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Abstract
This document is one of a series of whitepapers from the USQCD collaboration. Here, we

discuss opportunities for lattice QCD in quark and lepton flavor physics. New data generated at

Belle II, LHCb, BES III, NA62, KOTO, and Fermilab E989, combined with precise calculations

of the relevant hadronic physics, may reveal what lies beyond the Standard Model. We outline

a path toward improvements of the precision of existing lattice-QCD calculations and discuss

groundbreaking new methods that allow lattice QCD to access new observables.
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EXECUTIVE SUMMARY

In 2018, the USQCD collaboration’s Executive Committee organized several subcommit-
tees to recognize future opportunities and formulate possible goals for lattice field theory
calculations in several physics areas. The conclusions of these studies, along with community
input, are presented in seven whitepapers [1–6]. This whitepaper covers the role of lattice
QCD in quark and lepton flavor physics.

Flavor physics provides a window to look beyond the Standard Model of elementary par-
ticles, in many cases reaching farther than direct searches at high-energy colliders. With
experiments that are dramatically improving in precision now and in the coming years, fla-
vor physics may very well reveal where the Standard Model fails, and point us toward a
more fundamental theory. Concrete opportunities arise from new data generated at Belle
II, LHCb, BES III, NA62, KOTO, and Fermilab E989. These experiments, paired with
improvements in theory, will shed new light on existing tensions between theory and exper-
iment, such as those in the flavor-changing neutral-current b → sµ+µ− transitions and in
the muon anomalous magnetic moment.

Most of the observables in flavor physics involve hadrons, and their theoretical description
therefore requires nonperturbative calculations in QCD. In many cases, the lack of precision
of theoretical predictions limits the power of the experiments to constrain the Standard
Model and to search for new physics. The only systematically improvable method for non-
perturbative calculations in QCD is lattice gauge theory, which has now reached a high level
of maturity. In this whitepaper, we discuss opportunities for lattice QCD to fully exploit
the upcoming and existing experimental results in flavor physics. We outline a path toward
improvements of the precision of existing lattice-QCD calculations, as well as groundbreak-
ing new methods that allow lattice QCD to access new observables and therefore tap the
potential of a larger variety of experimental measurements.

In quark flavor physics, examples of established observables where improvements in pre-
cision over previous lattice calculations will have a big impact are the Bs–B̄s mixing matrix
elements and the B → π form factors, while examples of more complicated observables that
can now be calculated on the lattice are decays with two-hadron final states such as K → ππ
and B → Kπ`+`−, and non-local electroweak processes such as the long-distance contribu-
tions to the CP-violation amplitude εK and rare kaon decays. There are also new proposals
to compute inclusive processes, which involve a sum over arbitrary hadronic states, on the
lattice. In lepton flavor physics, lattice-QCD calculations of the hadronic vacuum polariza-
tion function for the muon anomalous magnetic moment are well established, and the goal
for the next few years is to match or better the high level of precision provided by dispersive
extractions from experimental data. A more complicated observable is the hadronic light-
by-light contribution to the muon anomalous magnetic moment, where recent improvements
in the methodology have made possible a complete first-principles calculation.

The opportunities outlined in this whitepaper build upon USQCD’s existing, highly suc-
cessful program in flavor physics. In particular, lattice QCD calculations of some of the
important quark flavor observables have reached a level of precision where there are now
a number of quantities for which lattice uncertainties are commensurate with (or smaller
than) experimental uncertainties. In addition, for some key observables, breakthrough lat-
tice results (while not yet at commensurate precision) are pointing to an emerging tension
between experiment and Standard-Model theory. Taken all together, these results are con-
sidered to be among the flagship results obtained in lattice QCD and have a big impact on
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the corresponding phenomenology in the Standard Model and beyond.
The hardware resources of the USQCD collaboration have been a crucial component of

this successful program, as they allowed USQCD researchers to develop, test, and refine new
methods and other innovations, in addition to carrying out the needed computations on all
but the most demanding ensembles. The USQCD hardware resources will continue to be
important to develop and test new methods needed for computations of more challenging
observables involving multi-hadron intermediate or final states, or the more complicated
sub-leading corrections needed to meet the precision needs of the experimental program.
However, the availability of allocations on leadership-class facilities will also continue to
play an important role in facilitating further improvements by allowing lattice calculations
for mature projects on the most demanding ensembles.
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I. INTRODUCTION

With the discovery of the Higgs boson in 2012, the last elementary particle of the Standard
Model was found, but several unexplained phenomena and theoretical arguments suggest
that we still do not have a complete theory. The violation of CP symmetry in the quark
sector that originates from the complex phase of the Cabibbo-Kobayashi-Maskawa quark
mixing matrix is many orders of magnitude too small to explain the matter-antimatter
asymmetry of the universe. The Standard Model does not provide a particle suitable as the
dominant constituent of the observed dark matter. The mechanism giving neutrinos their
tiny masses is still unknown, and the patterns and hierarchies of the masses and couplings
of the many “elementary” particles remain puzzling.

Flavor physics in the quark sector has a proven track record of discoveries of new fun-
damental physics: the unexpectedly low frequency of neutral kaon oscillations led to the
prediction of the charm quark, the observation of CP violation in the same sector demanded
the existence of the third-generation bottom and top quarks, and measurements of B0-B̄0

mixing indicated a large value of the top-quark mass before colliders were able to produce
top quarks directly [7]. Similarly, in the lepton sector, the anomalous magnetic moment of
electrons and muons has played a pivotal role in advancing our understanding of relativity
and quantum field theory. Theory and experiment for these moments can now be compared
at a precision of approximately one part in five million for the muon and one part in eight
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FIG. 1. Indirect searches for new physics in the flavor sector and searches at high transverse

momentum are complementary. Here one sees the constraints on the mass and coupling of a vector

leptoquark U [14]. The regions labeled “1σ” and “2σ” can explain the currently observed anomalies

in two classes of B-meson decays, observed primarily by LHCb, Babar, and Belle (see Fig. 4). The

shaded regions in the left and top-left parts of the plot are excluded by searches at high transverse

momentum with the ATLAS and CMS experiments. From Ref. [14].

billion for the electron. In both the quark and lepton sector, indirect searches for new fun-
damental physics using low-energy flavor observables can probe energy scales beyond those
directly accessible in particle collisions, and can also probe very weakly coupled new light
particles. These indirect searches powerfully complement direct searches looking for the
production of new elementary particles.

There are already a number of intriguing tensions between experimental data and
Standard-Model predictions. These include the tension in the muon anomalous magnetic
moment [8–10] and hints for violation of lepton flavor universality in decays of bottom quarks
observed by BaBar, Belle, and LHCb [11–13]. Further investigating these tensions through
improvements in experiment and theory, and also searching for possible heavy mediators
beyond the Standard Model in high-energy collisions, are high priorities. An example for
the complementarity between the flavor-physics observables and searches at high energy is
shown in Fig. 1, which contrasts the reach of LHC experiments with the properties of a
leptoquark that would explain the flavor anomalies [14].

Since the strong force is present almost everywhere, lattice QCD calculations are essential
to make the connection between the experimental data and the fundamental short-distance
processes. Many important observables in flavor physics, such as decay rates or oscillation
frequencies, depend on hadronic matrix elements, which must be computed nonperturba-
tively from first principles. The use of gauge-field ensembles at the physical pion mass is now
standard in flavor physics, and with ultrafine lattices it has become possible to treat even the
bottom quark relativistically. These developments have recently enabled calculations of the
D, Ds, B, and Bs decay constants by the Fermilab and MILC collaborations with subper-
cent precision [15]. The quark masses mu, md, ms, mc, and mb have been determined with
similar precision [16], which in fact inspired theoretical work on quark masses with possible
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wider applicability [17, 18]. In addition, lattice technology has advanced significantly, such
that complex calculations that have previously appeared out of reach for current computing
hardware are now feasible. A prominent example of this is the ab-initio calculation of the
hadronic light-by-light contribution to the muon anomalous magnetic moment by the RBC
collaboration [19].

In this whitepaper, we outline future opportunities for lattice QCD in flavor physics. We
identify observables where improvements in the precision are needed to match experiments,
as well as observables that have not previously been calculated in lattice QCD but are now
within reach. Section II covers quark flavor physics, while Sec. III discusses charged-lepton
flavor physics. We begin each section with a summary of the experimental motivation, before
discussing the relevant lattice calculations.

II. QUARK FLAVOR PHYSICS

A. Experimental motivation

The question whether the Cabibbo-Kobayashi-Maskawa (CKM) mechanism of the Stan-
dard Model completely describes flavor-changing interactions of quarks, and is the only
source of CP violation in this sector, lies at the heart of quark flavor physics. Major ex-
perimental efforts are underway to constrain the elements of the CKM matrix using many
different processes, to test whether all these processes can indeed be described by a common
unitary matrix. These experiments also search for processes that are very rare or forbid-
den in the Standard Model, but could receive observable contributions from possible new
fundamental interactions. In many cases, lattice QCD calculations are needed to make the
connection between the fundamental parameters of interest and the experimentally observed
processes.

The Large Hadron Collider has just completed its Run 2 and has delivered vast amounts
of proton-proton collisions to the LHCb, CMS, ATLAS, and ALICE experiments. The
number of collisions in the LHCb experiment to date corresponds to the production of
approximately one trillion (1012) pairs of bottom quarks and antiquarks [20], which then
formed all possible types of bottom mesons and baryons. The number of charm-quark pairs
produced is another order of magnitude larger [21], which has recently allowed the first
observation of CP violation in charm decays [22]. Following the LHCb upgrade [23], another
two trillion bb̄ pairs will be produced in LHC Run 3 (scheduled for 2021–2023) and another
five trillion in LHC Run 4 (scheduled for 2026–2029) [24]. The LHCb upgrade II is planned
in 2030 in preparation for the high-luminosity LHC era [25].

