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ABSTRACT: The final ringdown phase in a coalescence process is a valuable laboratory
to test General Relativity and potentially constrain additional degrees of freedom in the
gravitational sector. We introduce here an effective description for perturbations around
spherically symmetric spacetimes in the context of scalar-tensor theories, which we apply
to study quasi-normal modes for black holes with scalar hair. We derive the equations of
motion governing the dynamics of both the polar and the axial modes in terms of the coeffi-
cients of the effective theory. Assuming the deviation of the background from Schwarzschild
is small, we use the WKB method to introduce the notion of “light ring expansion”. This
approximation is analogous to the slow-roll expansion used for inflation, and it allows us to
express the quasinormal mode spectrum in terms of a small number of parameters. This
work is a first step in describing, in a model independent way, how the scalar hair can affect
the ringdown stage and leave signatures on the emitted gravitational wave signal. Potential
signatures include the shifting of the quasi-normal spectrum, the breaking of isospectrality
between polar and axial modes, and the existence of scalar radiation.
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1 Introduction

The detection of gravitational waves by LIGO and Virgo [1-3] has opened up a new window
into the strong gravity regime. Up until now, observations appear to be very well described
by General Relativity (GR). Nevertheless, as more and more events are observed, it becomes
important to determine quantitatively the extent to which alternative theories of gravity
are ruled out. Effective field theories (EFTs) provide a framework to carry out this program
in a model-independent way. They also provide a general foil against which GR can be
tested. The only inputs required are the number and type of “light” degrees of freedom in
the gravity sector, and the symmetries that constrain their interactions.

If the only relevant degrees of freedom in the gravity sector are the two graviton polar-
izations, the only modification of GR that can (and should) be considered is the addition of
higher powers of curvature invariants to the Einstein-Hilbert Lagrangian [4]. These higher-
derivative operators modify (among other things) the phase, amplitude and polarization
of gravitational waves. Such corrections are suppressed schematically by powers of w/A,
where w is the frequency of gravitational waves and A is the scale at which “new physics”
kicks in. Observations can then be used to place a lower bound on the magnitude of A,
providing a model-independent constraint on new “heavy” physics in the gravitational sec-
tor.! The exact same strategy is used at the LHC to place model-independent bounds on
physics beyond the Standard Model.

In this paper, we will focus on less minimal modifications of GR, in which the light
degrees of freedom include one additional light scalar besides the graviton — i.e., we will
consider scalar-tensor theories. Many examples of scalar-tensor theories exist of course, but
our goal is to be general: what is the most general dynamics of fluctuations around a black
hole with scalar hair? We are particularly interested in the way in which this extra scalar
mode affects the ringdown that takes place at the end of the merger process. Of course,
testing gravity using the ringdown is not a new idea (see e.g. [6, 7]). However, until now
these tests have been carried out on a model-by-model basis (e.g. [8, 9]). In this paper, we
propose instead a different approach — based on EFT techniques — which can be used to
place model-independent constraints on scalar tensor theories. More precisely, we introduce
an EFT framework to describe quasi-normal modes (QNMs) of static, isolated? black hole
solutions with a scalar hair.

It is well known that such solutions are hard to come by if we demand asymptotic
flatness.® This fact is encoded in a variety of “no-hair theorems” which, under fairly
general assumptions, forbid the existence of non-trivial scalar profiles surrounding black
hole solutions (see e.g. [12-14]). These assumptions can nevertheless be violated, and
as a result several solutions with non-trivial scalar hair can be found in the literature

1Such constraint can then be mapped onto specific models with a procedure known as matching [5].

2 A more realistic program would require to estimate to what extent environmental effects are negligible
or affect instead the QNM spectrum. Disentangling the impact of the astrophysical environment from the
observations is a key ingredient in order to really constrain additional degrees of freedom in the gravitational
sector. For a study in this direction see e.g. [10].

3In the presence of a negative cosmological constant, instead, a non-minimal coupling of the form ®2R
is sufficient to give rise to a stable scalar hair in a certain range of parameter space [11].



(see e.g. [15-17]). Depending on the circumstances, such hairy solutions can even be
dynamically preferred over solutions with a vanishing scalar profile [18, 19]. Indeed, a fairly
simple way to endow black holes with hair does not even involve sophisticated dynamics;
all one needs is non-trivial boundary conditions. Take the example of a minimally coupled,
free scalar with a standard kinetic term: Jacobson [20] showed that a black hole has scalar
hair if the scalar approaches a pure function of time at spatial infinity. The amount of
hair, quantified by the scalar charge to mass ratio for instance, is generally small if the
time scale of variation (for instance, Hubble time scale) is long compared to the black hole
horizon size [21]. However, if the time variation is due to close-by objects (e.g. stars which
can well have scalar hair), the induced black hole scalar hair could be non-negligible [22].%
For a fairly exhaustive review of no-hair theorems as well as asymptotically flat solutions
with scalar hair, we refer the reader to [23].

While allowed from a technical viewpoint, one may still worry that hairy black holes
could already be ruled out by existing observations. For instance, it was recently ar-
gued [24] that a non-negligible amount of scalar hair would be incompatible with present
cosmological constraints when combined with current bounds on the speed of propagation
of gravitational waves [25]. Such a claim however is based on the assumption that the scalar
field remains weakly coupled from cosmological scales all the way to the scales relevant for
black hole mergers. This does not necessarily have to be the case, as was pointed out for
instance in the context of Horndeski theories [26]. Moreover, the speed of propagation
constraint can be viewed as putting a lower bound on the cut-off scale associated with
certain higher dimension operators. The bound is significant for cosmological applications,
but sufficiently weak to allow non-trivial effects on the horizon scale of astrophysically
interesting black holes.

In fact, one could even argue that a scalar hair is a natural feature to consider if we are
after observable departures from GR. The reason is that, if the scalar field profile around
two well-separated black holes is initially constant, scalar perturbations can be excited
at linear level by the merging process only if the scalar couples to the Riemann tensor.
For instance, one can consider a coupling between ® and the Gauss-Bonnet invariant
GaB = Run,RM Ap 4R, R + R? of the form f(®)Ggp, which is known to generate
scalar hair [27, 28]. This argument is admittedly more suggestive than it is rigorous, as
it discounts for instance the possibility that a small hair of cosmological origin [20] could
get amplified by non-linearities during the merger process, and in turn lead to a sizable
emission of scalar modes. Regardless, we are finally in a position where the absence of scalar
hair is a feature that can be tested experimentally rather than ruled out by no-go theorems
based on a set of assumptions. As such, one can also view our formalism as a pragmatic
attempt to study the possible observational consequence of a scalar hair during ringdown.

Another important constraint that scalar-tensor theories need to contend with is the
lack of evidence for additional polarizations in the gravitational wave spectra observed so
far [29, 30]. This, however, should be mostly viewed as a constraint on the strength of their
coupling to baryons rather than on their actual existence [31, 32]. To illustrate this point,

4A spatial gradient in the boundary condition is expected to have a similar effect.



let’s consider scalar-Gauss-Bonnet gravity [16] without a tree-level coupling between the
scalar and baryons. The couplings with baryons induced by radiative corrections will be
suppressed by derivatives due to the shift invariance of this model, and thus can be easily
rendered weak enough to be undetectable.® At the same time, one could have a significant
departure from the Schwarzschild metric for sufficiently large values of the scalar charge.
In this example, the polarizations of QNMs observed would be the same as in GR, although
their spectrum could be significantly different. As a matter of fact, the QNM spectrum
could differ significantly from the GR one even if the metric remained exactly Schwarzschild,
as is the case for the so-called stealth solutions [35, 36]. This is because metric perturbations
can mix with the scalar perturbation on a spherically symmetric background.

The spectrum of QNMs predicted by GR in the static case is comprised of two isospec-
tral towers of modes that are respectively even and odd under parity [37]. Setting aside
additional polarizations for a moment, modifications of GR can then be classified into
three distinct groups, depending on whether they (1) modify the spectrum of even and odd
modes while preserving isospectrality; (2) break isospectrality; or (3) mix the even and odd
modes, so that there is no longer a distinction between the two. The latter possibility is
realized if the scalar field that acquires a non-trivial profile is odd under parity. In fact, a
spherically symmetric profile for a pseudo-scalar spontaneously breaks parity, and therefore
perturbations around it are not parity eigenstates. The approach we develop in this paper
will make it explicit that this third option is always a higher derivative effect.

In this paper, we will make a first step towards a systematic exploration of the three
possibilities mentioned above by introducing an EFT for perturbations around static black
holes with scalar hair (section 2). Our approach will follow blueprints that were first de-
veloped in the context of inflation [38]. The main idea is that, if the scalar field has a
non-trivial radial profile, one can always choose to work in “unitary gauge” and set to zero
the scalar perturbation. This can be achieved by performing an appropriate radial diffeo-
morphism. When this is done at the level of the action, one is left with an effective theory
that is invariant under time- and angular-diffeomorphisms, but not under radial ones.

We will show how to appropriately reorganize this action in such a way that only a
finite number of terms contribute to the Lagrangian at any given order in perturbations
and derivatives. As a result, we will see that at quadratic order in perturbations (which
is all we need to study QNMs) and lowest order in derivatives, there are at most three
operators that we can add to the Einstein-Hilbert Lagrangian. Moreover, it turns out that
these three operators only affect the even sector (meaning the odd sector is completely
determined by the background metric, which could still be different from Schwarzschild
in general).5 The power of our approach lies in the fact that these three most relevant

5Strictly speaking this is true only in the asymptotic region close to the detector, where the background
value for the scalar hair vanishes and the metric is nearly Minkowski. Indeed, in general, a non-negligible
mixing with the graviton degrees of freedom induces shift-symmetry breaking corrections suppressed by
powers of Mp; and proportional to background quantities, once the non-dynamical metric components are
integrated out. The non-invariance under shifts of the Hamiltonian constraints, responsible for this fact, is
at the core of the construction of shift-symmetric adiabatic modes on FLRW spacetimes [33, 34].

5Tn other words, the relevant potential for the odd modes depends exclusively on the background metric
components, with exactly the same functional dependence as in GR. This still leaves open the possibility



operators, whose effect will be studied in detail in sections 5-6.2, could in principle arise
from an infinite number of diff-invariant scalar-tensor theories.

One obvious drawback of working with a theory that is not invariant under radial
diffeomorphisms is that its action will contain arbitrary functions of the radial coordinate.
These functions will in turn appear in the potential for the QNMs and, because of this,
calculating their spectrum could at first sight seem a hopeless task. In order to make it
more tractable, we can exploit the fact that current gravitational wave observations appear
to be consistent with GR. This suggests that, barring (un)fortunate coincidences, we can
assume the background to be “quasi-Schwarzschild”. This is certainly a natural assumption
to make from an EFT viewpoint, and when coupled with the WKB approximation [39, 40]
it allows us to express the QNM spectrum (section 3) in terms of a small set of parameters
— namely the values and derivatives of the EFT coefficients and the background metric
components evaluated at the light ring. We call this procedure light ring expansion. This
state of affairs should be reminiscent of what happens in inflation, where a WKB approx-
imation can also be employed to calculate the spectrum of primordial perturbations [41],
and departures from exact de Sitter is also encoded by a small number of parameters —
the first few derivatives of the inflaton potential. Our light-ring expansion is the analog of
the usual slow-roll expansion in inflation.

We should emphasize however that our EFT remains a useful tool even in situations
where the WKB approximation is not needed. For instance, this is the case if the EFT coef-
ficients are known functions of the radius. Then, our approach still provides a particularly
convenient way of organizing the calculation of the QNM spectrum in scalar-tensor theories.

This is not the first time that the idea of writing down an EFT for perturbations
around spherically symmetric backgrounds is put forward in the literature. For instance,
an approach very similar to the one we are proposing here was first explored in [42]. The
authors of that paper also focused their attention on static black hole solutions with a
scalar hair, and chose to work in unitary gauge. However, they performed a 24+1+1 ADM
decomposition and considered the most general action that is manifestly invariant under
angular diffeomorphisms, with the additional requirement that its coefficients depend only
on the radial coordinate.” This construction is however more general than is necessary:
it gives rise to an effective action that is not invariant under time-diffeomorphisms, and
involves more free functions. Keep in mind that a single scalar acquiring a static radial
profile can only define a single preferred radial foliation, defined by the condition ¢ = con-
stant. As we discussed earlier, by working in unitary gauge one should obtain a theory that
only breaks radial diffeomorphisms. For this reason, we expect that the effective action put
forward in [42] will generically propagate two scalar degrees of freedom (besides the gravi-
ton, of course) already at lowest order in the derivative expansion. In other words, tunings
are necessary to ensure that the low energy spectrum contains a single scalar mode in the
construction of [42]. In our formalism, these tunings are already enforced by symmetries.

of a modification to the odd QNM spectrum if the metric is different from Schwarzschild.

