. In the SM we have at tree-level

ΛWSM = 1 . (4.18)
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W−
νi

`f

dcj

ucj

Φ−1/3
a

W−
νi

`f

ΦQ′

b

ΦQ
a

q
(c)
j

Figure 5. Vertex diagrams contributing to W− → `−
f ν̄i. In the case of massless down-type quarks

the diagram on the left-hand side is only present with charge-conjugated quarks, since the W boson
couples to purely to left-handed quarks.

The single LQ contributions read

ΛΦ1
fi (q2) ≈

NcV3kλ
1L∗
kf V

∗
3jλ

1L
ji

64π2

[
m2
t

m2
1

(
1 + 2 log

(
m2
t

m2
1

))
− 4q2

3m2
1

(
1 + log

(
m2
t

m2
1

))
+ q2

2m2
1

q2

m2
t

]

−
2∑
j=1

NcVjlλ
1L∗
lf V ∗jkλ

1L
ki

144π2
q2

m2
1

[
3 log

(
q2

m2
1

)
+ 3iπ − 1

]
, (4.19a)

ΛΦ2
fi (q2) ≈

3∑
j=1

Nc q
2

288π2
λ2RL∗
jf λ2RL

ji

m2
2

, (4.19b)

ΛΦ̃2
fi (q2) ≈

3∑
j=1

Nc q
2

288π2
λ̃2∗
jf λ̃

2
ji

m̃2
2

, (4.19c)

ΛΦ3
fi (q2) ≈

−NcV3kλ
3∗
kfV3jλ

3
ji

64π2

[
m2
t

m2
3

(
1 + 2 log

(
m2
t

m2
3

))
− 4q2

9m2
3

(
4 + 3 log

(
m2
t

m2
3

))
+ q2

2m2
3

q2

m2
t

]

+
2∑
j=1

Nc

144π2Vjlλ
3∗
lf V

∗
jkλ

3
ki

q2

m2
3

(
3 log

(
q2

m2
3

)
+ 3iπ + 1

)
(4.19d)

−
3∑
j=1

Nc

144π2
q2

m2
3
λ3∗
jfλ

3
ji .

Additionally, we have the O(v2/m2
LQ) effects from LQ mixing

Λ̃fi ≈
3∑
j=1

v2Nc

64π2

[ (
λ̃2∗
jf λ̃

2
ji − 4λ3∗

jfλ
3
ji

) |A2̃3|2

m̃4
2
H3

(
m2

3
m̃2

2

)
− λ̃2∗

jf λ̃
2
ji

|A2̃1|2

m̃4
2
H3

(
m2

1
m̃2

2

)

+ 2
λ1L
ji λ

3∗
jfA

∗
2̃3A2̃1 + λ1L∗

jf λ3
jiA2̃3A

∗
2̃1

m̃4
2

H4

(
m2

1
m̃2

2
,
m2

3
m̃2

2

)

+ 2
Y13λ

1L∗
ji λ3

jf − Y ∗13λ
3∗
ji λ

1L
jf

m2
3

H5

(
m2

1
m2

3

)

+ 2
λ1L
ji λ

3∗
jfA

∗
2̃3A2̃1 − λ1L∗

jf λ3
jiA2̃3A

∗
2̃1

m̃4
2

H6

(
m2

1
m̃2

2
,
m2

3
m̃2

2

)]
,

(4.20)

with the loop functions given in the appendix A.2. Note that the terms in the last two
lines in eq. (4.20) are anti-hermitian in flavor space. Therefore, like the anti-hermitian part
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h

`i

`f

q
(c)
j

q
(c)
j

ΦQ
a

h

`i

`f

ΦQ
b

ΦQ
a

q
(c)
j

Figure 6. Vertex diagrams generating h→ `−
f `

+
i at the 1-loop level.

of the self-energy contributions, see eq. (3.12), they are not physical. In fact, we checked
that the terms originating from LQ mixing for Z``, Zνν and W`ν respect the structure
required by the dim-6 operators with manifest SU(2)L invariance if the anti-hermitian
terms are absorbed by the PMNS matrix.

At the level of effective couplings, we have to evaluate the contributions at q2 = 0,
which can be treated in the context of an effective Lagrangian

LW`ν
int = g√

2
ΛW`fνi(0)

[¯̀
fγ

µPLνi
]
W−µ . (4.21)

The effective coupling ΛW`fνi(0) then only receives LQ effects from loop-induced top quarks
and from LQ mixing.

4.4 h``

Let us turn next to the Higgs decays h → `−f `
+
i . We define the amplitude analogously to

the leptonic W and Z decays as

A(h→ `−f `
+
i ) = − mfi√

2 v
ū(pf ,m`f )

(
ΥL
`f `i

(q2)PL + ΥR
`f `i

(q2)PR
)
v(pi,m`i) , (4.22)

with

ΥL
`f `i

(q2) = δfi +
∑
Φ

ΥΦ
L,fi(q2) + Υ̃L,fi , (4.23a)

ΥR
`f `i

(q2) = δfi +
∑
Φ

ΥΦ
R,fi(q2) + Υ̃R,fi . (4.23b)

The sum over Φ refers to the LQ representations Φ = {Φ1, Φ̃1,Φ2, Φ̃2,Φ3}, Υ̃L(R),fi contain
the terms which are only generated by LQ mixing and

mfi = max[m`f ,m`i ] , q2 = (pf + pi)2 . (4.24)

Note that due to hermicity

ΥR
`f `i

= ΥL∗
`i`f

. (4.25)

If f 6= i we can safely neglect the lighter lepton mass. The corresponding Feynman diagrams
are shown in figure 6.
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We expand again in v2/m2
LQ and set the lepton masses to zero. In the phenomeno-

logically most relevant case of an internal top quark, we additionally use the fact that for
Higgs decays m2

t > m2
h ≡ q2, finding

ΥΦ1
L,fi(q

2) ≈
Ncλ

1R∗
3f V ∗3kλ

1L
ki

64π2m2
1

mt

mfi

(
m2
tJt

(
q2

m2
t

,
m2
t

m2
1

)
+ 8v2Y1

)
, (4.26a)

ΥΦ2
L,fi(q

2) ≈
NcV

∗
3kλ

2LR∗
kf λ2RL

3i
64π2m2

2

mt

mfi

(
m2
tJt

(
q2

m2
t

,
m2
t

m2
2

)
+ 8v2(Y22 + Y2

))
. (4.26b)

The mixing-induced terms read up to O(v2/m2
LQ)

Υ̃L,fi ≈
3∑
j=1

−v2Nc

8π2

[
mt

mfi

(
λ1R∗

3f V ∗3kλ
1L
ki

|A2̃1|2

m̃4
2
J1

(
m2

1
m̃2

2

)

− λ1R∗
3f V ∗3kλ

3
ki

(
Y13
m2

1
H1

(
m2

3
m2

1

)
+
A2̃3A

∗
2̃1

m̃4
2
J2

(
m2

1
m̃2

2
,
m2

3
m̃2

2

)))]
.

(4.27)

The loop functions that we used in this section can be found in the appendix A.2. In
appendix A.5 we additionally present the generic results for light quarks, i.e. for the case
where m2

qj � q2 ≡ m2
h.

4.5 4`

To describe processes involving four charged leptons, we define the effective Hamiltonian as

H4`
eff = H``γeff +

∑
f,i,a,b

(
CV LLfiab O

V LL
fiab + CV LRfiab O

V LR
fiab + CS LLfiab O

S LL
fiab + L↔ R

)
, (4.28)

with the effective operators

OV LLfiab =
[¯̀
fγ

µPL`i
][¯̀

aγµPL`b
]
,

OV LRfiab =
[¯̀
fγ

µPL`i
][¯̀

aγµPR`b
]
,

OS LLfiab =
[¯̀
fPL`i

][¯̀
aPL`b

]
.

(4.29)

Note that we sum over all flavor indices. Therefore, all other operators can be reduced to
the ones in (4.28), using Fierz identities. As an advantage, we do not need to distinguish
between decays involving the same or different flavors.

There are two types of diagrams which give a contribution to these operators: penguins
and boxes, see figure 7. Starting with the photon penguin, we have

CV LLfiab = −πα
(
ΞLfiΞLab + ΞLfbΞLai

)
,

CV LRfiab = −2παΞLfiΞRab ,
(4.30)

with

ΞL(R)
fi = δfi + Ξ̂L(R)

fi . (4.31)
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`i `f

`b `b

q(c)

Z, γ

ΦQ
a `i `f

`b `b

ΦQ
a

Z, γ

q(c)
`i

`f

`a

`b

ΦQ
a

ΦQ
a

q(c)q(c)

Figure 7. Feynman diagrams giving rise to `f `i`a`b amplitudes. Left and center: penguin diagrams
with off-shell Z boson or photon exchange. Right: box diagram involving two LQs.

The Z boson gives an analogous contribution

CV LLfiab =
√

2GF
(
ΛL`f `i(0)ΛL`a`b(0) + ΛL`f `b(0)ΛL`a`i(0)

)
,

CV LRfiab = 4GF√
2

ΛL`f `i(0)ΛR`a`b(0) .
(4.32)

The coefficients CV RLfiab and CV RRfiab are obtained in a straightforward way by simply ex-
changing L↔ R.