In the earlier Babar and Belle experiments, only about one billion (109) bb̄ pairs of bottom
quarks and antiquarks were produced, but the production mechanism e+e− → Υ(4S) →
BB̄ used there provides additional kinematic constraints that are strongly advantageous in
particular for decays with undetected neutrinos. The new Belle II experiment, which started
running in 2018, also uses this production mechanism, with a rate up to 40 times higher than
in Belle [26]. The Belle II experiment is expected to take data for a total of approximately
50 billion BB̄ pairs during 2018–2025 [26]. This data set will allow precise measurements of
many decay modes that are not easily accessible with a hadron collider.

The BESIII experiment is similar to Babar and Belle (II) but has a lower beam energy and
focuses on charm quarks [27]. BESIII has already performed many precise measurements
involving charm mesons and also charm baryons and is expected to continue taking data at
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FIG. 2. Constraints on two of the four independent parameters of the Cabibbo-Kobayashi-Maskawa

quark mixing matrix, as of summer 2018 [35]. These constraints are obtained by combining ex-

perimental measurements of decay rates and other observables with calculations in the Standard

Model, in many cases using lattice QCD. The constraints presently all overlap in the small re-

gion outlined in black that corresponds to the apex of the unitarity triangle. With more precise

lattice QCD calculations and future experimental data, inconsistencies due to physics beyond the

Standard Model might be revealed. In fact, two classes of B meson decay processes that are not

included here already show tensions with the Standard Model (see Fig. 4). From Ref. [35].

various beam energies for several years [28]. Belle II will also study charm-meson decays
and is expected to substantially exceed the statistics of BESIII [26].

In the strange-meson sector, several key processes related to CP violation and rare decays
were already measured by past experiments (including KTeV [29]) far more precisely than
even today’s best theoretical predictions, and improved calculations using lattice QCD will
have a big impact. There are two new experiments dedicated to decays of strange mesons.
NA62 aims to measure the branching fraction of the rare kaon decay K+ → π+νν̄ with
approximately 10% uncertainty [30], following up on Brookhaven E949 [31]. A first candidate
event was observed in 2018 [32]. KOTO focuses on the similar rare kaon decay KL →
π0νν̄ [33], and first results were also published in 2018 [34].

The most commonly considered test of CKM unitarity is that of the orthogonality of the
first and third rows. This orthogonality condition becomes a sum of three complex numbers
which, when plotted in the complex plane, should form a triangle. After normalizing the
bottom side of the triangle to unit length, the real and imaginary parts of the apex of the
triangle are given by the Wolfenstein parameters ρ̄ and η̄. The present constraints on these
parameters from several different observables are shown as the shaded regions in Fig. 2. The
constraints presently all overlap in the small region outlined in black that corresponds to
the apex of the unitarity triangle. With more precise lattice QCD calculations and future
experimental data, inconsistencies due to physics beyond the Standard Model might be
revealed. For example, reducing the width of the yellow circle constraining the left side of
the triangle could result in an inconsistency with the precisely measured angle β opposite
to that side. The width of the yellow circle is presently dominated by the uncertainty in
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FIG. 3. The smallest and least well known element of the CKM quark mixing matrix is Vub. As

illustrated here with the history of the values reported by the Particle Data Group [36], there

is a long-standing tension between two different methods of extracting |Vub|: “exclusive”, which

combines measurements of the B → π`ν̄ decay rate with lattice QCD calculations, and “inclusive”,

where the sum of the decay rates to all possible up-flavored hadrons in the final state is used.

|Vub|, which is extracted primarily from semileptonic B meson decays. For |Vub|, there is a
long-standing tension between determinations from B → π`ν̄, where the calculation is done
using lattice QCD and determinations from an inclusive sample of final states (see Fig. 3).
The related CKM matrix element |Vcb| enters in the normalization of the triangle and is
currently also the dominant source of uncertainty in the constraint labeled “εK” [37] in
Fig. 2. The Belle II experiment will provide 1%-level uncertainties for the decay rates used
to determine |Vub| and |Vcb|, and it is imperative to match these uncertainties with future
lattice QCD calculations. The LHCb experiment can also determine |Vub/Vcb|, in particular
using Λb baryon [38] and Bs-meson decays. As lattice calculations of K → ππ mature, the
resulting constraints will allow for an additional horizontal band to be added to the CKM
unitarity plot.

The CKM unitarity fit shown in Fig. 2 only includes the processes that are well suited
to constrain a specific side length or angle of the triangle. There are, however, other types
of decays of b quarks that currently show significant deviations from the Standard Model.
One class of decays showing such deviations involves the transition of a bottom quark to a
charm quark, tau lepton, and neutrino [12, 39], as summarized in Fig. 4 (left). The second
class of decays with deviations observed involves the loop-induced (in the Standard Model)
transition of a bottom quark to a strange quark and a pair of muons or electrons [11, 40],
as shown in Fig. 4 (right). In both cases, the experimental results seem to suggest that the
different types of leptons in nature (electrons, muons, and taus) do not interact in a universal
way as predicted by the Standard Model. If it can be confirmed that these deviations
are not caused by errors in the experimental measurements and/or theoretical calculations
the implications will be profound (many theorists are already constructing models of new
fundamental physics to explain the observations; see, e.g., Ref. [14]). The Belle II and LHCb
experiments will provide much-higher-precision measurements of the processes analyzed here
and will also measure new processes sensitive to the same underlying short-distance physics.
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the Standard-Model predictions with a combined significance of approximately 4σ. From Ref. [39].

Right panel: a global fit of experimental data for decays of bottom mesons to strange mesons and

charged leptons, which uses both lattice and non-lattice calculations of hadronic matrix elements,

gives a nearly 5σ preference for nonzero beyond-the-Standard-Model couplings Cµ9 and Cµ10. From

Ref. [40].

Both the Standard-Model predictions and the fits used to constrain new couplings beyond the
Standard Model depend critically on lattice QCD calculations of hadronic matrix elements,
which need to be improved as discussed in the following sections.

B. Opportunities for lattice QCD

1. Charm and bottom meson leptonic and semileptonic decays

In the charm and bottom sectors, the most precise determinations of the magnitudes |Vqq′ |
of the CKM matrix elements utilize either purely leptonic decays to a `ν̄ final state, where
` is a charged lepton and ν̄ is a neutrino, or semileptonic decays to a H`ν̄ final state where
in addition a hadron H is present. Up to small QED corrections, the lattice QCD inputs
needed to extract |Vqq′ | from the measured decay rates are decay constants (for the purely
leptonic decays) or form factors (for the semileptonic decays). The latter are functions of q2,
where q is the four-momentum transfer between the initial and final hadron. The following
discussion will not go into much technical detail; we also refer the reader to the reviews of
the Flavor Lattice Averaging Group (FLAG) [41].

For the decay constants of the charmed and bottom mesons D, Ds, B, and Bs, a recent
lattice QCD calculation performed by the Fermilab and MILC collaborations, both part of
USQCD, has achieved remarkably small uncertainties of approximately 0.2% (D, Ds) and
0.7% (B, Bs) [15]. This is made possible by the availability of ultrafine lattice ensembles
[42] and highly improved lattice discretizations, which allow the heavy quarks to be imple-
mented in the same way as the light quarks, eliminating a previously dominant systematic
uncertainty associated with renormalization and matching. To reduce the uncertainty in
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the predicted decay rates even further, structure-dependent QED corrections need to be
calculated, which requires more complicated matrix elements from lattice QCD with an
elaborate treatment of divergences associated with low-momentum photons. A first such
calculation was recently performed for light mesons [43], and it would be desirable to adapt
these techniques to heavy-meson decays.

In the Standard Model, the purely leptonic branching ratios are suppressed by the square
of the lepton mass. As a result, the decays Bc → eν, Bc → µν, B → eν, and B → µν have
not yet been observed. The decay B → τν has been seen, but the immediate secondary
decay of the tau lepton in B → τν introduces additional experimental challenges, and the
branching fraction presently still has a large uncertainty. Even though Belle II will make
substantial improvements for these decays, the preferred method for extracting |Vub| and
|Vcb| is via the semileptonic decays B → π`ν̄, B → D`ν̄, and B → D∗`ν̄ (the π and D
mesons have spin 0, while the D∗ has spin 1). For both |Vub| (see Fig. 3) and |Vcb|, there
are tensions between the determinations from these “exclusive” decay modes using form
factors from lattice QCD [44–49], and inclusive determinations which involve a sum over
final states that enables a theoretical description in continuum QCD (a discussion of lattice
QCD prospects for inclusive decays can be found in Sec. II B 7). In the case of |Vcb|, the
tension is primarily driven by B → D∗`ν̄ for which the published lattice QCD calculations
so far were restricted to the zero-recoil point [44, 45]. There is presently an active debate
whether a particular method of extrapolating the experimental data to this point, which
implements constraints based on calculations in continuum QCD and heavy-quark effective
theory, is responsible for the tensions [50–54]. Lattice QCD calculations of the B → D∗

form factors at nonzero recoil are urgently needed to settle this issue and are already in
progress by a number of groups [55–57].

