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Abstract We introduce the DNNLikelihood, anovel frame-
work to easily encode, through deep neural networks (DNN),
the full experimental information contained in complicated
likelihood functions (LFs). We show how to efficiently
parametrise the LF, treated as a multivariate function of
parameters of interest and nuisance parameters with high
dimensionality, as an interpolating function in the form of a
DNN predictor. We do not use any Gaussian approximation
or dimensionality reduction, such as marginalisation or pro-
filing over nuisance parameters, so that the full experimental
information is retained. The procedure applies to both binned
and unbinned LFs, and allows for an efficient distribution
to multiple software platforms, e.g. through the framework-
independent ONNX model format. The distributed DNN-
Likelihood can be used for different use cases, such as re-
sampling through Markov Chain Monte Carlo techniques,
possibly with custom priors, combination with other LFs,
when the correlations among parameters are known, and
re-interpretation within different statistical approaches, i.e.
Bayesian vs frequentist. We discuss the accuracy of our pro-
posal and its relations with other approximation techniques
and likelihood distribution frameworks. As an example, we
apply our procedure to a pseudo-experiment corresponding
to a realistic LHC search for new physics already considered
in the literature.
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1 Introduction

The Likelihood Function (LF) is the fundamental ingredient
of any statistical inference. It encodes the full information on
experimental measurements and allows for their interpreta-
tion both from a frequentist (e.g. Maximum Likelihood Esti-
mation (MLE)) and a Bayesian (e.g. Maximum a Posteriori
(MAP)) perspectives. !

On top of providing a description of the combined con-
ditional probability distribution of data given a model (or
vice versa, when the prior is known, of a model given data),
and therefore of the relevant statistical uncertainties, the LF
may also encode, through the so-called nuisance parameters,
the full knowledge of systematic uncertainties and additional

' To be precise, the LF does not contain the full information in the
frequentist approach, since the latter does not satisfy the Likelihood
Principle (for a detailed comparison of frequentist and Bayesian infer-
ence see, for instance, Refs. [1,2]). In particular, frequentists should
specify assumptions about the experimental setup and about experi-
ments that are not actually performed which are not relevant in the
Bayesian approach. Since these assumptions are usually well spelled
in fundamental physics and astrophysics (at least when classical infer-
ence is carefully applied), we ignore this issue and assume that the LF
encodes the full experimental information.
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constraints (for instance coming from the measurement of
fundamental input parameters by other experiments) affect-
ing a given measurement or observation, as for instance dis-
cussed in Ref. [3].

Current experimental and phenomenological results in
fundamental physics and astrophysics typically involve com-
plicated fits with several parameters of interest and hundreds
of nuisance parameters. Unfortunately, it is generically con-
sidered a hard task to provide all the information encoded
in the LF in a practical and reusable way. Therefore, exper-
imental analyses usually deliver only a small fraction of the
full information contained in the LF, typically in the form
of confidence intervals obtained by profiling the LF on the
nuisance parameters (frequentist approach), or in terms of
probability intervals obtained by marginalising over nuisance
parameters (Bayesian approach), depending on the statistical
method used in the analysis. This way of presenting results is
very practical, since it can be encoded graphically into simple
plots and/or simple tables of expectation values and corre-
lation matrices among observables, effectively making use
of the Gaussian approximation, or refinements of it aimed at
taking into account asymmetric intervals or one-sided con-
straints. However, such ‘partial’ information can hardly be
used to reinterpret a result within a different physics scenario,
to combine it with other results, or to project its sensitivity
to the future. These tasks, especially outside experimental
collaborations, are usually done in a naive fashion, trying
to reconstruct an approximate likelihood for the quantities of
interest, employing a Gaussian approximation, assuming full
correlation/uncorrelation among parameters, and with little
or no control on the effect of systematic uncertainties. Such
control on systematic uncertainties could be particularly use-
ful to project the sensitivity of current analyses to future
experiments, an exercise particularly relevant in the context
of future collider studies [4—6]. One could for instance ask
how a certain experimental result would change if a given sys-
tematic uncertainty (theoretical or experimental) is reduced
by some amount. This kind of question is usually not address-
able using only public results for the aforementioned reasons.
This and other limitations could of course be overcome if the
full LF were available as a function of the observables and
of the elementary nuisance parameters, allowing for:

1. the combination of the LF with other LFs involving (a
subset of) the same observables and/or nuisance parame-
ters;

2. the reinterpretation of the analysis under different theo-
retical assumptions (up to issues with unfolding);

3. the reuse of the LF in a different statistical framework;

4. the study of the dependence of the result on the prior
knowledge of the observables and/or nuisance parameters.

@ Springer

A big effort has been put in recent years into improving the
distribution of information on the experimental LFs, usually
in the form of binned histograms in mutually exclusive cate-
gories, or, even better, giving information on the covariance
matrix between them. An example is given by the Higgs
Simplified Template Cross Sect. [7]. Giving only informa-
tion on central values and uncertainties, this approach makes
intrinsic use of the Gaussian approximation to the LF without
preserving the original information on the nuisance parame-
ters of each given analysis. A further step has been taken in
Refs. [8—10] where a simplified parameterisation in terms of
a set of “effective” nuisance parameters was proposed, with
the aim of catching the main features of the true distribu-
tion of the observables, up to the third moment.? This is a
very practical and effective solution, sufficiently accurate for
many use cases. On the other hand, its underlying approxi-
mations come short whenever the dependence of the LF on
the original nuisance parameters is needed, and with highly
non-Gaussian (e.g. multi-modal) LFs.

Recently, the ATLAS collaboration has taken a major step
forward, releasing the full experimental LF of an analysis
[12] on HEPData [13] through the HistFactory framework
[14], with the format presented in Ref. [15]. Before this, the
release of the full experimental likelihood was advocated
several times as a fundamental step forward for the HEP
community (see e.g. the panel discussion in Ref. [16]), but
so far it was not followed up with a concrete commitment.
The lack of a concrete effort in this direction was usually
attributed to technical difficulties and indeed, this fact was
our main motivation when we initiated the work presented
in this paper.

In this work, we propose to present the full LF, as used
by experimental collaborations to produce the results of their
analyses, in the form of a suitably trained Deep Neural Net-
work (DNN), which is able to reproduce the original LF as a
function of physical and nuisance parameters with the accu-
racy required to allow for the four aforementioned tasks.

The DNNIlikelihood approach offers at least two remark-
able practical advantages. First, it does not make underly-
ing assumptions on the structure of the LF (e.g. binned vs
unbinned), extending to use cases that might be problem-
atic for currently available alternative solutions. For instance,
there are extremely relevant analyses that are carried out
using an unbinned LF, notably some Higgs study in the four-
leptons golden decay mode [17] and the majority of the anal-
yses carried out at B-physics experiments. Second, the use
of a DNN does not impose on the user any specific software
choice. Neural Networks are extremely portable across mul-
tiple software environments (e.g. C++, PYTHON, Matlab, R,
or Mathematica) through the ONNX format [18]. This aspect

2 This approach is similar to the one already proposed in Ref. [11].
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could be important whenever different experiments make dif-
ferent choices in terms of how to distribute the likelihood.

In this respect, we believe that the use of the DNNLike-
hood could be relevant even in a future scenario in which
every major experiment has followed the remarkable exam-
ple set by ATLAS. For instance, it could be useful to over-
come some technical difficulty with specific classes of anal-
yses. Or, it could be seen as a further step to take in order to
import a distributed likelihood into a different software envi-
ronment. In addition, the DNNLikehood could be used in
other contexts, e.g. to distribute the outcome of phenomeno-
logical analyses involving multi-dimensional fits such as the
Unitarity Triangle Analysis [19-23], the fit of electroweak
precision data and Higgs signal strengths [24-28], etc.

There are two main challenges associated to our proposed
strategy: on one hand, in order to design a supervised learn-
ing technique, an accurate sampling of the LF is needed
for the training of the DNNLikelihood. On the other hand
a (complicated) interpolation problem should be solved with
an accuracy that ensures a real preservation of all the required
information on the original probability distribution.

The first problem, i.e. the LF sampling, is generally easy
to solve when the LF is a relatively simple function which can
be quickly evaluated in each point in the parameter space. In
this case, Markov Chain Monte Carlo (MCMC) techniques
[29] are usually sufficient to get dense enough samplings
of the function, even for very high dimensionality, in a rea-
sonable time. However the problem may quickly become
intractable with these techniques when the LF is more com-
plicated, and takes much longer time to be evaluated. This
is typically the case when the sampling workflow requires
the simulation of a data sample, including computationally
costly corrections (e.g. radiative corrections) and/or a simu-
lation of the detector response, e.g. through Geant4 [30]. In
these cases, evaluating the LF for a point of the parameter
space may require O(minutes) to go through the full chain of
generation, simulation, reconstruction, event selection, and
likelihood evaluation, making the LF sampling with stan-
dard MCMC techniques impractical. To overcome this dif-
ficulty, several ideas have recently been proposed, inspired
by Bayesian optimisation and Gaussian processes, known as
Active Learning (see, for instance, Refs. [31,32] and ref-
erences therein). These techniques, though less robust than
MCMC ones, allow for a very “query efficient” sampling,
i.e. a sampling that requires the smallest possible number of
evaluations of the full LF. Active Learning applies machine
learning techniques to design the proposal function of the
sampling points and can be shown to be much more query
efficient than standard MCMC techniques. Another possibil-
ity would be to employ deep learning and MCMC techniques
together in a way similar to Active Learning, but inheriting
some of the nice properties of MCMC. We defer a discussion
of this new idea to a forthcoming publication [33], while in

this work we focus on the second of the aforementioned tasks:
we assume that an accurate sampling of the LF is available
and design a technique to encode it and distribute it through
DNNE.

A JUPYTER notebook, the PYTHON source files and results
presented in this paper are available on GitHub €), while
datasets and trained networks are stored on Zenodo [34].
A dedicated PYTHON package allowing to sample LFs and
to build, optimize, train, and store the corresponding DNN-
Likelihoods is in preparation. This will not only allow to con-
struct and distribute DNNLikelihoods, but also to use them
for inference both in the Bayesian and frequentist frame-
works.

This paper is organized as follows. In Sect. 2 we discuss
the issue of interpolating the LF from a Bayesian and fre-
quentist perspective and set up the procedure for producing
suitable training datasets. In Sect. 3 we describe a benchmark
example, consisting in the realistic LHC-like New Physics
(NP) search proposed in Ref. [9]. In Sect. 4 we show our
proposal at work for this benchmark example, whose LF
depends on one physical parameter, the signal strength u,
and 94 nuisance parameters. Finally, in Sect. 5 we conclude
and discuss some interesting ideas for future studies.