The box diagrams generate the following contributions

CV LLfiab = Nc

256π2

[
λ1L
ji λ

1L
kb

(
λ1L∗
jf λ1L∗

ka +λ1L∗
kf λ

1L∗
ja

)
m2

1
+5

λ3
jiλ

3
kb

(
λ3∗
jfλ

3∗
ka+λ3∗

kfλ
3∗
ja

)
m2

3

+
λ3
jiλ

1L
kb

(
λ1L∗
jf λ3∗

ka+λ3∗
kfλ

1L∗
ja

)
+λ1L

ji λ
3
kb

(
λ3∗
jfλ

1L∗
ka +λ1L∗

kf λ
3∗
ja

)
m2

3
H1

(
m2

1
m2

3

)

+
λ2RL
ji λ2RL

kb

(
λ2RL∗
jf λ2RL∗

ka +λ2RL∗
kf λ2RL∗

ja

)
m2

2
+
λ̃2
jiλ̃

2
kb

(
λ̃2∗
jf λ̃

2∗
ka+λ̃2∗

kf λ̃
2∗
ja

)
m̃2

2

]
, (4.33a)

CV LRfiab = Nc

128π2

[
λ1L∗
jf λ1L

ji λ
1R∗
ka λ1R

kb

m2
1

+
λ2RL∗
jf λ2RL

ji λ2LR∗
ka λ2LR

kb

m2
2

]
, (4.33b)

CV RRfiab = Nc

256π2

[
λ1R
ji λ

1R
kb

(
λ1R∗
jf λ1R∗

ka +λ1R∗
kf λ1R∗

ja

)
m2

1

+2
λ2LR
ji λ2LR

kb

(
λ2LR∗
jf λ2LR∗

ka +λ2LR∗
kf λ2LR∗

ja

)
m2

2
+
λ̃1
jiλ̃

1
kb

(
λ̃1∗
jf λ̃

1∗
ka+λ̃1∗

kf λ̃
1∗
ja

)
m̃2

1

]
, (4.33c)

where the loop function H1 is again given in appendix A.2. The indices j and k run
from 1 to 3. Note that we only consider the leading effects in v/m. In scenarios where
the λ-couplings are smaller than the gauge couplings (e ≈ 0.3 and g2 ≈ 0.6), the box
contributions are typically less important than the gauge boson penguins.

4.6 2`2ν

For these fields we use the effective Hamiltonian

H2`2ν
eff = DL,ab

`f `i
OL,ab`f `i

+DR,ab
`f `i

OR,ab`f `i
(4.34)
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with

O
L(R),ab
`f `i

=
[¯̀
fγµPL(R)`i

][
ν̄aγ

µPLνb
]
. (4.35)

There are three types of contributions: Z penguins, W penguins and boxes. The Z boson
yields

DL,ab
`f `i

= 8GF√
2

ΛL`f `i(0)Θνaνb(0) , DR,ab
`f `i

= 8GF√
2

ΛR`f `i(0)Θνaνb(0) , (4.36)

while we have for the W boson

DL,ab
`f `i

= 4GF√
2

ΛW∗`iνa(0)ΛW`fνb(0) . (4.37)

The box diagrams yield

DL,ab
`f `i

= Nc

64π2

[
λ1L∗
jf λ1L

ji λ
1L∗
ka λ

1L
kb

m2
1

+
λ3∗
jfλ

3
jiλ

3∗
kaλ

3
kb

m2
3

−
λ3∗
jfλ

1L
ji λ

1L∗
ka λ

3
kb + λ1L∗

jf λ3
jiλ

3∗
kaλ

1L
kb

m2
3

H1

(
m2

1
m2

3

)]
, (4.38a)

DR,ab
`f `i

= Nc

64π2

[
λ1R∗
jf λ1R

ji λ
1L∗
ka λ

1L
kb

m2
1

+
λ2LR∗
jf λ2LR

ji λ2RL∗
ka λ2RL

kb

m2
2

]
. (4.38b)

Again the indices j and k run from 1 to 3 and we only considered the leading order LQ
effects in v/mLQ.

5 Phenomenology

Let us now study the phenomenology of scalar LQs in leptonic processes. Due to the large
number of observables and the many free parameters, we will choose some exemplary pro-
cesses of special interest and use simplifying assumptions for the couplings in order to show
the effects and the possible correlations between observables. In particular, we will consider:

• EW gauge-boson couplings to leptons: the effects of scalar LQs in (effective) off-shell
Z``, Zνν and W`ν couplings and the associated gauge-boson decays.

• Muonic observables: correlations between the AMM of the muon, Z → `+`−, effective
Wµν couplings and h→ µ+µ−.

• Charged lepton flavor violation: correlations between τ → µγ, Z → τµ and τ → 3µ
as well as the analogues in µ→ e transitions.

5.1 Electroweak gauge-boson couplings to leptons: Z``, Zνν and W`ν

We start our phenomenological analysis by considering the effects of scalar LQs in Z``,
Zνν and W`ν effective couplings (at q2 = 0) and the associated gauge boson decays (at
q2 = m2

Z ,m
2
W ), calculated in section 4.2. While among Z → `+`− decays NP effects
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are strongly bounded by LEP [148] measurements, the effective W`ν couplings are best
constrained by low-energy observables, testing LFU of the charged current (see ref. [149]
for an overview).

We first focus on the LQ representations which generate an m2
t /m

2
LQ effect in EW

gauge-boson couplings to leptons, i.e. Φ1, Φ2 and Φ3. In the absence of LQ mixing, we
can expect this effect to be dominant and couplings to third generation quarks are well
motivated by the flavor anomalies. Note that we nonetheless included the q2 = {m2

Z ,m
2
W }

terms which, due to SU(2)L invariance, can also arise from bottom loops for some of the
representations shown in figure 8. In order to keep the number of free parameters small,
we did not include mixing among the LQs and assumed that only couplings to one lepton
flavor ` = e, µ, τ at a time exist. This avoids limits from charged lepton flavor violating
observables, which we consider later in this article. Furthermore, we normalized the LQ
effect to the respective SM coupling and the LQ-quark-lepton coupling to one (i.e. λ3` = 1)
while all other couplings are zero. Note that the effect in figure 8, given for couplings of
unit strength, are consistent with Z → `+`− bounds for masses around 1.5TeV or more.
Furthermore, Z → νν̄ is constrained by the number of neutrino families

Nν =
∑
f,i

∣∣∣∣δfi +
∑

Φ ΘΦ
fi

(
q2)+ Θ̃fi

ΘSM(m2
Z)

∣∣∣∣2 , (5.1)

where the experimental value lies at [148]

Nν = 2.9840± 0.0082 , (5.2)

while the LQ effect is predicted to be constructive. Future colliders are expected to reach
a 20 times better precision [150].

Let us now turn to the case of non-vanishing LQ couplings to the SM Higgs. We study
as an example the scalar doublet Φ̃2 which couples only down-type quarks to leptons such
that the v2/m̃2

2 effects from the mixing with Φ1 (generated by A2̃1) and/or Φ3 (generated
by A2̃3) are expected to be dominant compared to the m2

Z/m̃
2
2 effects. In figure 9 we

present the impact of LQs on on-shell Z and W couplings. Again, we set λ̃2
3` = 1 and we

assume m̃2 = m1 = m3 = 1TeV, which is compatible with current LHC limits [151–153].
Note that a non-zero A2̃1 yields a destructive effect in Z`` and W`ν couplings while the
terms with A2̃3 are constructive.

5.2 Correlating the AMM of the muon with Z → `+`− and h→ µ+µ−

In this sub-section, we focus on possible LQ explanations of the long-standing anomaly
in the AMM of the muon. The discrepancy between its measurement [21] and the SM
prediction [35]4 amounts to

δaµ = (279± 76)× 10−11 , (5.3)
4This result is based on refs. [154–173]. The recent lattice result of the Budapest-Marseille-Wuppertal

collaboration (BMWc) for the hadronic vacuum polarization (HVP) [174] on the other hand is not included.
This result would render the SM prediction of aµ compatible with experiment. However, the BMWc results
are in tension with the HVP determined from e+e− → hadrons data [158–163]. Furthermore, the HVP also
enters the global EW fit [175], whose (indirect) determination is below the BMWc result [176]. Therefore,
the BMWc determination of the HVP would increase the tension in EW fits [177, 178] and we opted for
using the community consensus of ref. [35].
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Figure 8. LQ effects in Z``, Zνν and W`ν couplings for the scalar LQ representations which
give rise to m2

t effects (Φ1, Φ2 and Φ3) as a function of the LQ mass. We neglected LQ mixing
and considered only the couplings of third generation quarks to a single lepton flavor with unit
strength, i.e. λ3` = 1. Here, ∆L,R, Θ and Λ stand for the corrections in Z``, Zνν and W`ν

couplings, respectively (see section 4.2). The solid (dashed) lines refer to the couplings entering
on-shell decays (effective couplings at q2 = 0). The green region is excluded by LEP data [148]
from Z → νν̄ decays. The blue region is excluded by Z → τ+τ− which is more constraining than
Z → µ+µ− (not shown explicitly). Note that we also do not show Z → e+e− exclusions here for
the sake of clarity since couplings to electrons are usually much smaller in setups motivated by the
B anomalies, leading to suppressed effects.
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Figure 9. Modified Z``, Zνν and W`ν couplings in the A2̃1-A2̃3 plane (in units of GeV) for
m̃2 = m1 = m3 = 1TeV and |λ̃2

3`| = 1.

corresponding to a 3.7σ tension. Note that this tension is quite large, i.e. of the order of
the EW contribution of the SM. Since LQs are colored, the LHC bounds rule out masses
significantly below 1TeV such that an enhancement in aµ is needed to compensate for the
mass suppression. In fact, there are LQ representations that are able to generate mt/mµ

enhanced contributions, see eq. (4.3). These NP effects enter the AMM of the muon as

aµ = mµ

4π2Re
[
CRµµ

]
, (5.4)

with the Wilson coefficient defined in eq. (4.1).
First of all, we can expect a direct correlation with h→ µ+µ− [179] since both processes

are chirality changing and therefore involve the same couplings of LQs to fermions.5 We
can express the NP effect in terms of ΥΦ

L and Υ̃L, defined in (4.22), as

Br
[
h→ µ+µ−

]
Br
[
h→ µ+µ−

]
SM

=
∣∣∣1 +

∑
Φ

ΥΦ
L,µµ + Υ̃L,µµ

∣∣∣2 . (5.5)

The resulting correlations are shown in figure 10 for Φ1 and Φ2. Note that even though the
current CMS and ATLAS measurements [181, 182] are not able to constrain these models
yet, a FCC-hh [183] can test them.