The present experimental uncertainty in |Vcb| from exclusive semileptonic B decays is
approximately 3% [58], while the theoretical uncertainty from lattice QCD is 1.4% [44–
47]. With 5 ab−1 of data at Belle II, the experimental uncertainty will be reduced to
1.8%, and with 50 ab−1 of data, the experimental uncertainty will be around 1.4% [26].
Although the current theory uncertainty is commensurate with the expected experimental
uncertainty with 50 ab−1 at Belle II, lattice calculations at nonzero recoil will help leverage
the experimental data in the q2 range where they are more precise. Hence they will decrease
the total uncertainty in addition to answering the questions regarding the robustness of the
extrapolation mentioned above. For the exclusive semileptonic decay mode B → π`ν, the
current experimental uncertainty is 2.5% [58] and the current lattice QCD uncertainty is
3% [49]. The experimental uncertainty will be reduced to around 1.2% after 50 ab−1 of Belle
II running [26], so it is important to improve the lattice uncertainty concurrently. This will
require high statistics, multiple fine lattice spacings, and a method that reduces or eliminates
the renormalization/matching uncertainty, such as the fully relativistic treatment already
used for the B(s)-meson decay constants. The ratio |Vub/Vcb| can also be measured by LHCb,
where decay modes not involving a pion are favorable [59]. This has already been done using
baryons (cf. Sec. II B 2), and measurements of the ratio of Bs → Kµν̄ and Bs → Dsµν̄ decay
rates are in progress [25], requiring Bs → K and Bs → Ds form factors from lattice QCD.
First calculations are already available [48, 60, 61].

As shown in Fig. 4 (left), measurements of the ratios R(D) = Γ(B → Dτ−ν̄)/Γ(B →
D`−ν̄) and R(D∗) = Γ(B → D∗τ−ν̄)/Γ(B → D∗`−ν̄), where ` denotes an electron or
muon, presently exceed the Standard-Model predictions with a combined significance of
approximately 4σ [39]. The experimental uncertainties on R(D) and R(D∗) are around 12%
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and 6%, respectively. These uncertainties will be cut in half with 5 ab−1 at Belle II, and will
be further reduced to 3% and 2% with 50 ab−1 of data [26]. The theory uncertainties are both
currently estimated at around 1%, but only R(D) has been calculated using lattice QCD
[46, 47]. Since R(D∗) is driving the tension, it would be a good cross check to have that ratio
from the lattice as well, which again requires the B → D∗ form factors at nonzero recoil.
Moreover, the LHCb Collaboration will measure related ratios involving different species of

bottom hadrons, including R(D
(∗)
s ), R(J/ψ) and R(Λ

(∗)
c ) [13]. The form factors for some of

these decays are presently not well known and should be calculated in lattice QCD.
While bottom decays are presently the most interesting, there is also a lot of room for

improvement in lattice calculations of charm semileptonic decays, in particular D → π`ν
and D → K`ν, which can be used to extract the CKM matrix elements |Vcd| and |Vcs|.
In contrast to the purely leptonic charm decays, these processes have not received enough
attention from the lattice community during the past few years, but it should be possible
to achieve sub-percent precision for the relevant form factors in the entire kinematic range.

The processes discussed above are all charged-current decays, which in the Standard
Model are mediated by a single W boson exchange at leading order. A potentially greater
sensitivity to physics beyond the Standard Model is provided by flavor-changing neutral-
current processes such as B(s) → `+`− and B → K`+`−, which in the Standard Model
only occur through loops with additional virtual particles. The low-energy description of
these processes involves a larger set of operators, of which some contribute to the decay rates
through local matrix elements, while the others contribute via nonlocal matrix elements with
an additional insertion of the quark electromagnetic current. The local matrix elements are
described by decay constants or form factors just as discussed above and are straightforward
to compute with lattice QCD, at least for the case of single, stable hadrons; see Sec. II B 4
for a discussion of B → K∗ form factors. Indeed, the Standard Model predictions for rare
leptonic decay B(s) → `+`− are already very precise due (in part) to the small uncertainties
in lattice QCD calculations of the B(s) decay constants. In the case of rare semileptonic
decays, higher-precision lattice QCD calculations of, for example, the B → K form factors
(especially at large K momentum, where the uncertainty is still large) would help reduce
the overall uncertainties in the fits used to extract the new-physics couplings from the
experimental data (cf. Fig. 4, right panel).1 The nonlocal matrix elements, especially those
involving operators with charm quarks in b → s`+`− decays, are important but are very
difficult to compute with lattice QCD due to the necessity to use imaginary time. Analogous
nonlocal matrix elements in rare kaon decays, where the situation is more favorable, can
already be computed on the lattice, as discussed in Sec. II B 6. The new ideas discussed
in Sec. II B 7 for developing lattice methods to calculate quantities involving multihadron
intermediate states, if successful, could also open the door for lattice calculations of these
nonlocal matrix elements.

2. Bottom baryon decays

Approximately 20% of all bottom hadrons produced at the LHC are Λb baryons, and
their weak decays can provide new information on important quantities in flavor physics.

A measurement of a ratio of Λb → p µ−ν̄µ and Λb → Λc µ
−ν̄µ decay rates at LHCb,

combined with a lattice QCD calculation of the Λb → p and Λb → Λc form factors has

1 Note that even the muon-versus-electron ratios such asRK [62] become significantly dependent on hadronic

matrix elements in the presence of new physics that violates lepton-flavor universality.
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allowed the first determination of |Vub/Vcb| at a hadron collider [38, 63]. The baryonic decays
are chosen over the more conventional B → πµ−ν̄ and B → Dµ−ν̄ decays because, with the
LHCb detector, final states containing protons are easier to identify than final states with
pions. Because the baryonic decays are sensitive to both the vector and axial-vector currents
in the weak effective Hamiltonian, this measurement also disfavors right-handed couplings
beyond the Standard Model as a possible explanation of the exclusive-inclusive discrepancy
in |Vub| [38]. The uncertainties in |Vub/Vcb| are approximately 5% from experiment and
approximately 5% from lattice QCD. With LHC Run 4 data, and future higher-precision
measurements of the normalization branching fraction B(Λc → pK−π+) at BESIII and
Belle II, the experimental uncertainty is expected to drop below 2% [24], and commensurate
improvements in the Λb → p and Λb → Λc form factors from lattice QCD are needed.

For the flavor-changing neutral current decay Λb → Λµ+µ−, the uncertainties from the
lattice QCD calculation of the form factors at low to moderate hadronic recoil [64] are
presently much smaller than the experimental uncertainties [65], but higher-precision cal-
culations are needed to reduce the uncertainties at large hadronic recoil. With more pre-
cise experimental data (already expected soon from LHC Run 2), this decay will provide
stringent new constraints on the b → sµ+µ− Wilson coefficients, where mesonic measure-
ments currently indicate a significant deviation from the Standard Model. The baryonic
decay Λb → Λ(→ pπ)µ+µ− combines the best aspects of two different mesonic decays:
B → Kµ+µ− (like the K, the Λ is QCD-stable, which makes the lattice-QCD calculation
easier) and B → K∗(→ Kπ)µ+µ− (like the K∗, the Λ has nonzero spin, which provides
sensitivity to all Dirac structures in the weak effective Hamiltonian).

Returning to charged-current decays, a measurement of the lepton-flavor-universality
ratio R(Λc) = Γ(Λb → Λc τ

−ν̄)/Γ(Λb → Λc µ
−ν̄) by the LHCb collaboration is highly

desired in light of the tension seen in R(D(∗)) and is expected to be released soon. The
Λb → Λc τ

−ν̄ decay provides excellent sensitivity to all possible Dirac structures [66]. The
current Standard Model prediction of the ratio R(Λc) using the lattice QCD form factors
has a 3.1% uncertainty [63], while the projected experimental uncertainty at the end of
LHC Run 4 is 1% [13]. The LHCb Collaboration is also planning to measure the ratios

R(Λ∗c), where Λ∗c denotes either the Λ∗c(2595) with JP = 1
2

−
or the Λ∗c(2625) with JP = 3

2

−
.

These ratios are expected to have smaller systematic uncertainties due to reduced feed down
from higher states [67]. Lattice QCD calculations of the relevant Λb → Λ∗c form factors are
therefore needed.

3. B0-B̄0 and D0-D̄0 mixing

The mixing of neutral B-mesons can be used as a powerful constraint on the CKM matrix
with the mass differences of the mass eigenstates of the B0

d and B0
s systems measured at the

sub-percent level [58]. In addition, new physics that may be responsible for the observed
tensions in b→ sµ+µ− decays [Fig. 4 (right)] typically also contributes to B(s) meson mixing,
which could provide strong constraints [68]. The constraints are, however, currently limited
by the theoretical errors on the hadronic mixing parameters, which are calculated in lattice
QCD with uncertainties that are still an order of magnitude larger than experiment [69],
leaving much room for improvement. On the other hand, as is well known, the ratio of
the mass differences benefits from error cancellations that result in a significantly smaller
theoretical uncertainty, and this ratio is therefore one of the strongest constraints on the
CKM unitarity triangle analysis. Even so, the current lattice theory error on the ratio is

12



around 1.5% [69, 70], while the experimental uncertainty on this quantity is about 0.4% [58].
Thus, improvements in these lattice-QCD calculations are necessary to fully exploit the
known experimental results for their new physics discovery potential.

Most of the important, dominant sources of error in lattice calculations of B-mixing
parameters can be greatly reduced, if not eliminated, by using the latest generations of
ensembles with physical light-quark masses, small lattice spacings, and highly improved ac-
tions. In particular, employing a fully relativistic action for the b quark would make it easier
to adopt an entirely nonperturbative renormalization and matching procedure [71]. This
is important, because perturbative truncation effects would otherwise limit the precision of
a lattice calculation of B-mixing parameters on modern ensembles [69]. The nonpertur-
bative renormalizations should, in principle, be calculable with sufficient precision to yield
B-mixing parameters with total uncertainties close to those already achieved in Ref. [15] for
B-meson decay constants, i.e., at or close to the sub-percent level for the bag parameters
and less than half-percent level for ratios. Further precision improvements would require the
inclusion of structure-dependent QED effects. Fortunately, QED corrections to neutral B-
mixing parameters are relatively straightforward to calculate with methods similar to those
already developed for hadron masses and the hadronic vacuum polarization (see Sec. III B 1).
Given the plans for Belle II [26] and LHCb [23–25], we also expect that the experimental
measurements could be improved further, especially if theoretical progress were to make
such an effort justifiable.