"Based on invariance under angular diffeomorphisms, these coefficients could in principle also depend on
time. However, the requirement that they are time-independent is technically natural, because it is protected
by invariance under time-translations, which is an isometry of the background we are considering.



More recently, a different approach to perturbations of spherically symmetric gravita-
tional solutions was proposed in [43]. The advantage of this approach is that it applies to
any number and type of light degrees of freedom and that, unlike ours, none of these are
required to have a non-trivial background configuration — i.e., there is no need to consider
“hairy” solutions. The downside is that an in principle straightforward but in practice quite
lengthy procedure is needed to ensure invariance under diffeomorphisms. This procedure
was carried out explicitly in [43, 44] for a certain class of scalar tensor-theories assuming
that the background metric is exactly Schwarzschild and that the black hole has no scalar
hair. This procedure would need to be redone for more general backgrounds.

Invariance under diffeomorphisms is built into our formalism from the very beginning.®
Moreover, the derivative counting in unitary gauge is such that one is naturally led to con-
sider “beyond Horndeski” operators [45]. These operators do not lead to additional propa-
gating degrees of freedom, but would naively appear to be of higher order in the formalism
of [43]. Finally, we should point out that our approach could be easily extended to include
additional light degrees of freedom, as was already done for the EFT of inflation in [46].

A road map: let us give a road map of the main results of this paper, especially for
readers who are not interested in the technical details.

e The most general action for perturbations around a spherically symmetric background
at second order in derivatives is given in eq. (2.4). Note that the background needs
not be that of a black hole in general. The background metric is given by eq. (2.1)
while the background scalar profile is some general function of radius ®(r).

e The quadratic action for perturbations in eq. (2.4) does not involve any epsilon tensor.
This means that, at quadratic order in derivatives, there is no way to tell whether the
underlying covariant scalar-tensor theory involves a pseudoscalar or a scalar. This
implies that mixing between even and odd modes cannot occur at this order in the
derivative expansion. In other words, mixing is always a higher derivative effect.

e The EFT for perturbations involves free functions of the radius r. For practical
applications, the freedom can be much reduced by assuming small departures from
GR. In that case, the position of the light ring is slightly displaced from its GR value.
Adopting the WKB approximation, we introduce the light-ring expansion to express
the quasi-normal spectrum in terms of the potential and its derivatives at the GR
light ring. This is discussed in section 4 and a concrete example is provided in 5.2.2.

e The quadratic action simplifies greatly if one restricts to the leading order in deriva-
tives, given in eq. (5.6) for odd perturbations, and eq. (6.5) for even perturbations.
There are only 2 free radial functions A(r) and f(r) in the odd perturbation action
(3 in the even perturbation action, with the addition Mj(r)), assuming a conformal

8Note, however, that invariance under temporal and angular diffeomorphisms is not maintained on a term
by term basis in the action — see discussion around eq. (2.4). Also, invariance under radial diffeomorphism
is manifest only after introducing the Goldstone m — see discussion in section 6.2.



transformation to the Einstein frame has been performed. Working out the experi-
mental signatures would require specification of the coupling of matter to both the
metric and scalar perturbations (see discussion in section 7).

e For this lowest-order-in-derivatives action, there is a simple (tadpole) constraint on
the background metric given by eq. (2.14). In this case, the functions A(r) and f(r)
are completely determined by the background metric (egs. (2.11) and (2.12), setting
a =0 and M; = Mp) assuming conformal transformation to Einstein frame).

e The general metric perturbations are labeled in a manner following Regge and
Wheeler [47] (egs. (3.8) and (3.7), or more explicitly egs. (5.1) and (6.1)). We adopt
the Regge-Wheeler-unitary gauge whenever a gauge choice is made. This means the
scalar field fluctuation §® = 0, the odd sector metric perturbation hy = 0 (eq. (5.1))
and the even sector metric perturbations Ho = G = 0 (eq. (6.4)). Note that Regge
and Wheeler also chose H; = 0 which we can no longer do because of having set
0P =0.

e For the lowest-order-in-derivatives action, the odd sector perturbations obey a simple
equation of motion (see egs. (5.8) and (5.9)), which takes the same form as in GR
i.e. it has the same dependence on the background metric (2.1) and its derivatives,
though the background metric itself can in general be different from that of GR.
The corresponding action can be read off from eqgs. (5.17) and (5.18) by setting o =
M120 = Mjs = 0. The dynamics of the even sector is significantly more complicated
than that of the odd sector — the same is true in GR, but we also have an additional
scalar mode — and the corresponding action is given by eq. (6.5). Nonetheless, the
speeds of propagation of the even modes are simply expressed by eq. (6.13).

e QOur action is invariant under time and angle diffeomorphisms. Restoring radial dif-
feomorphism invariance can be achieved by introducing a Goldstone mode 7. This,
and the decoupling limit, is discussed in section 6.2.

e For readers interesting in going beyond the lowest order in derivatives, for instance
necessary to describe theories such as the galileon or a scalar coupled to the Gauss-
Bonnet term, a discussion can be found in section 5.3.

Conventions: throughout this paper we will work in units such that ¢ = A = 1 and adopt
a “mostly plus” metric signature. Unless otherwise specified, we will work in spherical co-
ordinates with Greek indices u, v, A, ... running over the (¢,6, ¢, r) components, lowercase
Latin indices a, b, ¢, . . . from the beginning of the alphabet running over the (¢, 6, ¢) compo-
nents, and lowercase Latin indices i, j, k, . .. from the middle of the alphabet running over
the (0, ¢). Finally, we will denote the scalar field with ®, to avoid any potential confusion
with the angular variable ¢.

A note regarding our notation on the transformed quantities. By transform we
mean spherical harmonic transform and/or Fourier transform. Take the example of the
metric fluctuation variable hy (eq. (3.8) or eq. (5.1)). We use the same symbol hg to denote



(1) the fluctuation in configuration space i.e. a function of time and space hy(¢,7,0, ),
or (2) the fluctuation in spherical harmonic space i.e. ho(t,r, ¢, m) (where the spherical
harmonic Yz, (0, ¢) has been used), or (3) the fluctuation in Fourier/spherical harmonic
space i.e. ho(w,r,£,m) (where the spherical harmonic Y, (6, ¢) and the Fourier wave e~%!
have been used). We often omit the arguments for hy altogether and rely on the context
to differentiate between these different meanings. See the discussion around egs. (3.9)
and (3.10) for more details.

2 Effective theory in unitary gauge

In this section we construct an effective theory for perturbations around static and spher-
ically symmetric backgrounds. We highlight here the main steps, mostly focusing on the
results, and refer to appendix A for all the details. The procedure closely follows the logic
underlying the construction of the EFT of inflation [38, 48], but with respect to the case
of Friedmann-Lemaitre-Robertson-Walker (FLRW) spacetimes some important differences
arise at the level of perturbations, as we shall discuss in details.

We assume that the theory consists of the metric g,, and a single scalar degree of
freedom @, which takes on an 7-dependent profile ®(r) that sources the background metric
Juv, defined by

dr?

b*(r)

ds? = —a®(r)dt* + + A(r) (d@2 + sin? 0d¢2) : (2.1)
Notice that, without loss of generality, one is always free to rescale the radial coordinate
in such a way to get rid of one of the three functions in (2.1). Nevertheless, in this section,
we will keep the metric in the redundant form (2.1): this will make the comparison with
known models in the current literature more transparent.

A convenient way of describing the low energy physics for the tensor and scalar exci-
tations is to work in the unitary gauge, defined by §® = 0. This condition is equivalent to
using the radial diffeomorphism invariance to fix a specific hypersurface in the radial folia-
tion of the spacetime manifold.? After gauge fixing, the residual symmetries of the action
are the temporal and angular diffeomorphisms. Therefore, besides the Riemann tensor,
the full metric g, covariant derivatives V, and the epsilon-tensor "2 the most general
unitary gauge action contains as additional ingredients the contravariant component ¢,
the extrinsic curvature K, associated with equal-r hypersurfaces and arbitrary functions
of r. Explicitly, it takes on the form

S = /d4a:\/—g£ <gm,,e‘“’/\p,Ruyag,g”,KW,Vu,r> . (2.2)

Now, any bona fide effective theory for perturbations around the time-independent, spheri-
cally symmetric background metric (2.1) can be obtained by expanding each operator in the
action (2.2) in fluctuations up to some order in the number of fields and derivatives. In this
respect, it turns out that the symmetries of the background play a crucial role in dictating

9Notice that this requires a nontrivial background scalar profile, i.e. ' (r) # 0.



the structure of the building blocks entering the final action for perturbations. In order to
make this fact manifest, it is worth reviewing briefly how the construction is implemented
in the context of FLRW backgrounds [38, 48]. This will also help clarifying the differences
arising in systems with spherical symmetry. Let us denote with O = {R,,0s, 9%, Kuw}
the building blocks of the EFT on time-foliated FLRW spacetimes [38]. Here K, is now
the extrinsic curvature associated with the constant-time hypersurface, not to be confused
with the analogue in (2.2). Since the hypersurface is maximally symmetric, a generic back-
ground quantity O can always be written just in terms of the background metric, the unit
normal vector n,, and functions of time [38]. For instance, K,, = H(t)h,,, where hy, is
the induced metric and H (t) is the Hubble function. This remarkable fact allows to define
the perturbation 60 associated with a generic operator @ as follows: @ = OO 4 §O,
where (i) O contains the background value, i.e. O©) = O (where “~” denotes setting the
perturbations to zero), while §O starts linearly in perturbations, and (ii) both ©(©) and
0O transform covariantly. For instance, one can split K, = H(t)hyu, + 0K,,,, where both
K ft(l),) = H(t)hu, and dK,, are covariant quantities [38]. As a result, all the operators in
the Lagrangian for perturbations of [38] are separately invariant under residual (spatial)
diffeomorphisms, and counting powers of K, is the same as counting the order of pertur-
bations. In the class of theories that non-linearly realize time translation invariance, this
turns out to be a distinctive feature of the FLRW subclass and crucially relies on the high
degree of symmetry of the background (i.e. homogeneity and isotropy) [38]. By contrast, in
the case of non-maximally symmetric backgrounds of the type in (2.1), one cannot define
for all the operators in (2.2) perturbations that transform covariantly under residual (tem-
poral and angular) diffeomorphisms. As an example, consider the extrinsic curvature K,
n (2.2). On the background, K, = %aﬂ_zab (see appendix A) and it is clear from (2.1) that
Koy o hgy. As a byproduct, there is no way to define a K ,S(,l) in terms of the metric only in
such a way that it transforms covariantly.! Thus, we define § K w by Ky — K uvy and it
is not a covariant tensor. The two main consequences of this fact are: i) new independent
operators are in principle allowed at any order in perturbations, including as we will see one
additional tadpole; 4i) invariance under residual (temporal and angular) diffeomorphisms
in general will not be manifest in the Lagrangian at a given order in perturbations i.e. an
object like 6K, 0 K*¥ is not invariant because 0K, is not a covariant tensor.

In the case of spherically symmetric backgrounds, the perturbation of a given operator
O; that belongs to the building blocks {R,,a3,9"", K, } or their derivatives can be defined
by subtracting the background value of the operator, 60; = O; — O;. Even if the 60; so
defined does not transform covariantly, at a given order n in the number of perturbations,
the most general action will be of the form:

B B

U15eenyin

where the indices i,, run on the operators up a to given order in derivatives. Now, for every
choice of the functions of the radial coordinate C(ln) i

; (r) there is clearly a gauge invariant

1

0For instance, one might be tempted to define Kfff,) = 50rhy,, but this is not a good tensor under r

dependent (¢, 0, ¢) diffeomorphisms.



Lagrangian (with respect to temporal and angular diffs.) of the form (2.2) such that its
expansion in perturbations up to order n gives the desired coefficients. On the other hand,
in general, at fixed order n a specific Lagrangian (2.2) in two different gauges will give

)

rise to an action for perturbations with different values for the coefficients C’Z(ln i

(r), so a
Lagrangian of the form (2.3) is well defined only once the gauge choice for perturbations is
made. This aspect, as we will see in the next sections, does not turn out to be a limitation
in any practical application of the EFT for perturbations that we are constructing.