The LQ interactions with top quarks and muons also generate effects in Zµµ couplings.
Therefore, let us as a next step consider the correlations of aµ with Z → `+`− where we
refine the analysis of ref. [107] by including the indirect effect, originating from the finite
renormalization of the very precisely measured Fermi constant [184]

GF = 1.166 378 7(6)× 10−5 GeV−2 , (5.6)
5Similar results for τ → µγ were obtained in refs. [138, 139, 180].
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Figure 10. Correlations between Br[h→ µ+µ−], normalized to its SM value, and the NP contri-
bution to the AMM of the muon (δaµ) for scenario Φ1 (left) and Φ2 (right) with m1,2 = 1.5TeV.
The predictions for different values of the LQ couplings to the Higgs are shown, where for Φ1
Y = Y1 while for Φ2 Y = Y2 + Y22. Even though the current ATLAS and CMS results are not
yet constraining this model, sizeable effects are predicted, which can be tested at future colliders.
Furthermore, Φ1 yields a constructive effect in h → µ+µ− while the one of Φ2 is destructive such
that they can be clearly distinguished with increasing experimental precision.

which can be expressed in terms of the SM parameters

GF =
√

2g2
2

8m2
W

. (5.7)

Since mW itself is measured in W decays, g2 can be determined once GF is measured via
the muon lifetime. However, also NP contributions enter such that

GF → GF
(
1 + ΛW∗µνµ(0)

)(
1 + ΛWeνe(0)

)
, (5.8)

resulting in a redefinition of g2.
The SU(2)L singlet Φ1 with non-zero real couplings λ1L

32 and λ1R
32 affects Zµµ as well

as Wµνµ, while the effect on Zνν is very small, see figure 11. The modified W coupling
by λ1L

32 then yields a finite, LFU renormalization of g2. This has been included in our
analysis depicted in figure 11, leading to the allowed, green region deviating slightly from
a circled shape.

The SU(2)L doublet Φ2 with non-zero couplings λ2LR
32 and λ2RL

32 only yields a negligible
contribution to Wµνµ. However, there is an mt effect in Z → νν̄, affecting Nν , which has
been precisely measured, see eq. (5.2). This then constrains λ2RL

32 as we show in the plot in
the right-hand side of figure 11. We additionally show in figure 11 the expected sensitivities
of future experiments for Zµµ, which are summarized in table 2.

5.3 Charged lepton flavor violation

Let us now correlate different charged lepton flavor violating observables, i.e. ` → `′γ,
Z → ``′ and ` → 3`′. We do not study µ → e conversion in nuclei, which could be
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Figure 11. Allowed parameter space by LEP [148] (light green) for the couplings to left- and
right-handed muons. In addition, we give the expected sensitivities of future collider experiments,
see table 2. The finite renormalization of g2, induced by the effect in the Fermi constant, yields a
LFU effect which is depicted by the blue lines in the plot on the left.

` g`A/gASM LEP [148] FCC-ee [185] ILC [186] CEPC [187] CLIC [188]
e 0.999681± 0.000698227 ±4.1× 10−6 ±4.1× 10−5 ±8.7× 10−6 ±4.4× 10−5

µ 0.99986± 0.00107726 ±6.3× 10−6 ±6.3× 10−5 ±1.3× 10−5 ±6.7× 10−5

τ 1.00154± 0.00127676 ±7.5× 10−6 ±7.5× 10−5 ±1.6× 10−5 ±8.0× 10−5

LFU 0.99992± 0.000518683 ±3.1× 10−6 ±3.0× 10−5 ±6.5× 10−6 ±3.2× 10−5

Table 2. Experimental values for Z`` couplings, extracted from LEP [148] data and normalized
to their SM values with g`A = ΛL``(m2

Z) − ΛR``(m2
Z). We further show various expected sensitivities

for future colliders (second to fifth row) under the assumption that the measurements of gA are
improved by the same factor as s2

w.

dominant in case of couplings to first generation quarks, but rather again assume only
couplings to third generation quarks.

The branching ratios for lepton flavor violating radiative lepton decays, as a function
of the (effective) Wilson coefficients in eq. (4.1), are given by

Br [`i → `fγ] =
αm3

`i

256π4 τ`i

(∣∣CL`f `i ∣∣2 +
∣∣CR`f `i ∣∣2) , (5.9)

with τ`i as the life time of the decaying lepton. Similarly, the branching ratio for Z → `+`′−

is given by

Br
[
Z → `+i `

−
f

]
= GFm

3
Z

3
√

2πΓtot
Z

(∣∣ΛL`f `i(m2
Z)
∣∣2 +

∣∣ΛR`f `i(m2
Z)
∣∣2) , (5.10)

with Γtot
Z = 2.495GeV [189] being the total Z boson decay width and the ΛL,R`f `i(q

2) are
defined in (4.8a).
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Br [Z → ``′] Ref. Br [`→ `′γ] Ref. Br [`→ 3`] Ref.
Z → e±µ∓ < 7.5× 10−7 [190] µ→ eγ < 4.2× 10−13 [191] µ→ 3e < 1.0× 10−12 [192]
Z → e±τ∓ < 9.8× 10−6 [193] τ → eγ < 3.3× 10−8 [194] τ → µee < 1.5× 10−8 [195]
Z → µ±τ∓ < 1.2× 10−5 [196] τ → µγ < 4.4× 10−8 [194] τ → 3µ < 2.1× 10−8 [195]
Z → µ±τ∓ < 1.0× 10−8 [186] µ→ eγ < 6.0× 10−14 [197] µ→ 3e < 5.5× 10−15 [198]
Z → µ±τ∓ < 1.0× 10−9 [185] τ → µγ < 1.0× 10−9 [199] τ → 3µ < 1.0× 10−9 [123]

τ → 3µ < 3.3× 10−10 [199]

Table 3. Current experimental limits (top panel) and projected future experimental sensitivities
(bottom panel) on lepton flavor violating decays of charged leptons.

For the three body decays we have

Br
[
τ∓ → µ∓µ+µ−

]
= m3

τ

768π3 ττ

[
α2

π2
∣∣CLµτ ∣∣2

(
log
(
m2
τ

m2
µ

)
− 11

4

)

+ m2
τ

4

(∣∣CSLLµµµτ

∣∣2 + 16
∣∣CV LLµτµµ

∣∣2 + 4
∣∣CV LRµτµµ

∣∣2 + 4
∣∣CV LRµµµτ

∣∣2)

− 2α
π
mτ Re

[
CL∗µτ

(
CV RLµτµµ + 2CV RRµτµµ

)]
+ L↔ R

]
,

(5.11)

with the Wilson coefficients defined in eq. (4.28). The analogous expression for µ→ 3e can
be obtained by obvious replacements. These rates have to be compared to the experimental
limits given in table 3 where we also quote the expected future sensitivities. We do not
consider decays like τ∓ → µ∓e±e∓ as the experimental constraints are slightly worse.

In our numerical analysis, we again assume that the LQs only couple to third generation
quarks but now allow for the possibility that they couple to more than one lepton flavor at
the same time. Let us start by examining the correlations between τ → µγ and Z → τµ in
figure 12. One can see that this correlation is very direct under the assumption that only
one representation contributes and that for Φ1 and Φ2 only either the left- or the right-
handed couplings to leptons are non-zero at the same time such that chirality enhanced
effects in τ → µγ are absent. Although currently τ → µγ is more constraining, even in the
absence of chirality enhanced contributions, in the future Z → τµ can provide competitive
or even superior bounds. The situation for τ → e transitions is very similar and therefore
not shown explicitly.