2 Interpolation of the Likelihood function

The problem of fitting high-dimensional multivariate func-
tions is a classic interpolation problem, and it is nowadays
widely known that DNNs provide the best solution to it. Nev-
ertheless, the choice of the loss function to minimise and of
the metrics to quantify the performance, i.e. of the “distance”
between the fitted and the true function, depends crucially on
the nature of the function and its properties. The LF is a spe-
cial function, since it represents a probability distribution.
As such, it corresponds to the integration measure over the
probability of a given set of random variables. The interesting
regions of the LF are twofold. From a frequentist perspec-
tive the knowledge of the profiled maxima, that is maxima
of the distribution where some parameters are held fixed,
and of the global maximum, is needed. This requires a good
knowledge of the LF in regions of the parameter space with
high probability (large likelihood), and, especially for high
dimensionality, very low probability mass (very small prior
volume). These regions are therefore very hard to populate
via sampling techniques [35] and give tiny contributions to
the LF integral, the latter being increasingly dominated by
the “tails” of the multidimensional distribution as the num-
ber of dimensions grows. From a Bayesian perspective the
expectation values of observables or parameters, which can
be computed through integrals over the probability measure,
are instead of interest. In this case one needs to accurately
know regions of very small probabilities, which however cor-
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respond to large prior volumes, and could give large contri-
butions to the integrals.

Let us argue what is a good “distance” to minimise to
achieve both of the aforementioned goals, i.e. to know the
function equally well in the tails and close to the profiled max-
ima corresponding to the interesting region of the parameters
of interest. Starting from the view of the LF as a probability
measure (Bayesian perspective), the quantity that one is inter-
ested in minimising is the difference between the expectation
values of observables computed using the true probability
distribution and the fitted one.

For instance, in a Bayesian analysis one may be interested
in using the probability density P = L x I1, where £ denotes
the likelihood and IT the prior, to estimate expectation values
as

Epulf(x)] =/f(x)d7’(x) = /f(x)P(x)dx, )]

where the probability measure is dP(x) = P(x)dx, and
we collectively denoted by the n-dimensional vector x the
parameters on which f and P depend, treating on the same
footing the nuisance parameters and the parameters of inter-
est. Let us assume now that the solution to our interpolation
problem provides a predicted pdf Pp(x), leading to an esti-
mated expectation value

Epyx)Lf (x)] =[f(X)7’P(X)dx- @)

This can be rewritten, by defining the ratio r(x)

Pe(x)/P(x) = Lp(x)/L(x), as

Epyx)[f ()] =/f(x)r(X)7’(x)dx, 3

so that the absolute error in the evaluation of the expectation
value is given by

|Epx)Lf ()] — Epp)Lf ()]

= ’/ f) —r(x))P(x)dx‘ . )

For a finite sample of points x;, with i = 1,..., N, the
integrals are replaced by sums and Eq. (4) becomes

|Ep)[f ()] — Epp [f ()]

1
= |y 2 fE)d=r@n)Fe|. ©)

Xiltx)

Here, the probability density function P (x) has been replaced
with F (x;), the frequencies with which each of the x; occurs,
normalised such that le, e F(x;) = N, the notation
X;|14(x) indicates that the x; are drawn from a uniform dis-
tribution, and the 1/N factor ensures the proper normalisa-
tion of probabilities. This sum is very inefficient to calculate
when the probability distribution P(x) varies rapidly in the

@ Springer

parameter space, i.e. deviates strongly from a uniform distri-
bution, since most of the x; points drawn from the uniform
distribution will correspond to very small probabilities, giv-
ing negligible contributions to the sum. An example is given
by multivariate normal distributions, where, increasing the
dimensionality, tails become more and more relevant (see
“Appendix A”). A more efficient way of computing the sum
is given by directly sampling the x; points from the proba-
bility distribution P (x), so that Eq. (5) can be rewritten as

|Ep)[f ()] — Eppi [ f ()]

1
= |y 2 fEa—ren)|. ©)

Xilp@x)

This expression clarifies the aforementioned importance of
being able to sample points from the probability distribution
P to efficiently discretize the integrals and compute expec-
tation values. The minimum of this function for any f(x) is
in r(x;) = 1, which, in turn, implies £(x;) = Lp(x;). This
suggests that an estimate of the performance of the interpo-
lated likelihood could be obtained from any metric that has a
minimum in absolute value at r (x;) = 1. The simplest such
metric is the mean percentage error (MPE)

1 Lp(x;)
wree = 5 2 (1-55)
XilP(x)
1
= Z (1 —r(x)) . (7)
Xilp@x)

Technically, formulating the interpolation problem on the
LF itself introduces the difficulty of having to fit the function
over several orders of magnitude, which leads to numerical
instabilities. For this reason it is much more convenient to
formulate the problem using the natural logarithm of the LF,
the so-called log-likelihood log L. Let us see how the error on
the log-likelihood propagates to the actual likelihood. Con-
sider the mean error (ME) on the log-likelihood

1
MEir = + > (ogL£(xi) —log Lp(xi)

Xi P

1
:N Z logr(x;). (®)

Xi P

The last logarithm can be expanded for r (x;) ~ 1 to give

1
MEizc ~ + ) (1—r(x)=MPE.. ©)

Xi|pex)
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It is interesting to notice that ME|og - defined in Eq. (8)
corresponds to the Kullback—Leibler divergence [36], or rel-
ative entropy, between P and Pp:

P 1
DKL:/log (%) Px)dr=o; Y logr(x))=MEjge (.

Xi|p)

(10)

While Eq. (10) confirms that small values of Dk, =
MEqs £ ~ MPE correspond to a good performance of the
interpolation, Dy, as well as ME and MPE, do not sat-
isfy the triangular inequality and therefore cannot be directly
optimised for the purpose of training and evaluating a DNN.
Equation (8) suggests however that the mean absolute error
(MAE) or the mean square error (MSE) on log £ should be
suitable losses for the DNN training: we explicitly checked
that this is indeed the case, with MSE performing slightly
better for well-known reasons.

Finally, in the frequentist approach, the LF can be treated
justas any function in aregression (or interpolation) problem,
and, as we will see, the MSE provides a good choice for the
loss function.

2.1 Evaluation metrics

We have argued above that the MAE or MSE on log L(x;) are
the most suitable loss functions to train our DNN for inter-
polating the LF on the sample x;. We are then left with the
question of measuring the performance of our interpolation
from the statistical point of view. In addition to Dkt , several
quantities can be computed to quantify the performance of
the predictor. First of all, we perform a Kolmogorov-Smirnov
(K-S) two-sample test [37,38] on all the marginalised one-
dimensional distributions obtained using P and Pp. In the
hypothesis that both distributions are drawn from the same
pdf, the p value should be distributed uniformly in the
interval [0, 1]. Therefore, the median of the distribution of
p values of the one-dimensional K-S tests is a represen-
tative single number which allows to evaluate the perfor-
mance of the model. We also compute the error on the width
of Highest Posterior Density Intervals (HPDI) PI' for the
marginalised one-dimensional distribution of the i-th param-
eter, Ef,l = |PIl — PI’)J , as well as the relative error on the
median of each marginalised distribution. From a frequentist
point of view, we are interested in reproducing as precisely
as possible the test statistics used in classical inference. In
this case we evaluate the model looking at the mean error on
the test statistics #,, that is the likelihood ratio profiled over
nuisance parameters.

To simplify the presentation of the results, we choose the
best models according to the median K-S p value, when con-
sidering bayesian inference, and the mean error on the 7,

test-statistics, when considering frequentist inference. These
quantities are compared for all the different models on an
identical test set statistically independent from both the train-
ing and validation sets used for the hyperparameter optimi-
sation.

2.2 Learning from imbalanced data

The loss functions we discussed above are all averages over
all samples and, as such, will lead to a better learning in
regions that are well represented in the training set and to a
less good learning in regions that are under-represented. On
the other hand, an unbiased sampling of the LF will populate
much more regions corresponding to a large probability mass
than regions of large LF. Especially in large dimensionality,
itis prohibitive, in terms of the needed number of samples, to
make a proper unbiased sampling of the LF, i.e. converging
to the underlying probability distribution, while still cover-
ing the large LF region with enough statistics. In this respect,
learning a multi-dimensional LF raises the issue of learning
from highly imbalanced data. This issue is extensively stud-
ied in the ML literature for classification problems, but has
gathered much less attention from the regression point of
view [39-41].

There are two main approaches in the case of regres-
sion, both resulting in assigning different weights to different
examples. In the first approach, the training set is modified by
oversampling and/or undersampling different regions (pos-
sibly together with noise) to counteract low/high population
of examples, while in the second approach the loss function
is modified to weigh more/less regions with less/more exam-
ples. In the case where the theoretical underlying distribution
of the target variable is (at least approximately) known, as
in our case, either of these two procedures can be applied
by assigning weights that are proportional to the inverse fre-
quency of each example in the population. This approach,
applied for instance by adding weights to a linear loss func-
tion, would really weigh each example equally, which may
not be exactly what we need. Moreover, in the case of large
dimensionality, the interesting region close to the maximum
would be completely absent from the sampling, making any
reweighting irrelevant. In this paper we therefore apply an
approach belonging to the first class mentioned above, con-
sisting in sampling the LF in the regions of interest and in
constructing a training sample that effectively weighs the
most interesting regions. As we clarify in Sect. 3, this pro-
cedure consists in building three samples: an unbiased sam-
ple, a biased sample and a mixed one. Training data will be
extracted from the latter sample. Let us briefly describe the
three:>

3 For simplicity in the following we describe in detail the case of a
unimodal distribution. Our discussion can be easily generalized to mul-
timodal distributions.

@ Springer
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e Unbiased sample: A sample that has converged as accu-
rately as possible to the true probability distribution.
Notice that this sample is the only one which allows
posterior inference in a Bayesian perspective, but would
generally fail in making frequentist inference [35].

e Biased sample: A sample concentrated around the region
of maximum likelihood. It is obtained by biasing the sam-
pler in the region of large LF, only allowing for small
moves around the maximum. Tuning this sample, tar-
geted to a frequentist MLE perspective, raises the issue
of coverage, that we discuss in Sect. 3. One has to keep in
mind that the region of the LF that needs to be well known,
i.e. around the maximum, is related to the coverage of
the frequentist analysis being carried out. To be more
explicit, the distribution of the test-statistics allows to
make amap between A log £ values and confidence inter-
vals, which could tell, a priori, which region of Alog L
from the maximum is needed for frequentist inference at
a given confidence level. For instance, in the asymptotic
limit of Wilks’ theorem [42] the relation is determined by
a x 2 distribution. In general the relation is unknown until
the distribution of the test-statistics is known, so that we
cannot exactly tune sample S>. However, unless gigan-
tic deviations from Wilks’ theorem are expected, taking
twice or three times as many A log L as the ones nec-
essary to make inference at the desired confidence level
using the asymptotic approach, should be sufficient.

e Mixed sample: This sample is built by enriching the
unbiased sample with the biased one, in the region of
large values of the LF. This is a tuning procedure, since,
depending on the number of available samples and the
statistics needed for training the DNN, this sample needs
to be constructed for reproducing at best the results of
the given analysis of interest both in a Bayesian and fre-
quentist inference framework.

