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A Triangle Singularity as the Origin of the a;(1420)
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The COMPASS experiment recently discovered a new isovector resonance-like signal with axial-
vector quantum numbers, the a1(1420), decaying to fo(980)w. With a mass too close to and a
width smaller than the axial-vector ground state a;(1260), it was immediately interpreted as a new
light exotic meson, similar to the X, Y, Z states in the hidden-charm sector. We show that a
resonance-like signal fully matching the experimental data is produced by the decay of the a1 (1260)
resonance into K*(— Km)K and subsequent rescattering through a triangle singularity into the
coupled f((980)7 channel. The amplitude for this process is calculated using a new approach based
on dispersion relations. The triangle-singularity model is fitted to the partial-wave data of the
COMPASS experiment. Despite having less parameters, this fit shows a slightly better quality than
the one using a resonance hypothesis and thus eliminates the need for an additional resonance in
order to describe the data. We thereby demonstrate for the first time in the light-meson sector
that a resonance-like structure in the experimental data can be described by rescattering through a

triangle singularity, providing evidence for a genuine three-body effect.

Quantum chromodynamics is generally accepted as
the fundamental quantum-field theory of the strong in-
teraction. How exactly the spectrum of bound states
(hadrons) emerges from the underlying interaction be-
tween quarks and gluons is, however, not yet understood.
The main difficulty is the rise of the strong coupling at
the low-energy scale relevant for hadrons, which makes
the theory unsolvable with perturbative methods. Al-
though the constituent-quark model [1-3] describes many
of the observed mesons, it seems that the spectrum is no-
tably richer: there is growing experimental evidence for
bound states beyond the constituent-quark model. Such
states are commonly called exotic [4-9]. In addition to
mapping out the full spectrum predicted by models and,
more recently, by lattice gauge theory [10], the search for
such exotic states drives the current interest in hadron
spectroscopy.

The study of single-diffractive reactions with a high-
energy meson beam, as performed by the COMPASS ex-
periment at the CERN SPS [11, 12], is a natural way
to investigate meson excitations (for a recent review,
see [13]). In such reactions, at high energies commonly
described by the exchange of a Pomeron IP, the incom-
ing beam particle is excited by the strong interaction
with a proton target. Regge theory then allows us to
factorize off the target vertex, such that we only con-
sider the beam vertex. Although the produced excited
system immediately decays, the reaction products un-
veil the properties of the excitation. An unprecedented
amount of data comprising almost 50 million events for
the reaction 7~ 4+ p — 7~ 7~ 7 + p were used by COM-
PASS to perform a detailed analysis of 7 ; and a; mesons
with isospin I = 1, negative G-parity, and positive C-
parity implied by G = C(—1)!. The partial-wave analy-
sis (PWA) technique in connection with the isobar model
was used to separate excitations with different quantum

numbers, see [13, 14] for details. Individual waves are
labeled J¥¢ M€ ¢r L, where J is the total angular mo-
mentum of the 3-pion system, P the spatial and C the
charge-conjugation parity. The quantum number M la-
bels the projection of the spin J onto the direction of the
beam in the rest frame of 7~7 71, and € indicates the re-
flection symmetry with respect to the production plane.
At the high center-of-momentum energies of the experi-
ment, the reflectivity quantum number € corresponds to
the naturality of the exchanged particle and is hence al-
ways positive for Pomeron exchange. The orbital angu-
lar momentum between the neutral system of two pions
(isobar) and the remaining pion is denoted by L. The
symbol £ labels the assumed isobar, i.e. the interaction
amplitude in the neutral mm-subchannel.