As we prove in appendix A, the most general action for perturbations in unitary gauge

up to quadratic order and with no more than two derivatives can be written as

5= [dle =g | JMEOR = AK) - F0)g — () K K

+ My (r)(3g™)? + M3(r)og™ 6 K + M3 (r)K 69" s K"
+ MZ(r)(0,69")? + ME(r)(0,09" )0 K + M7(r) K, (006" ) S K™ + MZ(r)(0adg"")?
+ M (r) (6 K)? + Miy(r)6 K KM + My1(r) K 0 KSKM + Mz (r) K, 0KHP5KY ,

NP K W, KESKSKM 4 M25(r)og" 6 R + Mya(r) K, 0" SR™ + ... |, (2.4)

where RW is the Ricci tensor built out of the induced metric hy,,.

A few comments are in order at this point. As anticipated above, one has formally a
larger number of operators for perturbations with respect to [38]. In particular, there is
in principle an additional tadpole parametrized by the function «(r), which, together with
A(r) and f(r), will be determined by the Einstein equations.!!

Furthermore, notice that in general the r-dependence of the coefficient MZ(r) can
be re-absorbed by a conformal transformation that brings us back to the Einstein frame.
This will generically affect the coupling to additional matter fields, which have been left
unexpressed in (2.4). We will have more to say about this in section 7.

A remarkable feature of the quadratic action above is that it does not depend on
the epsilon tensor. In the covariant action for the underlying scalar-tensor theory, epsilon
tensors will appear if either (1) the action is not invariant under parity, or (2) the scalar
field is odd under parity, i.e. it is a pseudo-scalar. In the first case parity is explicitly
broken, in the second case it is spontaneously broken by the scalar hair. Both types of
breaking would lead to a mixing between even and odd perturbations. However, the fact
that an epsilon tensor cannot appear at second order in derivatives in perturbations means
that mixing is always a higher derivative effect. In other words, at lowest order parity is

an accidental symmetry of our action for perturbations.'?

" The analog of the additional tadpole term in the case of the EFT for inflation would be KLOV)K“”, and
this can be shown to be rewritable in terms of the other tadpole terms, for an FLRW background (see
appendix of [38]).

12A concrete example is provided by Chern-Simons gravity [49, 50]. In this case, the non-minimal
coupling ®R,,, APR“”’\" requires ® to be a pseudoscalar. The expansion of this term up to quadratic order
in perturbations contains several terms. Some of these terms contain two derivatives acting on perturbations
and therefore yield a contribution to the action in eq. (2.4). However, the only term in which derivatives and
metric perturbations are actually contracted with each other through an epsilon tensor is @(SRW,\,,(;R“”)"’.
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It is worth also commenting on the fact that some of the combinations among the op-
erators in (2.4) may secretly propagate an extra unwanted ghost-like degree of freedom.!?
The absence of this kind of pathology can be guaranteed by enforcing degeneracy condi-
tions, which determine specific relations among some of the coefficients in (2.4) therefore
reducing the number of independent operators in the EFT. This study requires in general a
detailed classification of the Hamiltonian constraints associated with (2.4). However, since
in the rest of the paper we will mainly focus on the leading order terms in the derivative
expansion, these complications will never affect our discussion and hence can be safely

disregarded in the following.

Finally, we conclude this section stressing again that the form of the unitary gauge
action (2.4) is dictated only by the spontaneous breaking pattern of the Poincaré group
down to spatial rotation and time translation invariance. In other words, there is no
input from additional internal or spacetime symmetries, which would further constrain the
couplings in the effective action (2.4). We will not discuss this possibility here, leaving it
for future work.

2.1 Tadpole conditions

In this section we focus on the tadpole operators in the EFT (2.4),

Stpato = [ @lev/=g | IFOIR - J0)g" = A0) - 0l k™| . (25)

In particular, we shall see that the Einstein equations can be used to fix A and f in terms of
the background metric (2.1), ]\/Il2 and «. In addition, they provide a first order differential
equation which can be used to relate ]\412 and «. In this respect, we start writing the
most general energy momentum tensor compatible with the symmetries of the system as
T+, = diag(—p, pr, P, Pa), being pg and p, the tangential and radial pressures respectively.
Plugging into the Einstein equations

1
(R;w - §ng/ - Vuv,u + g;wD> M12 - T,uz/ =0, (2'6)

This term contains two derivatives acting on each metric perturbation, and thus it is a higher derivative
correction to the action (2.4).

13This well-known fact has already been discussed in the unitary gauge language in the context of the
EFT for FLRW spacetimes in [51].

For a discussion on how to impose additional internal symmetries, e.g. a shift symmetry of the type
® — ® + ¢, in the unitary gauge action, we refer the interested reader to [34], where this is explained in
details in the context of FLRW cosmologies.
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one can solve for the fluid variables and find

2 /" /2 2bl / 1 bl 2 /
T0% = —p= b (C + 5+ - 2) M2+ b ( f ) (M2Y + 2 (M2Y", (2.7)

be b
T, == (22 +Cc/22 ez ) M2+ (2425 ) oy (28)
T@::@p9:5§§{<dh+d/+i£,+ac—+i;)Aﬁ
(L4854 ) ony +0ny) 29)

For our purpose, T}, comes from the terms in eq. (2.5) beyond the Einstein Hilbert term.
Using eq. (B.9) for the variation of the extrinsic curvature, the background energy momen-
tum tensor 7T}, associated with the tadpole action (2.5) reads

Ty = (19" + A+ aKagK*P) g +2f5,0,
— aKsK“n,n, — V)\(ozKMn,,) — Va(aK)n,) + Va(aK,,nt), (2.10)

where we dropped the bar everywhere for simplicity. Substituting in (2.7)-(2.8), one can
solve for A(r) and f(r):

ad bd 1/a V 1
— (2= 2 T Y M2 o 2 (MR — (MR
f(r) ( C) 1+2<a b>( i) (M7)

ac be 2
—@Zj‘;ﬁ‘i j—ga>a+;a (2.11)
A(r) = b2 ("CH “C;zl + b[;zl Cclj b212> M} —b? <2a/ + 5;) 20’) (M) — b;(Mf)”

a/ C/ a// C// a/b/ a/C/ b/cl c/2 1
N M2 ray s (LAY @ b M 2.13
<a c>( 1+a)+<a c+ab+ac be 02+ c>( i+a) (213)

After introducing MIZ = M? + a, one can solve this equation algebraically for o and then
plug the solution back into egs. (2.11) and (2.12), thus obtaining three expressions for f, A
and « in terms M7 and its derivatives. In other words, of the 4 free functions of radius in
the tadpole action (2.5), only one combination (i.e. M?) is truly free, the others are fixed
once M} and the background metric are specified.

It is worth noticing that, while the first three terms in (2.5) are generically expected
in every genuine theory describing the dynamics of a scalar degree of freedom coupled to
the two graviton helicities, the tadpole a(r)K w P is present only in higher derivative
theories involving powers of the extrinsic curvature K,, ~ V,V,®. For instance, in the
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context of theories with second order equations of motion, this is the case of the quartic
and quintic Horndeski operators [52-54]. Otherwise, in theories involving at most the
cubic Horndeski [52-54], i.e. with a Lagrangian of the form P(X, ®) + G(X, ®)0® where
X =V, ®VH®, the a-tadpole is not generated. Then, the background equations are given
by (2.11)—(2.13) with @ = 0. Forgetting for a moment possible couplings to additional
matter fields and setting M7 = Mpy, it is clear that for theories belonging to the second
case (i.e. with & = 0) eq. (2.13) reduces to a consistency equation for the scale factors of
the background metric:
a’” " db  dd b e 1
? E+E*E*§+WZO, (2.14)

corresponding to pq + p = 0 in the fluid language.

a

Having discussed so far the tadpole Lagrangian (2.5) and the conditions induced by the
background Einstein equations, the next step is to consider operators that are quadratic in
perturbations. The goal is to derive the linearized equations governing the dynamics of the
2 4 1 physical degrees of freedom, which carry the information about the spectrum of the
QNMs. To this end, one should first choose a parametrization for the metric perturbations
0g,- Given the symmetries of the background, it turns out to be convenient to decompose
them into tensor harmonics [47] and distinguish between “even” and “odd” (sometimes
called respectively “polar” and “axial”, e.g. [37]) perturbations, depending on how they
transform under parity. Indeed, the spherically symmetric geometry of the background
guarantees that the corresponding linearized equations of motion do not couple. However,
before deriving them explicitly for a theory in the form (2.4), we find it useful to present
some general properties of QNMs.

3 Quasi-normal modes: general considerations

We are interested in a metric of the form g¢,, = gu., + 09, where g, is the static and
spherically symmetric given by eq. (2.1), and dg,, represents the metric perturbations. In
addition, we have a scalar degree of freedom ® = ®(r) + §®, where the background scalar
profile ® is also static and spherically symmetric. The unitary gauge refers to the special
choice of equal-r surfaces such that 6® = 0.

Under (0, ¢) diffeomorphisms or rotations, dg,, can be provisionally classified into
scalar (0g¢t, 0Grr, 0gsr) , vector (0, 6gr;) and tensor (dg;;) parts, where 4,5 = 0, R
Following Regge and Wheeler [47], the scalars are called:

dg = G2H0, dgr = Hy, Ogrr = Hz/bQ- (3.1)
Fach vector can be further decomposed into a scalar and a pseudo-scalar:

5g1i = ViHo + €/;Vhy, 6gri = ViH1 + €, V;hy (3.2)

5Note that we are abusing the terms scalar, vector and tensor slightly. What really transform as scalar,
vector and tensor are the full metric components gi:, gr», etc. The non-vanishing background g,., means the
fluctuations dg,. would transform nonlinearly (or more accurately, sublinearly i.e. variation of dg,.,, under a
small diffeomorphism would have terms independent of the metric fluctuations, in addition to the expected
terms linear in the metric fluctuations).
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where Hg and H; are scalars, and hg and h; are pseudo-scalars. A pseudo-scalar flips sign
under a parity transformation (0, ¢) — (7 — 6, ¢ + 7), whereas a scalar does not.'® Here,
V; is the covariant derivative defined with respect to the two-dimensional metric:

ds5_pnere = Vijda’da? = df? + sin® 6 dg? (3.3)

and €;;, ey, Eji, /' are the corresponding Levi-Civita tensors:
€06 €06 . 01 ey € 0 sin @
= sinf , = .
€p0 €pop -10 6¢9 €¢¢ —1/s1n0 0
eo? €g® B 0 1/siné 0 (09 1 01 (3.4)
e¢9 e¢¢ | —sinf 0 ’ ? e ] sing \ =10/ ’

Just as in the case of the vectors, the tensor dg;; can be further decomposed: into a
trace and a traceless part, which in turn can be decomposed into a scalar and a pseudo-
scalar:

1 1 1
5gij = 02(/C + §G)'7ij + 2 <VZ‘VJ‘ — 2%‘3‘) G+ §(eikaVj + Ejkvkvi)hg , (3.5)

where c2(K+G/2) is the trace, and c2G and hy represent the analogs of the E and B modes
on the 2-sphere (our notation follows that of Regge and Wheeler [47]). Here c? is part of
the background metric as defined in eq. (2.1), not to be confused with the speed of light
squared which is always set to unity. It is also useful to note that the second covariant
derivatives (in the 2-sphere sense) on a scalar function act as follows:

VoV =03, VyVy = 03 + sinf cosfdy ,

: (3.6)
sin’f 0. VoV = VVo = 090y — cos0 Dy -

VZ=0; + 95 +

sinf sinf

To summarize, before gauge fixing, the parity even fluctuations, expressible in terms

of 7 scalars, are!”

CL2H0 H1 VjHO
0 = Hy  Hy/b? Vit (3.7)
ViHo ViHi CQIC%]‘ + CQVZ'VJ‘G

The parity odd fluctuations, expressible in terms of 3 pseudo-scalars, are:

0 0 " ;Viho
Sgoat = 0 0 eV ihy (3.8)
ekivkho ekivkhl %(qukvj‘ + ijvkvi)hg

16For instance, §gso should flip sign under parity, and VoHo indeed flips sign as desired provided Ho is a
scalar, whereas €®9Vghg also flips sign under parity provided hy is a pseudoscalar.

'"Notice that we are departing slightly from the notation of Regge and Wheeler [47] by denoting some of
the perturbations with Ho, 1 and K rather than ho, h1 and K respectively. This is done in order to avoid
any potential confusion with the induced metric, the perturbations in the odd sector, and the extrinsic
curvature of surfaces of constant r.
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In addition to the metric fluctuations, we have in a general gauge the scalar fluctuation
0P as well.