Some considerations are in order. The unbiased sample is
enough if one wants to produce a DNNLikelihood to be used
only for Bayesian inference. As we show later, this does not
require a complicated tuning of hyperparameters (at least
in the example we consider) and reaches very good perfor-
mance, evaluated with the metrics that we discussed above,
already with relatively small statistics in the training sample
(considering the high dimensionality). The situation compli-
cates a bit when one wants to be able to also make frequentist
inference using the same DNNLikelihood. In this case the
mixed sample (and therefore the biased one) is needed, and
more tuning of the network as well as more samples in the
training set are required. For the example presented in this
paper it was rather simple to get the required precision. How-
ever, for more complicated cases, we believe that ensemble
learning techniques could be relevant to get stable and accu-
rate results. We made some attempts to implement stacking

@ Springer

of several identical models trained with randomly selected
subsets of data and observed promising improvements. Nev-
ertheless, a careful comparison of different ensemble tech-
niques and their performances is beyond the scope of this
paper. For this reason we will not consider ensemble learn-
ing in our present analysis.

The final issue we have to address when training with the
mixed sample, which is biased by construction, is to ensure
that the DNNLikelihood can still produce accurate enough
Bayesian posterior estimates. This is actually guaranteed by
the fact that a regression (or interpolation) problem, contrary
to a classification one, is insensitive to the distribution in the
target variable, since the output is not conditioned on such
probability distribution. This, as can be clearly seen from the
results presented in Sect. 3, is a crucial ingredient for our
procedure to be useful, and leads to the main result of our
approach: a DNNLikelihood trained with the mixed sample
can be used to perform a new MCMC that converges to the
underlying distribution, forgetting the biased nature of the
training set.

In the next section we give a thorough example of the
procedure discussed here in the case of a prototype LHC-
like search for NP corresponding to a 95-dimensional LF.

3 A realistic LHC-like NP search

In this section we introduce the prototype LHC-like NP
search presented in Ref. [9], which we take as a representa-
tive example to illustrate how to train the DNNLikelihood.
We refer the reader to Ref. [9] for a detailed discussion of
this setup and repeat here only the information that is strictly
necessary to follow our analysis.

The toy experiment consists in a typical “shape analysis”
in a given distribution aimed at extracting information on
a possible NP signal from the standard model (SM) back-
ground. The measurement is divided in three different event
categories, containing 30 bins each. The signal is character-
ized by a single “signal-strength” parameter ;« and the uncer-
tainty on the signal is neglected.* All uncertainties affecting
the background are parametrised in terms of nuisance param-
eters, which may be divided into three categories:

1. Fully uncorrelated uncertainties in each bin: They corre-
spond to a nuisance parameter for each bin dyc ;, with
uncorrelated priors, parametrising the uncertainty due to
the limited Monte Carlo statistics, or statistics in a control
region, used to estimate the number of background events
in each bin.

4 This approximation is done in Ref. [9] to simplify the discussion, but
it is not a necessary ingredient, neither there nor here.
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2. fully correlated uncertainties in each bin: they correspond
to a single nuisance parameter for each source of uncer-
tainty affecting in a correlated way all bins in the distribu-
tion. In this toy experiment, such sources of uncertainty
are the modeling of the Initial State Radiation and the Jet
Energy Scale, parametrised respectively by the nuisance
parameters Sisr and Sjgs.

3. Uncertainties on the overall normalisation (correlated
among event categories): They correspond to the previ-
ous two nuisance parameters disr and 8jgs, that, on top of
affecting the shape, also affect the overall normalisation
in the different categories, plus two typical experimen-
tal uncertainties, that only affect the normalisation, given
by a veto efficiency and a scale-factor appearing in the
simulation, parametrised respectively by Ly and drc.

In summary, the LF depends on one physical parameter © and
94 nuisance parameters, that we collectively indicate with
the vector §, whose components are defined by §; = dmc.;

fori = 1,...,90, 891 = disr, S92 = dyES, d93 = dLv,
d94 = ORc.
The full model likelihood can be written as®
P
L1 8) =TT Pr (n§™1n1 1. 8)) 7 @) . (an
1=1

where n‘,’bs is the observed number of events in the LHC-
like search discussed in Ref. [9] and the product runs over
all bins /. The number of expected events in each bin is
given by ny(u, 8) = ng (1) + np,1(8), and the probability
distributions are given by Poisson distributions in each bin

(n)"" e

Pr (n‘;‘”m,) = (12)
obs]

In this toy LF, the number of background events in each bin
np,1(8) is known analytically as a function of the nuisance

5 There is a difference in the interpretation of this formula in the fre-
quentist and Bayesian approaches: in a frequentist approach, the nui-
sance parameter distributions 77 (8) do not constitute a prior, but should
instead be considered as the likelihood of the nuisance parameters aris-
ing from other (auxiliary) measurements [43]. In this perspective, since
the product of two likelihoods is still a likelihood, the right hand side
of Eq. (11) is the full likelihood. On the contrary, in a Bayesian per-
spective, the full likelihood is given by the product of probabilities in
the right hand side of Eq. (11), while the distributions 7 (§) parametrise
the prior knowledge of the nuisance parameters. Therefore, in this case,
according to Bayes’ theorem the right hand side of the equation should
not be interpreted as the likelihood PP (data|pars), but as the full posterior
probability P(pars|data), up to a normalisation given by the Bayesian
evidence P(data). Despite this difference, in order to carry on a unified
approach without complicating formula too much, we abuse the nota-
tion and denote with £(1¢, §) the frequentist likelihood and the Bayesian
posterior distribution, since these are the two central objects from which
frequentist and Bayesian inference are carried out, respectively.

parameters, through various numerical parameters that inter-
polate the effect of systematic uncertainties. The parametri-
sation of np ;(8) is such that the nuisance parameters § are
normally distributed with vanishing vector mean and identity
covariance matrix

dim(3) * (13)
@m)~ 2
Moreover, due to the interpolations involved in the parametri-
sation of the nuisance parameters, in order to ensure positive
probabilities, the §s are only allowed to take values in the
range [—5, 5].

In our approach, we are interested in setting up a super-
vised learning problem to learn the LF as a function of the
parameters. Independently of the statistical perspective, i.e.
whether the parameters are treated as random variables or just
variables, we need to choose some values to evaluate the LF.
For the nuisance parameters the function 7 (8) already tells
us how to choose these points, since it implicitly treats the
nuisance parameters as random variables distributed accord-
ing to this probability distribution. For the model parame-
ters, in this case only u, we have to decide how to generate
points, independently of the stochastic nature of the param-
eter itself. In the case of this toy example, since we expect
1 to be relatively “small” and most probably positive, we
generate 1 values according to a uniform probability distri-
bution in the interval [—1, 5]. This could be considered as
the prior on the stochastic variable u in a Bayesian perspec-
tive, while it is just a scan in the parameter space of u in
the frequentist one.® Notice that we allow for small negative
values of 1.7 Whenever the NP contribution comes from the
on-shell production of some new physics, this assumption is
not consistent. However, the “signal” may come, in an Effec-
tive Field Theory (EFT) perspective, from the interference of
the SM background with higher dimensional operators. This
interference could be negative depending on the sign of the
corresponding Wilson coefficient, and motivates our choice
to allow for negative values of w in our scan.

3.1 Sampling the full likelihood

To obtain the three samples discussed in Sect. 2.2 from the
full model LF in Eq. (11) we used the EMCEE3 Python pack-
age [44], which implements the Affine Invariant (AI) MCMC
Ensemble Sampler [45]. We proceeded as follows:

6 Each different choice of u corresponds, in the frequentist approach,
to a different theoretical hypothesis. This raises the issue of generating
pseudo-experiments for each different value of 1, that we discuss further
in Sect. 3.3 and Appendix B.

7 We checked that the expected number of events is always positive for
our choice of the y range.
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Fig. 1 Evolution of the chains in an EMCEE3 sampling of the LF in
Eq. (11) with 103 walkers and 10 steps using the STRETCHMOVE algo-
rithm with a = 1.3. The plots show the explored values of the parameter
w (left) and of minus log-likelihood — log £ (right) versus the number
of steps for a random subset of 10% of the 103 chains. The parameter j

1. Unbiased sample S

In the first sampling, the values of the proposals have
been updated using the default STRETCHMOVE algorithm
implemented in EMCEE3, which updates all values of the
parameters (95 in our case) at a time. The default value of
the only free parameter of this algorithm ¢ = 2 delivered
a slightly too low acceptance fraction € &~ 0.12. We have
therefore set @ = 1.3, which delivers a better acceptance
fraction of about 0.36. Walkers® have been initialised ran-
domly according to the prior distribution of the parame-
ters. The algorithm efficiently achieves convergence to the
true target distribution, but, given the large dimensional-
ity, hardly explores large values of the LF.

In Fig. 1 we show the evolution of the walkers for the
parameter o (left) together with the corresponding val-
ues of —log £ (right) for an illustrative set of 100 walk-
ers. From these figures a reasonable convergence seems
to arise already after roughly 103 steps, which gives
an empirical estimate of the autocorrelation of samples
within each walker.

Notice that, in the case of ensemble sampling algorithms,
the usual Gelman, Rubin and Brooks statistics, usually
denoted as ﬁc [46,47], is not guaranteed to be a robust tool
to assess convergence, due to the fact that each walker is
updated based on the state of the other walkers in the pre-
vious step (i.e. there is a correlation among closeby steps
of different walkers). This can be explained as follows.
The Gelman, Rubin and Brooks statistics works schemat-

8 Walkers are the analog of chains for ensemble sampling methods
[45]. In the following, we interchangeably use the words “chains” and
“walkers” to refer to the same object.
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was initialized from a uniform distribution in the interval [—1, 5]. For
visualization purposes, values in the plots are computed only for num-
bers of steps included in the set {a x IOb} witha € [1,9]and b € [0, 6]

ically by comparing a good estimate of the variance of
the samples, obtained from the variance across indepen-
dent chains, with an approximate variance, obtained from
samples in a single chain, which have, in general, some
autocorrelation. The ratio is an estimate of the effect of
neglecting such autocorrelation, and when it approaches
one it means that this effect becomes negligible. As we
mentioned above, in the case of ensemble sampling, there
is some correlation among subsequent steps in different
walkers, which means that also the variance computed
among walkers is not a good estimate of the true vari-
ance of samples. Nevertheless, since the state of a walker
is updated from the state of all other walkers, and not
just one, the correlation of the updated walker with each
of the other walkers decreases as the number of walk-
ers increases. This implies that in the limit of large num-
ber of walkers, the effect of correlation among walkers is
much smaller than the effect of autocorrelation in each
single walker, so that the Gelman, Rubin and Brooks
statistics should still be a good metric to monitor conver-
gence. Let us finally stress that correlation among closeby
steps in different walkers of ensemble MCMC does not
invalidate this sampling technique. Indeed, as explained
in Ref. [45], since the sampler target distribution is built
from the direct product of the target probability distribu-
tion for each walker, when the sampler converges to its
target distribution, all walkers are an independent repre-
sentation of the target probability distribution.