A PWA including 88 waves in total was performed sep-
arately in 100 bins of the 37 invariant mass mg, and
11 bins of the reduced 4-momentum transfer squared
t' (see Eq. (6) in [14]). The results are summarized in
Fig. 1(a), where we show the intensities of selected waves
as a function of mg,, summed over all ¢’ bins. Among
many important observations, an exotic resonance-like
signal with quantum numbers J©¢ = 17* was found in
the 17+ 0% for P-wave as a clear peak at 1.4 GeV /c? [15]
(see inset of Fig. 1(a)). The resonance-like behavior was
corroborated by the observed phase motion, i.e. a mass-
dependent relative phase with respect to several other
reference waves. Extensive studies, also using the “freed-
isobar” method [16], undoubtedly confirmed the signal
and proved that it was not an artifact of any particular
isobar parametrization [14]. Following the PDG conven-
tion, the signal was called a1 (1420) according to its quan-
tum numbers 1¢(JP¢) = 17 (1*F). Tt was immediately
realized that it could not be an ordinary quark-model me-
son resonance: (i) with about 150 MeV/c?, its width is
much smaller than that of the axial-vector ground state
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FIG. 1. (a) Intensities of selected waves from the PWA of the reaction 7~ +p — 7~ 7~ 7" +p [14]. The inset shows an enlarged
view of the 170" fom P-wave. The colored bar on the left indicates the contributions of the different waves to the total
intensity. (b) Diagrams showing possible contributions to the p(770)7 and fo(980)7 production amplitudes. The Pomeron is
labeled IP, ai refers to the axial-vector ground state a1(1260), and a2 to the tensor ground state a2(1320). The framed diagram
shows the dominant contribution to the a1(1420) signal via the triangle diagram.

a1(1260) of about 500MeV /c?; (ii) the signal is sepa-
rated from the ground state by only about 150 MeV /c?,
whereas the energy difference between different radial ex-
citation levels is typically 400 MeV /c? as estimated based
on the slope of the radial excitation trajectory [17, 18];
(iii) so far, the a;(1420) was seen only in the fy(980)7
final state.

Various interpretations followed the a1 (1420) observa-
tion [19-23], requiring or not a new resonance. Res-
onances are consistently introduced in general scatter-
ing theory [24], where the reaction amplitude is an an-
alytic function of the total energy squared s that is re-
garded as a complex number; they are found as poles
on the unphysical sheet of the complex s-plane attached
to the real axis from below. In explanations involving
either diquark-antidiquark molecules or tightly bound
tetraquarks, the observed signal, i.e. peak and phase
motion, is caused by a pole-type singularity located on
the closest sheet. Alternatively, a so-called triangle-
singularity (T'S) mechanism [24-26] was proposed as the
mechanism behind the a1(1420) signal [19]. Here, a log-
arithmic branch point caused by a coupled-channel ef-
fect, particularly by the K* K- fyr interaction, is located
near the physical region on the closest unphysical sheet.
The other proposed model [23, 27] that does not require
a new resonance pole, combines resonant and nonreso-
nant production mechanisms resulting in a peak in the
1T+ 0F for P-wave. However, the generated phase mo-
tion is at the position of the a;(1260) resonance, which
is inconsistent with observation.

In this Letter, we interpret the COMPASS data in
terms of the triangle-singularity model based on a new
method for the calculation of the amplitude. The calcu-
lation implements the proposal of [28] exploiting the uni-

tarity and analyticity properties of the amplitude. The
new model goes beyond [19] by incorporating spin in a
more systematic way and allowing us to address higher-
order rescattering effects. To our knowledge, this is the
first time that the T'S model, mimicking a resonance sig-
nal, is fitted successfully to experimental data in the
light-meson sector describing both intensity and phase
motion simultaneously. Comparable studies in the heavy-
quark sector, see e.g. [7, 29, 30], were performed on a
much smaller statistical basis.

The dynamics of a hadronic three-body system is com-
monly understood in terms of quasi two-body interac-
tions with subchannel resonances £ decaying further into
pairs of final-state particles. Often, however, the same
final state can be obtained through several decay chains
when the two-particle interaction is non-negligible for
different particle pairs [31, 32]. Different decay chains
are coherent, hence they interfere. The unitarity of the
scattering matrix enforces a consistency relation between
the different chains [33-35]. This relation makes the line
shapes of the resonances in a particle pair in a system of
three particles dependent on the dynamics in the other
pairs [36-39]. An equivalent way of describing this in-
terrelation between pair-wise interactions is to state that
the cross-channel two-body resonances in the 7w, Km
and K K systems rescatter to one another, thereby mod-
ifying the original undistorted line shapes. In addition,
the probabilities for a three-body resonance decaying to
one or another channel may be redistributed due to final-
state interaction [40, 41]. The latter effect is strongly
enhanced for certain kinematic conditions [24, 42] and
produces the observed resonance-like signal in the case
considered here.