In figure 13 we show the correlations between τ → µγ and τ → 3µ. These correlations
are not as clear as in the case of Z → τµ due to the additional box contributions to τ → 3µ.
Therefore, one obtains a cone instead of a straight line. Interestingly, for Φ1 the effect in
τ → µγ is smallest among the LQ representations due to the electric charge of the LQ.
Hence, even though phase space suppressed, τ → 3µ is more sensitive to this particular
LQ than τ → µγ. Again, the situation in τ → e transitions is very similar and therefore
not shown explicitly. However, we show our analysis for µ → e transitions in figure 14.
For the µ → eγ scenario we do not show Z → µe since the low energy bounds are so
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Figure 12. Correlations between τ → µγ and Z → τµ for the three LQ representations which
generate an m2

t/m
2
LQ effect in Z`` couplings. We assume that Φ1 and Φ2 couple either to left or

to right-handed leptons only such that chirally enhanced effects (which would result in dominant
effects in τ → µγ) are absent.

stringent that the former cannot compete, even when taking into account future prospects.
The (lower) upper boundary of the cone is obtained for a hierarchic flavor structure, i.e.
λ33 (�)� λ32 for τ → µ and λ32 (�)� λ31 for µ→ e transitions, respectively, such that
the box contributions are (sub) dominant. The opening angle of the cone is determined by
the size of the box contributions to `→ 3`. For example, the LQ triplet yields the biggest
box contribution, which can easily be seen from eq. (4.33).

6 Conclusions

Leptoquarks are prime candidates to explain the flavor anomalies, i.e. the discrepancies
between measurements and the SM predictions in b → s`+`−, b → cτν and the AMM of
the muon. With this motivation in mind, we calculated the one-loop amplitudes generated
by scalar LQs for the purely leptonic transitions, involving:

• ``γ

• Z`` and Zνν

• W`ν

• h``

• 4`

• 2`2ν
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Figure 13. The correlations between τ → µγ and τ → 3µ for a LQ mass of 1.5TeV where we
scanned λ33 and λ32 in the range [−1.5, 1.5]. The gray regions are currently excluded by experiment.
The dashed (solid) lines show the projected sensitivities for the HL-LHC (Belle II), see table 3 for
the numerical values.
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Figure 14. The analogue to the plots above for the µ→ e transition. The dashed lines depict the
expected sensitivity from MEG II [197] and the solid line the one of Mu3e [198]. Note that the color
scaling shows the product of two couplings, as can be seen from the legend in the bottom-right.
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Taking into account the most general set of interactions of the LQs with the SM Higgs
doublet, we obtained relatively simple analytic expressions for the amplitudes by expanding
the LQ mixing matrices in v/mLQ, corresponding to a mass insertion approximation.

In our phenomenological analysis, we illustrated the results of our calculation by
studying:

• LQ effects in effective Z``, Zνν and W`ν couplings and the associated gauge boson
decays. Here we found for the three representations which generate m2

t /m
2
LQ en-

hanced effects (Φ1, Φ2 and Φ2) that Z → `+`− is smaller than within the SM while
Z → νν is enhanced. For order one couplings, the effect is at the percent level for
TeV scale LQs.

• Correlations between the AMM of the muon, Z → `+`−, effective Wµν couplings
and h → µ+µ−. Here we found that, since an explanation of the (g − 2)µ anomaly
requires a mt/mµ enhanced effect, also the contribution in h→ µ+µ− is pronounced
by the same factor. Furthermore, effects scaling like m2

t /m
2
LQ in Z → µ+µ− are

generated which are most relevant in case where the left-handed couplings are much
larger than the right handed ones and vice versa.

• Correlations between τ → µγ, Z → τµ and τ → 3µ, as well as the analogues in µ→ e

transitions. Here we observed that τ → µγ and Z → τµ can be directly correlated
under the assumption the LQs couple only to left-handed or to right-handed leptons
(but not to both of the same time). Furthermore, in this setup τ → µγ and µ→ eγ

do not receive chirally enhanced effects such that τ → 3µ and µ → 3e can give
competitive bounds, which is in particular the case for Φ1.

These interesting correlations can be tested at future precision experiments and high-energy
colliders.
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A Loop functions and formula with exact diagonalization of the
leptoquark mass matrices

A.1 Self-energies

Focusing on the non-decoupling, momentum-independent parts of the self-energies, we have
generically

Σ`LR
fi =

−mqjNc

16π2 ΓL,a∗qj`f
ΓR,aqj`i
I0

(
µ2

M2
a

,
m2
qj

M2
a

)
, (A.1a)

Σ`LL
fi = −Nc

32π2 ΓL,a∗qj`f
ΓL,aqj`iI1

(
µ2

M2
a

,
m2
qj

M2
a

)
, (A.1b)
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with Σ`RR
fi and Σ`RL

fi obtained by interchanging chiralities and ΣνLL
fi by replacing ` with ν.

We set all quark masses within the loop equal to zero, except for the top mass. Additionally,
one has to sum over all internal quarks uj , dj , ucj and dcj , as well as over their flavors
j = {1, 2, 3}. The loop functions take the simple form

I0(x, y) = 1
ε

+ 1 + log(x) + y log(y) , (A.2a)

I1(x, y) = 1
ε

+ 1
2 + log(x)− y , (A.2b)

where the last terms in I0 and I1 are only relevant for the top quark and can be neglected
in all other cases.

Now we expand the expressions in eq. (A.1) in terms of v/mLQ up to O(v2/m2
LQ)

ΣLL
`,fi≈

−Nc

32π2

3∑
j=1

[
Vjkλ

1L∗
kf V

∗
jlλ

1L
li

(
I1

(
µ2

m2
1
,
m2
uj

m2
1

)
− v

2Y1
m2

1
+ v2|A2̃1|2

m̃4
2
I4

(
m2

1
m̃2

2

))

+Vjkλ3∗
kfV

∗
jlλ

3
li

(
I1

(
µ2

m2
3
,
m2
uj

m2
1

)
+2I1

(
µ2

m2
3
,0
)
− v

2(3Y3−2Y33)
m2

3
+ v2|A2̃3|2

m̃4
2
I4

(
m2

3
m̃2

2

))

+v2
(
λ3∗
jfλ

1L
ji Y

∗
13+λ1L∗

jf λ3
jiY13

m2
3

H1

(
m2

1
m2

3

)

+
λ3∗
jfλ

1L
ji A2̃1A

∗
2̃3+λ1L∗

jf λ3
jiA
∗
2̃1A2̃3

m̃4
2

I5

(
m2

1
m̃2

2
,
m2

3
m̃2

2

))

+λ̃2∗
jf λ̃

2
ji

(
I1

(
µ2

m̃2
2
,0
)
− v

2(Y2̃+Y2̃2̃)
m̃2

2
+ 2v2|A2̃3|2

m̃4
2
I6

(
m2

3
m̃2

2

))

+λ2RL∗
jf λ2RL

ji

(
I1

(
µ2

m2
2
,
m2
uj

m2
2

)
− v

2(Y2+Y22)
m2

2

)]
, (A.3a)

ΣRR
`,fi≈

3∑
j=1

−Nc

32π2

[
λ1R∗
jf λ1R

ji

(
I1

(
µ2

m2
1
,
m2
uj

m2
1

)
− v

2Y1
m2

1
+ v2|A2̃1|2

m̃4
2
I4

(
m2

1
m̃2

2

))

+V ∗jkλ2LR∗
kf Vjlλ

2LR
li

(
2I1

(
µ2

m2
2
,
m2
uj

m2
2

)
− v

2(2Y2+Y22)
m2

2

)

+λ̃1∗
jf λ̃

1
ji

(
I1

(
µ2

m̃2
1
,0
)
− v

2Y1̃
m̃2

1

)]
, (A.3b)

Σ`RL
fi ≈

3∑
j=1

−mujNc

16π2

[
λ1R∗
jf V ∗jkλ

1L
ki

(
I0

(
µ2

m2
1
,
m2
uj

m2
1

)
− v

2Y1
m2

1
+ v2|A2̃1|2

m̃4
2
I4

(
m2

1
m̃2

2

))

+v2λ1R∗
jf V ∗jkλ

3
ki

(
Y13
m2

3
H1

(
m2

1
m2

3

)
+
A∗2̃1A2̃3
m̃4

2
I5

(
m2

1
m̃2

2
,
m2

3
m̃2

2

))

+V ∗jkλ2LR∗
kf λ2RL

ji

(
I1

(
µ2

m2
2
,
m2
uj

m2
2

)
− v

2(Y2+Y22)
m2

2

)]

+
3∑
j=1

mdj

16π2

[
v2λ2LR∗

jf λ̃2
jiY
∗

22̃
m̃2

2
H1

(
m2

2
m̃2

2

)
−

2v2λ̃1∗
jfλ

3
jiY
∗

31̃
m2

3
H1

(
m̃2

1
m2

3

)]
, (A.3c)
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with Σ`LR
fi = Σ`RL∗

if and

I4(x) = 1− x+ x log(x)
x(x− 1)2 (A.4a)

I5(x, y) = log(x)
(x− 1)(x− y) + log(y)

(y − 1)(y − x) (A.4b)

I6(x) = x− 1− log(x)
(x− 1)2 . (A.4c)

For neutrinos we have

ΣνLL
fi ≈

3∑
j=1

−Nc

32π2

[
λ1L∗
jf λ1L

ji

(
I1

(
µ2

m2
1
,0
)
− v

2Y1
m2

1
+ v2|A2̃1|2

m̃4
2
I4

(
m2

1
m̃2

2

))

+Vjkλ3∗
kfVjlλ

3
li

(
I1

(
µ2

m3
3
,
m2
uj

m2
3

)
+I1

(
µ2

m3
3
,0
)
− v

2(3Y3+2Y33)
m2

3
+ 5v2|A2̃3|2

m̃4
2
I4

(
m2

3
m̃2

2

))

−v2
(
λ1L∗
jf λ3

jiY13+λ3∗
jfλ

1L
ji Y

∗
13

m2
3

H1

(
m2

1
m2

3

)