In order to check our expectation on the performance
of the Gelman, Rubin and Brooks statistics to monitor
convergence in the limit of large number of walkers, we
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proceeded as suggested in Ref. [48]: in order to reduce
walker correlation, one can consider a number of indepen-
dent samplers, extract a few walkers from each run, and
compute R. for this set. Considering the aforementioned
empirical estimate of the number of steps for convergence,
i.e. roughly few 103, we have run 50 independent samplers
for a larger number of steps (3 x 10%), extracted randomly
4 chains from each, joined them together, and computed
R, for this set. This is shown in the upper-left plot of Fig. 2.
With a requirement of IiA’(- < 1.2 [47] we see that chains
have already converged after around 5 x 103 steps, which
is roughly what we empirically estimated looking at the
chains evolution in Fig. 1. An even more robust require-
ment for convergence is given by Re < 1.1, together with
stabilized evolution of both variances V and W [47]. In
the center and right plots of Fig. 2 we show this evolution,
from which we see that convergence has robustly occurred
after 2 — 3 x 10* steps. We have then compared this result
with the one obtained performing the same analysis using
200 walkers from a single sampler. The result is shown
in the lower panels of Fig. 2. As can be seen comparing
the upper and lower plots, correlation of walkers played a
very marginal role in assessing convergence, as expected
from our discussion above.

An alternative and pretty general way to diagnose MCMC
sampling is the autocorrelation of chains, and in particu-
lar the Integrated Autocorrelation Time (IAT). This quan-
tity represents the average number of steps between two
independent samples in the chain. For unimodal distri-
butions, one can generally assume that after a few [AT
the chain forgot where it started and converged to gen-
erating samples distributed according to the underlying
target distribution. There are more difficulties in the case
of multimodal distributions, which are however shared by
most of the MCMC convergence diagnostics. We do not
enter here in such a discussion, and refer the reader to the
overview presented in Ref. [51]. An exact calculation of
the TAT for large chains is computationally prohibitive,
but there are several algorithms to construct estimators
of this quantity. The EMCEE3 package comes with tools
that implement some of these algorithms, which we have
used to study our sampling [49,50]. To obtain a reason-
able estimate of the IAT 7, one needs enough samples, a
reasonable empirical estimate of which, that works well
also in our case, is at least 507 [49,50]. An illustration
of this, for the parameter u, is given in the left panel of
Fig. 3, where we show, for a sampler with 103 chains and
10° steps, the IAT estimated after different numbers of
steps with two different algorithms, “G&W 2010” and
“DEM 2017 (see Refs. [49,50] for details). It is clear
from the plot that the estimate becomes flat, and therefore
converges to the correct value of the IAT, roughly when
the estimate curves cross the empirical value of 507 (this is

an order of magnitude estimate, and obviously, the larger
the number of steps, the better the estimate of 7). The best
estimate that we get for this sampling for the parameter 1
is obtained with 10° steps using the “DFM 2017” method
and gives T & 1366, confirming the order of magnitude
estimate empirically extracted from Fig. 1. In the right
panel of Fig. 3 we show the resulting one-dimensional
(1D) marginal posterior distribution of the parameter p
obtained from the corresponding run. Finally, we have
checked that Figs. 1 and 3 are quantitatively similar for
all other parameters.

As we mentioned above, the IAT gives an estimate of the
number of steps between independent samples (it roughly
corresponds to the period of oscillation, measured in num-
ber of steps, of the chain in the whole range of the param-
eter). Therefore, in order to have a true unbiased set of
independent samples, one has to “thin” the chain with a
step size of roughly 7. This greatly decreases the statis-
tics available from the MCMC run. Conceptually there is
nothing wrong with having correlated samples, provided
they are distributed according to the target distribution,
however, even though this would increase the effective
available statistics, it would generally affect the estimate
of the uncertainties in the Bayesian inference [52,53]. We
defer a careful study of the issue of thinning to a forth-
coming publication [33], while here we limit ourselves to
describe the procedure we followed to get a rich enough
sample.

We have run EMCEE3 for 10 + 5 x 103 steps with 10°
walkers for 11 times. From each run we have discarded
a pre-run of 5 x 103 steps, which is a few times 7, and
thinned the chain with a step size of 103, i.e. roughly 7.°
Thinning has been performed by taking a sample from
each walker at the same step every 103 steps. Each run
then delivered 10 roughly independent samples. With
parallelization, the sampler generates and stores about 22
steps per second. !? The final sample obtained after all runs
consists of 1.1 x 107 samples. We stored 10° of them as

9 Even though the R. analysis we performed suggests robust conver-
gence after few 10* steps, considering the length of the samplers we
used (100 steps) and the large thinning value 103 steps), the difference
between discarding a pre-run of 5 x 103 versus a few 10 steps is neg-
ligible. We have therefore set the burn-in number of steps to 5 x 103 to
slightly improve the effectiveness of our MCMC generation.

10° All samplings presented in the paper were produced with a SYS-
7049A-T Supermicro® workstation configured as follows: dual Intel®
Xeon® Gold 6152 CPUs at 2.1GHz (22 physical cores), 128 Gb of
2666 MHz Ram, Dual NVIDIA® RTX 2080-Ti GPUs and 1.9Tb M.2
Samsung® NVMe PM963 Series SSD (MZ1LW1T9HMLS-00003).
Notice that speed, in our case, was almost constant for a wide choice of
the number of parallel processes in the range ~ 30—88, with CPU usage
never above about 50%. We therefore conclude that generation speed
was, in our case, limited by data transfer and not by CPU resources,
making parallelization less than optimally efficient.
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the test set to evaluate our DNN models, while the remain-
ing 107 are used to randomly draw the different training
and validation sets used in the following.

2. Biased sample S;
The second sampling has been used to enrich the training
and test sets with points corresponding to large values of
the LF, i.e. points close to the maximum for each fixed
value of L.
In this case we initialised 200 walkers in maxima of the LF
profiled over the nuisance parameters calculated for ran-
dom values of u, extracted according to a uniform proba-
bility distribution in the interval [—1, 11."" Moreover, the
proposals have been updated using a Gaussian random
move with variance 5 x 10~% (small moves) of a single
parameter at a time. In this way, the sampler starts explor-
ing the region of parameters corresponding to the profiled
maxima, and then slowly moves towards the tails. Once
the LF gets further and further from the profiled maxima,
the chains do not explore this region anymore. Therefore,
in this case we do not want to discard a pre-run, neither to
check convergence, which implies that this sampling will
have a strong bias (obviously, since we forced the sampler
to explore only a particular region).
InFig. 4 we show the evolution of the chains for the param-
eter u (left panel) together with the corresponding values
of log £ (right panel) for an illustrative (random) set of
100 chains. Comparing Fig. 4 with Fig. 1, we see that now
the moves of each chain are much smaller and the sampler
generates many points all around the profiled maxima at
which the chains are initialised.
In order to ensure a rich enough sampling close to pro-
filed maxima of the LF, we have made 10° iterations for
each walker. Since moves are much smaller than in the
previous case (only one parameter is updated at a time),
the acceptance fraction in this case is very large, ¢ &~ 1.
We therefore obtained a sampling of 1.1 x 107 points by
randomly picking points within the 107 - 200 - & samples.
As for S, two samples of 106 and 107 points have been
stored separately: the first serves to build the test set, while
the second is used to construct the training and validation
sets. As mentioned before, this is a biased sample, and
therefore should only be used to enrich the training sam-
ple to properly learn the LF close to the maximum (and
to check results of the frequentist analysis), but it cannot
be used to make any posterior inference. Due to the large
efficiency, this sampling took less than one hour to be
generated.

1" This interval has been chosen smaller than the interval of x consid-
ered in the unbiased sampling since values of u outside this interval
correspond to values of the LF much smaller than the global maximum,
that are not relevant from the frequentist perspective. The range for the
biased sampling can be chosen a posteriori by looking at the frequentist
confidence intervals on .

@ Springer

3. Mixed sample S3

The mixed sample S3 is built from S; and S, in order to
properly populate both the large probability mass region
and the large log-likelihood region. Moreover, we do not
want a strong discontinuity for intermediate values of the
LF, which could become relevant, for instance, when com-
bining with another analysis that prefers slightly different
values of the parameters. For this reason, we have ensured
that also intermediate values of the LF are represented,
even though with a smaller effective weight, and that no
more than a factor of 100 difference in density of exam-
ples is present in the whole region — log £ € [285, 350].
Finally, in order to ensure a good enough statistics close
to the maxima, we have enriched further the sample above
log £ ~ —290 (covering the region Alog £ < 5).

S5 has been obtained taking all samples from Sy with
log £ > —290 (around 10% of all samples in S,), 70% of
samples from S (randomly distributed), and the remain-
ing fraction, around 20%, from Sy with log L < —290.
With this procedure we obtained a total of 107(109)
train(test) samples. We have checked that results do not
depend strongly on the assumptions made to build S3,
provided enough examples are present in all the relevant
regions in the training sample.

The distributions of the LF values in the three samples are
shown in Fig. 5 (for the 107 points in the training/validation
set).

We have used the three samples as follows: examples
drawn from S3 were used to train the full DNNLikelihood,
while results have been checked against S in the case of
Bayesian posterior estimations and against S, (together with
results obtained from a numerical maximisation of the ana-
lytical LF) in the case of frequentist inference. Moreover, we
also present a “Bayesian only” version of the DNNLikeli-
hood, trained using only points from Sj.

3.2 Bayesian inference

In the Bayesian approach one is interested in marginal dis-
tributions, used to compute marginal posterior probabilities
and credibility intervals. For instance, in the case at hand, one
may be interested in two-dimensional (2D) marginal proba-
bility distributions in the parameter space (u, 8), such as

P, §7) = /d81 -~-/d5,~,1 /dm ---/dagsﬁ

(1, &) (1) (14)

or in 1D HPDI corresponding to probabilities 1 — ¢, such as

Mhigh
11—« :/ d,u/d&l?(,u,&‘)- 15)
”w

low
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200 walkers from 1 sampler

200 walkers from 1 sampler

10° 10! ‘ 10°
number of steps, S

Fig. 2 Upper panel: Gelman, Rubin and Brooks Re, ﬁ , and VW
parameters computed from an ensemble of 200 walkers made by join-
ing together 4 samples extracted (randomly) from 50 samplers of 200

number of steps, S

ot T 7=5/50 e
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103_

102_

7, estimates

101 4

102 10° 10 10° 106
number of steps, S

Fig. 3 Estimate of the autocorrelation time 7,, (obtained using both the
original method proposed in Ref. [45] and the alternative one discussed
by the EMCEE3 authors [49,50]) as a function of the number of samples

All these integrals can be discretized and computed by just
summing over quantities evaluated on a proper unbiased LF
sampling.