The background (metric and scalar) enjoys invariance under time translations and
spatial rotations. Therefore, if we expand dg,, and d® in terms of the plane wave et
and the spherical harmonics Yz, (6, ¢), modes with different w, £, m will not mix at linear
level (in the equations of motion). This is similar to what happens around backgrounds
invariant under spatial translations, where a Fourier expansion in the spatial coordinates
proves to be useful because different Fourier modes do not mix at linear level.

In order to avoid introducing too many symbols, we will henceforth abuse the notation

a bit by occasionally doing the following replacements for each scalar or pseudoscalar, e.g.:
Hy(t,r,0,¢) — Ho(t,r,£,m)Yy,(0,0), (3.9)

or

Ho(t,r,0,¢) — Ho(w,r, £,m)e”“"Yy,(0,¢) . (3.10)

To compound the possible confusion, we will often leave out the arguments of Hy alto-
gether! However, in most cases, the context should be sufficient to tell apart the different
meanings — of Hj in different spaces. In cases where confusion could arise, we will make
the meaning explicit. At the level of the spherical harmonic transformed quantities, be-
cause Yy, (1 —0,4+7) = (=1)"Y, (0, ¢), we see that a scalar such as Hy(t,r, £, m) picks up
a factor of (—1) under parity while a pseudo-scalar such as hy(t, 7, £,m) picks up a factor
of (—1)“1 under parity. As discussed around eq. (2.4), the quadratic action with at most
two derivatives respects parity. Thus, the parity even and odd modes do not mix.

Without loss of generality, it is customary to set m = 0. In a spherically symmetric
background, the radial and time dependence of the perturbations is sensitive to ¢ but not m.
This is because there is no preferred z-axis around which azimuthal rotations are defined,
and m # 0 modes can be obtained from an m = 0 mode by simply rotating the z-axis.

For m = 0 (i.e. 94 = 0), and a gravitational wave that propagates in the radial
direction, one can see that

5gGW —— sinf p
K 2 \ (cosfdp — sinfdF) hy —sin®0(03 — L89y)2G

sinf

(3.11)

1 ( (02 — <20 5y) 2@ (cosfdy — sinfH2) hy
( .

Thus, G and hy play the roles of the two planar polarizations of the graviton (in the large
r limit such that a spherical wave is locally well approximated by a plane wave). Note that
in the even sector, the angular components of the metric take the form cQInyij + ViVjch
which is better rewritten as ¢?(K+V2G/2)vij+(V;V,;—[1i/2]V?)2G, and we have ignored
the trace part when focusing on gravitational waves.

Summarizing the discussion above, we have the metric fluctuations dg,, labeled ac-
cording to egs. (3.7) and (3.8), and the scalar fluctuation 0®, in a general gauge. The
next step is to choose a gauge. As will be detailed below, the gauge we adopt is the
Regge-Wheeler-unitary gauge, meaning:

60 =hy=Hy=G=0. (3.12)
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Regge and Wheeler [47] also set H; to zero, but our unitary gauge choice of §& = 0 makes
that impossible in general.

Once this is done, a Schrodinger-like equation can typically be obtained (after quite a
bit of algebral) separately for the odd and the even sectors:

2Q+WQ =0, (3.13)

where 7 is some redefined radial coordinate chosen in such a way that the speed of propa-
gation equals one (see appendix E for more details); the variable @) may have one or more
components, obtained by combining perturbations and their derivatives; W is a function
of 7 as well as w and ¢ (or a matrix of functions, if @) has more than one component). An
example is the Regge-Wheeler equation given in eq. (G.8) for odd perturbations in GR.

The spectrum of QNMs is usually calculated by solving equation (3.13) numerically,
imposing the appropriate boundary conditions at the horizon and at spatial infinity. How-
ever, very useful insights can be obtained by combining the EFT we introduced in section 2
with approximate analytic methods.

4 WKB approximation and light ring expansion

There are in principle three possible ways in which eq. (3.13) could differ from the standard
GR result: (1) the coordinate 7 could differ from the tortoise coordinate defined in GR —
see eq. (G.7); (2) the variable @ could be modified (for instance, in the even sector of scalar
tensor theories (Q would have two components, in which case W would be a matrix); (3)
the QNM potential —W could have a different shape. Ultimately, the spectrum of QNM
is completely determined by the shape of W (7). In the following, we will focus on the
simplest case where W is just a single function rather than a matrix of functions.

Schutz and Will [39] showed that the quasi-normal spectrum associated with the equa-
tion (3.13) can be approximated analytically using the WKB method. Their main result

@av;f)/L = (’” i) ! (4.1)

where n = 0,1,2,... and 7, is the position of the maximum of —W.'® Since W depends

is the relation

on the frequency w, this expression defines implicitly the complex quasi-normal frequen-
cies. This is the lowest order WKB result (accurate at the few percent level), and can be
improved upon if desired [40] (see discussion below). A side remark on conventions: the
sign on the r.h.s. of eq. (4.1) is consistent with the fact that the time dependence of our
iwt

solution is of the form e™™" — see e.g. eq. (3.10). Thus, we are following the convention

used in [40], and our equation differs by a sign compared to the one in [39], where the

solutions were proportional to e™?,

18With a certain abuse of terminology, we shall use sometimes the notion of “light ring” to refer to 7..
Even if, strictly speaking, the two positions tend to coincide only in the eikonal limit ¢ — oo, for a generic
{ ~ few they differ by an amount that is within the WKB accuracy. This makes the abuse consistent for
practical purposes and justifies the definition “light ring expansion” to denote the procedure outlined below.
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The WKB result (4.1) shows that the quasi-normal frequencies are actually sensitive
to a small region of the potential around the light ring.'® Thus, in principle one only needs
to know the values of the EFT coefficients and their derivatives at the light ring. The catch
however is that 7, is the light ring of W, whose calculation would in principle require full
knowledge of the EFT coefficients. This problem can be bypassed by assuming that our
background is “quasi-Schwarzschild” — an assumption that is certainly well supported by
present observations.

To make this statement more precise, it is convenient to work with a radial coordinate
such that c(r) = r, i.e. such that 47r? is the surface area of a sphere with radius r.
Notice that the coordinate r usually differs from the coordinate 7 introduced above. The
position of the light ring is unique, but will be denoted with r, or 7, depending on which
coordinate system we are using. Then, our quasi-Schwarzschild approximation amounts
to assuming that the location of the light ring r, doesn’t differ much from the GR value,
i.e. o =1y gr + 0ry with 07, /7 gr < 1. Under this assumption, we can approximate the
r.h.s. of eq. (4.1) by turning the derivatives with respect to 7 into derivatives with respect
to r and expanding up to first order in dr, to get

(1+5r*8r){W[g;§ <g;8£/>}—1/2} _ <n+;) (4.2)

T=T% GR

The shift dr, can also be calculated at the GR light ring by expanding its defining property

oW = 0 up to first order in dr, to obtain

T:r*,GRJ"(sT*
oW
2

There is one further subtlety that we need to address, and that is the fact that the
position of the light ring depends on the angular momentum number ¢. Thus, at this stage

oy = (4.3)

T=Tx GR

we still need to know the values of the EFT coefficients, the background metric components,
and their derivatives at different points for different values of ¢. Fortunately, the position of
the light ring in GR depends only mildly on ¢. We can therefore choose a fiducial value of ¢
— for instance, ¢ = 3 — and expand eq. (4.2) up to first order in Ay 3 = 7 grR(¢) — r+,Gr(3)

and d7, to find
[14 (0rs + Ap3)0p] < W @g @371/1/ o = —1 —1—1 (4.4)
e T 28)0r o7 or \ or or ={nt3) :

Figure 1 shows that the accuracy of this approximation is comparable if not better than

r=ry,GR({=3)

the accuracy of the lowest order WKB expansion, to be discussed in a moment.
The Lh.s. of eq. (4.4) now depends on EFT coefficients, the metric components, and
their derivatives evaluated at the same point for all values of £. This allows us to express

9This is true under the assumption that the asymptotic behavior of W allows us to impose standard
boundary conditions. Notice that such an approach is supported by explicit examples [55, 56] where the
QNM spectrum is studied perturbatively in the coupling constant between the scalar field and the Gauss-
Bonnet term. Conversely, we refer e.g. to [57, 58] for a discussion about non-perturbative effects like echoes
and resonances.
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Figure 1. Plot of the fractional change in position of the GR light ring 7. gr(¢) corresponding to
a change in angular momentum ¢. We are considering the change with respect to the fiducial value
r+.GR(3), i.e. we have defined Ay 3 = 7, gr(¢) — rv.gr(3). This shows that the location r, gr of the
light ring in GR depends weakly on the angular momentum number /.

the QNM spectrum in terms of a finite number of free parameters (whose precise number
depends on the number of operators included in the effective action). In going from the
lowest order WKB result (4.1) to the eq. (4.4) we have assumed that background is quasi-
Schwarzschild (meaning that the position of the light ring is close to its Schwarzschild value)
and we have performed an expansion analogous to the slow-roll expansion in inflation. We
will call this expansion the light ring expansion.

Our discussion so far was based on the lowest order WKB approximation, but can
be easily extended to higher order. The next-to-leading order WKB corrections were
calculated by Iyer and Will [40], and contribute the following term to the righthand side
of eq. (4.1):

, (4.5)

i 1+40% W 746002 [02W]°
(202W)1/2 32 W 288 | O2W

T=Tx

with @« = n 4 1/2. We can estimate the size of these corrections using the fact that the
lowest order WKB result implies W72 ~ O(1). For the lowest overtone number, n = 0,
the terms in (4.5) provide a correction ~ 5%. Hence, the lowest order result in eq. (4.4) is
applicable when the corrections to the QNM spectrum due to modifications of GR are small,
but large enough that the higher order WKB corrections need not be taken into account.

The impact of next-to-leading and next-to-next-to-leading order WKB corrections in
GR was calculated explicitly in [59]. There, it was shown that the accuracy of the WKB
approximation decreases for larger n, but actually increases for larger £. Assuming that
the same holds true in scalar tensor theories, this is quite encouraging because future
experiments will have access to higher values of ¢ but not of n [60].
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5 The odd sector

After the general discussion about QNMs and the light ring approximation in the last two
sections, we will now turn our attention to studying the odd sector. As we mentioned
earlier, the odd modes are easier to study than the even ones since, based on our assump-
tions, they amount to a single propagating degree of freedom. The most general odd-parity
metric perturbation, shown in eq. (3.8), can be rewritten more explicitly as follows [47]:

0 0 —hgcsc00s  hosin €0y
5godd — 0 0 —hjcscfd;  hisinfoy —
it —hg csc 00y —hy csc 00y %hg cscOX —%hz sin W
hosin0dy hisinfdy —ihosin®W —ihysinfx

where hg, hi, hy are functions of r alone, and we have defined the differential operators

X = 2(398¢ — cot 08¢) ,

5 (5.2)
W = (0g0p — cot 009 — csc” 0040, -
Under a gauge transformation of the form z, = x, + §,, with
_ 1 : —iwt
§u = <O, 0,6 sin@ad)’ 4 sinf 89) Yine , (5.3)
the metric perturbations transform as
. . - ,2d ~
hg = hg — iwd hi=hy+6 — —96, ho = hy — 26, (54)
c

where () =9,( ).

In the rest of this section we will adopt the Regge-Wheeler gauge, where ha(r) = 0.
Notice that this choice is perfectly compatible with the unitary gauge in the even sector,
and that, as expected, the physical conclusions we derive in this section are ultimately
independent of the choice of gauge.