We find that the presence of the K*(892) resonance



(hereafter referred to as K*) in the K K channel drasti-
cally affects the fp(980)7 channel, since the rescattering
between K* — Km P-wave and KK — f3(980) — 77 S-
wave occurs with all intermediate particles being almost
on their mass shell for ms, ~ 1.4GeV/c?, i.e. slightly
above the K*K threshold [19]. This effect does not dis-
turb the narrow line shape of the f;(980), but it leads to
a significant redistribution of the a;(1260) decay proba-
bilities. The originally negligible f,(980)m P-wave decay
channel is populated by the rescattering from the K*K
decay locally around 1.4 GeV /c?%.

Our calculation of the TS amplitude is reminiscent
of the Khuri-Treiman (KT) equation first developed in
1960 [33-35]: the dispersion relation and two-body uni-
tarity are used to connect the isobar amplitude with
the partial-wave projection of the cross channels. By
F‘;{Vl ' we denote the production amplitude of a three-
particle system (123) with a given set of quantum num-
bers W, the invariant mass squared s = m3., and
the isobar formed by particles 2 and 3 (hereafter la-
beled {1} using indices in curly brackets) with invariant
mass squared oy = (p2 + p3)®. We write the disper-
sion relation for the kinematic-singularity-free amplitude
F‘;{‘}}<S,U{1})/K‘;}}(S,0’{1}) with K{E‘}} being the break-
up momentum for the fom system required for the P-
wave [43]:

Fi (s,001y) = K&t (s,019) <C§V1}(s) (1)

1 o pu(0) B (s,0)
+ — ! —do |.
omw Ky’ (s,0)(0 —oqy — ie)

27rw

Here, the indices W and w refer to the full set of quan-
tum numbers labeling a given wave. For the fom P-wave
considered in this paper, the term Cé[}}(s) parametrizes
the three-body production dynamics and the decay into
the given final state W. It includes the direct production
of the a1(1260) resonance and a term for the nonreso-
nant production that is further described below. The
sum runs over all possible cross channels with quantum

numbers w. In the dispersion integral, p, (o) is the 2-

body phase-space factor, and Fl;{vli(s,a) is the projec-

tion of the cross channel {3}, i.e. the isobar formed by
particles 1 and 2, with quantum numbers w onto chan-
nel {1} with quantum numbers W. We do not expect
isobars in channel {2}, formed by, e.g., K~7~, K7~
or 7~ 7w~ . We note an important difference to the orig-
inal KT equation. The latter constrains the subchannel
dynamics in the three-body system. The total invariant
mass of the system is treated as a fixed parameter in
the model. In 1965, Aitchison suggested that this para-
metric dependence is actually physical and represents the
three-body interaction [32]. In [28], the authors demon-
strated that the KT kernel can be used to separate the
genuine three-body dynamics from the final-state inter-

action. Correspondingly, in Eq. (1) the direct decay of

a1(1260) enters in C‘a}}(s), while the s-dependent disper-
sion integral adds the rescattering corrections. Assuming
that modifications of the line shapes of the cross-channel
resonances due to rescattering are negligible, we find that
the K*K channel produces a narrow peak and a strong
phase motion at the mass of the a;(1420) due to the TS
being very close to the physical region, while all other
possible rescattering corrections, which we investigated,
manifest themselves in a broad bump and a slow phase
motion similar to the direct decay and the nonresonant
background (see [43]).