+
λ1L∗
jf λ3

jiA
∗
2̃1A2̃3+λ3∗

jfλ
1L
ji A2̃1A

∗
2̃3

m̃4
2

I5

(
m2

1
m̃2

2
,
m2

3
m̃2

2

))

+λ̃2∗
jf λ̃

2
ji

(
I1

(
µ2

m̃2
2
,0
)
− v

2Y2̃
m̃2

2
+ v2|A2̃1|2

m̃4
2
I6

(
m2

1
m̃2

2

)
+ v2|A2̃3|2

m̃4
2
I6

(
m2

3
m̃2

2

))

+λ2RL∗
jf λ2RL

ji

(
I1

(
µ2

m2
2
,
m2
uj

m2
2

)
− v

2Y2
m2

2

)]
. (A.5)

A.2 Loop functions

The loop-functions for ``γ with on-shell photons read

E1(x) = 7 + 4 log(x) (A.6a)
E2(x) = 11 + 4 log(x) (A.6b)
E3(x) = 1 + 4 log(x) (A.6c)
E4(x) = 5 + 4 log(x) (A.6d)

E5(x, y) = 4
y

log(x) + 7y − 11
y(y − 1) + 4 2y − 1

y(y − 1)2 log(y) (A.6e)

E6(x, y) = E1(x) + 4log(y)
y − 1 (A.6f)

E7(x, y, z) = −1
z
E1(x) + 4

y − z

( log(y)
y − 1 −

x

z

log(z)
(z − 1)

)
(A.6g)

E8(x, y) = 5
y

+ 2 log(x)
y

+ 2 log(y)
y(y − 1) (A.6h)

E9(x, y) = −2
y

+ 4 log(x)
y

+ 4 log(y)
y − 1 , (A.6i)
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see eqs. (4.3) and (4.4).
For off-shell photons, the results are given in eqs. (4.6) and (4.7), we have

F1(x) = 5 + log(x) (A.7a)
F2(x) = 9 + 4 log(x) (A.7b)

F3(x, y) = 4
y

log(x) + 5y − 9
y(y − 1) + 4(2y − 1) log(y)

y(y − 1)2 (A.7c)

F4(x) = 2 + log(x) (A.7d)
F5(x) = 7 + 4 log(x) (A.7e)
F6(x) = 11 + 4 log(x) (A.7f)
F7(x) = 1 + log(x) (A.7g)
F8(x) = 3 + log(x) (A.7h)

F9(x, y) = 2
y

log(x) + 2(2y − 1)
y(y − 1) −

2 log(y)
y(y − 1)2 (A.7i)

F10(x, y) = 4
y

log(x) + 5y − 5 + 4 log(y)
y(y − 1) , (A.7j)

F11(y, z) = − 4
yz

log(x)− 5
yz

+ 4 log(y)
y(y − 1)(y − z) −

4 log(z)
z(z − 1)(y − z) . (A.7k)

The H-functions are defined for the Z and W decays in sections 4.2 and 4.3

H0(x) = x
(
1 + log(x)

)
(A.8a)

H1(x) = log(x)
x− 1 (A.8b)

H2(x) =
3
(
x2 − 1− 2x log(x)

)
(x− 1)3 (A.8c)

H3(x) = 2− 2x+ (1 + x) log(x)
(x− 1)3 (A.8d)

H4(x, y) = 1
(x− 1)(y − 1) + x log(x)

(x− 1)2(x− y) + y log(y)
(y − 1)2(y − x) (A.8e)

H5(x) = 2− 2x+ (x+ 1) log(x)
(x− 1)2 , (A.8f)

H6(x, y) = 2− x− y
(x− 1)(y − 1)(x− y) + (2x2 − x− y) log(x)

(x− 1)2(x− y)2 − (2y2 − x− y) log(y)
(y − 1)2(x− y)2 . (A.8g)

Finally, we have the loop functions used for Higgs decays in section 4.4

Jt(x, y) = 2(x− 4) log(y)− 8 + 13
3 x−

x2y

5 (A.9a)

J1(x) = x− 1− x log(x)
x(x− 1)2 (A.9b)

J2(x, y) = log(x)
(x− 1)(x− y) −

y

x

log(y)
(y − 1)(x− y) (A.9c)

J3(x) = x− 1− x log(x)
(x− 1)2 . (A.9d)
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A.3 Exact result for ``γ

If we expand the amplitudes obtained from the diagrams in figure 3 up to first non-vanishing
order in the external masses and momenta, we obtain [48, 110]

CL`f `i = −Nc

4
∑
q

m`fΓL,a∗qj`f
ΓL,aqj`i +m`iΓ

R,a∗
qj`f

ΓR,aqj`i

6M2
a

(
1 + 3Qq

)

+
mqjΓ

R,a∗
qj`f

ΓL,aqj`i
M2
a

(
1− 2Qq − 2Qq log

(
µ2
`

M2
a

)) ,
(A.10)

where q can be, depending on the LQ representations, either a (charge-conjugated) up- or
down-type quark and Qq refers to its electric charge, i.e. Qq = {±1/3,±2/3}. The quark
flavour index j runs from 1 to 3.

Note that we naively integrated out the internal LQs and quarks at the same scale.
Therefore, in the case of light internal quarks, i.e. all except the top quark, the contribution
contains both the hard matching part, the mixing within the effective theory and the soft
contribution. For this reason, care is required if the internal quarks are lighter than the
incoming lepton (e.g. the charm contribution to τ → µγ) since the RGE only contributes
from the LQ scale down to the scale of the process and not to the scale of the internal
quark. Therefore, we defined µ` in eq. (A.10) as follows

µ` =

mqj mqj > m`i

m`i mqj ≤ m`i

. (A.11)

Next we give the exact results for off-shell photons, whereof the expanded expressions are
given in eqs. (4.6) and (4.7). They read

Ξ̂Lfi =
∑
q

NcΓL,a∗qj`f
ΓL,aqj`i

576π2M2
a

FQq

(
m2
qj

M2
a

)
, (A.12a)

Ξ̂Rfi =
∑
q

NcΓR,a∗qj`f
ΓR,aqj`i

576π2M2
a

FQq

(
m2
qj

M2
a

)
, (A.12b)

with Ξ̂L(R)
fi defined in (4.5) and

FQq(y) = 2 + 18Qq + 12Qq log(y) . (A.13)

Again, j runs from 1 to 3.

A.4 Exact results for Z``, Zνν, W`ν and h``

In this section we give the exact expressions for the Z and W decays. The T̃Q and B̃Wi

matrices, used in this section, are given in appendix A.5. In this whole section, the Mi

stand for the diagonal bilinear mass terms in the charge eigenstates, given in eq. (2.14). It is
implied by the corresponding coupling matrix Γi with same index i which of the eigenstates
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is concerned, e.g. Γuc` corresponds to M−1/3. For the Z decays, we use the conventions
defined in eq. (4.8), this time with

ΛL(R)
`f `i

(
q2) = ΛL(R)

SM (q2)δfi +
∑
Q

∆Q
L(R),fi

(
q2)+ ∆̃Q

L(R),fi , (A.14a)

Θνfνi

(
q2) = ΘSM(q2)δfi +

∑
Q

ΘQ
fi

(
q2)+ Θ̃Q

fi , (A.14b)

where contrary to eq. (4.9) we show the results sorted by the charges of the LQs, since we do
not distinguish between the cases with and without LQ mixing. Hence, the results cannot
be grouped by representation. For Q = −1/3 we have for the mt-enhanced contributions

∆−1/3
L,fi

(
q2) =

−NcΓL,a∗tc`f
ΓL,btc`i

32π2

[
m2
t

M2
a

[
δab

(
1 + log

(
m2
t

M2
a

))
+ T̃

−1/3
ab H1

(
M2
b

M2
a

)]

− q2

18M2
a

[
2T̃−1/3

ab H2

(
M2
b

M2
a

)
+ δab

(
11− 10s2

w + 2(3− 4s2
w) log

(
m2
t

M2
a

))]]
,

(A.15a)

∆−1/3
R,fi

(
q2) =

NcΓR,a∗tc`f
ΓR,btc`i

32π2

[
m2
t

M2
a

[
δab

(
1 + log

(
m2
t

M2
a

))
− T̃−1/3

ab H1

(
M2
b

M2
a

)]

+ q2

18M2
a

[
2T̃−1/3

ab H2

(
M2
b

M2
a

)
− δab

(
3 + 10s2

w + 8s2
w log

(
m2
t

M2
a

))]]
, (A.15b)

and the case with light up-type quarks yields

∆−1/3
L,fi

(
q2) =

2∑
j=1

NcΓL,a∗ucj`f
ΓL,bucj`i

864π2
q2

M2
a

[
3T̃−1/3

ab H2

(
M2
b

M2
a

)

− δab

(
3− 3iπ(4s2

w − 3)− 5s2
w + 3(4s2

w − 3) log
(
q2

M2
a

))]
, (A.15c)

∆−1/3
R,fi

(
q2) =

2∑
j=1

NcΓR,a∗ucj`f
ΓR,bucj`i

864π2
q2

M2
a

[
3T̃−1/3

ab H2

(
M2
b

M2
a

)

+ δab

(
5s2
w + 12iπs2

w − 12s2
w log

(
q2

M2
a

))]
. (A.15d)