Our starting point is the effective action for perturbations in unitary gauge in eq. (2.4).
Owing to the simplicity of the odd sector, only a subset of the operators shown there
actually affect the dynamics of odd perturbations. In fact, recall that the background
metric (2.1) is even by construction, and so is every tensor evaluated on the background.
The operators d¢g"" and § K are also even, and thus one can safely disregard any term that
contains them. The resulting action reads:

1 _
Soaa = [ dav=g [2M%<r>R M) — F)gT — o) K K
+ Miy(r) 0K 6 KM + Mg (r) K, 0K*P0KY ) + .. | . (5.5)

As one can see, at quadratic level and up to second order in derivatives, the effective action
for the odd modes contains six functions {M?(r), A(r), f(r), a(r), ME(r), Mi2(r)}, three
of which can be expressed in terms of a fourth one and the background metric components
by using the background equations of motion — see discussion in section 2.1.
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5.1 Leading order in derivatives

We will at first restrict our attention to the lowest-order terms in the derivative expansion,
which appear in the first line in eq. (5.5). Here, by lowest-order in derivatives, we refer to
expanding the non-Einstein-Hilbert terms in number of derivatives and keeping the leading
order. In this case in particular, the surviving terms are /—g¢A(r) and /—¢f(r)g"" which
carry no derivatives on metric fluctuations. These are the terms that break the radial-
diffeomorphism invariance. We will also perform a conformal transformation of the metric
to set MZ(r) = MI%I. As we already pointed out, this transformation would affect the
coupling with other matter fields (for instance, those that make up the detector). At this
stage, however, we will not concern ourselves with that, and therefore we will work with
the effective action

S = / d*z /=g [MQI%IR —A(r) — f(r)g”} : (5.6)

The functions A(r) and f(r) are given in terms of the background metric coefficients by
egs. (2.12) and (2.11) with « = 0 and M; = Mp). By varying our action with respect to
the inverse metric, we find that the (6, ¢) component yields

- 2b2 / b/
ho = 2 [hl <C; + b) + hg] . (5.7)

w

This constraint can be combined with the (r,¢) component to derive a second order equa-
tion of motion for h;. By following the procedure outlined in appendix E, this equation
can be cast in a Schrodinger-like form, i.e.

dz e
@\II(T) + W ()W (r) =0 (5.8)
where the potential is given by
! /2 !/ /]
_ 9 9.9 ]c c add bd  (l+2)(0-1)
= bl l— -2+ —+—— 2 .
W(F(r)) =w” +a [ . =2 + ” + b 12,2 ) (5.9)

the radial coordinate 7 is defined as

- Toodl
0= | o (10

for some fiducial r., and the variable ¥ is related to h; by an overall rescaling:

b (1) = W(F(r)) = exp [ / <Z((zl)) + ZZ((ZZ)) _ Cc/((ll; ) dl} hy () (5.11)

These results are consistent with what was found in [61]. Furthermore, in the limit where
the background solution is exactly Schwarzschild, ie. a(r) = b(r) = (1 — 2GM/r)'/?
and c(r) = r, the coordinate 7 reduces to the usual tortoise coordinate in GR (see
eq. (G.7)), (5.11) matches the field redefinition in [47], and V(7) reduces to the Regge-
Wheeler potential.
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A few additional comments are in order. First, we should stress that without loss of
generality one can always choose a radial coordinate such that ¢(r) = r, in which case the
potential (5.9) is completely determined by the two functions a(r) and b(r). Moreover, in
the Einstein frame and at the order in derivatives we are considering, these two functions are
in turn constrained by the differential equation (2.14). Finally, remembering that ¢(¢ + 1)

is the eigenvalue of the angular part of the Laplacian, from (5.8) and (5.9), it is easy to see
2 _

. . . . . 2 _
that the squared propagation speeds in the radial and angular directions are c; = cg = 1.

5.2 Worked examples

Before discussing the higher derivative corrections appearing in the second line of (5.5),
we will pause for a moment to illustrate the usefulness of our EFT approach in a couple of
different scenarios. First, we will consider a particular scalar tensor theory which admits an
analytic black hole solution with scalar hair. In this case, we will show how, by matching
the action of this particular model onto our effective action (5.6), one can bypass the entire
derivation of the Schrédinger equation for QNMs and obtain the effective potential directly
from eq. (5.9). Although in this section we are focusing on the odd modes, this strategy
becomes particularly convenient in the case of even modes. The second idealized scenario
we will consider is one in which the spectrum of QNMs is known from observations. We
will then show how this information can be used to constrain the arbitrary functions that
appear in our effective action. At the lowest order in the derivative expansion (and only at
this order), this procedure is equivalent to constraining the background metric coefficients
a(r) and b(r).

5.2.1 From the background solution to the QNNM spectrum

In this section, we will consider the black hole solutions with scalar hair found in [15] for
a scalar-tensor theory which can be described using the leading order action (5.6). In this
section only, we decide to set G = (87)~! for simplicity (Mp; = 1). The action for such
theory is of the form

S = /d4x V—g [];” + %gwaﬂ@ay@ - V(@)] : (5.12)

with a potential given by

q+2M)

V(@) = 3( P [(3+q>2)-sinh|q>\—3\q>|-cosh¢]. (5.13)

We should emphasize that such an action is not very well-motivated from an effective
field theory viewpoint, due to the ad hoc form of the potential, and especially due to the
ghost-like kinetic term. However, this theory will serve our purposes as an interesting toy-
model, since it admits an analytic black hole solution with scalar hair. Such a solution is
parametrized by two numbers, the asymptotic mass 87 M of the black hole and its scalar
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charge ¢, and it is such that [15]

(r)=1 (5.14a)
2 -1 2

2082 T (6MA+3g)e”r o [r5(6M+3q) r(6M+3q) 6M+q

a’(r)=b°(r)= 10 e i 2z T | (5.14b)

A(r)y=r2er. (5.14c)

Notice that the existence of a horizon requires ¢ > —2M, and that in the limit ¢ — 0 this
solution reduces to the usual Schwarzschild solution. However, for non-vanishing ¢ can in
principle deviate significantly from the Schwarzschild solution, and therefore so can the
corresponding spectrum of QNMs.

By working in unitary gauge, it is easy to see that the action (5.12) is precisely of the
form (5.6) with A(r) = V(®(r)) and f(r) = ®(r)?/2. Thus, we can immediately plug the
expressions for a(r), b(r) and ¢(r) given in egs. (5.14) into the QNM effective potential (5.9)
to obtain

2q

T

- 2 e r
W(r(r))=w +64q4r4
2q

x{ 7[—rQ((4£+1)(4£+3)q+6M)+6q2(6M+q)+6qr(18M+q)]+3r2(2M+q)}. (5.15)

{7 2% (6M+0)+3r2(2M+q) ~6ar 2M+)] 32 (2M+q)}

As expected, this expression reduces to the Regge-Wheeler effective potential [47] in the
limit ¢ — 0. It is also important to point out that, for any value of ¢, the potential
V(r) = w? — W(r) vanishes exactly at the horizon, and V(r) > 0 for r > 7. This
condition by itself is sufficient to ensure the stability of the odd sector.

Various plots of V(7(r)) for £ = 2,3,4 and different values of ¢ are shown in the right
panels of figure 2. The corresponding left panels show the values of real and imaginary
parts of the QNM frequencies with n = 0. For simplicity, these values were derived using
the WKB result (4.1), but of course they could also be calculated numerically using the
exact potential (5.15).

5.2.2 From the QNM spectrum to the effective potential: the inverse problem

Let us now consider scenario where the QNM spectrum is known empirically, and discuss
to what extent this information can be used to constrain the coefficients appearing in our
effective action. This procedure goes under the name of “inverse problem” — see for exam-
ple [62, 63]. In our analysis, we will resort to a WKB approximation, and restrict ourselves
to the case where the background metric is a “small” deviation from Schwarzschild. This,
in turn, can be reasonably expected to lead to a “small” displacement of the light ring.
As shown in section 4, in this limit one can perform a light-ring expansion to the express
the QNM spectrum in terms of a finite number of parameters, which are the values of the
EFT coefficients, the background metric components and a few of their derivatives at the
GR light ring.

The advantage of this approach is that one could in principle use observation to place
model-independent constraints on these parameters. This should be reminiscent of what
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happens in slow-roll inflation. There, all the complexities of the inflaton action are reduced
to a handful of slow-roll parameters, which in turn determine observable quantities such as
spectral indices and scalar-tensor ratio. There are however also a couple of downsides to
our approach. First, small deviations from the Regge-Wheeler potential likely correspond
to small deviations from the QNM spectrum predicted by GR, making their detection
in principle more difficult. Second, because we are essentially placing constraints on the
effective potential and its first few derivatives at a single point, there will be in general a
degenerate set of background solutions compatible with any given QNM spectrum.

Our result (4.4), valid at first order in the light ring expansion and for a radial coor-
dinate such that ¢(r) = r, implies that the tower of complex frequencies wy, ¢ is completely
determined by the values of W, 8, W, 92W, 02W, Or /OF, 0,.(0r /OF) and 0(0r/OF) at the GR
light ring. According to the results (5.9) and (5.10) (which we derived from the effective ac-
tion (5.6), valid at lowest order in the derivative expansion) these quantities depend only on
a(r),b(r) and their derivatives at the GR light ring. To be more precise, second and higher
derivatives of a(r) can always be removed by using the constraint (2.14) recursively. Thus,
using eq. (4.4) we can calculate the QNM frequencies in terms of the following 7 parameters:

{a(r), a'(r), b(r), (), 0" (1), 09 (1), b ()}, - (5.16)

Since the QNM frequencies wy are complex, in principle one has two real measurements
for each mode that is observed. In practice, though, it is challenging to observe overtones
with n > 0 for a single event, though a stacking of multiple events might prove helpful.
One is also limited to the frequencies wg, for a finite range of values of /. However, a
space-based experiment like LISA could be sensitive to modes with angular momentum as
large as £ = 7 (see [60] for a discussion), and these modes would be sufficient to estimate
the 7 parameters in (5.16).

Finally, notice that by using egs. (2.11), (2.12) and (2.14) we could translate these
results into direct constraints on the values of the EFT coefficients f(r), A(r), and their
first few derivatives at . gr(3).

5.3 Next-to-leading order

In the previous section we worked at leading order in derivatives and derived the equation
of motion governing the single physical degree of freedom in the odd sector. At this order,
we showed that the QNM spectrum is completely determined by the background metric co-
efficients. We will now turn our attention to the higher derivative corrections appearing in
the effective action (5.5). These introduce three additional parameters — a(r), M (r), and
Mi2(r) — the last two of which cannot be expressed in terms of the background metric coef-
ficients. This kind of behavior is of course commonplace in effective theories: the next order
in the derivative expansion always introduces new free parameters (functions, in our case).

Once again, we choose to work in the Regge-Wheeler gauge. At higher order, it
becomes more convenient to work directly at the level of the action. To this end, we
expand (5.5) up to quadratic order in the odd-type metric perturbations. We focus on the
modes with m = 0, since all the others with m # 0 satisfy the same equations of motion
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due to the spherical symmetry of the background. After series of integration by parts, find
the following result:

o0
S = / dtdr [uhd + ushd + ug (B3 = 20bf + 0 + 20habo ) |, (5.17)
{=0

where u;(r) and v(r) are defined as follows:

L(0+1)
u(r) = 4atbc3

—2a%0220, (ac)(MZ)' — 2ab3c (9, (ac))* M,

+2abe [abed' +4bc*a? + aeb/ ! + a*bed” +3a*b?] a+2a°b* o’ (5.18a)

—2abe [acb/ 0, (ac) +abe (ac” — a'd) +be? (aa” —2a") — a®bd?| M7,

+2b%¢ 0, (ac) [—2ab'8,(ac) + be(a? —2aa") — ab(3d'd + 2ac”)| Mia}
(+1)(—1)(L+2)adb

{a*c[2abet' +2ab%0, (cd') +a(l—1)(£+2) —2b%ca’'] M,

ug(r) = o [2b¢ Mg — ¢ (M3, —2M7,)] | (5.18Db)
((L+1)b
uz(r) = :{126) [&n(ac)leg —ac (Mgl — 2M120)} , (5.18c¢)
L(L+1)b
v(r)= M {anc’(Mgl +a) —acd,(ac)M% —b (0, (ac))? Mm} . (5.18d)

Fixing the gauge at the level of the action might rightfully be a source of apprehension for
some readers. In this case, though, we have checked explicitly that the equation of motion
one “misses” by doing so becomes redundant with this gauge choice. Hence, this particular
gauge can be fixed at the level of the action.

The modes with ¢ = 0,1 must be treated separately. For simplicity, we will therefore
focus our attention on the modes with ¢ > 2. Following the same procedure used in [64],
we introduce an auxiliary field q(¢,r) and rewrite the action above as follows:

Sfji)d,mzo,£>2 = /dtdr{ (ul — Or(usv) — U3U2) h% + U2h%

+oug [2q (hl W+ vh0> . qz} } . (5.19)

It is easy to show that by solving for q one recovers the action in (5.17). Varying instead
the action with respect to hg and h; yields the algebraic constraints

0r (’LL3q) + uzvq us .
ho = h; = —q 5.20
0 i)r (U3U) + ’UQU3 — Ul ’ ! u9 ’ ( )

which can be used to find the effective action for the master variable q:

S(E?d,m:O,Z)Z = /dtdr [G%4* +G"q? + G99¢°] . (5.21)
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with

2

Go(r) = _E, (5.22a)
U2
G (r) = 3 (5.22b)
—uy + vul + uz (v +v?)’
(grr)2
GY9(r) = = [us (2usv’ — u]) +ug (—vu) —ugv’ + usv” + ouso') +urul  (5.22c)
U3

+2vuguf + urug (30" +0?) —ud +ud (v — 20?)] .