For a fit of the TS model to the COMPASS spin-
density matrix elements [44], referred to below as the
data points, we choose the three waves depicted in
Fig. 1(b), which constitute the dominant contributions
to the pm and fym production amplitudes: (i) the
1t+0F pr S-wave describes the source of the rescatter-
ing process, since its largest contribution comes from
the a1(1260). This wave also contains a significant con-
tribution from nonresonant “Deck”-like processes [45];
(i) the 1T10" for P-wave contains the a;1(1420) sig-
nal; (iii) the 2t 1% pr D-wave exhibits a clean a2(1320)-
resonance and is included in order to fix the relative
phases and stabilize the fit. In general, there are two
components for each wave in the model: a resonance am-
plitude, i.e. a propagator that contains a pole (in this
case either the a1(1260) or the a3(1320)), and a com-
ponent with t-channel 7w exchange accounting for non-
resonant processes. We parametrize the a1(1260) prop-
agator by a relativistic Breit-Wigner (BW) amplitude
with energy-dependent width saturated by the pm de-
cay channel [46]. For the resonance part of the pm D-
wave we employ the as(1320) propagator parametrized
by a BW amplitude with dynamical width including the
pm (80%) and nm (20%) channels, as discussed in [46].
The nonresonant background is added coherently to each
wave. We use an empirical parametrization given by
(max/mo — 1)® exp[—(co + c1t’ + cat’)p?], where p is
an effective break-up momentum for the decay into £m at
the given mg, value, taking into account the finite width
of the isobar £ and the Bose symmetry of the system, and
mo = 0.5GeV/c? (see Egs. (27) and (29) in [46]). For
the model calculations, the t' value is fixed to the lower
edge of the respective bin. For the fym P-wave, the res-
onance part of the production amplitude is modified by
the K*K — fom-rescattering via the TS. As the direct
decay of the a1 (1260) to the fo final state has a very slow
phase motion and a similar shape as the phenomenolog-
ical parametrization of the nonresonant part due to the
limited phase space (see [43] for details), the fit cannot
distinguish between the two components. Therefore, this
additional component is only considered for systematic
studies.

The free parameters of the model, i.e. the t-dependent
complex couplings, the background parameters b and ¢;,



as well as the t'-independent BW parameters, are deter-
mined by a fit to the COMPASS data points in ms, and ¢/
bins. We note that there are no free parameters influenc-
ing the line shape of the TS amplitude, while the strength
and the background parameters are adjusted in the fit.
As explained in more detail in [46], the data points y;
to be fitted are the intensity and the real and imaginary
parts of the interference terms for the 3 selected waves
inside the chosen mg, ranges (indicated in Fig. 2) for all
11 ¢ bins. The fit is performed by minimizing the sum of
the squared differences between data points y; and model
prediction g;, weighted by the inverse squared statistical
uncertainties:

Yyi — i)°
R? = Z (02) (2)
K3

Figure 2 shows the result of the TS model fit in the
lowest ' bin, selecting only the fom P-wave (full lines).
The fit results for all three waves in all 11 ¢’-bins can be
found in [43]. Panel (a) shows the intensity of the fom P-
wave and panel (b) the relative phase to the pm S-wave,
both as a function of ms,. The resonance-like behav-
ior of the TS amplitude is most evident from the circle
in the Argand diagram in panel (c). The nonresonant
background (green arrows) helps to slightly adjust the
position of the circle. Since the phase of the background
component does not change with mg,, all green arrows
are parallel.

In order to evaluate the quality of the TS model fit, we
also perform a fit to the data using a simple BW descrip-
tion of the aq(1420) signal instead of the TS amplitude.
This is accomplished by replacing the T'S parametrization
of the fom P-wave by a relativistic BW amplitude with
free mass and width parameters assuming the a;(1420)
being a genuine new resonance. We use a constant-width
parametrization since further decay modes of this hypo-
thetical new particle are unknown. Figure 2 shows that
the fits with the BW model (dashed) and the T'S model
(solid) are of very similar quality. Both models are capa-
ble of describing the intensities as well as the correspond-
ing interference terms. For a quantitative comparison,
one can use the quantity defined in Eq. (2). The biggest
contribution comes from the pr S and pr D-waves. Since
the description of these two waves is very similar in both
fit models, we can omit them for the comparison of the
fit quality. In addition, we can exclude one of the two
remaining phases of the interferences, since they depend
linearly on one another. Defining Rfed as the reduced
weighted sum of the remaining residuals squared divided
by the number of degrees of freedom, where only the fit
parameters specific to the fym P-wave are taken into ac-
count, we arrive at a value of Ry 4 pg = 4.8 for the TS
and R?ed,BW = 5.2 for the BW model. The values in-
dicate that the two fits have comparable quality. The
advantage of the TS model is that it has two fit param-

eters less, since it does not require a new particle with
corresponding mass and width.