The terms, induced by LQ mixing, read

∆̃−1/3
L,fi =

3∑
j=1

NcΓL,a∗ucj`f
ΓL,bucj`i

64π2 T̃
−1/3
ab

(
3 + 2 log

(
µ2

M2
a

)
− 2H1

(
M2
a

M2
b

))
, (A.16a)

∆̃−1/3
R,fi =

3∑
j=1

NcΓR,a∗ucj`f
ΓR,bucj`i

64π2 T̃
−1/3
ab

(
3 + 2 log

(
µ2

M2
a

)
− 2H1

(
M2
a

M2
b

))
. (A.16b)
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For Q = 2/3 we have (massless) down-type quark effects

∆2/3
L,fi

(
q2) =

3∑
j=1

−NcΓL,b∗dj`f
ΓL,adj`i

864π2
q2

M2
a

[
3T̃ 2/3

ab H2

(
M2
b

M2
a

)

− δab

(
4s2
w + 6iπs2

w − 6s2
w log

(
q2

M2
a

))]
, (A.17a)

∆2/3
R,fi

(
q2) =

3∑
j=1

−NcΓR,b∗dj`f
ΓR,adj`i

864π2
q2

M2
a

[
3T̃ 2/3

ab H2

(
M2
b

M2
a

)

+ δab

(
3− 3iπ(2s2

w − 3)− 4s2
w + 3(2s2

w − 3) log
(
q2

M2
a

))]
, (A.17b)

again with a, b = {1, 2, 3} and the mixing terms read

∆̃2/3
L,fi =

3∑
j=1

−NcΓL,b∗dj`f
ΓL,adj`i

128π2

(
2(2T̃ 2/3

ab − δab) log
(
µ2

M2
a

)
+ 6T̃ 2/3

ab − δab− 4T̃ 2/3
ab H1

(
M2
a

M2
b

))
,

(A.18a)

∆̃2/3
R,fi =

3∑
j=1

−NcΓR,b∗dj`f
ΓR,adj`i

128π2

(
2(2T̃ 2/3

ab + δab) log
(
µ2

M2
a

)
+ 6T̃ 2/3

ab + δab− 4T̃ 2/3
ab H1

(
M2
a

M2
b

))
.

(A.18b)

For the LQs with electric charge Q = −4/3 we have

∆−4/3
L,fi

(
q2) =

3∑
j=1

NcΓL,a∗dcj`f
ΓL,bdcj`i

864π2
q2

M2
a

[
3T̃−4/3

ab H2

(
M2
b

Ma

)

+ δab

(
3− 3iπ(2s2

w − 3) + 2s2
w + 3(2s2

w − 3) log
(
q2

M2
a

))]
, (A.19a)

∆−4/3
R,fi

(
q2) =

3∑
j=1

NcΓR,a∗dcj`f
ΓR,bdcj`i

864π2
q2

M2
a

[
3T̃−4/3

ab H2

(
M2
b

Ma

)

+ δab

(
2s2
w − 6iπs2

w + 6s2
w log

(
q2

M2
a

))]
, (A.19b)

with a, b = {1, 2} and

∆̃−4/3
L,fi =

3∑
j=1

NcΓL,a∗dcj`f
ΓL,bdcj`i

64π2

(
2(T̃−4/3

ab + δab) log
(
µ2

M2
a

)

+ 3T̃−4/3
ab + δab − 2T̃−4/3

ab H1

(
M2
a

M2
b

))
, (A.20a)

∆̃−4/3
R,fi =

3∑
j=1

NcΓR,a∗dcj`f
ΓR,bdcj`i

64π2 T̃
−4/3
ab

(
2 log

(
µ2

M2
a

)
+ 3− 2H1

(
M2
a

M2
b

))
, (A.20b)
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and for Q = 5/3

∆5/3
L,fi

(
q2)=

−NcΓL∗t`fΓLt`i
32π2

[
H0

(
m2
t

M2

)
− q2

9M2

(
1+7s2

w+4s2
w log

(
m2
t

M2

))]
, (A.21a)

∆5/3
L,fi

(
q2)=

2∑
j=1

−NcΓL∗uj`fΓLuj`i
1728π2

q2

M2

[
3−2s2

w+24iπs2
w−24s2

w log
(
q2

M2

)]
, (A.21b)

∆5/3
R,fi

(
q2)=

NcΓR∗t`fΓRt`i
32π2

[
H0

(
m2
t

M2

)
− q2

9M2

(
6−7s2

w+(3−4s2
w) log

(
m2
t

M2

))]
, (A.21c)

∆5/3
R,fi

(
q2)=

2∑
j=1

NcΓR∗uj`fΓRuj`i
1728π2

q2

M2

[
3+2s2

w−6iπ(4s2
w−3)+6(4s2

w−3) log
(
q2

M2

)]
, (A.21d)

with M2 = m2
2 + v2(Y22 + Y2).

For Z → νiν̄f with left-handed neutrinos only, we have for Q = −1/3 with (charge-
conjugated) down-type quarks

Θ−1/3
fi (q2) =

3∑
j=1

NcΓL,a∗dcjνf
ΓL,bdcjνi

864π2
q2

M2
a

[
3T̃−1/3

ab H2

(
M2
b

M2
a

)

+ δab

(
3− s2

w + 3iπ(3− 2s2
w)− 3(3− 2s2

w) log
(
q2

M2
a

))]

−
3∑
j=1

NcΓL,a∗djνf
ΓL,bdjνi

864π2
q2

M2
a

[
3T̃−1/3

ab H2

(
M2
b

M2
a

)

− δab

(
s2
w+ 6iπs2

w − 6s2
w log

(
q2

M2
a

))]
.

(A.22)

The LQ indices run like a, b = {1, 2, 3}. Analogously to Z → `−f `
+
i we have the Θ̃ terms,

originating from the LQ mixing

Θ̃−1/3
fi =

3∑
j=1

NcΓL,b∗dcjνf
ΓL,adcjνi

64π2 T̃
−1/3
ab

(
3 + 2 log

(
µ2

M2
a

)
− 2H1

(
M2
a

M2
b

))

−
3∑
j=1

NcΓL,a∗djνf
ΓL,bdjνi

128π2

(
2(2T̃−1/3

ab + δab) log
(
µ2

M2
a

)
(A.23)

+ 6T̃−1/3
ab + δab − 4T̃−1/3

ab H1

(
M2
a

M2
b

))
.

– 39 –



J
H
E
P
0
2
(
2
0
2
1
)
1
8
2

In case of Q = 2/3, we have the diagrams which include a heavy top quark

Θ2/3
fi (q2) =

NcΓL,b∗tνf
ΓL,atνi

32π2

[
m2
t

M2
a

[
T̃

2/3
ab H1

(
M2
b

M2
a

)
−δab

(
1
2 +log

(
m2
t

M2
a

))]

− q2

18M2
a

[
2T̃ 2/3

ab H2

(
M2
b

M2
a

)
−δab

(
3+12s2

w+8s2
w log

(
m2
t

M2
a

))]]

−
NcΓL,a∗tcνf

ΓL,btcνi
32π2

[
m2
t

M2
a

[
T̃

2/3
ab H1

(
M2
b

M2
a

)
+δab log

(
m2
t

M2
a

)]

− q2

18M2
a

[
2T̃ 2/3

ab H2

(
M2
b

M2
a

)
+δab

(
11−12s2

w+(6−8s2
w) log

(
m2
t

M2
a

))]]
,

(A.24)

and light up-type quarks

Θ2/3
fi (q2) =

2∑
j=1

−NcΓL,b∗ujνf
ΓL,aujνi

864π2
q2

M2
a

[
3T̃ 2/3

ab H2

(
M2
b

M2
a

)

+ δab

(
2s2
w + 12iπs2

w − 12s2
w log

(
q2

M2
a

))]

+
2∑
j=1

NcΓL,a∗ucjνf
ΓL,bucjνi

864π2
q2

M2
a

[
3T̃ 2/3

ab H2

(
M2
b

M2
a

)

− δab

(
3− 2s2

w + 3iπ(3− 4s2
w) + 3(4s2

w − 3) log
(
q2

M2
a

))]
.

(A.25)

The LQ indices take the values a, b = {1, 2, 3}. We finally have

Θ̃2/3
fi =

3∑
j=1

−NcΓL,b∗ujνf
ΓL,aujνi

128π2

(
2(2T̃ 2/3

ab + δab) log
(
µ2

M2
a

)
+ 6T̃ 2/3

ab + δab − 4T̃ 2/3
ab H1

(
M2
a

M2
b

))

+
3∑
j=1

NcΓL,a∗ucjνf
ΓL,bucjνi

64π2

(
2(T̃ 2/3

ab − δab) log
(
µ2

M2
a

)
+ 3T̃ 2/3

ab − δab − 2T̃ 2/3
ab H1

(
M2
a

M2
b

))
.