By varying the action above one finds a second order equation of motion for ¢, which
can be again cast in a Schrodinger-like form by following the procedure discussed in ap-
pendix E. Since the final result is not particularly illuminating, we will not report it here.

6 The even sector

We now turn our attention to the even sector. Unlike what happens for the odd sector,
now all the operators in the EFT (2.4) in principle contribute to the quadratic action for
the even perturbations. Following the most general parity-even perturbation of the metric
in eq. (3.7) can be written more explicitly as follows:

a2H0 H1 7‘[089 H08¢

Hy I‘Ig/b2 H10p 7‘[13¢
0Guy = Yim , 6.1
In HoOy H10p K+ GVyVy] C2GV9V¢ ¢ (6.1)

Holy H10s5  PGV4Vy  A[sin? 0K + GV4V )

where Ho, Hy, Ha, Ho, H1, K and G are functions of (¢,7), and Vj 4 are covariant derivatives
on the 2-sphere of radius one. Explicit expressions for the second derivatives are given in
eq. (3.6).

In appendix G we show explicitly how one of the odd perturbations can always be
set to zero by an appropriate choice of coordinates. Something similar holds true for even
metric perturbations. In fact, any infinitesimal “even diffeomorphism” z# — x# + £* can
be parametrized as

e = (a(t’r)’ﬁ(t’r)ﬁ(t,r)%, (t, )0y

sin? 6

) Yom (0, ¢). (6.2)
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Under this coordinate change, the metric perturbations in eq. (6.1) transform as follows:

/
Hy = Hy+26+2%8 (6.3a)
a
Hy = Hy + a?d’ — 3/b* (6.3b)
. by
Hy = Hy + 28 — 2 (6.3¢)
7:[0 =Ho+ a’a — CQ")/ (6.3d)
Hy =Hy — BV — 2 (6.3e)
G=G-2y (6.3f)
/
K=K- 2%5. (6.3¢)

By choosing to work in unitary gauge, we are choosing the function B(r) in such a
way as to ensure that the scalar perturbation vanishes. We can then use the remaining
coordinate freedom and fix the gauge completely by demanding that

Mo =G =0. (6.4)

We refer to this gauge choice of §® = Hy = G = 0 as Regge-Wheeler-unitary gauge. Once
again, in what follows we will fix this gauge at the level of the action. We have checked
explicitly that this is allowed, in that the equations of motion for d®, Hy and G become
redundant once these variables are set to zero.

Two other popular gauge choices for the even sector are Hy = H1 = G = 0 (this is the
original Regge-Wheeler gauge; see e.g. [43, 47, 65]) and Ho = K = G = 0 (e.g. [66]). The
perturbations in these gauges can be easily obtained from ours by using egs. (6.3) with
a=~=0and B = b*H; in the first case, B = 5K in the latter. The scalar perturbation
then is given by d® = —3®’, where ®(r) is the background configuration of the scalar field.

6.1 Leading order in derivatives

At lowest order in the derivative expansion, the effective action (2.4) reduces to

5= [ae =g PROR - A0 - fT MO 09

Unlike in the odd sector, here there are three operators that can in principle modify the
linear behavior of even quasi-normal modes. For simplicity, in this section we will work
with a radial coordinate such that c¢?(r) = 72, and we will perform once again a conformal
transformation of the metric to set M7 (r) = M3,. Also, due to the spherical symmetry of
the background, modes with different values of m satisfy the same equations of motion. For
this reason, we can choose to focus on the modes with m = 0, in which case the functions
Hy, Hy,... are all real.
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Upon judicious and repeated use of the background equations, we find the following
quadratic action for the modes with m = 0:

e 2 2 / / /
(2) B ar =, Jb b 1 9 a b
Seven’mZO_ezéo/dtdr%MPI{HO |:_’I”3 <1+7"b 7‘[1—27?”2 J+2b 1‘{‘7"5"‘7‘5 H2

_ 2 2 2 2 a2
+(2 T bH2+Jb Hi+ b <3+7~I;>IC’+621C”} Jb ( H} + H%)

272
b? a v 4bPr 2M4 (J—4)a—2r2bb’a’
+2( M S >H2+ o K (6.6)
b? J - . "\ . Jb?
+— H1|: HQ* H12TIC,T(1T(;>}C:|+/H1(HQ+K)
b2 b 1 2bb
+>Hy| - EA T YA E LA Vo 1+r— K
72 b rb? a
J ., 1 ., b . Jb
< Syl
+ M+ /c] S K DK

where we have defined J = ¢(¢ + 1) for notational convenience. Despite its complicated
appearance, this Lagrangian propagates only two physical degrees of freedom, which we
can loosely think of the scalar mode plus one of the graviton polarizations. We will now
show explicitly how to obtain a Lagrangian that contains only these two degrees of freedom.
The modes with ¢ = 0,1 require once again special treatment — see e.g. [66]. Hence, for
simplicity we will restrict our attention to the modes with £ > 2 in what follows.

The form of the Lagrangian (6.6) makes it clear that Hy is just a Lagrange multiplier
enforcing a “Hamiltonian” constraint among the remaining variables. We can render such
constraint algebraic in H; by trading Hy for a new variable ¢ defined as follows,

) =— T;b <H2— rk — ‘]H1>, (6.7)
T

Notice that this field redefinition is such that the term K’ also disappears from the con-
straint equation. A similar change of variable was performed in a different gauge in [66].
Then, this constraint can be easily solved for H; to express it in terms of 1, K and their ra-
dial derivatives. Using the background equations of motion, the solution can be expressed as
40?1y + 2J9 + (2 — J)rabk  r?

'l (6.8)

M= =) ata] J

Moreover, the only term quadratic in H; that appears in the Lagrangian (6.6) does
not contain any derivatives. This means that the equation of motion for H; can be solved
immediately, and using the field redefinition (6.7) we find

/
H=-Hi+— += (1 - r“) K. (6.9)

By plugging the solution (6.8) into this result, one can express H; just in terms of ¢, K
and their derivatives. Notice that such an expression contains mixed second derivatives
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of the form ¢/ and K’, and therefore one might fear that the quadratic Lagrangian (6.6)
contains terms with four derivatives when expressed in terms of ¢ and K alone. However,
because the coefficients in front of the H7 and H? terms are identical, these higher derivative
terms cancel out. After some integrations by parts, terms with three derivatives cancel out
as well,?0 and we are left with a Lagrangian of the form

Se(:\Qﬂ)sn,m:O,K22 = /dtdr2Ml?2>l (A Xix; — B IXiX; —CIxix; — D IXiXi) » (6.10)
where y; = (¢, K) and
8[Jr(ba’ —ab')+ab(J-2)] 2(J—2)r
ij _ | Ja2[2rb2a/+a(J—202)]>  Ja[2rb?a’+a(]—2b%)]
A= [ 2(J7(2)r ) (J—2)r2 ) (6.11a)
T Ja2rb2a’ +a(J—20b2)] 2Jab
- - —32r2ab> M3/ ME, 0
B =a2b? A¥ + | 2ro2ata(J-202))7 | (6.11b)
0 0
. 0 0
CY=1|  4(J—2)ab[Jr(ba’—ab)+ab(.J~2)~4Jr2ab® M3 /M3)] ol (6.11c)

J[2rb2a’ +a(J—2b2))2
8
r2a?[2rb%a’+a (J72b2)]3

+2r3bta’S+a® (—4Jrbb +4rb3b +(J—2)b2+2b4 — )| M4 /M3,

Dn=-

{47%53 [—r2ab2a/2 (—4rbb/+2b2+.J ) +2ra®ba’ (2Jrb' —4rb2b’ —b3+b)

—4r3a2b®(a—ra’) [27“()2a’+a(J72bQ)](Mél)’/MlglJﬂ‘QaQb2 (ra’—a)b” [2rb2a’+a(J72b2)] (611d)

+r2a?b(a—ra’)b'? [27‘b2a’—a(J+2b2)] +rab’ [—rzaan’2 (4b2+3J)+7“a2b2a’ (2b2+J+4)+2r3b4a’3

+(J-2)a3 (262 +7) | +b[r3ab?a’™ (3 -4b2) —(J+2)r2a2b2a" —ra3d’ (3Jb2—4b4+(J—3) ] ) +2rtbta’t

+at((J+2)b2 261 —J2 437 -4)] } ,

2(J—2) [a*(J—2)+2rb(a'r —a)(ab' —ba’+2rab® My /M3))]
r[2rb2a’ +a(J —2b2)]?

(J—2)%a [2Jrab(ba’ —ab')+4b? (a?r?a’?) —2(J +2)a?b? +a® J? — 4T r?a?b* My /M3 |

2Jb[2rb2a’ +a(J —2b2))

Dip=Dy=—

, (6.11¢)

Doy =

(6.11f)

Starting from a Lagrangian of the form (6.10), we can obtain the radial speeds of
propagation for the two even modes by diagonalizing the matrix
1
2= WA*B. (6.12)
Notice the extra factor of 1/(a?b?), which is needed because the (¢,t) and (r,7) components
of the background metric are non-trivial. Using the particular form of the kinetic coeffi-
cients in egs. (6.11a) and (6.11b), we find that the two eigenvalues of the matrix (6.12) are

—4MS
2 =1, ngzf ; 2

T,1
20This is not surprising given that the action (5.6) simply corresponds to a P(X, ®) theory in the covariant

(6.13)

formulation, which clearly has second order equations of motion.

~ 99 —



where f(r) is the tadpole coefficient (2.11) with My = Mp;, « =0 and ¢(r) = r. Thus, we
see that the last operator in (6.5) breaks the degeneracy between the two sound speeds.
Absence of superluminality as well as gradient instabilities in the radial direction then im-
plies 0 < 4M2/f < 1. At this order in the derivative expansion, the sound speeds in (6.13)
can also be recovered by working in the decoupling limit, as we will show in the next sec-
tion. This is no longer true when higher derivative operators such as §¢g""d K are included
in the action.

By varying the action (6.10) with respect to ¥ and K one finds a system of two coupled,
linear differential equations, which can be further simplified with an appropriate rescaling
of the coordinate r and a redefinition of the field ¥ and /. A discussion along this line will
be presented elsewhere, while in the following we will focus only on a very specific limit
such that the dynamics of the scalar degree of freedom decouples from the gravity sector.

6.2 Goldstone mode and decoupling limit

In constructing the unitary gauge action (2.4) we have chosen a specific foliation of the
spacetime by fixing radial diffeomorphisms in such a way to set to zero the perturbations
of the scalar field. In turn, they have shown up in the metric tensor (6.1). An alternative
but equivalent choice, which turns out to be particularly convenient to decouple scalar and
metric perturbations, can be made by restoring the full diffeomorphism invariance using the
so-called Stiickelberg trick. This amounts to performing a broken radial diffeomorphism of
the form r — r 4+ 7(r,z%) in the action (2.4), and promoting the gauge parameter 7 to a
full-fledged field. The field 7 then admits a natural interpretation as the Goldstone boson
that realizes non-linearly the spontaneously broken r-translations. After restoring full diff-
invariance, one can then fix the gauge by imposing conditions on the metric perturbations
alone, as discussed below eq. (6.4).

The explicit transformation laws of the various geometric ingredients appearing in (2.4)
under a broken radial diffeomorphism are summarized in appendix C. For the purposes of
the present discussion, it is sufficient to remind the reader of the following result:

g7 = g (L4270 4 72 4 297 O + 2977 Oar + (8am) (D7) g™ (6.14)

Without loss of generality, in the remaining of this section we will work with a radial
coordinate such that b =1 in the background metric (2.1).

For simplicity we will restrict our attention to the leading order action (6.5). The
inclusion of higher derivative operators is discussed in appendix C.1. The tadpole coeffi-
cients (2.11) and (2.12) then reduce to

c// a/cl 6,2 1 9 a/c/ C// 9
A(r) = - (C t—t - 62> M, fr) = (ac - C) Mp,.  (6.15)
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After performing the Stiickelberg transformation (6.14), the action (6.5) takes on the form

M2
S:/d‘im\/—g{;R—A(r—i—ﬂ)
— ) (47 (42 ) 2 B 26 7 O+ (0 g™ (6.16)
4 rr rr / 12 ar ar, 1 ab 2
M) (097 g2 1)+ 2Oy 29 0+ (0, O™ |

Despite this action’s complicated appearance, one can usually find a regime — known
as decoupling limit — where the kinetic mixing between the scalar mode and the graviton
helicities becomes negligible compared to their kinetic terms. For instance, let’s consider
the mixing term 2f(r)dg"" 7" in eq. (6.16). After introducing the canonically normalized

fields . = mv/2f and 0g." = dg"" Mp), this terms reads %59?%2. Thus, for energies above

FEoix = J\‘//I—QZ it can be safely neglected compared to the kinetic terms for 6¢g~” and 7..2! As
a result, in this regime one study the perturbations dg"” and 7 separately. Focusing on
the latter, we set the metric to its background value (2.1) to obtain the following quadratic

action for :

SO _ / dtdrdS ac? { lar (af) A"+ )| 5 (f — 4ME) 7 — f(8am)(0°7) b

T ac? 2
(6.17)
The sound speeds of 7 in the angular and radial directions can be immediately read off

from (6.17): ]
o _ f—4AM, 2

= Zg=1. (6.18)

As anticipated, czw coincides with one of the two eigenvalues found in (6.13).