To study the stability of the result, we investigate a
wide range of sources of systematic uncertainties, both
with respect to changes of the model and to changes of
the data points. We perform fits where the data points y;
are varied according to systematic studies for the PWA
in bins of mass and t’, published in [14]. These include
using a smaller wave set, removing negative reflectivity
waves, relaxing the event selection, using a model with
relaxed coherence assumption (see [14] for details) or
changing the parametrization of the f,(980). In an addi-
tional study, we use the result of a statistical reanalysis of
[14] applying the bootstrap technique [47]. Also, we con-
sider several variations in the fit model for the TS: (i) a
fit with non-Bose-symmetrized phase space; (ii) neglect-
ing the spins of the particles involved (similar to [19]);
(iii) including the excitations a1(1640) and a2(1700) in
the pm S and pm D waves, respectively (mass and width
fixed to the values from the PDG [1]); and (iv) varying
mass and width of the K™* resonance according to their
uncertainties [1] in order to estimate the effect of fur-
ther rescattering. The TS model systematically yields a
slightly smaller R? ; than the BW model [43].

In summary, we have shown that the recently discov-
ered resonance-like signal a;(1420) can be fully explained
by the decay of the ground state a;(1260) into K*K
and subsequent rescattering through a triangle singular-
ity into the observed final state fy(980)7 without the
need of a new genuine a; resonance. The effect of the
triangle singularity, which is expected to be present, is
sufficient to explain the observation.
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THE CROSS-CHANNEL PROJECTION INTEGRAL

The contribution to the dispersion term for the .J PO = 1++ fym P-wave in Eq. (1) that manifests the peaking
structure from TS is the K* K S-wave. It reads:

1 /°° (@) FLD L g s(s:0) ) 1
— o 7
21 Jamz k(s,0)(0 — o1y —ig) VI + k(5,001 R2

(1)

F}Uljp(s,a{l}) = k(s,001) (cé;}(s) +

where k(s,0) = \/A(s,0,m2)/(4s), the phase space factor pgz(c) = /A(o,m%,m%)/(8wc), and A is the Kallén
function, \(x,y,2) = 22+ 9%+ 2% — 2(xy+yz +zx). To limit the growth of the P-wave amplitude, we add a customary
Blatt-Weisskopf barrier factor [? ? | with the size parameter R = 5GeV~!. The projection integral reads:

Bk s(s.00) = ~ / e Q5. \/71, \/73) dors
for PR S\ A(s, 01, m2) /Ao, m%,mZ%) Jom(s.00) (VO3 + /5 —m3)(\/G5 + /5 +m3) Dg-(03)’

where we integrate over the phase space of the K K7 system with o3 = m?(K) and o; = m?(KK). The integration
limits as calculated as follows:

(2)

of(s,00) =m%k +m2 +(s—oy —m2)/2+ \/)\(s, o1, m2)A(o1, m%,m%)/(201) . (3)

Beyond the physical region, we use analytic continuation with the s — s+ e prescription [? ]. The function Q(z,y, 2)
is polynomial in z, y, and z and arises from the product of Wigner d-functions (see Eq. (B12) in Ref. [? ]),

Q(z,y,2) = mim3 + miz? + 2mizz + miz? — m2m3m?2 — 3mimiz? — 2mimizz (4)

+mimiz? + m%m%xz + 4m?m§xz — m%m%yz + m%mgzz —2m2a3z

+miz?y? — 2m3a?2? — 2mizy?z — 2mixz® — mix?

— 3m?y2z2 - m%z4 - m%m%xz + mgmng + m%:ﬂ‘l - m§x2y2

3 2,2.2 2,22

—3miz?? + 2m3x2 +2mixy?z — 2m3x®z — m3y? 2 + mix?z

- m§y222 +at2? — 3229222 4+ 222t — 2wy?23 + 20323 + 2027 + 2t
with m; = my, and ms = mg = mg. The term Dk (03) is the denominator of the K scattering amplitude, i.e.

DK* (0'3) = m%* — 03 — mK*FK* (ZK* (0'3) — Re E(m%{*))/ImZK* (m%{*) . (5)

We ensure the correct analytic structure using the Chew-Mandelstam function ¥(o3) for the absorptive term [? 7 |.
Note that Im X(03) = \/A(o3,m2, m3.)/(167a3).