This can be efficiently done with MCMC techniques,
such as the one described in Sect. 3.1. For instance,
using the sample S; we can directly compute HPDIs for
the parameters. Figure 6 shows the 1D and 2D posterior
marginal probability distributions of the subset of param-
eters (i, 850, 891, 892, 693, S94) obtained with the training

10* ‘ 10° 10°
number of steps, S

walkers each. Lower panel: Same plots made using 200 walkers from a
single sampler. The different lines in the plots represent the 95 different
parameters of the LF

0.07 1
0.06 1
0.05 1
0.04 1
& 0.031
0.02 1

0.01 1

0.00 1

-1 0 1 2 3 1 5
1

(left) and normalized histogram (right) for the parameter . The region
on the right of the line = = §/50 in the left plot represents the region
where the considered 7, estimates are expected to become reliable

set (107 points, green (darker)) and test set (100 points,
red (lighter)) of S;. Figure 6 also shows the 1D and 2D
68.27%, 95.45%, 99.73% HPDIs. All the HPDIs, including
those shown in Fig. 6, have been computed by binning the
distribution with 60 bins, estimating the interval, and increas-
ing the number of bins by 60 until the interval splits due to
statistical fluctuations.
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Fig. 4 Evolution of the chains in an EMCEE3 sampling of the LF in
Eq. (11) with 200 walkers and 10° steps using the GAUSSIANMOVE algo-
rithm, that updated one parameter at a time, with a variance 5 x 1074,
The plots show the explored values of the parameter p (left) and of

number of samples/bin
=)

1007 ]
380

340 —320  —300 —280

log £

~360

Fig. 5 Distribution of log £ values in Sy, S» and S3. S| represents the
unbiased sampling, S is constructed close to the maximum of log £,
and S3 is obtained mixing the previous two as explained in the text

The results for p with the assumptions £ > —land u > 0,
estimated from the training set, which has the largest statis-
tics, are given in Table 1.

Figure 6 shows how the 1D and 2D marginal probability
distributions are extremely accurate up to the 99.73% HPDI,
with only tiny differences in the highest probability interval
for some parameters due to the lower statistics of the test
set. Notice that, by construction, there are no points in the
samples with u© < —1. However, the credibility contours in
the marginal probability distributions, which are constructed
from interpolation, may show intervals that slightly extend
below < —1. This is just an artifact of the interpolation
and has no physical implications.
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minus log-likelihood —log £ (right) versus the number of steps for a
random subset of 100 of the 200 chains. For visualization purposes,
values in the plots are computed only for numbers of steps included in
the set {a x 10°} witha € [1,9] and b € [0, 6]

Considering that the sample sizes used to train the DNN
range from 10° to 5 x 107, we do not consider probability
intervals higher than 99.73%. Obviously, if one is interested
in covering higher HPDIs, larger training sample sizes need
to be considered (for instance, to cover a Gaussian 5o inter-
val, that corresponds to a probability 1—5.7 x 1077, even
only on the 1D marginal distributions, a sample with > 107
points would be necessary). We will not consider this case in
the present paper.

3.3 Frequentist inference

In a frequentist inference one usually constructs a test statis-
tics A(u, @) based on the LF ratio

L, )
Since one would like the test statistics to be independent
of the nuisance parameters, it is common to use instead the
profiled likelihood, obtained replacing the LF at each value
of u with its maximum value (over the nuisance parameters
volume) for that value of w. One can then construct a test

statistics #,, based on the profiled (log)-likelihood ratio, given
by

A, 8) = (16)

Eprof(ﬂ)

Linax

sups £(11, §)
Sup,.s L1 8)

t, = —2log

—2lo

a7

-2 (sup log L(1, §) — suplog L(u, 8)) .
)

.8
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Fig. 6 1D and 2D posterior marginal probability distributions for a
subset of parameters from the unbiased S. This gives a graphical repre-
sentation of the sampling obtained through MCMC. The green (darker)
and red (lighter) points and curves correspond to the training set (107
points) and test set (10° points) of S}, respectively. Histograms are made
with 50 bins and normalised to unit integral. The dotted, dot-dashed,

Whenever suitable general conditions are satisfied, and in the
limit of large data sample, by Wilks’ theorem the distribu-
tion of this test-statistics approaches a 2 distribution that is
independent of the nuisance parameters ¢ and has a number
of degrees of freedom equal to dim £ —dim Lo [54]. In our
case t,, can be computed using numerical maximisation on

PURNERCEEN PN N R N S G SR
g2 o3 N

and dashed lines represent the 68.27%, 95.45%, 99.73% 1D and 2D
HPDI. For graphical purposes only the scattered points outside the out-
ermost contour are shown. The difference between green (darker) and
red (lighter) lines gives an idea of the uncertainty on the HPDI due to
finite sampling. Numbers for the 68.27% HPDI for the parameters in
the two samples are reported above the 1D plots

the analytic LF, but it can also be computed from S (and S3,
which is identical in the large likelihood region), which was
constructed with the purpose of describing the LF as precisely
as possible close to profiled maxima. In order to compute #,,
from the sampling we consider small bins around the given p
value and take the point in the bin with maximum LF value.
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Table 1 HPDISs obtained using all 107 samples from the training set of
S1. The result is shown both for © > —1 and . > 0 (only the upper
bound is given in the latter case)

HPDI (%) w>—1 w>0
68.27 [—0.12,0.58] 0.48
95.45 [—0.47,0.92] 0.86
99.73 [—0.82, 1.26] 1.22

This procedure gives an estimate of 7, that depends on the
statistics in the bins and on the bin size. In Fig. 7 we show
the result for 7,, using both approaches for different sample
sizes drawn from .

The three samples from S, used for the maximisation,
with sizes 10, 10°, and 107 (full training set of S,), contain
in the region 11 € [0, 1] around 5 x 10%, 5 x 103, and 5 x 10°
points respectively, which results in increasing statistics in
each bin and a more precise and stable prediction for 7,,. As
it can be seen 10° points, about half of which contained in the
range u € [0, 1], are already sufficient, with a small bin size
of 0.02, to reproduce the #, curve with great accuracy. As
expected, larger bin sizes result in too high profiled maxima
estimates, leading to an underestimate of 7.

Under Wilks® theorem assumptions, ¢, should be dis-
tributed as a X12 (1 d.o.f.) distribution, from which we can
determine CL upper limits. The 68.27%(95.45%) CL upper
limit (under the Wilks’ hypotheses) is given by #,, = 1(4),
corresponding to i < 0.37(0.74). These upper limits are
compatible with the ones found in Ref. [9], and are quite
smaller than the corresponding upper limits of the HPDI
obtained with the Bayesian analysis in Sect. 3.2 (see Table 1).
Even though, as it is well known, frequentist and Bayesian
inference answer to different questions, and therefore do not
have to agree with each other, we already know from the
analysis of Ref. [9] that deviations from gaussianity are not
very large for the analysis under consideration, so that one
could expect, in the case of a flat prior on p such as the one we
consider, similar results from the two approaches. This may
suggest that the result obtained using the asymptotic approx-
imation for 7, is underestimating the upper limit (undercov-
erage). This may be due, in the search under consideration,
to the large number of bins in which the observed number
of events is below 5 or even 3 (see Figure 2 of Ref. [9]).
Indeed, the true distribution of 7, is expected to depart from
a X12 distribution when the hypotheses of Wilks’ theorem are
violated. The study of the distribution of 7, is related to the
problem of coverage of frequentist confidence intervals, and
requires to perform pseudo-experiments and to make fur-
ther assumptions on the treatment of nuisance parameters.
We present results on the distribution of ¢, obtained through
pseudo-experiments in “Appendix B”. The important con-
clusion is that using the distribution of #, generated with
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pseudo-experiments, CL upper limits become more conser-
vative by up to around ~ 70%, depending on the choice of
the approach used to treat nuisance parameters. This shows
that the upper limits computed through asymptotic statistics
undercover, in this case, the actual upper bounds on .

4 The DNNLikelihood

The sampling of the full likelihood discussed above has been
used to train a DNN regressor constructed from multiple fully
connected layers, i.e. a multilayer perceptron (MLP). The
regressor has been trained to predict values of the LF given a
vector of inputs made by the physical and nuisance parame-
ters. In order to introduce the main ingredients of our regres-
sion procedure and DNN training, we first show how models
trained using only points from S; give reliable and robust
results in the case of the Bayesian approach. Then we discuss
the issue of training with samples from S3 to allow for maxi-
mum likelihood based inference. Finally, once a satisfactory
final model is obtained, we show again its performance for
posterior Bayesian estimates.

4.1 Model architecture and optimisation

We used KERAS [55] with TENSORFLOW [56] backend,
through their PYTHON implementation, to train a MLP and
considered the following hyperparameters to be optimised,

the value of which defines what we call a model or a DNN-
Likelihood.

e Size of training sample
In order to assess the performance of the DNNLikeli-
hood given the training set size we considered three dif-
ferent values: 10°, 2 x 10° and 5 x 10°. The training
set (together with a half sized evaluation set) has been
randomly drawn from S; for each model training, which
ensures the absence of correlation between the models
due to the training data: thanks to the large size of Sy (107
samples) all the training sets can be considered roughly
independent. In order to allow for a consistent compari-
son, all models trained with the same amount of training
data have been tested with a sample from the test set of Sy,
and with half the size of the training set. In general, and
in particular in our interpolation problem, increasing the
size of the training set allows to reduce the generalization
error and therefore to obtain the desired performance on
the test set.
e Loss function

In Sect. 2 we have argued that both MAE and MSE are
suitable loss functions to learn the log-likelihood func-
tion. In our optimisation procedure we tried both, always
finding (slightly) better results for the MSE. We there-
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Fig. 7 Comparison of the 7, test-statistics computed using numerical
maximisation of Eq. (17) and using a variable sample size from S,. We

1

show the result obtained searching from the maximum by usind differ-

fore choose the MSE as our loss function in all results

presented here.

Number of hidden layers

From a preliminary optimisation we concluded that more
than a single Hidden Layer (HL) (deep network) always
performs better than a single HL (shallow network).
However, in the case under consideration, deeper net-
works do not seem to perform much better than 2HL
networks, even though they are typically much slower to
train and to make predictions. Therefore, after this pre-
liminary assessment, we focused on 2HL architectures.
Activation function on hidden layers

We compared RELU [57], ELU [58], and SELU [59]
activation functions and the latter performed better in
our problem. In order to correctly implement the SELU
activation in Keras we initialised all weights using the
KERAS “lecun_normal” initialiser [59,60].