Another observable in B0
s -B̄

0
s mixing is the lifetime difference ∆Γs. The theory uncer-

tainty in ∆Γs is currently much larger than the experimental uncertainty and is dominated
by the poorly known dimension-7 matrix elements. First lattice QCD calculations of the
needed matrix elements have already been started [72], and these quantities deserve further
study.

Complementary constraints on the CKM matrix and new physics can be obtained from
neutral D-meson mixing. Standard Model contributions to this process are dominated by
the down and strange quarks, so that CP violation is strongly suppressed; searches for CP
violation in D-meson mixing can thus be a sensitive probe for such contributions from BSM
physics. From a theoretical standpoint, the CP-violating contributions to D-meson mixing
in the Standard Model are much more precisely known, since they are dominated by local
∆C = 2 matrix elements as opposed to “long-distance” ∆C = 1 processes which are difficult
to estimate and which dominate the overall mixing process.

Study of D-meson mixing is experimentally challenging, and current uncertainties [58]
are as large as tens of percent, so that existing lattice-QCD calculations of the local ∆C = 2
matrix elements [73–75] with errors in the 5–10% range are sufficient for interpretation of
current experimental results in searching for CP-violating contributions. However, future
prospects for experimental measurement of D-meson mixing point to significant improve-
ments, for example, LHCb projects roughly an order of magnitude reduction in error with
its Phase-II upgrade and 300 fb−1 of integrated luminosity [76], so more precise lattice ma-
trix elements for ∆C = 2 processes will be needed over the longer term. A first-principles
lattice calculation of the long-distance ∆C = 1 contributions would also be very useful and
interesting, as theoretical uncertainties from other techniques currently used to estimate
these contributions are quite large even compared to current experimental errors. Such a
calculation would require treatment of multihadron intermediate states, which is discussed
in Sec. II B 7.
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4. Weak decays to unstable vector mesons

The transitions B0 → K∗0(→ K+π−)`+`−, where the K∗0 is a vector meson decaying
through the strong interaction, provide particularly powerful constraints in the global fits
that currently hint at new physics in the b → s `+`− Wilson coefficients [40, 77]. This
is due to the large number of observed events and the large set of angular observables
associated with the four-body final state. However, the only published unquenched lattice
QCD calculation of the B → K∗ form factors [78] neglects the strong decay of theK∗, leading
to uncontrolled and unquantified systematic uncertainties. To avoid this source of error, and
to also provide information on the Kπ-invariant-mass distribution that goes beyond the K∗

resonance-pole contribution, lattice QCD calculations of B → Kπ form factors are needed.
The necessary finite-volume formalism has been developed [79] and is discussed in more
detail in Sec. II B 7. For a given angular-momentum partial wave of the Kπ system (the K∗

resonance occurs in the P wave), the B → Kπ form factors are functions of q2 (the square
of the four-momentum transfer between the B and the Kπ system) and s (the Kπ invariant
mass). While the accessible range in q2 is limited only by discretization and statistical
errors, the accessible range in s is limited by the requirement that only two-body channels
contribute to the Kπ scattering. First lattice-QCD calculations of the B → Kπ form factors
at heavier-than physical up and down quark masses are underway [80]. The task for the
future will be to reach the physical quark masses, and to reach few-percent precision.

A similar process involving an unstable vector meson is the decay B → ρ(→ ππ)`ν̄. This
decay can not only provide a new determination of |Vub| in the Standard Model, but can
also put stringent constraints on possible right-handed b→ u currents beyond the Standard
Model [81]. The BaBar and Belle Collaborations already have data for this decay, and even
more precise results are expected from the Belle II experiment [26]. Again, first lattice-QCD
calculations using the new finite-volume formalism are underway. One important question is
what range of s can be accessed when going to the physical pion mass, where the four-pion
channel may already become relevant near the ρ resonance region.

5. K → ππ decays

Direct CP violation was measured in K → ππ decays more that 15 years ago [82, 83],
while theorists have been trying to compute the tiny violation from first principles since the
1970s. In 2015 the RBC/UKQCD collaborations reported that its value, Re(ε′/ε), computed
in the Standard Model is 2.1 standard deviations below Nature [84]. This is especially fertile
ground for discovering new physics since there is a single complex phase in the CKM matrix
that describes all CP violation in the Standard Model. The phase has been measured
precisely in B decays, which means all other instances of CP violation, like Re(ε′/ε), are
tightly constrained.

The difficulty in calculating the value precisely in the Standard Model stems from the
hadronic matrix elements of effective weak interaction four-quark operators that mediate
the decays between kaon and two-pion states. The Lellouch-Lüscher formalism needed to
compute 1 → 2 matrix elements on the lattice is discussed in Sec. II B 7. While the for-
malism is well understood, there are also numerical challenges, in particular the so-called
disconnected diagrams associated with the isospin-zero two-pion states. The 2.1σ difference
mentioned above results from roughly equal parts statistical and systematic errors in the
lattice calculation which is undergoing significant improvement. The statistics of the original
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calculation, which uses special G-parity boundary conditions [85], is being quadrupled to
cut the statistical error in half. These special boundary conditions are needed to forbid an
otherwise unphysical state where the pions are at rest (rather than on-shell at the center of
mass energy of the kaon) from being the ground state in the computed correlation function
for the decay amplitude. However, G-parity introduces features that effectively double the
cost over conventional periodic boundary conditions, and make the calculations technically
more difficult. An alternate method, using periodic boundary conditions, is being developed
by the same group to understand if state of the art techniques can be used to extract the
physical amplitude from the first excited state of the K → ππ correlation function. A suc-
cessful attempt will mean less demanding computations to address finite volume and lattice
spacing systematic errors and, at the same time, provide an important test of the G-parity
method. Recent computations of I = 0 pion-pion scattering which suffer the same problems
appear promising.

If improved theory results for Re(ε′/ε), expected in the near future, signal new physics,
there are several interesting beyond the Standard Model scenarios that can shed light on its
nature (see [86] for an up to date discussion). An important point is that in typical BSM
models either QCD or EW penguin operators dominate, but not both [87]. So we would be
in the enviable position of computing amplitudes where large cancelations are absent, unlike
in the Standard Model. BSM operators with similar Dirac structures could also explain
deviations in εK and ∆MK if current lattice calculations suggest BSM physics there too.
The matrix elements of the local four-fermion operators relevant for K0-K̄0 mixing have
been computed by several lattice groups recently [74, 88–90], and the Standard Model bag
parameter is therefore known with close to percent level precision.

6. ∆MK , εK , and rare kaon decays

Especially promising phenomena in which physics beyond the Standard Model may be
discovered are those that are forbidden by the selection rules of the Standard Model, for
example those in which strangeness changes by two units or a semileptonic process in which
strangeness changes but the hadronic charge does not, processes referred to as “strangeness-
changing neutral currents”. Such processes do arise in the Standard Model at second order
in the weak interactions, but they are typically suppressed by five to ten orders of magnitude,
opening an important window in which beyond the Standard Model physics might be found.

To provide meaningful tests of the Standard Model, the size of these second-order Stan-
dard Model predictions must be known. In some cases, such as the ∆S = 2 indirect CP
violation amplitude εK and the strangeness changing neutral current process K+ → π+νν̄,
this second-order physics is dominated by the contribution from short distances where QCD
perturbation theory can be used. In these cases the nonperturbative part of the calculation
is the evaluation of the matrix element of a two- or four-quark operator. For the case of εK
this is the amplitude BK , a K0-K̄0 matrix element of a four quark operator which is now
known at the 1% level from lattice calculations. For K+ → π+νν̄ the needed matrix element
can be determined from K`3 decay. While the known, short-distance contribution to these
processes is large, there are still so called “long-distance” contributions which may be as
large as 5% and, especially in the case of εK will soon be needed to match the experimental
precision. For quantities such as the mass difference ∆MK between the long- and short-
lived neutral K meson or the rare decay KL → µ+µ− such nonperturbative, long-distance
contributions dominate the process and must first be determined if a search for new physics
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is to be possible.

In these long-distance contributions the two W±-W∓ or W±-Z0 exchanges can each
be represented by products of two four-quark or two-quark-two-lepton operators that are
separated by a distance large compared to 1/MW , typically by the Compton wavelength
of the charm quark or larger and nonperturbative methods are needed for their evaluation.
The use of lattice gauge theory to compute these quantities has been developed over the
past eight years and is on a solid theoretical footing [91–97].

These are challenging calculations at the frontier of what is currently possible with lattice
QCD. The required lattice amplitudes are complex and computationally expensive four-point
functions. As a second-order calculation in effective field theory, new counterterms may ap-
pear which come from short-distance effects. These have already been computed in QCD
and electro-weak perturbation theory [98] but need to be more precisely determined. There
are potentially important finite-volume effects which can be computed and removed [99].
States with energies below the kaon mass will contribute unphysical terms which grow ex-
ponentially with the time separations present in the Green functions being computed and
which must be independently computed and subtracted.