OTHER TRIANGLES AND THE DIRECT DECAY

Figure 1 shows the ms, dependence of the f,(980)7 isobar production amplitude for different individual cross
channels w. The blue lines represent the TS in the K K channel with the K* resonance. The full blue line is the
result of the new partial-wave projection method, Eq. (1) of the main text, taking into account the spins of all particles
involved. The dashed blue line labeled “(scalar)”, as well as all other dashed lines, are obtained by calculations using
the Feynman method from Ref. [? ] assuming that all particles are spinless. The curves shown in dashed gray
correspond to the rescattering effects of the various w7 resonances in the cross channel. For the calculation we assume
that modifications of the lineshapes of the cross-channel resonances due to rescattering are negligible. It can be seen
that the K*K channel produces a narrow peak and a strong phase motion at the mass of the a1(1420) due to the
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FIG. 1. (a) Intensities and (b) phases of the fom P amplitude produced from different sources. The ms, dependence is shown
for the fo(980) subchannel invariant mass fixed to the nominal resonance mass of 990 MeV /c?. See text and Refs. [? ? | for
details on the calculations and the descriptions of the parameterizations of the isobar and resonance amplitudes. The intensities
in panel (a) are relative to the maximum intensity of the K*K channel, with the couplings in each vertex set to unity. Note
that the intensity of the K* K triangle graph (blue lines) was scaled down by a factor of 20. In panel (b) we also include the
phase from Ref. [? ] (purple line). Its inflection point is at a mass of approximately 1.25 GeV/c?. See text for details on the

different curves.

TS being very close to the physical region, while all other channels including the direct decay and the non-resonant
background (Bgd) manifest themselves in a broad bump and a slow phase motion. As the direct decay of the a1 (1260)
to the fym final state has a very slow phase motion and a similar shape as the phenomenological parameterization
of the non-resonant part (compare the red and green curves in Fig. 1), the fit cannot distinguish between the two
components. The direct decay of the a1(1260) to fom can hence be omitted.

SYSTEMATIC STUDIES

We investigate several sources of systematic uncertainties including variations of the fit model and uncertainties of
the mass-independent PWA. We perform fits where the COMPAS data points of the main text are varied according
to systematic studies for the PWA in bins of mass and ¢’ (see Ref. [? ]). Figure 2 compares the quantity R2,, as
defined in Eq. (2) of the main text, for the T'S model and the model using a simple Breit-Wigner amplitude for the
a1(1420), for the various studies. These include using a smaller wave set (“53 waves”), removing negative-reflectivity
waves (“no neg. waves” ), relaxing the event selection (“coarse ev. sel.”), using rank 2 instead of rank 1 (“rank 2”), and
changing the parameterization of the f(980) (“fo(980) BW”, “(nm)s K1”). In an additional study, we use the result
of a statistical re-analysis of [? | applying the bootstrap technique [? ] (“bootstrap”). Also, we consider several
variations of the fit model for the TS: (i) a fit with non-Bose-symmetrized phase space (“non-sym. ph. sp.”); (ii)
neglecting the spins of the particles involved (similar to Ref. [? ], “scalar TS”); (iii) including the excitations a;(1640)
and a3(1700) in the pm S and pw D waves, respectively (masses and widths fixed to the values from the PDG [? ],
“excited res.”); and (iv) we estimate the effect of further rescattering by varying mass and width of the K* resonance
according to their uncertainties [? | (“K* parameters”). We see from Fig. 2 that the TS model systematically yields
a slightly smaller R? ; than the Breit-Wigner model.
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main fit shown in Fig. 2 in the main text, is represented by the red cross, the gray dashed line indicates Rfed,BW = Rfed,TS~
Blue crosses correspond to systematic studies using different data points and green dots show the fit results with a modified
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of the bootstrap analysis is shown by the filled ellipses which cover 68 %, and, 95 % of the obtained sample, respectively; the
fit to the bootstrap-sample mean is represented by the brown point.