(A.26)

ForW → `−f ν̄i decays, our definition of the amplitude is given in eq. (4.16) and contrary
to eq. (4.17), we use

ΛW`fνi
(
q2) = ΛWSM(q2)δfi + Λqfi

(
q2)+ Λ̃qfi + Λq

c

fi

(
q2)+ Λ̃q

c

fi , (A.27)

where we choose to group the results by the fact whether a quark (q) or a charge-conjugated
quark (qc) runs in the loop. Because of obvious reasons, a grouping by representation is
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again not possible. We have

Λq
c

fi

(
q2)= Nc

64π2

[
m2
t

M2
b

ΓL,b∗tcνf
ΓL,btcνi+

m2
t

M2
a

[
ΓL,a∗tc`f

ΓL,atc`i−2V ∗3kΓ
L,a∗
tc`f

ΓL,adc
k
νi

log
(
m2
t

M2
a

)

−2B̃W2
ab ΓL,a∗tc`f

ΓL,btcνiH1

(
M2
b

M2
a

)]
+ 2q2

9M2
a

[
6V ∗3kΓ

L,a∗
tc`f

ΓL,adc
k
νi

(
1+log

(
m2
t

M2
a

))

+B̃W1
ca ΓL,c∗bc`f

ΓL,abcνiH2

(
M2
c

M2
a

)
+B̃W2

ab ΓL,a∗tc`f
ΓL,btcνiH2

(
M2
b

M2
a

)]]
,

(A.28)

and its massless case

Λq
c

fi

(
q2) =

2∑
j=1

Nc

576π2
q2

M2
a

[
4V ∗jkΓ

L,a∗
ucj`f

ΓL,adc
k
νi

(
log
(
q2

M2
a

)
− 1 + 3iπ

)

+ 2B̃W1
ca ΓL,c∗dcj`f

ΓL,adcjνiH2

(
M2
c

M2
a

)
+ 2B̃W2

ab ΓL,a∗ucj`f
ΓL,bucjνiH2

(
M2
b

M2
a

)]
.

(A.29)

The LQ indices a and b run from 1 to 3, while c = {1, 2}. In case of quarks in the loop
we have

Λqfi
(
q2) = Nc

64π2

[
m2
t

M2
b

(
ΓL,b∗tνf

ΓL,btνi − 2B̃W3
b ΓL∗t`fΓL,btνiH1

(
M2

M2
b

))
+ m2

t

M2 ΓL∗t`fΓLt`i

+
3∑
j=1

2q2

9M2
b

(
B̃W2
ab ΓL,b∗dj`f

ΓL,adjνiH2

(
M2
a

M2
b

)
+ B̃W3

b ΓL∗uj`fΓL,bujνiH2

(
M2

M2
b

))]
.

(A.30)

Here, the index b runs from 1 to 3. The Λ̃’s read

Λ̃q
c

fi = Nc

64π2

[(
2B̃W1

ca ΓL,c∗dcj`f
ΓL,adcjνi+2B̃W2

ab ΓL,a∗ucj`f
ΓL,bucjνi−2VkjΓL,a∗uc

k
`f

ΓL,adcjνi−ΓL,a∗dcjνf
ΓL,adcjνi

−ΓL,a∗ucj`f
ΓL,aucj`i

)
log
(
µ2

M2
a

)
−ΓL,b∗ucjνf

ΓL,bucjνi log
(
µ2

M2
b

)
−ΓL,c∗dcj`f

ΓL,cdcj`i log
(
µ2

M2
c

)
(A.31a)

+2B̃W1
ca ΓL,c∗dcj`f

ΓL,adcjνi

(
1−H1

(
M2
a

M2
c

))
+2B̃W2

ab ΓL,a∗ucj`f
ΓL,bucjνi

(
1−H1

(
M2
a

M2
b

))]
,

Λ̃qfi = −Nc

64π2

[(
2B̃W2

ab ΓL,b∗dj`f
ΓL,adjνi+ΓL,a∗djνf

ΓL,adjνi

)
log
(
µ2

M2
a

)
+ΓL∗uj`fΓLuj`i log

(
µ2

M2

)

+
(

2B̃W3
b ΓL∗uj`fΓL,bujνi+ΓL,b∗dj`f

ΓL,bdj`i+ΓL,b∗ujνf
ΓL,bujνi

)
log
(
µ2

M2
b

)
(A.31b)

+2B̃W2
ab ΓL,b∗dj`f

ΓL,adjνi

(
1−H1

(
M2
a

M2
b

))
+2B̃W3

b ΓL∗uj`fΓL,bujνi

(
1−H1

(
M2
b

M2

))]
,

again with a, b = {1, 2, 3} and c = {1, 2}.
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Next, we give the results for the Higgs decay into a pair of charged leptons, where
our amplitude is defined in eq. (4.22). Again, we sort the results by the charge eigenstate
contributions

ΥL(R)
`f `i

(q2) = δfi +
∑
Q

ΥQ
L(R),fi(q

2) + Υ̃Q
L(R),fi . (A.32)

In case of a heavy top quark in the loop, the results read

Υ−1/3
L,fi (q2) =

−NcΓR,a∗tc`f
ΓL,btc`i

64π2M2
a

mt

mfi

(
m2
t δabJt

(
q2

m2
t

,
m2
t

M2
a

)
− 4vΓ̃−1/3

ab H1

(
M2
b

M2
a

))
, (A.33a)

Υ5/3
L,fi(q

2) =
−NcΓR∗t`fΓLt`i

64π2M2
mt

mfi

(
m2
tJt

(
q2

m2
t

,
m2
t

M2

)
− 8v

2Y2√
2

)
, (A.33b)

with M2 = m2
2 + v2(Y22 + Y2).

In all the scenarios where q2 ≡ m2
h � m2

qj � m2
fi the Higgs mass gives the dominant

contribution

ΥQ
L,fi(q

2) =
∑
j

NcΓR,a∗qj`f
ΓL,bqj`i

64π2M2
a

mqj

mfi
J Qab(q

2) , (A.34a)

Υ5/3
L,fi(q

2) =
2∑
j=1

NcΓR∗uj`fΓLuj`i
64π2M2

muj

mfi
J 5/3(q2) , (A.34b)

with

J Qab(q
2) = q2δab

(
2 log

(
q2

M2
a

)
− 2iπ − 1

)
− 4vΓ̃QabH1

(
M2
b

M2
a

)
, (A.35a)

J 5/3(q2) = q2
(

2 log
(
q2

M2

)
− 2iπ − 1

)
− 8 Y2√

2
v2 . (A.35b)

In eq. (A.34a) the range of j depends on whether we have up- (j = {1, 2}) or down-type
(j = {1, 2, 3}) quarks in the loop, since we treat the top separately. Finally, we consider as
a last scenario mfi � mqj ∼ 0 and we have

ΥQ
L,fi = vNcΓ̃Qab

32π2

m`f

mfi

ΓL,a∗qj`f
ΓL,bqj`i

M2
a

J3

(
M2
b

M2
a

)
+ m`i

mfi

ΓR,a∗qj`f
ΓR,bqj`i

M2
b

J3

(
M2
a

M2
b

) , (A.36a)

Υ5/3
L,fi = −

√
2v2NcY2

64π2M2

(
m`f

mfi
λ2RL∗
jf λ2RL

ji + m`i

mfi
λ2LR∗
jf λ2LR

ji

)
. (A.36b)
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A.5 Higgs, Z and W boson coupling matrices

The Higgs-LQ interaction matrices Γ̃, used in eqs. (A.35a) and (A.33a), and Λ̃ expanded
up to O(v2/m2

LQ) read

Γ̃−1/3 ≈ 1√
2


2v
(
Y1 + |A2̃1|2

m2
1−m̃

2
2

)
A∗2̃1 v

(
2Y13 −

A2̃3A
∗
2̃1(m2

1+m2
3−2m̃2

2)
(m2

1−m̃
2
2)(m̃2

2−m
2
3)

)
A2̃1 Γ̃−1/3

22 A2̃3

v
(
2Y ∗13 −

A2̃1A
∗
2̃3(m2

1+m2
3−2m̃2

2)
(m2

1−m̃
2
2)(m̃2

2−m
2
3)

)
A∗2̃3 2v

(
Y3 + |A2̃3|2

m3−m̃2
2

)
 ,

with Γ̃−1/3
22 = 2v

(
Y2̃ −

|A2̃1|2

m2
1 − m̃2

2
− |A2̃3|2

m2
3 − m̃2

2

)
, (A.37a)

Γ̃2/3 ≈ 1√
2


2vY2 2vY2̃2 0
2vY ∗2̃2 2v

(
Y2̃ + Y2̃2̃ −

2|A2̃3|2
m2

3−m̃
2
2

)
−
√

2A2̃3

0 −
√

2A∗2̃3 2v
(
Y3 + Y33 + 2|A2̃3|2

m2
3−m̃

2
2

)
 , (A.37b)

Γ̃−4/3 ≈ Γ−4/3 , (A.37c)

and

Λ̃−1/3 ≈ 1
2


Y1 v

(
Y31A∗2̃3
m̃2

2−m
2
3

+ (Y2̃−Y1)A∗2̃1
m2

1−m̃
2
2

)
Y13

v
(
Y ∗31A2̃3
m̃2

2−m
2
3

+ (Y2̃−Y1)A2̃1
m2

1−m̃
2
2

)
Y2̃ v

(
Y31A2̃1
m̃2

2−m
2
1

+ (Y2̃−Y3)A2̃3
m2

3−m̃
2
2

)
Y ∗13 v

(
Y ∗31A

∗
2̃1

m̃2
2−m

2
1

+ (Y2̃−Y3)A∗2̃3
m2

3−m̃
2
2

)
Y3

 ,

(A.38a)

Λ̃2/3 ≈ 1
2


Y2 Y2̃2

√
2vY2̃2A2̃3
m̃2

2−m
2
3

Y ∗2̃2 Y2̃ + Y2̃2̃

√
2v(Y3−Y2̃−Y2̃2̃)A2̃3

m2
3−m̃

2
2√

2vY ∗2̃2A
∗
2̃3

m̃2
2−m

2
3

√
2v(Y3−Y2̃−Y2̃2̃)A∗2̃3

m2
3−m̃

2
2

Y3 + Y33

 , (A.38b)