Number of nodes on hidden layers

We considered architectures with the same number of
nodes on the two hidden layers. The number of trainable
parameters (weights) in the case of n fully connected HLs
with the same number of nodes dy, is given by

dur, (dinpuc + (1 — DL + (n + 1) +1, (18)

where dinpyt is the dimension of the input layer, i.e. the
number of independent variables, 95 in our case. DNNs
trained with stochastic gradient methods tend to small
generalization errors even when the number of parame-
ters is larger than the training sample size [61]. Overfit-
ting is not an issue in our interpolation problem [62]. In
our case we considered HLs not smaller than 500 nodes,
which should ensure enough bandwidth throughout the
network and model capacity. In particular we compared
results obtained with 500, 1000, 2000, and 5000 nodes on
each HL, corresponding to 299001, 1098001, 4196001,
and 25490001 trainable parameters.

I

ent binning in 7, with bin size 0.01, 0.02, 0.05, 0.1 around each value
of u (between 0 and 1 in steps of 0.1)

e Batch size

When using a stochastic gradient optimisation technique,
of which ADAM is an example, the minibatch size is
an hyperparameter. For the training to be stochastic, the
batch size should be much smaller than the training set
size, so that each minibatch can be considered roughly
independent. Large batch sizes lead to more accurate
weight updates and, due to the parallel capabilities of
GPUs, to faster training time. However, smaller batch
sizes usually contribute to regularize and avoid overfit-
ting. After a preliminary optimisation obtained changing
the batch size from 256 to 4096, we concluded that the
best performances were obtained by keeping the number
of batches roughly fixed to 200 when changing the train-
ing set size. In particular, choosing batch sizes among
powers of two, we have used 512, 1024 and 2048 for
10°,2 x 10° and 5 x 10° training set sizes respectively.
Notice that increasing the batch size when enlarging the
training set, also allowed us to keep the initial learning
rate (LR)) fixed [63].12 Similar results could be obtained
by keeping a fixed batch size of 512 and reducing the
starting learning rate when enlarging the training set.
Optimiser

We used the ADAM optimiser with default parameters,
and in particular with learning rate ¢ = 0.001. We
reduced the learning rate by a factor 0.2 every 40 epochs
without improvements on the validation loss within an
absolute amount (MIN_DELTA in KERAS) 1/Npoints, With
Npoints the training set size. Indeed, since the KERAS
MIN_DELTA parameter is absolute and not relative to the
value of the loss function, we needed to reduce it when
getting smaller losses (better models). We have found
that 1/Npoines corresponded roughly to one to few per-
mil of the best minimum validation loss obtained for all

12 Our fixed learning rate generates some small instability in the early

stage of training for large models, which however does not affect the
final results thanks to the automatic LR reduction discussed in the Opti-

miser item.
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different training set sizes. This value turned out to give
the best results with reasonably low number of epochs
(fast enough training). Finally, we performed early stop-
ping [64,65] using the same MIN_DELTA parameter and
no improvement in the validation loss for 50 epochs,
restoring weights corresponding to the step with mini-
mum validation loss. This ensured that training did not
go on for too long without substantially improving the
result. We also tested the newly proposed ADABOUND
optimiser [66] without seeing, in our case, large differ-
ences.

Notice that the process of choosing and optimising a model
depends on the LF under consideration (dimensions, num-
ber of modes, etc.) and this procedure should be repeated
for different LFs. However, good initial points for the opti-
misation could be chosen using experience from previously
constructed DNNLikelihoods.

As we discussed in Sect. 2, there are several metrics that
we can use to evaluate our model. Based on the results
obtained by re-sampling the DNNLikelihood with EMCEE3,
we see a strong correlation between the quality of the re-
sampled probability distribution (i.e. of the final Bayesian
inference results) and the metric corresponding to the median
of the K-S test on the 1D posterior marginal distributions. We
therefore present results focusing on this evaluation metric.
When dealing with the Full DNNLikelihood trained with the
biased sampling S3 we also consider the performance on the
mean relative error on the predicted 7,, test statistics when
choosing the best models.

4.2 The Bayesian DNNLikelihood

From a Bayesian perspective, the aim of the DNNLikelihood
is to be able, through a DNN interpolation of the full LF, to
generate a sampling analog to S;, which allows to produce
Bayesian posterior density distributions as close as possible
to the ones obtained using the true LF, i.e. the S| sampling.
Moreover, independently of how complicated to evaluate the
original LF is, the DNNLikelihood is extremely fast to com-
pute, allowing for very fast sampling.'> The EMCEE3 MCMC
package allows, through vectorization of the input function
for the log-probability, to profit of parallel GPU predictions,
which made sampling of the DNNLikelihood roughly as fast
as the original analytic LF.

We start by considering training using samples drawn from
the unbiased S;. The independent variables all vary in a rea-
sonably small interval around zero and do not need any pre-
processing. However, the log £ values in S| span a range

13 In this case the original likelihood is extremely fast to evaluate as
well, since it is known in analytical form. This is usually not the case in
actual experimental searches involving theory and detector simulations.
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between around —380 and —285. This is both pretty large
and far from zero for the training to be optimal. For this rea-
son we have pre-processed data scaling them to zero mean
and unit variance. Obviously, when predicting values of log £
we applied the inverse function to the DNN output.

We rank models trained during our optimisation proce-
dure by the median p value of 1D K-S test on all coordinates
between the test set and the prediction performed on the vali-
dation set. The best models are those with the highest median
p value. In Table 2 we show results for the best model we
obtained for each training sample size. All metrics shown
in the table are evaluated on the log £. Results have been
obtained by training 5 identical models for each architecture
(2HL of 500, 1000, 2000 and 5000 nodes each) and hyper-
parameters (batch size, learning rate, patience) choice and
taking the best one. We call these three best models B;— B3
(B stands for Bayesian). All three models have two HLs with
5 x 103 nodes each, and are therefore the largest we consider
in terms of number of parameters. However, it should be clear
that the gap with smaller models is extremely small in some
cases with some of the models with less parameters in the
ensemble of 5 performing better than some others with more
parameters. This also suggests that results are not too sensi-
tive to model dimension, making the DNNLikelihood pretty
robust.

Figure 8 shows the learning curves obtained for the values
of the hyperparameters shown in the legends. Early stopping
is usually triggered after a few hundred epochs (ranging from
around 200-500, with the best models around 200-300) and
values of the validation loss (MSE) that range in the inter-
val ~ [0.01, 0.003]. Values of the validation ME, which, as
explained in Sect. 2 correspond to the K-L divergence for the
LF, range inthe ~ [1, 5] x 1073, which, together with median
of the p value of the 1D K-S tests in the range 0.2—0.4 deliver
very accurate models. Training times are not prohibitive, and
range from less than one hour to a few hours for the models
we considered on a Nvidia Tesla V100 GPU with 32GB of
RAM. Prediction times, using the same batch sizes used dur-
ing training, are in the ballpark of 10—15 ps/point, allowing
for very fast sampling and inference using the DNNLikeli-
hood. Finally, as shown in Table 2, all models present very
good generalization when going from the evaluation to the
test set, with the generalization error decreasing with the
sample size as expected.

In order to get a full quantitative assessment of the perfor-
mances of the Bayesian DNNLikelihood, we compared the
results of a Bayesian analysis performed using the test set
of S and each of the models B{— B3. This was done in two
ways. Since the model is usually a very good fit of the LF, we
reweighted each point in S using the ratio between the orig-
inal likelihood and the DNNLikelihood (reweighting). This
procedure is so fast that can be done for each trained model
during the optimisation procedure giving better insights on
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Table 2 Results for the best models (Bayesian DNNLikelihood) for
different training sample size. All models have been trained for 5 times
to check the stability of the result and the best performing one has been
quoted. Prediction time is evaluated on a test set with half the size of the

training set using the same batch size used in training, and evaluating
on a Nvidia Tesla V100 GPU with 32GB of RAM. All best models have
dyr, =5 x 103

Name B] Bz B3
Sample size (x10%) 1 2 5
Epochs 178 268 363
Minimum loss train (MSE) (x1073) 0.14 0.088 0.054
Minimum loss val (MSE) (x1073) 10.11 6.66 3.90
Minimum loss test (MSE) (x1073) 10.02 6.64 3.90
ME train (x1073) 0.47 0.53 0.28
ME val (x1073) 5.44 2.58 1.76
ME test (x1073) 4.91 2.31 1.72
Median p value of 1D K-S test vs pred. on train 0.41 0.46 0.39
Median p value of 1D K-S test vs. pred. on val. 0.24 0.33 0.43
Median p value of 1D K-S val vs. pred. on test 0.24 0.40 0.34
Training time (s) 1007 2341 8446
Prediction time (jLs/point) 11.5 10.4 14.5
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Fig. 8 Training and validation loss (MSE) vs number of training epochs for models B|—B3. The jumps correspond to points of reduction of the

ADAM optimiser learning rate

the choice of hyperparameters. Once the best model has been
chosen, the result of reweighting has been checked by directly
sampling the DNNLikelihoods with EMCEE3.'* We present
results obtained by sampling the DNNLikelihoods in the
form of 1D and 2D marginal posterior density plots on a
chosen set of parameters (u, 850, 891, 692, 893, 594).

We have sampled the LF using the DNNLikelihoods
B1—B3 with the same procedure used for S5 Starting

14 Sampling has been done on the same hardware configuration men-
tioned in Footnote 10. However, in this case log-probabilities have been
computed in parallel on GPUs (using the “vectorize” option of EMCEE3).

15 Since the effect of autocorrelation of walkers is much smaller than
the instrinsic error of the DNN, to speed up sampling we have used 1024
walkers with 107 steps, discarded a burn-in phase of 5 x 10* steps and
thinned the remaining 5 x 10* with a step size of 50 to end up with 10°
samples from each of the DNNLikelihoods. Notice that the step size of
thinning is much smaller than the one we used when building the training
set in Sect. 3.1. This is motivated by the fact that thinning has very little
effect on statistical inference in the limit of large statistics, while it may

from model By (Fig. 9), Bayesian inference is accurately
reproduced for 68.27% HPDI, well reproduced, with some
small deviations arising in the 2D marginal distributions for
95.45% HPDI, while large deviations, especially in the 2D
marginal distributions, start to arise for 99.73% HPDI. This
is expected and reasonable, since model B has been trained
with only 10° points, which are not enough to carefully
interpolate in the tails, so that the region corresponding to
HPDI larger than ~ 95% is described by the DNNLikeli-
hood through extrapolation. Nevertheless, we want to stress
that, considering the very small training size and the large
dimensionality of the LF, model B already works surpris-
ingly well. This is a common feature of the DNNLikelihood,

Footnote 15 continued

have some effect on training data. Intuitively, giving more “different”
examples to the DNN could help learning the function in more regions.
This is why we have been extremely conservative in choosing a large
thinning when building the training set.
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Fig. 9 1D and 2D posterior marginal probability distributions for a
subset of parameters from the unbiased S;. The green (darker) distri-
butions represent the test set of S1, while the red (lighter) distributions
are obtained by sampling the DNNLikelihood B;. Histograms are made
with 50 bins and normalised to unit integral. The dotted, dot-dashed, and

which, as anticipated, works extremely well in predicting
posterior probabilities without the need of a too large train-
ing sample, nor a hard tuning of the DNN hyperparameters.
When going to models B> and B3 (Figs. 10 and 11) predic-
tions become more and more reliable, improving as expected
with the number of training points. Therefore, at least part
of the deviations observed in the DNNLikelihood prediction
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dashed lines represent the 68.27%, 95.45%, 99.73% 1D and 2D HPDI.
For graphical purposes only the scattered points outside the outermost
contour are shown. Numbers for the 68.27% HPDI for the parameters
in the two samples are reported above the 1D plots

have to be attributed to the finite size of the training set, and
are expected to disappear when further increasing the num-
ber of points. Considering the relatively small training and
prediction times shown in Table 2, it should be possible, once
the desired level of accuracy has been chosen, to enlarge the
training and test sets enough to match that precision. For the
purpose of this work, we consider the results obtained with
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Fig. 10 Same as Fig. 9 but for the DNNLikelihood B>

models B;—Bj3 already satisfactory, and do not go beyond
5 x 10’ training samples.