FIT RESULT FOR ALL ¢ BINS

Figures 3 — 13 show the spin-density matrix elements (SDMEs) of the three waves selected for the model fit (data
points) and the fit results of the TS model for all #'-bins. The full fit model (red) is decomposed into signal (blue)
and background (green) as described in the main text. The intensities are plotted on the diagonal and the complex
phase of the interference parts on the off-diagonal. The 3 rows as well as the 3 columns correspond to the 17 +0% prnS,
170% for P, and 27+ 1% pr D-waves.
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FIG. 3. Spin-density matrix elements of the 3 waves selected for the TS model fit and the corresponding fit results, both shown
for the first (lowest) bin of . The SDMEs as a function of ms. are visualized in the form of a 3 x 3 upper-triangular matrix of
graphs with the partial-wave intensities on the diagonal and the relative phases between the partial waves on the off-diagonal.
Black crosses correspond to the result of the PWA in bins of m3, and ¢’ from Ref. [? ] with statistical uncertainties indicated
by vertical lines. The data are overlaid by the TS model curve (red), the contributions from signal (blue) and non-resonant
background (green). The ms, fit range is indicated by the color saturation of data points and fit result. Regions indicated by
lower color saturation were not included in the fit; the model curves in these regions are extrapolations.



06 08 1 12 14 16 18 2 22 24 06 08 1 12 14 16 18 2 22 24 06 08 1 12 14 16 18 2 22 24
1 1 1 1 1 1 1 1 1 1 _I 1 1 _I 1 1 1 1 1 1 1 1 1 0
200000F- 3 3 150
- ++Nt E E o
E 170 pT[S E - E
150000~ E j_ E
& 100000E 3 B E o
S o
0 £ E EL E 00
= 50000 E i E B
o r E E-1500,
N r F F E
~— 1 | | o il | wil| 1 1 1 1 1 1 1 1 1 o
5 06 08 1 12 14 16 18 2 22 24 g p— E g
= m, (GeV/c?) I E I E150 &
L 10" f E ] 1 E =S
% 2000F 170" f,mP E E100 @
L E ] E =
k] L E 0w
- E Jo)
x L E o
E 1000 3 =
z [ E 100
i AE . -150
C T \.I o 1I :I 1 1 1 1 1 1 1 1 1
06 08 12 14 16 18 22 24
m, (Gev/c?) I
- ++q+
[ 271 pnD
40000~
0.113< t'/ (GeV/cy’ < 0.127 3
tp - Ttp (COMPASS 2008) [
mass-independent fit 20000 L
fit model 3
signal Lt et
background 9706 08 1 12 14 16 18 2 22 24

m, (GeV/c?)

FIG. 4. Same as Fig. 3, but for ¢'-bin 2.



06 08 1 12 14 16 18 2 22 24 06 08 1 12 14 16 18 2 22 24 06 08 1 12 14 16 18 2 22 24
i i 1 i i i i 1 i i i i 1 i i i i 1 i i i i 1 i i i j 1 i i

200000 E E E
g 3 et 3 150
r ++nt E 14 E E
150000F 170" pniS | 4 E e
: 3 : 3 50
g,;looooo:— ‘ ol _ é‘o
> s 3 - 5
© s0000F 3 - E-100 3
= F 3 E B
o r ) E | E-1505
\(:L [ 4 o 1 1 1 1 1 1 1 1 L F 1 1 1 1 1 1 1 1 L F
> 06 08 1 12 14 16 18 2 22 24f E g E g
*g m, (GeV/c?) 3 o +f — 1] ;—150 £
L E 1 E-100
B 2000- l O OT[ P : | E g
© L 3 ; %0 _tg
o} - E T
9o L E e [n'd
g 1000 E
z L E
0 [ 1 1 [ T 1 et ..- I.'..r.:.l:. g 1 1 1 .I 1 1 1 1 1 L F
06 08 1 12 14 16 18 2 22 24
m, (GeV/c?) 600001~
- ++q+
i 271 pnD
0.127< t'/ (GeV/c)’* < 0.144 40000~
p - TP (COMPASS 2008) L
mass-independent fit 20000 C
fit model L
signal Leten? et e
background 9706 08 1 12 14 16 18 2 22 24

m, (GeV/c?)

FIG. 5. Same as Fig. 3, but for ¢'-bin 3.



