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We present the �rst lattice calculation of the B-meson binding energy � and of the kinetic energy �1=2mQ
of the heavy-quark inside the pseudoscalar B-meson. In order to cancel the ambiguities due to the ultraviolet

renormalons present in the operator matrix elements, this calculation has required the non-perturbative subtrac-
tion of the power divergences present in the Lagrangian operator �Q(x)D4Q(x) and in the kinetic energy operator
�Q(x) ~D2Q(x). The non-perturbative renormalization of the relevant operators has been implemented by imposing

suitable renormalization conditions on quark matrix elements in the Landau gauge.

1. Introduction

Among the quantities which cannot be pre-
dicted on the basis of the Heavy Quark E�ective
Theory (HQET) [1] there are several parameters
which characterize the dynamics of strong inter-
actions, such as the heavy quark binding energy
�, relevant for higher order corrections to the
semileptonic form factors, and the heavy quark
kinetic energy �1=2mQ, which enters in the pre-
dictions of many inclusive decay rates. Lattice
HQET o�ers the possibility of a numerical, non
-perturbative determination of these quantities
from �rst principles and without free parameters.
The parameter � denotes the asymptotic value

of the di�erence between the hadron and the
heavy quark \pole" mass mQ

� = lim
mQ!1

(MH � mQ) : (1)

It has been recently shown that the pole mass is
ambiguous due to the presence of infrared renor-
malon singularities [2]. At lowest order in 1=mQ,
the infrared renormalon ambiguity appearing in
the de�nition of the pole mass is closely re-
lated to the ultra-violet renormalon singularity
present in the matrix elements of the operator
�Q(x)D4Q(x). This singularity is due to the lin-

�Talk presented by G. Martinelli

ear power divergence of �Q(x)D4Q(x), induced
by its mixing with the lower dimensional oper-
ator �Q(x)Q(x). On the lattice the linear diver-
gence manifests itself as a factor proportional to
the inverse lattice spacing 1=a in the mixing co-
e�cient of the operator �Q(x)Q(x). In ref. [3], it
was stressed that these divergences must be sub-
tracted non-perturbatively since factors such as

1

a
exp

�
�

Z g0(a) dg0

�(g0)

�
� �QCD; (2)

which do not appear in perturbation theory, give
non-vanishing contributions as a ! 0. Renor-
malons represent an explicit example of non-
perturbative e�ects of this kind.
The matrix elements of the kinetic energy oper-

ator also contain power divergent contributions.
In this case, the origin of the divergences is
the mixing of �Q(x) ~D2Q(x) with the operator
�Q(x)D4Q(x), with a coe�cient that diverges lin-
early, and with the scalar density �Q(x)Q(x), with
a quadratically divergent coe�cient [3].
Following the non-perturbative method for

eliminating the power divergences proposed in ref.
[4], we have computed the \physical" values of �
and �1. This method will be explained in sec. 2.
By �xing the non-perturbative renormalization

conditions of �Q(x)D4Q(x) by using the heavy
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quark propagator in the Landau gauge, we found

�� = (232� 22� 30� 25)MeV (3)

where the �rst error is statistical and the others
systematic and will be explained in sec. 3.
In order to remove the power divergences from

the kinetic energy operator, we have imposed to
the relevant operator a renormalization condition
which corresponds to the \physical" requirement
hQ(~p = 0)j �Q(x) ~D2Q(x)jQ(~p = 0)i = 0. This
renormalization condition has been used to ex-
tract the values of the renormalization constants,
that have been obtained with a small statistical
error. Unfortunately, after the subtraction of the
power divergences, we were only able to obtain a
loose upper bound �1 < 1:0GeV2.

2. Non-perturbative de�nition of � and �1

The cancellation of the power divergences of
the operators �Q(x)D4Q(x) and �Q(x) ~D2Q(x) is
achieved by imposing appropriate renormaliza-
tion conditions on the quark matrix elements [4].
In numerical simulations, quark and gluon prop-
agators can be computed non-perturbatively by
working in a �xed gauge, typically the Landau
gauge [5]. On general grounds, we expect that
the heavy quark propagator, at lowest order in
1=mQ has the form

S(x) = �(~x) �(t)A(t) exp(��t); (4)

where S(x) = hS(~x; tj~0; 0)i,

S(~x; tj~0; 0) = �(~x) �(t) exp
�
i

Z t

0

A0(t
0)dt0

�

being the non-translational invariant propagator
for a given gauge �eld con�guration. h: : :i repre-
sents the average over the gauge �eld con�gura-
tions and A(t) is an unknown smooth function of

t, such that ln
�
A(t + a)=A(t)

�
! 0 as t ! 1.