In order to allow for a fully quantitative comparison,
in Table 3 we summarize the Bayesian 1D HPDI obtained
with the DNNLikelihoods B|—Bj3 for the parameter u both
using reweighting and re-sampling (only upper bounds for
the hypothesis . > 0). We find that, taking into account
the uncertainty arising from our algorithm to compute HPDI
(finite binning) and from statistical fluctuations in the tails
of the distributions for large probability intervals, the results
of Table 3 are in good agreement with those in Table 1. This

shows that the Bayesian DNNLikelihood is accurate even
with a rather small training sample size of 10° points and its
accuracy quickly improves by increasing the training sample
size.

4.3 Frequentist extension and the full DNNLikelihood
We have trained the same model architectures considered for
the Bayesian DNNLikelihood using the S3 sample. In Table

4 we show results for the best models we obtained for each
training sample size. Results have been obtained by training
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Fig. 11 Same as Fig. 9 but for the DNNLikelihood B3

Table 3 HPDI obtained from the different DNNLikelihood models
B1— B3 both by reweighting on the test set of S| (upper block) and by
re-sampling (lower block). Results are only shown as upper bounds on

DN
NORTR

w in the hypothesis i > 0 and should be compared with the last column
of Table 1

Procedure HPDI (%) B By B3

Reweighting 68.27 0.50 0.49 0.48
95.45 0.92 0.91 0.88
99.73 1.36 1.35 1.29

Sampling the DNNLikelihood 68.27 0.49 0.49 0.49
95.45 0.92 0.91 0.88
99.73 1.35 1.34 1.29
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Table 4 Results for the best
models (Full DNNLikelihood)
for different training sample
size. All models have been
trained for 5 times to check the
stability of the result and the
best performing has been
quoted. Prediction time is
evaluated on a test set with half
the size of the training set using
the same batch size used in
training, and evaluating on a
Nvidia Tesla V100 GPU with
32GB of RAM. All best models
have di. = 5 x 103

Name Fi Fy F3
Sample size (x 10%) 1 2 5
Epochs 183 243 362
Minimum loss train (MSE) (x 10~3) 0.092 0.026 0.030
Minimum loss val (MSE) (x1073) 1.18 0.80 0.71
Minimum loss test (MSE) (x 10~3) 1.17 0.80 0.72
ME train (x1073) 3.07 0.47 1.1
ME val (x1073) 1.78 0.87 0.82
ME test (x1073) 1.50 0.68 0.86
Median p value of 1D K-S test/pred-train 0.53 0.48 0.44
Median p value of 1D K-S test/pred-val 0.15 0.27 0.20
Median p value of 1D K-S val/pred-test 0.13 0.31 0.33
Mean error on #, 0.11 0.12 0.032
Training time (s) 1236 2819 7114
Prediction time (ps/point) 11.1 10.8 10.5

5 identical models for each architecture and hyperparameter
choice, as in Sect. 4.2, and taking the best one. We call these
models F|—F3 (F may stand for both Full and Frequentist,
bearing in mind that these models also allow for Bayesian
inference). As we anticipated in the previous section, the
performance gap between models with different number of
parameters is very small and often models with less param-
eters overperform, at least in the hyperparameter space we
considered, models with more parameters. This is especially
due to our choice of leaving the initial learning rate constant
for all architectures, which resulted in a slightly too large
learning rate for the bigger models, with a consequently less
stable training phase.

This can be seen in Fig. 12, where we show the learning
curves obtained for the values of the hyperparameters shown
in the legends. The training curves for models Fi-F3 are
less regular than those of models B1-B3. Nevertheless, as the
learning rate gets reduced, they quickly reach a good valida-
tion loss. As in the case of the Bayesian DNNLikelihood, no
strong fine-tuning is needed for the DNNLikelihood to per-
form extremely well already with a moderate sized training
set, so that we have chosen the best models without pushing
optimisation further. The differences in the value of the met-
rics in Table 4 compared to the ones in Table 2 are due to the
new region of LF values that is learnt from the DNN.

Before repeating the Bayesian analysis presented for the
Bayesian DNNLikelihood, we present results of frequentist
inference using the Full DNNLikelihood. We used the mod-
els F'1—F3 to evaluate the test statistics #,,.. The left panel of
Fig. 13 shows #,, obtained using the Full DNNLikelihoods,
while the right panel of the same figure shows the absolute
error with respect to numerical maximisation of the analytic
LF defined as Af, (1) = |IENN — tﬁ"a“l. Apart for some
visible deviation in the prediction of model Fji, it is clear

that the Full DNNLikelihood is perfectly able to reproduce
the test statistics, allowing for robust frequentist inference,
already starting with relatively small training sets of few hun-
dred thousand points. Clearly, the larger the training set, the
smaller the error, with an average absolute error on 7, (dashed
lines in the right panel of Fig. 13) that gets as low as a few
1072 for our models. We found that ensemble learning can
help in reducing differences further (keeping under control
statistical fluctuations in the training set and in the DNN
weights). However, in the particular case under considera-
tion, results are already satisfactory by taking the best out
of five identical models trained with random subsets of the
training set. For this reason we do not expand on ensemble
learning in this work and just consider it as a tool to improve
performance in cases where the LF is extremely complicated
or has very high dimensionality.

We now show how the full DNNLikelihood is also able to
catch all the features necessary for Bayesian inference. We do
so by repeating the analysis done for models B — B3 for the
full DNNLikelihoods F;—F3. As it can be seen comparing
Table 5 with Table 3, results for HPDI on p are quantita-
tively unchanged with respect to the Bayesian DNNLikeli-
hood, even though, as shown by Figs. 14, 15, 16, the per-
formances on the of 1D and 2D marginal probability distri-
butions slightly deteriorate. This is expected since the statis-
tics in the tails of the LF, that are relevant for the posterior
marginal probability distributions, is reduced compared to
the Bayesian DNNLikelihood due to the enrichment, in the
mixed sample S3, of points in the large probability region
of the LF. Also notice that this slight reduction in the perfor-
mance on posterior marginal probability distributions cannot
directly be inferred from a comparison of Tables 2 and 4.
Indeed, all these metrics are global and cannot tell in which
regions the DNNLikelihood performs better or worse. For
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Fig. 12 Training and validation loss (MSE) vs number of training epochs for models /| —F3. The jumps correspond to points of reduction of the
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Fig. 13 Comparison of the #, test-statistics computed using numeri-
cal maximisation of the analytic likelihood and of the DNNLikelihoods
F1—F3. Each of the 7, prediction from the DNNLikelihoods corre-
sponds to the best out of five trained models. The left and right plots

this reason, looking at the performances on HPDI is crucial
to check that the Bayesian inference can be correctly repro-
duced by the DNNLikelihood.

5 Conclusion and future work

Publishing and distributing likelihoods in a simple yet gen-
eral way is becoming a key issue in many fields, and in partic-
ular in the physics of fundamental interactions, where exper-
imental (and phenomenological) results typically involve
complicated (and often multi-modal or degenerate) likeli-
hoods which depend on hundreds of parameters. We have
introduced the DNNLikelihood framework, in which the full
likelihood, binned or unbinned, including the dependence on
all nuisance parameters, is published by providing a suitably
trained DNN predictor. Distributing the results of experimen-
tal or phenomenological analyses using the DNNLikelihood

@ Springer

0.301 ----- DNN Ay
.......... DNN F, F; -
0.254 ——- DNN F}

0.201 y

0.051

show respectively the f,, test-statistics and the absolute error computed
as |IENN — tﬁ’“’“ |. Horizontal lines in the right plot represent the mean
absolute error

framework allows for the combination of different analyses,
for the reinterpretation of the results under different hypothe-
ses, and for the use of the likelihood in a different statistical
framework, without loss of information.

We have illustrated the power of the DNNLikelihood dis-
cussing in detail the toy experiment presented in Ref. [9],
which mimics a realistic LHC-like NP search. We found that
the DNNLikelihood is able to catch the main features of the
true LF, allowing for both frequentist and Bayesian inference,
already with a limited amount of training data.

A JUPYTER notebook, together with PYTHON source files
which allow to reproduce all results presented above are
available on GitHub ). A dedicated PYTHON package allow-
ing to sample LFs and to build, optimize, train, and store the
corresponding DNNLikelihoods is in preparation. This will
allow not only allow to construct and distribute DNNLikeli-
hoods, but also to use them for inference both in the Bayesian
and frequentist frameworks.


https://github.com/riccardotorre/DNNLikelihood
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Fig. 14 1D and 2D posterior marginal probability distributions for a
subset of parameters from the unbiased S. The green (darker) distribu-
tions represent the test set of Sy, while the red distributions are obtained
by sampling the DNNLikelihood F;. Histograms are made with 50 bins
and normalised to unit integral. The dotted, dot-dashed, and dashed lines

We plan to release soon the first examples of the use of the
DNNLikelihood for true experimental likelihoods, including
unbinned, multimodal likelihoods, in forthcoming publica-
tions.