Oi6 0i8 1 1i2 1.4 li6 l.l8 2I 2.|2 2i4 Oi6 0.8 1 lA2 1.4 1A6 1.8 % 2A2 2.4 0i6 OiB 1 li2 14 li6 1i8 % 212 2i4

L 2 £ 150
150000} 10" prtS £ 3 5] 100
100000 E f— T = T
o I~ - - —— F
L r E B — E 5o
B soooef. 3 SR :
s 3 - F0D
o r E E E-1500,
N - & E E E
N~— 1 A 1 il | il | 1 1 1 1 1 1 1 1 1 o
5 06 08 1 12 14 16 18 2 22 24 E i E g
2 Vi r E ™~ E-150
= m, (GeV/c?) [ ++0+ P 3 3 s
8 2000 OT[ E 102
IS} r 3 f 0 W
[ E a, 1 Jo)
g I 3 kN x
g 1000~ 5_
z [ e
i 2 Al E--150
C06 os 1 12 14 16 18 22 24:I |
m, (Gev/c?) L
60000 271" pniD
0.144< t'/ (GeV/c)y* < 0.164 400001
tp - Ttp (COMPASS 2008) C
mass-independent fit 20000
fit model L
SgnaJ [ | e 1 L L L
background 9706 08 1 12 14 16 18 2 22 24
m, (GeV/c?)

FIG. 6. Same as Fig. 3, but for ¢'-bin 4.



06 08 1 12 14 16 18 2 22 24 06 08 1 12 14 16 18 2 22 24 06 08 1 12 14 16 18 2 22 24
1 1 1 1 1 1 1 1 1 1 -I 1 1 1 - 1 1 1 1 1 1 1 1 1 1 0
o :_ E.'.' :_150
150000 3 E E
: 170" pnS £ - E 10
L E afF E50
100000~ E ¥ E
& L E 3 Tt o
S 3 N 50
é’ 500001 E El E-—100
o C £ £ E--150
N - Vs E E E
N~— 1 S e | il | il | 1 1 1 1 1 1 1 1 1 o
5 06 08 1 12 14 1.602148 2 22 24 g 1] E
e m, (GeV/c?) I E g 1 E-150
3 ++ + E E
2 - 0 fmP £ 1w
2000f~ E 1 E
5 i 3 7 3
(0] [ =
o C : '
% 1000}~ E
z [ =
L _ F--150
C- Pl E 1 1 1 1 1 1 1 1 L F
0.6 os 1 12 14 16 18 2 22 o%do—
8
m, (Gev/c?) 3
- ++q+
sooool- 271 pnD
0.164< t'/ (GeV/c)* < 0.189 C
40000(~
mp - T'tp (COMPASS 2008) [
mass-independent fit 200001
fit model [
signal Lot eie? et
background 9706 08 1 12 14 16 18 2 22 24

m, (GeV/c?)

FIG. 7. Same as Fig. 3, but for ¢'-bin 5.

Relative phases (deg)



06 08 1 12 14 16 18 2 22 24 06 08 1 12 14 16 18 2 22 24 06 08 1 12 14 16 18 2 22 24
1 1 1 1 1 1 1 1 1 1 -I 1 1 1 1 1 1 1 1 1 »I 1 1 1 1 1 1 1 1 1 0
150000_— z_ ; z_ 150
: 170" pnS £ E 100
100000~ 3 E i / E-50
o - El e =0
S 50000-— E_ E_ \/ 5_750
= | 3 3 F10 5
o s 2 = E 1505,
N o p E - E
N~— C 1 o e 1 il | 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 o
5 06 08 1 12 14 16 18 2 22 24 E ; E g
*g m, (GeV/c?) [ 3 O 5—150 £
3 20001 E 1 £100 @
L E E =
k] L 3 ] 0w
- E it jo]
g : : ] x
5 10001 3
z L E
C- 1 1 [t 'l.1- 1 1 '.- ., .-'.' . |':'g 1 1 1 |. 1 1 1 1 1 (g
06 08 1 12 14 16 18 2 22 24|
GeV/c? r
mgn( ) 80000_— 2++1+ pT[D
0.189< t' / (GeV/c)® < 0.220 o000
Tp - TereTep (COMPASS 2008) 40000
mass-independent fit N
fit model 20000F
signal Forn? N
background 9706 08 1 12 14 16 18 2 22 24

m, (GeV/c?)

FIG. 8. Same as Fig. 3, but for ¢'-bin 6.
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FIG. 9. Same as Fig. 3, but for ¢'-bin 7.
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FIG. 10. Same as Fig. 3, but for ¢'-bin 8.
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FIG. 11. Same as Fig. 3, but for ¢'-bin 9.
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FIG. 12. Same as Fig. 3, but for ¢'-bin 10.
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FIG. 13. Same as Fig. 3, but for ¢'-bin 11.