At present, exploratory calculations for all but the KL → µ+µ− process have been under-
taken and more advanced calculations with physical parameters are planned or underway.
The most mature is a calculation of ∆MK [100] at physical quark masses using 152 gauge-
field configurations on a 643 × 128 lattice. The results from this calculation have approxi-
mately 25% statistical errors and systematic discretization errors caused by the inclusion of
the heavy charm quark (to realize the GIM mechanism) that need to be investigated further
in future calculations. RBC/UKQCD expects to obtain a result for ∆MK with a controlled
20% total error within five years. A calculation for the decay K+ → π+νν̄, which has been
started, will aid in the interpretation of the results of the NA62 experiment at CERN.

A large-scale lattice QCD study of the process K → π`+`− by RBC/UKQCD is now
also underway. This process can be viewed as an electromagnetic correction to the usual
nonleptonic weak transition K → π which is of interest because of current hints of µ-e
universality violations. This calculation, which integrates out the charm quark perturba-
tively, is expected to yield first results in 2020, with a calculation which includes the charm
quark expected in the future. While a first calculation of the long-distance contribution to
εK [101] has been performed, further study with physical quark masses will be begun when
the needed personnel are available and the calculation of ∆MK better understood. A result
for this important 5% effect on εK with 20% error may be expected in 5-7 years. Finally a
numerical strategy for the valuation of the combined second-order electromagnetic and first
order weak process KL → µ+µ− is currently being developed with an exploratory calculation
perhaps two years away.

It should be emphasized that such calculations of rare kaon decays and εK are needed if
on-going experiments are to realize their full potential to reveal physics beyond the Standard
Model. The calculation of both ∆MK and KL → µ+µ− will allow legacy measurements from
KTeV to become sensitive tests of the Standard Model, with a discovery potential created
by these lattice-QCD calculations equivalent to that of new large-scale experiments such as
NA62 at CERN or KOTO at JPARC.
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7. Multihadron physics

Lattice-QCD calculations provide matrix elements between finite-volume states. For a
single-particle state, finite-volume effects are exponentially suppressed and numerically very
small, whereas for two or more particles the effects fall like inverse powers of the box size
L and must be accounted for. Furthermore, a finite-volume state necessarily includes com-
ponents of all particle combinations that are allowed by kinematics and strong interaction
selection rules. For example, a finite-volume state with I = Q = S = 0 and E ≈ MD will
consist of two-pion, four-pion, six-pion, KK̄, ηη and other components, within each of which
there will be contributions from multiple relative angular momenta. This state is thus very
different from the in- or out-states that enter into infinite-volume matrix elements, which
contain a single component, e.g. two pions. The theoretical challenge is to relate these
two types of matrix element. This has been achieved for processes involving multiple two-
particle channels [79, 102–107], based on the seminal work of Lüscher [108, 109], and has
been implemented in several lattice calculations [110–116].

The Lüscher method involves two steps. First, a quantization condition is derived,
which describes the finite-volume energy spectrum. In the two-particle case this depends
on infinite-volume scattering amplitudes within and between channels, as well as known
kinematic functions that depend on the box size and shape. Lattice results for the spectrum
at several box sizes and total three-momenta can then be used to determine the suitably
parametrized scattering amplitudes. The second step is to relate matrix elements involv-
ing the finite-volume states to those involving a single measured in- or out-state. In the
single-channel two-particle case this involves only a normalization constant, the Lellouch-
Lüscher factor, which can be determined from the energy dependence of the scattering
amplitude [117]. For multiple two-particle channels one requires a linear combination of
matrix elements, as well as information on the energy dependence of the S matrix [79, 105].
While this is more complicated, all required quantities can be calculated with lattice QCD.

We now turn to the prospects for calculations involving states with three or more particles.
Examples are the K → 3π decays, hadronic D decays, inclusive B decays, and neutral D-
meson mixing.

To study these using lattice QCD, additional formalism is needed. Given the promise of
realistic lattice calculations, this kind of mathematical physics is an active area of research.
Two approaches are being followed: adding particles one at a time (3 particles, then 4 par-
ticles, etc.), and directly determining the shape of the inclusive amplitudes (corresponding
to summing over any number of particles). We discuss these two approaches in turn.

The generalization to three particles has been the focus of much effort in the last five
years, and considerable progress has been made. The first step, namely the derivation
of a quantization condition, has been achieved for a relativistic system of three identical
particles [118, 119], including the possibility of mixing with states containing two parti-
cles [120]. A simpler form has been derived for the three-particle case using a nonrelativistic
effective field theory [121, 122], while other approaches have also been considered [123].
Finite-volume energies now depend not only on two-particle scattering amplitudes but also
on three-to-three amplitudes. Using simple parametrizations of the latter, as well as other
well-motivated approximations, the quantization condition has been solved in simple exam-
ples [121, 124, 125]. Because this formalism is needed to study most resonances in QCD—a
topic of great interest in hadronic physics—it is likely that in the next few years a workable
form of the three-particle quantization condition will be developed, including generalizations
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to nondegenerate particles and particles with spin. This can then be applied to the cases of
interest to flavor physics, e.g., the 3π state.

There has, to date, been no work on the generalization of the Lellouch-Lüscher factor to
the three-particle case. This is needed, for example, to use lattice simulations to determine
the K → 3π amplitude. However, we expect that the approach of Ref. [79] will be general-
izable to three particles, and that the requisite Lellouch-Lüscher relation will be developed
in parallel with the maturation of the three-particle quantization condition.

For applications to hadronic D decays, in which charm-decay CP violation was recently
observed for the first time [22], further developments are needed. This is because, as noted
above, states with E = MD involve not only two particles but also four pions (and perhaps
also six pions). Thus the Lüscher approach needs to be extended further. This is certainly
possible in principle; experience with implementing the three-particle case will be useful in
determining whether a practical methodology can be developed. This is work on a five-year
timescale. The extension to four particles is also essential for a lattice study of neutral D
mixing, because there are significant long-distance contributions involving four-pion inter-
mediate states in the Standard Model.

With the Lüscher approach, extracting all relevant energy levels on the lattice is a sig-
nificant computational challenge, especially when channels with more than two particles are
involved, and when the lattice volume is large, resulting in a dense spectrum. The progress
in excited-state multihadron spectroscopy is discussed further in the companion whitepaper
“Hadrons and Nuclei” [4].

In certain cases it is also possible to extract inclusive observables from the lattice,
i.e. quantities that are summed over all multiparticle final states. This is relevant for inclu-
sive D and B decay rates, for D and B neutral meson mixing, and for semileptonic decays
that are inclusive with respect to the hadronic final states. The latter would, for example, be
very helpful for inclusive |Vub| determinations that suffer from a large b → c`ν̄ background
(see, e.g., Ref. [126]).

To study inclusive quantities, one must again address the issue that lattice calculations
are performed in a finite volume and can only access imaginary-time correlation functions.
It turns out that the restriction to imaginary time presents no challenge for creating sin-
gle particle states, so that it is possible to calculate finite-volume matrix elements such
〈D|Hw(τ,x)Hw(0)|D〉L, where Hw is an insertion of the weak Hamiltonian density, allowing
the D-meson state, |D〉, to decay. However, this still does not directly give access to the
observable of interest, since Hw(τ,x) depends on the imaginary time coordinate τ . If it were
instead defined with a Minkowski 4-vector, x, and in an infinite volume, this matrix element
would directly give the the total decay rate of D to all final states coupled by Hw. This
is achieved simply by Fourier transforming x = (t,x) to zero spatial momentum and zero
injected energy. Inserting a complete set of states between the two weak Hamiltonians then
leads to the desired expression: a sum over rates, |〈E = MD, α, out|Hw|D〉|2, running over
all open channels, with standard phase space integrals to include all final-state kinematics.

The challenge is thus to understand whether this information can be recovered from the
finite-volume observable 〈D|Hw(τ,x)Hw(0)|D〉L, where the subscript L indicates the lattice
size, and τ = it is Euclidean time. Just as one can relate the real time coordinate, t, to
energy via a Fourier transform, to relate τ to the physical energy, one must solve the inverse
Laplace transform [127, 128]. This is numerically very challenging but is also a universal
problem across many branches of physics and related fields. For this reason a large body of
work has gone into developing algorithms and understanding limitations. (See, for example,
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Ref. [129].) These ideas are already being applied in nonzero-temperature lattice QCD
(see, for example, Refs. [130, 131]), and are expected to provide an important new tool in
extracting decays and transitions involving many multiparticle states.

One specific example is the Backus-Gilbert approach, developed by geophysicists Backus
and Gilbert in the late 1960s [132, 133]. In the context of D decays, the method gives a
linear mapping from 〈D|Hw(τ,x)Hw(0)|D〉L to a “smeared out” version of the total rate,
in which the final state energy is integrated over some window about the target energy,
MD [128, 134]. By extracting an observable with limited energy resolution, the severity of
the inverse problem is reduced so that the target observable does not suffer from significantly
enhanced uncertainties. In fact, the Backus-Gilbert algorithm uses the correlation matrix
from the input data and, in this way, designs an optimal inverse that strikes a balance
between energy resolution and uncertainties in the final result.

Remarkably, the imperfect energy resolution also serves to reduce finite-volume effects
that would otherwise dominate these types of multihadron inclusive observables. In this way
the Backus-Gilbert approach solves two problems simultaneously: by targeting an observable
with finite energy resolution, the difficulty of the inverse Laplace transform is reduced and the
finite-volume effects are suppressed [128]. Although the idea is new, numerical investigations
already show promising results [135]. Future calculations will aim to extrapolate to infinite
volume and, through improved data, achieve increasingly fine energy resolution. This will
open a window to a large class of multihadron observables, in which all multiparticle states
are included without the need to disentangle each contribution individually.