Λ̃−4/3 ≈ Λ−4/3 . (A.38c)

Next, we will give the expressions for the weak isospin matrices TQ, expanded in terms
of v. They read in case of no LQ mixing

T−1/3 =

0 0 0
0 −1

2 0
0 0 0

 , T 2/3 =

−
1
2 0 0

0 1
2 0

0 0 1

 , T−4/3 =
(

0 0
0 −1

)
, T 5/3 = 1

2 , (A.39)

using the basis defined in eq. (2.10). A unitary redefinition of the LQ fields in order to
diagonalize the mass matrices in eq. (2.9) also affects the TQ matrices

T̃Q = WQTQWQ† . (A.40)

Note that the LQ field redefinition has no impact the electromagnetic interaction, since
the coupling matrix is proportional to the unit matrix and the WQ then cancel due to
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unitarity. If we use the perturbative diagonalization ansatz, we obtain

T̃−1/3≈


−v2|A2̃1|2

2(m2
1−m̃

2
2)2

vA∗2̃1
2(m̃2

2−m
2
1)

v2A2̃3A
∗
2̃1

2(m2
1−m̃

2
2)(m̃2

2−m
2
3)

vA2̃1
2(m̃2

2−m
2
1) −1

2 + v2

2

(
|A2̃1|2

(m2
1−m̃

2
2)2 + |A2̃3|2

(m̃2
2−m

2
3)2

)
vA2̃3

2(m̃2
2−m

2
3)

v2A2̃1A
∗
2̃3

2(m2
1−m̃

2
2)(m̃2

2−m
2
3)

vA∗2̃3
2(m̃2

2−m
2
3)

−v2|A2̃3|2
2(m̃2

2−m
2
3)2

 , (A.41a)

T̃ 2/3≈


−1

2
v2Y2̃2
m2

2−m̃
2
2

0
v2Y ∗2̃2
m2

2−m̃
2
2

1
2 + v2|A2̃3|2

(m̃2
2−m

2
3)2

vA2̃3√
2(m2

3−m̃
2
2)

0 vA∗2̃3√
2(m2

3−m̃
2
2) 1− v2|A2̃3|2

(m̃2
2−m

2
3)2

 , (A.41b)

T̃−4/3≈

 0
√

2v2Y ∗31̃
m2

3−m̃
2
1√

2v2Y31̃
m2

3−m̃
2
1
−1

 , (A.41c)

valid up to O(v2/m2
LQ). T 5/3 is not affected, since the LQ with charge Q = 5/3 does

not mix.

Analogously to the isospin coupling ot the Z boson, different LQ generations mix under
W interactions. Without LQ mixing, the interactions with the W boson can be written in
terms of the following matrices

BW1 =
(

0 0 0
0 0
√

2

)
, BW2 =

0 0 0
0 1 0
0 0 −

√
2

 , BW3 =
(
1 0 0

)
, (A.42)

arranging the LQ in their charge eigenstates according to eq. (2.10). BW1 describes the
interaction of LQs with electric charges Q = −4/3 and Q = −1/3, BW2 the ones with
Q = −1/3 and Q = 2/3, BW3 with Q = 5/3 and Q = 2/3. If we include LQ mixing, the
matrices expanded up to O(v2/m2

LQ), then read

B̃W1≈

 0 0 2v2Y ∗31̃
m̃1−m2

3√
2v2

m2
1−m

2
3

(
A2̃1A

∗
2̃3

m2
1−m̃

2
2
+Y ∗31

) √2vA∗2̃3
m̃2

2−m
2
3

√
2− v2|A2̃3|2√

2(m̃2
2−m

2
3)2

 , (A.43a)

B̃W2≈


0 vA∗2̃1

m2
1−m̃

2
2

√
2v2

m2
1−m

2
3

(
A2̃3A

∗
2̃1

m2
3−m̃

2
2
−Y31

)
v2Y ∗2̃2
m2

2−m̃
2
2

1− v2

2

(
|A2̃1|2

(m2
1−m̃

2
2)2−

|A2̃3|2
(m̃2

2−m
2
3)2

)
0

0 vA∗2̃3
m̃2

2−m
2
3

−
√

2− v2|A2̃3|2√
2(m2

3−m̃
2
2)2

 , (A.43b)

B̃W3≈
(

1 −v2Y ∗2̃2
m2

2−m̃
2
2

0
)
. (A.43c)
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A.6 4`

Besides the penguin diagrams, mediated by the off-shell photon and Z boson, we also have
the box diagrams. The matching results on `−i → `−f `

−
p `

+
r read

CV LLfipr = −Nc

256π2

[(
ΓL,a∗ucj`f

ΓL,bucj`iΓ
L,b∗
uc
k
`p

ΓL,auc
k
`r

+ ΓL,a∗ucj`p
ΓL,bucj`iΓ

L,b∗
uc
k
`f

ΓL,auc
k
`r

)
D2
(
m2
k,m

2
j ,M

2
a ,M

2
b

)
+
(
ΓL∗uj`fΓLuj`iΓ

L∗
uk`p

ΓLuk`r + ΓL∗uj`pΓ
L
uj`iΓ

L∗
uk`f

ΓLuk`r
)
D2
(
m2
k,m

2
j ,M

2,M2)
+
(
ΓL,a∗dj`f

ΓL,bdj`iΓ
L,b∗
dk`p

ΓL,adk`r + ΓL,a∗dj`p
ΓL,bdj`iΓ

L,b∗
dk`f

ΓL,adk`r
)
C0
(
0,M2

a ,M
2
b

)
(A.44a)

+
(
ΓL,a∗dcj`f

ΓL,bdcj`iΓ
L,b∗
dc
k
`p

ΓL,adc
k
`r

+ ΓL,a∗dcj`p
ΓL,bdcj`iΓ

L,b∗
dc
k
`f

ΓL,adc
k
`r

)
C0
(
0,M2

a ,M
2
b

)]
,

CV LRfipr = −Nc

128π2

[
ΓL,a∗ucj`f

ΓL,bucj`iΓ
R,b∗
uc
k
`p

ΓR,auc
k
`r
D2
(
m2
k,m

2
j ,M

2
a ,M

2
b

)
− 2ΓL,a∗tc`f

ΓL,atc`iΓ
R,b∗
tc`p

ΓR,btc`r
m2
tD0

(
m2
t ,m

2
t ,M

2
a ,M

2
b

)
+ ΓL∗uj`fΓLuj`iΓ

R∗
uk`p

ΓRuk`rD2
(
m2
k,m

2
j ,M

2,M2) (A.44b)

− 2ΓLt`fΓLt`iΓ
R
t`pΓ

R
t`rm

2
tD0

(
m2
t ,m

2
t ,M

2,M2)
+ ΓL,a∗dj`f

ΓL,bdj`iΓ
R,b∗
dk`p

ΓR,adk`r
C0
(
0,M2

a ,M
2
b

)
+ ΓL,a∗dcj`f

ΓL,bdcj`iΓ
R,b∗
dc
k
`p

ΓR,adc
k
`r
C0
(
0,M2

a ,M
2
b

)]
,

CS LLfipr = −Ncm
2
t

64π2

[
2ΓR,a∗tc`f

ΓL,btc`iΓ
R,b∗
tc`p

ΓL,atc`rD0(m2
t ,m

2
t ,M

2
a ,M

2
b )

− ΓR,a∗tc`p
ΓL,btc`iΓ

R,b∗
tc`f

ΓL,atc`rD0(m2
t ,m

2
t ,M

2
a ,M

2
b ) (A.44c)

+ ΓR∗t`fΓLt`iΓ
R
t`pΓ

L
t`rD0(m2

t ,m
2
t ,M

2,M2)
]
,

where CV RRfipr , CV RLfipr and CS RRfipr are obtained by simply exchanging ΓL ↔ ΓR.

A.7 2`2ν

Here we show the box contributions, induced by the Q = −1/3 and Q = 2/3 LQs. We
obtain for `−i → `−f νpν̄r

DL,pr
`f `i

= −Nc

64π2

[
ΓL,b∗ucj`f

ΓL,aucj`i
(
ΓL,a∗dc

k
νp

ΓL,bdc
k
νr
− ΓL,b∗dkνp

ΓL,adkνr
)
C0(m2

uj ,M
2
a ,M

2
b )

+ ΓL,b∗dk`f
ΓL,adk`i

(
ΓL,a∗ujνpΓ

L,b
ujνr − ΓL,b∗ucjνp

ΓL,aucjνr
)
C0(m2

uj ,M
2
a ,M

2
b )
]
, (A.45a)

DR,pr
`f `i

= −Nc

64π2

[
ΓR,b∗ucj`f

ΓR,aucj`i

(
ΓL,a∗dc

k
νp

ΓL,bdc
k
νr
− ΓL,b∗dkνp

ΓL,adkνr
)
C0(m2

uj ,M
2
a ,M

2
b )

+ ΓR,b∗dk`f
ΓR,adk`i

(
ΓL,a∗ujνpΓ

L,b
ujνr − ΓL,b∗ucjνp

ΓL,aucjνr
)
C0(m2

uj ,M
2
a ,M

2
b )
]
. (A.45b)
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