In the usual covariant language, the theory described by the action (6.5) corresponds
to a P(X, ®)-theory. It is a straightforward exercise to show that the action (6.17) can also
be obtained from the Lagrangian £ = P(X,®) by expanding ® = & + §®. The relation
between the Stiickelberg field m and the scalar fluctuation §® is given by the equation
O(r+7) = ®(r) + 6®(r, 2%). In particular, the tadpole conditions (6.15) reduce to

1
=P+ XPx, = -XPx, M} = 5X?PXX : (6.19)

After expanding the action (6.16) in powers of 7, the linear term vanishes because it is
proportional to the background equation of motion for ®, which in light of the results (6.19)
reads:

2 2"
@67’ (a’CQf) Y

Quite remarkably, if the theory is shift symmetric (i.e. Py = 0), the equation (6.20)

+Pged =0. (6.20)

can be solved analytically irrespective of the functional form of P(X). Indeed, integrating

21For simplicity we do not distinguish between energy and momentum scales. Since, strictly speaking,
this is truly legitimate only for luminal propagation, we will tacitly assume here that the speed of sound is
not too small.
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twice eq. (6.20) with respect to r, one finds
B(r) = Do + By / A7 a(F) () £ (), (6.21)

where ® and ®; are arbitrary integration constants, and f is given by eq. (6.15).22 This
occurs because, for shift symmetric theories, the background values of P and all its deriva-
tives can be unambiguously fixed in terms of the background metric only [34].

7 Outlook

The breakthrough detection of gravitational waves from binary black hole or neutron star
mergers presents us with the opportunity to test gravity in a new regime. Although GR
with a cosmological constant (CC) seems so far to provide the correct description of grav-
itational interactions at long distances, the lack of a plausible field theory mechanism for
the smallness of the CC could be an indication of additional degrees of freedom in the
gravitational sector. It has even been recently conjectured that, if string theory is the
correct UV completion of gravity, the present accelerated expansion of the universe cannot
be the result of a positive cosmological constant [67], thus suggesting that additional dark
energy fields must be present.

The new observational window opened up by gravitational waves could potentially
uncover, or at the very least constrain, the existence of this additional sector. A promising
observable is the spectrum of the QNMs emitted by the BH remnant during the ringdown
phase of a coalescence. The presence of additional degrees of freedom can in fact modify the
frequencies compared to the predictions of GR, depending on the additional interactions.
In the absence of a ‘best motivated’ proposal for the dynamics of the new sector, however,
the best way to characterize how different models affect the QNMs is to follow an EFT
approach.

In this paper we have made a first step towards constraining in a model-independent
way modifications of GR. We focused our attention on alternative theories of gravity that
satisfy two main assumptions: i) include one additional light scalar degree of freedom be-
sides the graviton, and 4i) admit BH solutions with a scalar hair. The second assumption
is crucial to generate a significant (and hopefully testable) departure from the QNM spec-
trum predicted by GR. In fact, without a scalar hair it can be shown that, at second order
in derivatives, the GR frequencies are always a subset of the QNM spectrum of black hole
solutions in scalar-tensor theories [43].

Based on these assumptions, we derived the most general EFT up to quadratic order
in perturbations around static and spherically symmetric backgrounds with a scalar hair.
To constrain the coefficients in the effective Lagrangian it is necessary to measure the fre-
quencies of at least two QNMs. Such a result is presently not achievable at LIGO/Virgo,

?2We remind that the analogue for FLRW backgrounds is (see e.g. [34])

B(t) = Do + Dy /t dta®(B)H(E).
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but should be within reach when the upgraded detectors will reach design sensitivity, and
certainly with third-generation or space-based detectors (for a review on BH spectroscopy
prospects see [7] and references therein). Such experiments will be able to probe quasi-
normal modes with higher ¢, for which the WKB approximation employed in this paper is
expected to perform even better. In principle, there exist other ways, which do not rely on
the ringdown phase, to obtain independent bounds on the EFT parameters, e.g. the one
given by the study of dissipative effects in the form of dipole radiation during the inspiral
stage [68]. However, this would deserve a separate discussion, beyond the purposes of the
present work, and is left for the future.

To make contact with actual observations there are still a few steps missing. An
important issue that should be addressed in full generality is the coupling to matter fields.
Our calculations for both even and odd sectors are done in the frame where the M (r) =
Mp (the so called Einstein frame). The question is whether /how matter fields, for instance
the LIGO mirrors, are coupled to the scalar field ® in addition to the expected coupling to
the Einstein frame metric. The observational implications fall into two classes depending
on this coupling;:

e If the scalar-matter coupling is absent or very weak, only the tensor quasi-normal
modes would be observed. The scalar could still indirectly affected the observational
signals through the deviation in the tensor spectrum from GR, and through the
breaking of isospectrality between even and odd modes.

e If the scalar-matter coupling is at gravitational strength or larger, the most prominent
observational signal would be the scalar mode itself — this is the extra mode in
the even sector. It is distinguished from the tensor modes not only in terms of its
spectrum, but also in terms of how it affects the detectors. Interferometric detectors
with different orientations can be combined to tell apart scalar from tensor modes.
Of course, the scalar could also make its presence known through a deviation of the
tensor spectrum from GR, and through the breaking of isospectrality.

Another important issue to address is that the EFT for perturbations must be gener-
alized from static backgrounds to spinning ones. The reduced number of isometries of the
background will translate into a larger number of operators in the action and, therefore, of
free parameters to be constrained by observations.

The number of independent operators can be reduced, even in the case of static back-
grounds, if one is willing to make additional assumptions about the underlying scalar-tensor
theory. In the present paper, we have included in the effective action all operators com-
patible with the symmetries that contribute at quadratic order and contain at most two
derivatives. Some of these operators are actually generated by terms in the covariant
scalar-tensor theory that depends on second derivative of the scalar field. This can lead
to a much richer phenomenology, but at the same time it is potentially dangerous because
it can propagate an additional degree of freedom giving rise to instabilities. Additional
relations on the coefficients can be enforced to prevent its appearance, extending what is
already known in the case of time dependent backgrounds [51]. Further conditions can be
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derived by imposing additional symmetries (e.g. shift symmetry on the scalar [34]), or by
considering positivity constraints that follow from unitarity and analyticity of scattering
amplitudes (as was done for instance in the case of inflation in [69]). All these topics will
be discussed elsewhere.

To conclude, we should mention that the formalism developed in this paper lends itself
also to a few more formal applications. First, because our effective Lagrangian is solely de-
termined by the background isometries, it can also be used to describe perturbations around
metrics other than black holes, provided they are static and spherically symmetric. For in-
stance, our approach can be used to investigate the stability of wormholes in theories with
a scalar field [70]. It can also offer a different perspective on the (long) list of no-hair the-
orems, allowing to characterize the conditions for hairy BHs in a more model independent
way. The formal applications of this approach will be discussed in a companion paper [71].
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A Construction of the unitary gauge action

In this appendix we present the construction of the effective theory for perturbations in
the unitary gauge, defined by d® = 0. The breaking of radial diffeomorphism invariance
induced by §® = 0 makes a radial foliation more natural with respect to the standard time-
foliation of the ADM decomposition: in the following, we will introduce the corresponding
geometric ingredients and derive analogue equations to the standard ADM case.

A.1 Notation and radial foliation

We start introducing a foliation of the spacetime manifold defined by the family of hyper-

surfaces that satisfy ® = constant. The orthogonal unit vector is defined by
VI ()

NAYZ X

satisfying n,n#* = 1. In analogy with the ADM decomposition, the metric can be written as

n# (A1)
ds® = N2dr? + hep(dz® + Ndr)(da® + Nbdr), (A.2)

where h,, = g, —nun, is the induced metric, while N and N are the lapse and the shift
respectively. In this notation, the metric tensor and its inverse read

hay N [P+ NTEZNONb —N—2Ne
gMV = 2 c 9 g - —9 b —9 3 (Ag)
Ny N?+ NN, ~N72N N
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where the Latin indices a,b,c... are used for temporal and angular coordinates:
{a,b,c...} = {t,0,¢}. The unitary gauge is fixed by requiring that constant-r hypersur-
faces coincide with the uniform scalar field hypersurfaces, i.e. ®(xz% r) = 0. With this
choice, n,, = N and n, = 0. Therefore, g, = hyq = N, and h,., = N®N,. By construction,
the following orthogonality conditions hold:

htn” =0, n*Vyn, =0. (A.4)

v

Covariant derivatives acting on the (2 + 1)-dimensional hypersurface can be defined in the
standard way as
DoVy = RV, V, (A.5)

for some generic vector V. Moreover, the extrinsic curvature can be constructed by
projecting on the hypersurface as

K., = hﬁhfvang = hl‘fvan,, = Vun, —n%n,Van, . (A.6)

In particular, the covariant temporal and angular components of the extrinsic curvature
can be conveniently written also as

1
Kab = Vanb = —Nl“gb = ﬁ (8rhab - DaNb - DaNb) . (A7)

A.2 Gauss-Codazzi equation

The (2 + 1)-dimensional Riemann tensor is defined in the standard way as
— RopV® = DD, Vs — D,D,Vj. (A.8)
After some lengthy computation, one can derive the Gauss-Codazzi equation
WL RS Roorp = Raguw + KugKuva — KypKpa - (A.9)

Contracting both sides of (A.9) with the full metric g#®¢"” and after some manipulations,
one finds
R=R— K, K" + K? -2V, ,(Kn" —n"V,n"), (A.10)

which relates the full Ricci scalar R to the intrinsic curvature R. As expected, formally the
only difference with respect to the standard ADM decomposition based on a time foliation
consists in some signs.

A.3 Effective theory in unitary gauge

In parallel with [38], one can write the most general Lagrangian in unitary gauge by requir-
ing invariance only under the residual (temporal and angular) diffeomorphisms. Therefore,
besides the standard Riemann tensor, covariant derivatives and contractions thereof, one
can make use of additional building blocks consisting in: explicit functions of r; operators
with free r-upper indices, such as ¢"" and R™; the extrinsic curvature K. Notice that,
because of the Gauss-Codazzi relation (A.9), (3 + 1)-dimensional objects and their pro-
jected versions are not independent. Therefore, one can forget about the induced Riemann
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R,,,0p and contractions thereof in the Lagrangian. Moreover, for the same reason, one can
also avoid the use of the induced metric and (3 4 1)-dimensional covariant derivatives.
As a result, the most general action in the unitary gauge d® = 0 takes on the form

S = /d% —gﬁ<g,w,e“l’o‘ﬁ,Rwag,g”,KW,V“;r) . (A.11)

A.3.1 Effective action for perturbations

The result (A.11) represents the most general theory that is compatible with the residual
symmetries after fixing the gauge 0® = 0. The logic underlying the construction of the
effective theory for perturbations closely follows the one of [38, 48], but the result turns
out to differ considerably in a few aspects, as already discussed in section 2. Indeed, the
different degree of symmetry of the background (2.1) with respect to the case of FLRW
cosmologies crucially affects both the number of independent operators in the EFT for
perturbations and their transformation properties under residual (temporal and angular)
diffeomorphisms. In the following, we will explicitly construct the EFT (2.4) and make
such differences manifest. Let us start with the tadpole Lagrangian.

In full generality, up to linear order in perturbations, the effective theory contains the
following tadpoles:

Stadpole - /d4x\/jg [_A(r) - f(r)grr + "Qw/(T)KNV + é-,ul/a/BO.)leaﬁ ) (A.12)

one for each building block in (A.11). A(r), f(r), k" (r) and £**P(r) are arbitrary func-
tions of the background metric and its derivatives.?® If x*¥(r) and £#*8(r) were propor-
tional the background metric only, then the last two tadpoles in (A.12) would simply be
k(r)K and (r)R and, getting rid of K = V,n* by an integration by parts, one would con-
clude that (A.12) contains only 3 free functions. By contrast, since in general OGap 2 Jab,
the matrices " (r) and £***(r) have in principle many more independent entries corre-
sponding to additional free functions in the theory (A.12). In the following, we are going to
make this statement more quantitative, in particular we are going to show that eventually
only 4 are actually independent (i.e. k**(r) and &***5(r) contain only 2 free functions, the
other 2 being A(r) and f(r)).