As mentioned above, in addition to inclusive hadronic and semileptonic decay rates, this
approach could potentially be used to study the dominant, long-distance contributions to
D0-D̄0 mixing. This is again given by an inverse Laplace transform of 〈D|Hw(x)Hw(0)|D〉,
although in this case for all final state energies rather than just E = MD. Convoluting this
result with a kernel, roughly given by 1/(E −MD), then provides the target long-distance
mixing observables. It is important to note that this idea is preliminary so that future work
is required to test the feasibility in lattice-QCD calculations. If successful this will mean a
set of new and novel observables for the lattice.

Here we have focused on one of many algorithms for inverting the Laplace transform. A
powerful alternative is the maximum-entropy method (MEM) [136, 137]. Like the Backus-
Gilbert algorithm, this gives an estimate of the desired inverse, but is instead driven by
minimizing a smoothness function. The approach is commonly employed in astronomical
synthesis imaging, where the resolution depends on the signal-to-noise ratio, which must be
specified [138]. Thus it has an analogous smoothening characteristic that can again be used
to suppress finite-volume effects. In practice both methods, as well as other techniques, will
be applied to extract the available information for this novel class of observables.

Finally, we note that another lattice QCD approach to inclusive semileptonic B decays has
recently been proposed in Ref. [139], which does not involve solving the inverse problem. The
strategy is instead to use Cauchy’s integral formula to analytically continue the amplitude
from the experimentally accessible physical kinematic region to an unphysical region in which
the lattice calculation can be performed. To perform the Cauchy integral, the experimental
data need to be reanalyzed to provide a differential distribution in the relevant variable(s).

It is important to appreciate that the mathematical aspects of the research described
in this subsection, by its nature, leads to pilot computing projects to demonstrate their
feasibility. Access to computing clusters with rapid turnaround have been essential for the
impressive progress of the past few years, and such computing facilities will continue to be
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key to developing the tools for multihadron quark-flavor physics.

III. LEPTON FLAVOR PHYSICS

A. Experimental motivation

For more than ten years, the approximately 3.5 to 4.0 standard-deviation difference
between the experimentally measured value of the muon’s anomalous magnetic moment,
aµ = (gµ − 2)/2, and the one calculated in the Standard Model has provided an exper-
imentally viable and theoretically plausible possibility of discovering new physics. The
significance of this discrepancy has been stable since the measurement by experiment E821
at Brookhaven National Laboratory [140] and originates in approximately equal parts from
experimental and theoretical uncertainties.

Experiment E989 at Fermi National Accelerator Laboratory, running since March 2018,
seeks to reduce the total error on aµ achieved by E821 (0.54 ppm) by a factor of four.
Experiment E989 uses the same strategy – and even the same muon storage ring – as the
earlier E821. A second, complementary, experiment to measure aµ using ultracold muons
is being mounted at J-PARC. This experiment, E34, plans to begin taking data around
2020. Clearly, the theory uncertainty on aµ must be reduced to fully utilize the improved
experimental measurements. In Sec. III B, we present a plan for reducing the theoretical
errors, which stem primarily from nonperturbative hadronic contributions, to the needed
level of precision using lattice QCD. This work is already underway, and much progress has
been made towards reaching this goal.

Already, however, the Fermilab E989 experiment has collected more than the total statis-
tics of the Brookhaven E821 experiment. The announcement of a first result for aµ based on
this data set is anticipated in the second half of 2019. On this shorter timescale, one may be
able to obtain a more precise determination of aµ in the Standard Model by combining results
from analyses of e+e−-scattering data and independent lattice-QCD calculations. Various
hybrid lattice-plus-R-ratio approaches for reducing the theory error are being explored, and
one such example is outlined in Sec. III B.

If the present discrepancy between the experimental measurement and theory for the
muon anomalous magnetic moment is indeed due to beyond-the-Standard-Model physics,
one expects the new particles or interactions to produce effects in other, related observables.
Interestingly, a new measurement of the fine-structure-constant in Cesium [141] with a three-
times smaller uncertainty than the previous determination from Rb increases the significance
of the difference between theory and experiment for the electron anomalous magnetic mo-
ment to 2.4σ [142]. The difference in ae is opposite in sign to that in aµ, but is consistent
with some new physics scenarios [143]. Although the significance of the disagreement is,
at present, dominated by the uncertainties on the experimental measurements [144, 145]
further reduction of the experimental errors is anticipated [146], at which point more precise
theory will be required. As described in Sec. III B, lattice QCD can be employed to calculate
the hadronic contributions to ae in the same manner as for aµ. Lattice methods are also
being developed that would enable the first full, independent cross-check of the five-loop
QED calculation of ae [147].
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B. Opportunities for lattice QCD

The current difference between the experimental (EXP) measurement and the Standard
Model (SM) prediction of the muon anomalous magnetic moment is

aEXP
µ − aSMµ = 27.4 (2.7)︸︷︷︸

HVP

(2.6)︸︷︷︸
HLbL

(0.1)︸︷︷︸
other SM

(6.3)︸︷︷︸
EXP

×10−10, (3.1)

where the dominant theoretical uncertainties from the hadronic vacuum polarization contri-
bution (HVP) [10], the hadronic light-by-light contribution (HLbL) [148], and the BNL E821
experiment [140] are given separately. With the anticipated reduction of the experimental
uncertainty to approximately 1.6× 10−10 by 2020, a reduction of the uncertainties on both
the HVP and HLbL contributions to a commensurate level will be needed to fully benefit
from the experimental investment.

The calculation of aµ in the Standard Model begins with the quantum-field-theory matrix
element of the electromagnetic current between on-shell muon states,

〈µ(p′)|Jρ(q)|µ(p)〉 = ieū(p′)

(
γρF1(a

2) +
iσρνq

ν

2mµ

F2(q
2)

)
u(p), (3.2)

describing the physical interaction of a muon with an external field (photon). When the
momentum transferred to the muon by the field (q = p − p′) goes to zero, the value of the
form factor F2(0) = aµ. At tree level, a nonrelativistic expansion of the Dirac equation
yields F2(0) = 0, so aµ can only be nonzero through radiative corrections. These can be
computed order-by-order in perturbation theory in α. The first term in the expansion,
arising at one-loop order, was computed by Schwinger over 60 years ago, and is simply
α/2π = 0.001 161 714 9 · · · . The leading hadronic terms enter at two- and three-loop order
in α, respectively, and are suppressed by the relevant hadronic scales ΛQCD as m2

µ/Λ
2
QCD.

These hadronic corrections are therefore roughly four and six orders of magnitude smaller
than the Schwinger term. Even so, the uncertainties on the HVP and HLbL contributions
to aµ are sufficiently large that they dominate the theory.

In Secs. III B 1 and III B 2, we outline concrete opportunities for lattice QCD to reduce
both the HVP and HLbL uncertainties on this timescale. In order to realize these improve-
ments, a concerted community effort is required. This motivated the creation of the Muon
g−2 Theory Initiative in 2017, whose steering committee is co-chaired by USQCD members
A. El-Khadra and C. Lehner. This effort has held four workshops since its inception [149–
152] and will continue the workshop series in 2019 at the Institute for Nuclear Theory in
Seattle [153]. In addition, USQCD is devoting substantial human effort and computing re-
sources towards the task of bringing the hadronic uncertainties on aµ to the level needed by
the Fermilab E989 and J-PARC E34 experiments.

For the electron anomalous magnetic moment, the tension between theory and experiment
is

aEXP
e − aSMe = −87 (23)︸︷︷︸

α

(02)︸︷︷︸
SM

(28)︸︷︷︸
EXP

×10−14, (3.3)

where the uncertainties from experiment [144, 145], the fine-structure-constant [141], and
the Standard-Model theory calculation [142] are given separately. The theory uncertainty
stems in approximately equal parts from the hadronic contributions and from the five-loop
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FIG. 5. The upper diagrams from left to right show the leading-order (LO) quark-connected, LO

quark-disconnected, LO QED corrections, and an example of next-to-leading order (in α) HVP

diagrams. The lower diagrams show the leading quark-connected (left) and quark-disconnected

(right) contributions to the HLbL contribution. Subleading diagrams with up to four quark loops

in light-by-light scattering are not shown.

QED contribution calculated in Ref. [147]. Although the experimental uncertainty on ae
is presently much larger than the theory error, a reduction of uncertainties on aEXP

e and α
by an order of magnitude may be feasible in the next few years [146]. Therefore, strategies
must be devised and methods developed to reduce the theoretical error on aSMe on this time
scale. We outline how the lattice-QCD community can contribute to this goal in Sec. III B 3.

1. Hadronic vacuum polarization

The HVP contribution arises from the magnetic parts of the upper diagrams shown in
Fig. 5. The HVP can be computed directly in lattice QCD or using a dispersion relation from
the total cross section of e+e− → hadrons (R ratio) or τ decays into hadrons and a neutrino.
Lattice gauge theory here requires the inclusion of QED to achieve high precision but, as
usual, is systematically improvable. The dispersive method requires control of perturbative
QCD and an effective description of radiative corrections, which is typically performed in
scalar QED. In the case of τ decays, additional isospin-breaking corrections are needed. In
principle both methods can be improved beyond their current precision. At the moment, the
R-ratio method has the smallest uncertainty; however, in the presence of conflicting BaBar
and KLOE data sets [8, 9] the common choice of inflating local uncertainties in R(s) using
the PDG χ2 prescription is not unique. In order to reduce the dependence on this choice,
a combined lattice and R-ratio analysis which removes parts of the conflicting data sets, as
suggested in Ref. [10], is valuable. Such a combined analysis can now be performed with an
uncertainty of 2.7 × 10−10, which yields a result consistent with the currently most precise
pure R-ratio result of Ref. [9].