The constant � is linearly divergent in 1=a and is
associated with the ultraviolet renormalon in of
the heavy-quark propagator. We can remove it
by using

Le� =
1

1 + �ma

�
�Q(x)D4Q(x) + �m �Q(x)Q(x)

�
;

which corresponds to the propagator

S0(~x; t) = �(~x) �(t)A(t) exp (�[� � �m] t): (5)

with

� �m �
ln(1 + �ma)

a
= lim

t!1
�m(t) =

lim
t!1

1

a
ln

�
S(~x; t+ a)

S(~x; t)

�
!�� + O(

1

t
): (6)

We are now in a position of de�ning the renor-
malized binding energy � using E , the bare \bind-
ing" energy usually computed from the two point
heavy-light meson correlation functions [6]

C(t) =
X
~x

h0j �Q(~x; t)�q(~x; t) �q(~0; 0)�Q(~0; 0) j0i

! Z2 exp(�Et) (7)

Thus

� � E � �m ; (8)

The renormalized kinetic operator, free of
power divergences has the form

�Q(x) ~D2
RQ(x) = �Q(x) ~D2Q(x)�

C1

a
(9)

�
�Q(x)D4Q(x) + �m �Q(x)Q(x)

�
�
C2

a2
�Q(x)Q(x);

where the constants C1 and C2 are a function of
the bare lattice coupling constant g0(a). In or-
der to eliminate the quadratic and linear power
divergences, a possible non-perturbative renor-
malization condition for �Q(x) ~D2

R Q(x) is that its
subtracted matrix element, computed for a quark
at rest in the Landau gauge, vanishes hQ(~p =

0)j �Q(x) ~D2
RQ(x)jQ(~p = 0)i = 0: This is equiva-

lent to de�ning the subtraction constants through
the relation

R~D2(t) � C1 + C2 t =

Pt

~x;~y;t0=0 hS
0(~x; tj~y; t0) ~D2

y(t
0)S0(~y; t0j~0; 0) iP

~x hS
0(~x; tj~0; 0i

(10)

By �tting the time dependence of R~D2(t) to eq.
(10), one obtains C1;2. The relation between the



4

Figure 1. E�ective mass of the heavy-quark prop-
agator SH (t) as a function of the time. The curve
represents a �t of the numerical results (in the im-
proved case) to the expression given in eq. (12).

mass of the meson and the mass of the quark to
order 1=mQ is then given by

MH = mQ + E � �m +
�1 �C2

2mQ

+O(
1

m2
Q

) (11)

Notice that only the constant C2 enters the eq.
(11) because C1 is eliminated by using the equa-
tions of motions.

3. Numerical implementation of the renor-

malization procedure

The non-perturbative, numerical renormaliza-
tion of �Q(x)D4Q(x) and �Q(x) ~D2Q(x) has been
performed by using the heavy quark propaga-
tors and matrix elements computed on a statisti-
cal sample of 36 gluon con�gurations, generated
by numerical simulation on a 163 � 32 lattice at
� = 6:0. The heavy-light meson propagators have
been computed using the improved SW-Clover
action [7] for the light quarks, in the quenched ap-
proximation. For the binding energy E we made
use of the high statistics results obtained by the
APE collaboration at � = 6:0, using the Wilson
[8] and the SW-Clover action [9].
In �g. 1, we present the values of �m(t) as a

function of time. Inspired by one loop perturba-
tion theory at small values of a=t, we made a �t

Figure 2. The ratio R~D2(t) as a function of the
time. The linear �t is also given.

to �m(t) using the expression

a �m(t) = a �m + 
a

t
; (12)

where �m and  are the parameters of the �t. We
have also used di�erent expressions to �t �m(t)
and changed the interval of the �ts in order to
check the stability of the value of the results. Our
best estimate of the mass counter-term is

a �m = 0:50� 0:01� 0:02 (13)

where the �rst error is statistical and the sec-
ond the systematic one from the di�erent extrap-
olation procedures. In order to evaluate �, we
have used the results of the high statistics calcu-
lations of E given in refs. [8,9]. They obtained
a EW = 0:600(4). with the Wilson action and
a ESW = 0:616(4) in the Clover case. The di�er-
ence between the results obtained with di�erent
actions ESW � EW = (0:616 � 0:600) a�1 � 30
MeV give us a conservative estimate of O(a) ef-
fects in the determination of this quantity.
We are now ready to present our prediction for

�. Using �m from eq. (13) and the SW-Clover
determination of E , we quote

� = (232� 22� 30� 25)MeV; (14)

where the �rst error is the statistical one, the sec-
ond is our estimate of O(a) e�ects and the third
comes from the calibration of the value of the lat-
tice spacing.
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In �g. 2, we plot R~D2(t), as de�ned in eq. (10),
as a function of the time t. The numerical results
are in remarkable agreement with the predicted
linear behaviour. We notice that the constant C2

is obtained, with a modest sample of con�gura-
tions, with a precision of � 5%. In order to com-
pute �1, we have also computed the three-point
correlation functionX
~x;~y

h0j J(~x; t)
h
�Q(~y; t0)~D2

yQ(~y; t
0)
i
Jy(~0; 0) j0i =

C~D2(t; t
0)! Z2 �1 exp(�(E � �m) t) (15)

for su�ciently large euclidean time distances t0

and jt � t0j. Therefore, we can determine �1 by
taking the ratio

R(t; t0) =
C~D2(t; t0)

C(t)
! �1 (16)

as usually done in numerical simulations. We
have obtained the unrenormalized value a2 �1 =
�0:75� 0:15, and hence

a2 �1 � C2 = 0:06� 0:15: (17)

From the above result, we can at most put a loose
upper bound j�1 �

C2

a2
j < 1:0GeV2

We have shown that lattice numerical simula-
tions give the opportunity of de�ning unambigu-
ously the important phenomenological parame-
ters � and �1. By matching the full to the ef-
fective theory, this will allow more accurate theo-
retical predictions of quantities relevant in heavy
avour physics.
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