As a final remark, we stress the fact that the proposed
approach supports and complements the remarkable step
taken by the ATLAS collaboration in publishing full experi-

O PO »® .o
SRR TN

(S.‘l-'l

represent the 68.27%, 95.45%, 99.73% 1D and 2D HPDI. For graphi-
cal purposes only the scattered points outside the outermost contour are
shown. Numbers for the 68.27% HPDI for the parameters in the two
samples are reported above the 1D plots

mental likelihoods [12,14,15]. On one hand, the DNNLike-
lihood framework can be seen as a way to export a Hist-
Factory likelihood to a software environment that does not
meet the needed dependencies, or as an alternative option for
experimental collaborations that do not use HistFactory. On
the other, the use of a DNN model does not imply specific
choices on the likelihood function (e.g. it covers equally well

@ Springer
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Fig. 15 Same as Fig. 14 but for the DNNLikelihood F>
Table 5 HPDI obtained from the different DNNLikelihood models

F1—F5 both by reweighting on the test set of S; (upper block) and by
re-sampling (lower block). Results are only shown as upper bound on p

O PO PG
P SN N

in the hypothesis i > 0 and should be compared with the last column

of Table 1

Procedure HPDI (%) F F F3

Reweighting 68.27% 0.50 0.50 0.49
95.45 0.93 0.92 0.89
99.73 1.39 1.37 1.31

Sampling the DNNLikelihood 68.27% 0.50 0.50 0.48
95.45 0.93 0.93 0.88
99.73 1.35 1.37 1.28
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Fig. 16 Same as Fig. 14 but for the DNNLikelihood F3

Table 6 Probability interval 1 — « corresponding to no forn = 1, 2, 3, 4, 5 in different dimension / = 1, 10, 100

n\l 1 10 100
1 0.683 1.7 x 1074 1.79 x 10730
2 0.954 0.0537 5.21 x 1071
3 0.997 0.468 1.83 x 1073
4 1-6.3 x 107° 0.900 1.87 x 1073
5 1-5.7 x 1077 0.995 1.14 x 1071
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Table 7 Value of log;qexp (—QF “a - a)) for fixed probability
i
intervals 1 — o corresponding to no of a 1-dimensional normal distri-

bution for n = 1, 2, 3, 4, 5 in different dimension / = 1, 10, 100

1 —a\l 1 10 100
0.683 0.165 3.76 79.7
0.954 0.0202 1.28 50.3
0.997 1.17 x 1073 0.330 33.7
1-6.3 x 107 2.75x 107 0.0456 22.7
1-5.7 x 1077 2.49 x 1077 2.32 % 1073 14.9

unbinned likelihoods and/or likelihoods built from analytical
functions and not represented as histograms).

Last but not least, using a DNNLikelihood could be a
viable solution to distribute the outcome of phenomeno-
logical studies, such as the ones presented in Refs. [19—
28,67,68].

On a long term, a large scale adoption of likelihood pub-
lishing towards the DNNLikelihood framework would moti-
vate the possibility of publishing DNN models on HEP-
Data (which, more generically, would be beneficial for repro-
ducibility issues related to physics analysis using DNNs for
selection, etc.), for instance supporting the ONNX format.
In this respect, and considering that there could be inter-
est in likelihood publishing in other domains (e.g. for the
Acpy likelihood in cosmology), it might be worth con-
sidering a less hierarchical submission procedure for HEP-
Data (e.g. allowing individuals outside a structured organiza-
tion/experimental collaboration to submit a likelihood func-
tion) or the opportunity to create a separate (and not HEP
specific) likelihood function repository, e.g. based on Zen-
odo.

Acknowledgements We are indebted to the authors of Ref. [9] for
providing us with details and data concerning the LHC-like experiment
considered in this paper. We also thank the referee for the careful reading
and the valuable comments. This project has received funding from
the European Research Council (ERC) under the European Union’s
Horizon 2020 research and innovation program (grant agreement n’
772369) and from the Italian Ministry of Research (MIUR) under grant
PRIN 20172LNEEZ. The work of R. Torre has been partially supported
by the INFN Grant MALHEPHYCA.

Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: Datasets and
models used for this study are available at https://zenodo.org/record/
3567822#.Xxfsuy VHmEC.]

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adaptation,
distribution and reproduction in any medium or format, as long as you
give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indi-
cated otherwise in a credit line to the material. If material is not

@ Springer

included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permit-
ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.

Funded by SCOAP3.

A On the multivariate normal distribution

For the univariate normal distribution (centered in zero and
with unit variance)

X 2

1
Ni(x) = ez, (19)
N2
the confidence intervals at no are defined by the quantiles of
the x,? distribution with £ = 1 degrees of freedom by

)

2 p—1
n=F

1

—a). l-a=Fp (nz) (20)

where 1 — « is the area of the distribution within £no from
the mean and F 2 is the cumulative distribution of the x?2
distribution w1th k degrees of freedom.

Generalization to a multivariate normal distribution in /
dimensions with zero vector mean and identity covariance
matrix X = [;

Nix) = e~ Xin i 1)

1
(271)’/ 2¢
is obtained by considering the X/? distribution with £k = /
degrees of freedom. Equation (20) then becomes

2 _ -1 _ _ _ 2
=Fl-a), 1-a=Fp; (n ) (22)

Table 6 shows the probability corresponding to an interval at
no forn =1, 2, 3, 4, Sindifferent dimension/ = 1, 10, 100.

The typical size of \ outside of the region with probability
1 — « is given by

1 —3F5d-w

—(271)1/2 e (23)

The target set of the distribution within 1 — « probability
from the mean is therefore given by:

Ll a-w)
Ni () ithin 1o € @m) 2 Le 2 1Y, (24)

To get an idea of how many orders of magnitude the target
set spans for a given 1 — « probability interval in different
dimensions, in Table 7 we show — log, of the ratio between
minimum and maximum, i.e.

F P (1—0!)
loglo e i (25)
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Fig. 17 Distributions f (¢, |u) for the LHC-like new physics search discussed in Sect. 3, obtained from pseudo-experiments employing the profile
construction (upper panel) and the hybrid frequentist-Bayesian treatment of nuisance parameters (lower panel). A X12 distribution is shown for

comparison

Table 8 Values of p with corresponding 7, obs and CL coverage for
the LHC-like new physics search discussed in Sect. 3, obtained from
pseudo-experiments employing the profile construction and the hybrid

frequentist-Bayesian treatment of nuisance parameters. The last row
shows the asymptotic result obtained with a X12 distribution

" 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

t11,0bs 0.0 0.09 0.29 0.63 1.13 1.77 2.57 3.53 4.64 5.92 7.37
Coverage (profile) 0.0 0.15 0.27 0.37 0.49 0.59 0.68 0.76 0.83 0.89 0.93
Coverage (hybrid) 0.0 0.15 0.30 0.46 0.61 0.73 0.82 0.90 0.94 0.97 0.99
Coverage (X12) 0.0 0.23 0.41 0.57 0.71 0.82 0.89 0.94 0.97 0.99 0.99

for fixed probability intervals corresponding to no of a 1-
dimensional normal distribution for n = 1, 2, 3, 4, 5 in dif-
ferent dimension /[ = 1, 10, 100.

B Pseudo-experiments and frequentist coverage

In order to check the validity of the asymptotic approxima-
tion given by Wilks’ theorem, and to obtain more robust

upper bounds from the 7, test-statistics for the LHC-like
search discussed in Sect. 3, we need to generate several
pseudo-experiments for each hypothesised “true” value of
w, compute the log-likelihood and the test statistics 7, for
each pseudo-experiment, and study the pdf of 7,,, denoted by
f(t,lp). The cumulative distribution of f (7, |u) determines
the coverage properties of the test-statistics #,, through the
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Table 9 Upper bounds on #, and corresponding w at different CL
for the LHC-like new physics search discussed in Sect. 3, obtained
from pseudo-experiment employing a profiled frequentist and hybrid
frequentist-Bayesian treatment of nuisance parameters. The last two
rows show the asymptotic result obtained with a X12 distribution

CL 68.27% 95.45% 99.73%
1, (profile) 2.71 > 7.37 > 7.37
1 (profile) 0.61 > 1.00 > 1.00
1, (hybrid) 1.52 5.26 > 7.37
w (hybrid) 0.46 0.85 > 1.00
te (XD 1.00 4.00 9.00
©(x?) 0.37 0.74 > 1.00
relation
t1,0bs
l—p,= /0 f@ulwdtey,, (26)

where 1, obs is the ¢, of our actual experiment at the given
value of u. By solving this equation for u at specified value
of p,, = a we get the value of u excluded at a CL of 1 — «.

We generate pseudo-experiments following two different
procedures for the treatment of nuisance parameters and com-
pare the results.

e Profile construction

First we consider a frequentist treatment of nuisance
parameters, referred to as profile construction [43,69]:
we determine the values 6 w of the nuisance parameters
at the maximum of the LF of our actual experiment for
different values of 1, and keep them fixed to generate sev-
eral pseudo-experiments for each y according to Eq. (12).
This approach encodes statistical fluctuations arising in
repeated experiments, but does not take into account sys-
tematic uncertainties. Although this approach violates the
“anticipation criterion” [70], it is expected to work well,
and have good coverage properties when the uncertainty
is statistically dominated.'® Indeed the coverage of this
approach grows as the profiled value 0 « approaches the
“true” value of #. This happens when systematic uncer-
tainties become less and less relevant compared to statis-
tical fluctuations.

Following this procedure we generated 5 x 10* pseudo-
experiments for each value of p in the range [0, 1] with
steps of 0.1.

e Hybrid frequentist-Bayesian (marginal model)

In order to understand the impact of systematic uncer-

16 This was the approach employed, for instance, in the LHC Higgs
boson search combinationin 2011 [3]. Notice that in our toy example we
do not have access to the auxiliary measurements used to constrain the
nuisance parameters, so we cannot float them when generating pseudo-
experiments.

@ Springer

tainties we also consider the hybrid frequentist-Bayesian
treatment of nuisance parameters (referred to as marginal
model in Ref. [43]): pseudo-experiments are generated
including both variations of the nuisance parameters
according to their distribution, and statistical uncertainty
through Eq. (12). This allows to include the effect of
systematic uncertainties in the generation of pseudo-
experiments.

In this case we generated, for the same values of  con-
sidered above, 5 x 103 expected counts (for all 90 bins)
corresponding to variations of the nuisance parameters
over their multivariate distibution, and subsequently used
each of these expected counts to generate 10 pseudo-
experiments according to Eq. (12). This delivers a total
of 5 10* pseudo-experiments for each value of 11, encod-
ing both statistical and systematic uncertainties.

Figure 17 shows the distributions f (¢, |u) for each value
of u, while the probability values covered for each value
of u and the corresponding 7, obs are given in Table 8.
Using the distributions f(#,|un) we performed the integral
in Eq. (26) for 1 — p,, = 0.6827, 0.9545, 0.9973, getting the
upper bounds on u reported in Table 9. All results are shown
for both the profile construction and the hybrid frequentist-
Bayesian approach.

As expected, due to the small statistics in many bins, the
asymptotic result is inaccurate, and in particular tends to
undercover the true value. This delivers a too “aggressive”
upper bound for x. The hybrid approach gives relatively more
conservative upper bounds, very similar (expectedly, given
the marginal model used for the nuisance parameters) to the
Bayesian result reported in Table 1. Finally, the profile con-
struction gives the most conservative bound, that is substan-
tially more conservative than the asymptotic one. We do not
dare here to discuss which upper bound is to be quoted, since
we are only interested in assessing the validity of the asymp-
totic approximation.
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