So far the lattice community has computed connected [10, 154–160], disconnected [10, 157,
161], and isospin breaking [10, 162, 163] contributions to the leading-order HVP. In addition,
a dedicated calculation of the next-to-leading order HVP has recently been published in
Ref. [164]. Figure 5 shows a diagrammatic classification of these contributions. In Fig. 6,
we list these recent results which currently approach a total uncertainty of approximately
15× 10−10. USQCD members have played a pioneering role in many of these contributions,
such as the first calculation of strong isospin-breaking effects at physical pion mass [162],
the first calculation of QED corrections at physical pion mass [10], as well as the first
calculation of a combined lattice and R-ratio calculation at physical pion mass in lattice

22



No new physics
KNT 2018

Jegerlehner 2017
DHMZ 2017
DHMZ 2012

HLMNT 2011
RBC/UKQCD 2018

Mainz 2019
FNAL/HPQCD/MILC 2019

SK 2019
ETMC 2018

RBC/UKQCD 2018
BMW 2017
Mainz 2017

HPQCD 2016
ETMC 2013

610 630 650 670 690 710 730 750

Lattice + R-ratio

Lattice

R-ratio

aµ × 1010

FIG. 6. Leading-order HVP contributions to aµ from recent lattice (blue) and dispersive (red)

calculations. The purple data-point is a combined analysis of lattice and dispersive input [10].

The referenced contributions are ETMC 2013 [154], HPQCD 2016 [155], Mainz 2017 [156], BMW

2017 [157], RBC/UKQCD 2018 [10], ETMC 2018 [158], SK 2019 [160], FNAL/HPQCD/MILC

2019 [159], Mainz 2019 [165], HLMNT 2011 [166], DHMZ 2012 [167], DHMZ 2017 [8], Jegerlehner

2017 [168], KNT 2018 [9], and “No new physics” [169]. The innermost error-bar corresponds to

the statistical uncertainty.

QCD+QED [10].

Assuming adequate computing resources, there is still much the lattice community will do
to reduce errors on the HVP, perhaps by an order of magnitude, in the next few years. The
RBC/UKQCD collaboration is developing a distillation-based [170] method for exclusive-
channel calculations of the vector-vector correlation function needed for the HVP. This allows
both for an improvement of the bounding method [10, 157], which addresses the large signal-
to-noise problem in the HVP, as well as control of finite-volume errors [171]. The distillation
method will also be used to achieve a per-mille level lattice spacing determination, which
is needed to reach the Fermilab E989 target uncertainty. Preliminary results on this new
method have been shown by RBC/UKQCD in recent workshops of the theory initiative
[150, 152]. The Fermilab/HPQCD/MILC collaboration is also actively exploring a similar
multi-operator method. Further improvements are also expected for the QED and strong
isospin breaking corrections to the HVP with active efforts by both Fermilab/HPQCD/MILC
and RBC/UKQCD.

Finite-volume errors in the dominant quark-connected light-quark contribution are expo-
nentially suppressed in the volume, but their control at the needed precision poses another
challenge for a pure lattice calculation to reach the Fermilab E989 target precision. While
it has been demonstrated that leading-order chiral perturbation theory underestimates the
effect for typical lattices [152], a method that adds in the resonance contribution, such as
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the one of Ref. [155], or a direct determination of the effect via the elastic pion-scattering as
proposed in Ref. [171] may provide a viable path to control this uncertainty. Recently, first
results have also been presented by RBC/UKQCD [152] which contrast these ideas directly
with lattice computations at physical pion mass computed at different volumes.

The outlined improvements, combined with continued support for the needed compu-
tational effort, should allow for a complete first-principles calculation of the HVP with
subpercent precision in early 2019 and with precision comparable to the Fermilab E989
experiment by 2022.

As already stated, also τ decay data can be used to determine the HVP contribution given
that isospin-breaking effects can be computed with sufficient precision. First progress to-
wards a computation of these corrections has recently been reported by RBC/UKQCD [172].
This will add a valuable cross-check and may help resolve the tensions between e+e− and
τ determinations of the HVP [8, 173, 174]. In the longer term, direct measurements in the
space-like region, e.g., by the proposed MUonE experiment at CERN [175] may provide
additional cross-checks and improvements. Lattice QCD can provide important input to
this type of HVP determination and first results have already been published [158].

The lattice computations of the HVP are a good example of the importance of the
hardware resources of the USQCD collaboration. Many of the methods employed to obtain
the results discussed in this section were developed and tested on these resources. In addition
the USQCD resources were used to carry out the needed computations on all but the most
demanding ensembles. Hence, these resources have been crucial for the progress made so
far and will continue to be important as the computations are pushed to the next stage.
However the availability of leadership class facilities, and in particular the advent of the
new Summit supercomputer in Oak Ridge will also play an important role in facilitating
further improvements by allowing high statistics lattice calculations on the most demanding
ensembles, which are needed to reduce the total uncertainties to the E989 target level.

2. Hadronic light-by-light scattering

The HLbL contribution, while smaller by about two orders of magnitude than the HVP,
is not as well known. The most recent combined error for the HVP is now at the same level
as the HLbL error, 2.6 × 10−10 [148]. This value stems from a 2008 workshop in Glasgow
and is often referred to as the “Glasgow consensus”. The central value and the error stem
from a set of models that cannot be systematically improved, in contrast to first-principles
lattice-QCD calculations. So far only the RBC collaboration has published results for a
lattice calculation of the HLbL contribution [19, 176, 177]. The best of these to date gives
5.35± 1.35× 10−10 [19] compared with 10.0± 2.6× 10−10 from the Glasgow consensus [148].
The former was obtained for physical masses, but at a single lattice spacing and volume,
and includes only the leading disconnected contribution (lower right diagram in Fig. 5).
Nevertheless, lattice QCD is already impacting the Standard Model result: it suggests the
model calculations are not wildly off, at least not enough to bring the Standard Model into
agreement with experiment.

To nail down the HLbL value, the above-mentioned systematics must be controlled. RBC
is currently calculating on several lattices to enable a continuum limit, and on a series of
ensembles with fixed lattice spacing to take the infinite-volume limit. Both systematics
may be large, of order 20–50%, based on results in pure QED [177] and preliminary re-
sults in QCD. For the finite-volume case, a two-pronged approach is being followed, one
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where the entire calculation including the QED parts is performed in finite volume (in the
QEDL formulation [178]) and then extrapolated to infinite volume, and a second where the
QED part (essentially a two-loop integral) is done directly in infinite volume and in the
continuum [179], similar to the HVP calculations. The latter approach was pioneered by the
Mainz group [180, 181], who have performed calculations for HLbL scattering at unphysical
masses [182–184] but have not yet combined the two into a calculation of aµ. While the
second approach eliminates the power law errors from QED, and therefore has only expo-
nentially small errors from QCD, it suffers from larger statistical errors. Similarly, in QEDL

it has been observed that the signal degrades appreciably as the volume grows and the mass-
less photons propagate to longer and longer distances. It is not clear at this stage which
method will have the smallest total error, so both are being vigorously pursued. Thankfully
the QCD part, the dominant cost of the calculations, does not have to be computed twice.
Based on this methodology and a series of calculations at different lattice spacings and vol-
umes, RBC expects to publish the first complete first-principles calculation with controlled
errors in early 2019, before first results of the Fermilab E989 experiment.

In the longer term, the uncertainties of lattice QCD can be substantially reduced by
treating the dominant pion-pole contribution separately. This is possible in a controlled
fashion and is being pursued by both the RBC and Mainz collaborations. Such a separa-
tion of individual contributions may also allow for cross-checks against recent progress in
dispersive methods such as the results of Refs. [185–192].

3. High-loop QED contributions

As outlined above, the electron anomalous magnetic moment may also provide a promis-
ing opportunity in the next few years, when both the experimental measurement of ae and
of the fine-structure constant have been improved by another order of magnitude. The cur-
rent uncertainty of the Standard Model prediction of ae originates in approximately equal
parts from hadronic contributions and from the five-loop QED calculation of Kinoshita’s
group [147]. For improvements of the former, the same lattice methods apply as for the
muon, and it is expected that these improvements could be made as by-products for the
muon case.

More interestingly, perhaps, is the five-loop QED calculation. Due to its tremendous
complexity, so far there is no complete independent cross-check of the results of Ref. [147].
We believe that this should be viewed as an opportunity for the lattice community to revive
efforts towards a stochastic high-loop determination of ae with lattice methods. Such efforts
have been started using numerical stochastic perturbation theory [193] and the diagrammatic
Monte Carlo technique [194], but neither has been brought to completion. A dedicated effort
of the lattice community on this interesting challenge may prove useful and promises access
to higher-order results as well.

[1] Alexei Bazavov, Frithjof Karsch, Swagato Mukherjee, and Peter Petreczky (USQCD), “Hot-

dense lattice QCD,” (2019).

[2] Richard Brower, Anna Hasenfratz, Ethan T. Neil, et al. (USQCD), “Lattice gauge theory

for physics beyond the Standard Model,” (2019).

25



[3] Vincenzo Cirigliano, Zohreh Davoudi, et al. (USQCD), “The role of lattice QCD in searches

for violations of fundamental symmetries and signals for new physics,” (2019).

[4] William Detmold, Robert G. Edwards, et al. (USQCD), “Hadrons and nuclei,” (2019).
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Sánchez, “Hadronic tau decays as New Physics probes in the LHC era,” (2018),

arXiv:1809.01161 [hep-ph].

[175] Graziano Venanzoni, “The MUonE experiment: a novel way to measure the leading order

hadronic contribution to the muon g − 2,” in 39th International Conference on High Energy

Physics (ICHEP 2018) (2018) arXiv:1811.11466 [hep-ex].

[176] Thomas Blum, Saumitra Chowdhury, Masashi Hayakawa, and Taku Izubuchi, “Hadronic

light-by-light scattering contribution to the muon anomalous magnetic moment from lattice

QCD,” Phys. Rev. Lett. 114, 012001 (2015), arXiv:1407.2923 [hep-lat].

[177] Thomas Blum, Norman Christ, Masashi Hayakawa, Taku Izubuchi, Luchang Jin, and

Christoph Lehner, “Lattice calculation of hadronic light-by-light contribution to the muon

anomalous magnetic moment,” Phys. Rev. D93, 014503 (2016), arXiv:1510.07100 [hep-lat].

[178] Masashi Hayakawa and Shunpei Uno, “QED in finite volume and finite size scaling ef-

fect on electromagnetic properties of hadrons,” Prog. Theor. Phys. 120, 413–441 (2008),

arXiv:0804.2044 [hep-ph].

[179] Thomas Blum, Norman Christ, Masashi Hayakawa, Taku Izubuchi, Luchang Jin, Chulwoo

Jung, and Christoph Lehner, “Using infinite volume, continuum QED and lattice QCD for

the hadronic light-by-light contribution to the muon anomalous magnetic moment,” Phys.

Rev. D96, 034515 (2017), arXiv:1705.01067 [hep-lat].

[180] Nils Asmussen, Jeremy Green, Harvey B. Meyer, and Andreas Nyffeler, “Position-space

approach to hadronic light-by-light scattering in the muon g − 2 on the lattice,” PoS LAT-

TICE2016, 164 (2016), arXiv:1609.08454 [hep-lat].

35

http://arxiv.org/abs/1904.03120
http://dx.doi.org/ 10.1088/0954-3899/38/8/085003
http://arxiv.org/abs/1105.3149
http://dx.doi.org/10.1140/epjc/s10052-012-1874-8, 10.1140/epjc/s10052-010-1515-z
http://arxiv.org/abs/1010.4180
http://dx.doi.org/10.1051/epjconf/201816600022
http://dx.doi.org/10.1051/epjconf/201816600022
http://arxiv.org/abs/1705.00263
http://dx.doi.org/ 10.1103/PhysRevD.98.030001
http://dx.doi.org/ 10.1103/PhysRevD.98.030001
http://dx.doi.org/10.1103/PhysRevD.80.054506
http://arxiv.org/abs/0905.2160
http://dx.doi.org/ 10.1103/PhysRevLett.107.072002
http://dx.doi.org/ 10.1103/PhysRevLett.107.072002
http://arxiv.org/abs/1105.1892
http://arxiv.org/abs/1811.00508
http://arxiv.org/abs/1811.00508
http://dx.doi.org/10.1140/epjc/s10052-011-1632-3
http://arxiv.org/abs/1101.2872
http://arxiv.org/abs/1809.01161
http://arxiv.org/abs/1811.11466
http://dx.doi.org/10.1103/PhysRevLett.114.012001
http://arxiv.org/abs/1407.2923
http://dx.doi.org/10.1103/PhysRevD.93.014503
http://arxiv.org/abs/1510.07100
http://dx.doi.org/10.1143/PTP.120.413
http://arxiv.org/abs/0804.2044
http://dx.doi.org/10.1103/PhysRevD.96.034515
http://dx.doi.org/10.1103/PhysRevD.96.034515
http://arxiv.org/abs/1705.01067
http://arxiv.org/abs/1609.08454


[181] Nils Asmussen, Antoine Gérardin, Harvey B. Meyer, and Andreas Nyffeler, “Exploratory

studies for the position-space approach to hadronic light-by-light scattering in the muon

g − 2,” Proceedings, 35th International Symposium on Lattice Field Theory (Lattice 2017):

Granada, Spain, June 18-24, 2017, EPJ Web Conf. 175, 06023 (2018), arXiv:1711.02466

[hep-lat].

[182] Jeremy Green, Oleksii Gryniuk, Georg von Hippel, Harvey B. Meyer, and Vladimir Pasca-

lutsa, “Lattice QCD calculation of hadronic light-by-light scattering,” Phys. Rev. Lett. 115,

222003 (2015), arXiv:1507.01577 [hep-lat].

[183] Antoine Gérardin, Jeremy Green, Oleksii Gryniuk, Georg von Hippel, Harvey B. Meyer,

Vladimir Pascalutsa, and Hartmut Wittig, “Hadronic light-by-light scattering ampli-

tudes from lattice QCD versus dispersive sum rules,” Phys. Rev. D98, 074501 (2018),

arXiv:1712.00421 [hep-lat].

[184] Nils Asmussen, Antoine Gérardin, Andreas Nyffeler, and Harvey B. Meyer, “Hadronic light-

by-light scattering in the anomalous magnetic moment of the muon,” in 15th International

Workshop on Tau Lepton Physics (TAU2018) Amsterdam, Netherlands, September 24-28,

2018 (2018) arXiv:1811.08320 [hep-lat].

[185] Martin Hoferichter, Bastian Kubis, Stefan Leupold, Franz Niecknig, and Sebastian P. Schnei-

der, “Dispersive analysis of the pion transition form factor,” Eur. Phys. J. C74, 3180 (2014),

arXiv:1410.4691 [hep-ph].

[186] Gilberto Colangelo, Martin Hoferichter, Massimiliano Procura, and Peter Stoffer, “Disper-

sion relation for hadronic light-by-light scattering: theoretical foundations,” JHEP 09, 074

(2015), arXiv:1506.01386 [hep-ph].

[187] Antoine Gérardin, Harvey B. Meyer, and Andreas Nyffeler, “Lattice calculation of the pion

transition form factor π0 → γ∗γ∗,” Phys. Rev. D94, 074507 (2016), arXiv:1607.08174 [hep-

lat].

[188] Gilberto Colangelo, Martin Hoferichter, Massimiliano Procura, and Peter Stoffer, “Rescat-

tering effects in the hadronic-light-by-light contribution to the anomalous magnetic moment

of the muon,” Phys. Rev. Lett. 118, 232001 (2017), arXiv:1701.06554 [hep-ph].

[189] Gilberto Colangelo, Martin Hoferichter, Massimiliano Procura, and Peter Stoffer, “Disper-

sion relation for hadronic light-by-light scattering: two-pion contributions,” JHEP 04, 161

(2017), arXiv:1702.07347 [hep-ph].

[190] Martin Hoferichter, Bai-Long Hoid, Bastian Kubis, Stefan Leupold, and Sebastian P. Schnei-

der, “Pion-pole contribution to hadronic light-by-light scattering in the anomalous magnetic

moment of the muon,” Phys. Rev. Lett. 121, 112002 (2018), arXiv:1805.01471 [hep-ph].

[191] Martin Hoferichter, Bai-Long Hoid, Bastian Kubis, Stefan Leupold, and Sebastian P. Schnei-

der, “Dispersion relation for hadronic light-by-light scattering: pion pole,” JHEP 10, 141

(2018), arXiv:1808.04823 [hep-ph].

[192] Antoine Gérardin, Harvey B. Meyer, and Andreas Nyffeler, “Lattice calculation of the pion

transition form factor with Nf = 2 + 1 Wilson quarks,” (2019), arXiv:1903.09471 [hep-lat].

[193] G. Burgio, F. Di Renzo, G. Marchesini, E. Onofri, M. Pepe, and L. Scorzato, “Developments

and new applications of numerical stochastic perturbation theory,” Nucl. Phys. Proc. Suppl.

63, 808–810 (1998), [,808(1997)], arXiv:hep-lat/9709106.

[194] Florian Rappl, Feynman Diagram Sampling for Quantum Field Theories on the QPACE 2

Supercomputer, Ph.D. thesis, Universität Regensburg (2015).

36

http://dx.doi.org/ 10.1051/epjconf/201817506023
http://arxiv.org/abs/1711.02466
http://arxiv.org/abs/1711.02466
http://dx.doi.org/ 10.1103/PhysRevLett.115.222003
http://dx.doi.org/ 10.1103/PhysRevLett.115.222003
http://arxiv.org/abs/1507.01577
http://dx.doi.org/10.1103/PhysRevD.98.074501
http://arxiv.org/abs/1712.00421
http://arxiv.org/abs/1811.08320
http://dx.doi.org/ 10.1140/epjc/s10052-014-3180-0
http://arxiv.org/abs/1410.4691
http://dx.doi.org/10.1007/JHEP09(2015)074
http://dx.doi.org/10.1007/JHEP09(2015)074
http://arxiv.org/abs/1506.01386
http://dx.doi.org/10.1103/PhysRevD.94.074507
http://arxiv.org/abs/1607.08174
http://arxiv.org/abs/1607.08174
http://dx.doi.org/ 10.1103/PhysRevLett.118.232001
http://arxiv.org/abs/1701.06554
http://dx.doi.org/10.1007/JHEP04(2017)161
http://dx.doi.org/10.1007/JHEP04(2017)161
http://arxiv.org/abs/1702.07347
http://dx.doi.org/10.1103/PhysRevLett.121.112002
http://arxiv.org/abs/1805.01471
http://dx.doi.org/ 10.1007/JHEP10(2018)141
http://dx.doi.org/ 10.1007/JHEP10(2018)141
http://arxiv.org/abs/1808.04823
http://arxiv.org/abs/1903.09471
http://dx.doi.org/10.1016/S0920-5632(97)00907-9
http://dx.doi.org/10.1016/S0920-5632(97)00907-9
http://arxiv.org/abs/hep-lat/9709106
https://epub.uni-regensburg.de/33716/7/rappl.pdf