Let us start recalling that the orthogonality condition K#“n, = 0 allows to use the
induced metric to raise and lower indices in the tadpole x**(r)K,,, to be read therefore
as kK (r)Kqp. Since the matrix x%(r) is a function of background quantities, it must carry
the same symmetries of hgp, meaning that it has to be a diagonal matrix with only two
independent entries: k., = diag(kst, kga, kgo sin ). As a result, the tadpole £ (r) Ky, can
be explicitly written as

K
KM Ky = k(1) Ky + % (1) (K@@ + sindj)@) , (A.13)

where ' (r) and k% (r) are the two free functions of r. Furthermore, since the trace of
the extrinsic curvature can always be recast in terms of A(r) and f(r)g"" up to a total

2
23The Einstein Hilbert term simply corresponds to taking @g“ag”ﬁ in grves (r).
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derivative by an integration by parts (K = V,n*), we are free to add a term of the type
—k%(r)c(r)h® K4, to the Lagrangian (A.12) in order to cancel the last term in (A.13).
This means that x%(r)K,;, contains actually only one free independent function.

Let us now focus on the last tadpole £#*?(r)R,,,05. Again, since £#*%(r) is a back-
ground tensor, because of rotational invariance, the angular components are not indepen-
dent from each other. In addition, taking into account the symmetry structure of the
Riemann tensor, one infers that it contains in principle 8 arbitrary functions. Let us start
analyzing those corresponding to the coefficients of

Rt (Rerer + Rd)r(br) ) (Retet + R¢t¢t) ) R0¢9¢ . (A.14)

First of all, notice that the term involving R";+ can be always eliminated in favor of the
other tadpoles. Indeed, consider the operator K WR““B” nang, which in unitary gauge reads
(9"") 1K, R™"™. Using the definition of Riemann tensor and eq. (A.6),

Ky B nang = = Kung (VO00 = 97970t (A.15)
— _KMpp [VaKy,, + Vg (n*n,Van,) — V,Kg, — V, (n®ngVany,)]
= KM [nﬁV5KW + n“nﬁvanuv/gn,, - nﬁv,,Kﬁ»M -V, (navanu)] .
Therefore, up to integrations by parts, it can be re-written in terms of the tadpoles f(r)g"",

A(r) and k" (r)K,,. This means that we can forget about the first term in (A.14) in our
counting of independent functions. Moreover, taking the trace, the last three combinations

in (A.14) can be all eliminated in favor of the Ricci tensor as,?*
R’I‘T = Rtrtr + (Rgrer + Rd)rd)r) ) (A16)
Ry = R + (RO + R%4t) (A.17)
R c?
Ryo + sin¢;¢9 = —Q(Retet + R%51) + (R 1or + R?14r) + 2R%940 . (A.18)

Therefore, in full generality the tadpole £#/o# (r)Ruvap can be always thought of as being
a sum of the four remaining building blocks

R
R, Ry, Ru, <R99+ .d;d’), (A.19)
sin“ @

with some arbitrary coefficients. Whether these are all independent or not is what we are
going to show now.

First, it is clear that the trace condition R = Rtt+R’”T+(R99+R¢¢) allows immediately
to eliminate one of the last three terms in (A.19), say Ry, with the only effect of redefining
the coefficients of the others. Second, consider the identity

1
R, K" = R, VFn" — QRWnaVa(n“n”) . (A.20)

24Gince we are interested in terms that are linear in perturbations, we shall use the background metric
to raise and lower indices.
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After simple integrations by parts, up to linear order in perturbations R,, K" 2O ¢"", R,
R™, K only. Thus, one is always free to add to the Lagrangian the operator R, K*" with
some proper coefficient in such a way to get rid of also (R%j + R%) in (A.19), in analogy
with the discussion around (A.15). Finally, the identity

(") 'R = Ryynfn” = K? — K, KM + V* (n"V,n, —n,K) , (A.21)

which simply follows from the definition of the (3 + 1)-dimensional Riemann tensor, allows
to re-express also R™ as a function of the other tadpole operators.

In conclusion, the action (A.12) contains in general 4 independent tadpoles:
1 _
Sutpae = [ a7 | PR - A0 - F0)7” — aOuWE™] . (422

where MZ(r), A(r), f(r) and a(r) are the corresponding coefficients, some of which are to
be fixed by Einstein equations.

A.3.2 Quadratic action for perturbations

In the previous section, we have shown that the only independent operators that enter up
to linear order in perturbations are those in (A.22). The next step is all possible operators
at quadratic order that are compatible with the symmetries of the system. In the spirit of
an effective description, we will classify the operators in terms of the number of derivatives.

Zero-th order in derivatives. At the zero-th order in derivatives, the only quadratic
operator in perturbations is given by M4(r)(6g™")?, where the coefficient M (r) is in prin-

ciple an arbitrary function of r of dimensions 4 in energy to be fixed experimentally.

First order in derivatives. At the first order in derivatives, the only non-trivial oper-
ators we can add are of the form

fap(r)8gm oK, (A.23)

where f,;, is an r-dependent matrix which must have the same symmetries of the back-
ground metric (2.1). In other words, it is diagonal and with only two free entries:

_ [ filr) (1 P
fab(T) - ( fQ(T)’Yz’j) ’ %] - ( sin2 0) ) { 7]} {Q,d)}, (A‘24)

for some arbitrary fi(r) and f2(r). As a result, at first order in derivatives there are only
two independent operators in the effective theories, that we choose to write as

M3(r)og" 0K, Mj(r)Kadg 6K (A.25)
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Second order in derivatives. At the second order in the number of derivatives, we
have in principle many more independent operators allowed by symmetries. Let us start
with those involving the extrinsic curvature only, which schematically read

Favea(r) S KPSK (A.26)

where again fupeq(r) has the same isometries of the background. Therefore, it is clear that
the only independent free functions in fupeq(7) are the coefficients of the operators

((5Ktt)2, "yijéKttdKij, (’)/Z‘j(SKij)Q, ’}/ij(SKti(SKtj, ’yij(SKjk’ykl(SKli . (A27)

Let us now consider operators that involve the Riemann tensor. Analogous considerations
to eq. (A.15) suggest that we can disregard operators of the type R™. Then, we can
focus only on those where the Riemann is projected onto the (2 4+ 1)-hypersurface, which

can be written as
Fabea(r)SR™ 5™ (A.28)

Because of the background isometries, only 2 are independent:
iR iy R (A.29)

Finally, one could also think of adding operators involving derivatives of §¢"": the combina-
tions allowed by the residual symmetries in the EFT are (8,6¢™)2, (0,69"™)%, (0,69"")6 K
and (0,6¢"") K0 K. In general these will be associated with higher order equations of
motion. Whether this fact is related to the presence of pathologies is beyond the scope of
our work and will be discussed elsewhere.

In conclusion, at second order in perturbations there are 14 independent operators
admitted by symmetries, that we write as follows:

S — /d4a: V=g [Mg(r)(égM)Q + M3 (r)dg"™" 6 K + M3 (r) K69 0 K"

+ M2 (r)(9,69™)* + ME(r)(0,69" )0 K + M7(r) K, (00" ) S K™ + M3 (r)(0adg"")?
+ MG (r) (6 K)? + Miy(r)d K KM + My1(r) K 0 KSKM + Mo (r) K, 0K*P5KY ,
+ () K, KESKSKM™ + M%(r)3g™ R + MM(r)KWag”asz] . (A.30)

B Infinitesimal variations

In this section we derive the variations of the geometric ingredients of the radially foliated
manifold, collecting the results that have been used in the main text.

To begin with, the variation of the normal vector n, (A.l1) under an infinitesimal
transformation of the metric of the type g, — g + 99, takes on the form

1
ony, = —inunan/g&gaﬁ, (B.1)

leading also to
1
ont = n,og" — in”nanﬁdgo‘ﬁ. (B.2)
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Together with the orthogonality condition h*'n, = 0, eq. (B.1) can be used to derive the
following identity:
n0ht" = —h*én, = 0. (B.3)

The variation § K of the trace of the extrinsic curvature can be easily computed using the
identity

1

_gau (V=g X") =V, X* (B.4)
(X* is a generic four-vector), which follows from the relation §\/—¢g = %\/—gg‘“’ OG-
Using (B.4), we can write

K=V,n'= \/1_790,1 (vV=gnt) . (B.5)

Then, the variation dK is easily computed as
1 v v 1 af
0K = §gW<5g“ K+V, [n,0g" — in“(nang + 9ap)0g , (B.6)

where we have used the result (B.2).
Let us now focus on 0K,,. From the definition (A.6), the variation of the extrinsic

curvature reads

0K, = V,0n, — 5I’Zl,np — onn,V,n,

) ) ) i (B.7)
—nfon,V,n, —nn,V,on, +n n“(SFpl,ng.
Plugging in the variation of the Christoffel symbol,
1
oLy, = §gpa (Vubgve + Vibgus = Voldgu)
1 (B.8)
= _igpg (gal/gb’avu + gaugb’avu - gaugﬂuvo) 59a5 )
it takes on the form
1
0K, _§Vu (nynan55gaﬁ)
1
+ 5 (gazznﬁvu + gaunﬁvu - ga,ugﬁunpvp) 59045 (B 9)
— g1, (Van,)6g*? + nangn,m? (V,n, )69
1 1
+ inlmpvp (nynanﬁégaﬁ) — §nan5nuvyég°‘3,
and one can easily check that taking the trace the result (B.6) is recovered.
Finally, we calculate R. Taking the variation of the trace of eq. (A.9),
SR = 20" R1puo0hP" + W hP° SRy + 2K 6K — 2KM 3K, | (B.10)
where
R = §g" — my (n”“&g”A + n”ég’“) + n“n”nanﬁchaﬁ (B.11)
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and
5Rupua = _Rﬁpuogau(s.gaﬁ + Gu <VV6F;\U - VU(SF21/> ’ (B‘12)

where 5Ffw is written in eq. (B.8). Therefore, after straightforward manipulations,

SR = (Rap — nM'n" Ryaup — 3Rpangn” + 2R, ,nt'n"nang) 590‘5

B.13
+ hyhP? (V005 — V,0Th,)) + 2K6K — 2KM K, . (B13)

C Stiickelberg trick and decoupling limit

In this appendix we collect the Stiickelberg transformations that can be used to restore full
gauge invariance in the theory (A.30). Without affecting the generality of the discussion,
we will set here b = 1 in the background metric (2.1).

Under a general transformation of coordinates, © — Z(z), the metric changes as

o 0z Oz s~ ozt oz¥
Quu(x) = @@gaﬁ(ﬂﬁ)a g (z) = %Wgaﬂ(ﬂf)' (C.1)

Focusing in particular on transformations that leave time and angular coordinates invariant,

s a
rors ey 2
or, equivalently,
H(x) = 2t + m(z)ok . (C.3)
A generic scalar function of r transforms as
F(r) = F(r+7) = F(r) + F'(r)7 + %F"(T)WQ +o (C.4)
while
O — (1—7' +70,, (C.5)
Oy — (—=0um + 7' 0ym)0 + Oy . (C.6)
The transformation laws of the contravariant components of the metric take on the form
g = g7 (1427 + 71'/2) + 29V D + 29V Dg 4 (Oam) (Bym) g (C.7)
g = (L+7')g" + (Bym)g™, (C.8)
g% — g% (C.9)

On the other hand, the Stiickelberg transformations for the covariant metric can be easily
calculated by solving perturbatively in r(Z) the equation 7(xz) = r + 7(x®,r), from which
one finds (2%, 7) =7 — n(2%, 7 —7) =7 — (2% 7) + 7’7 (2% 7) + ... and therefore

Jra = Grr [—(%W + 270, + .. ] (7)) + gra [1 77t } (x%,7), (C.10)
Gab = Grr [OamOpm + ... (2%, 7) + grb [—8a7r + 70, + .. ] (% r)+

+ 9ra [—8b7r + 7oy + .. ] (7)) + gab , (C.11)
Grr —> Grr [1 —on’ + 31 + .. } (7). (C.12)
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These expressions highly simplify in the decoupling limit regime. Setting the metric to its
background value (2.1), they can be assembled as

gob =ac
1224 g (acﬂ')g X
g — ((acﬂ_)gcb g'f”’”(l + 27.[./ + 7T,2) + (acﬂ')(adﬂ')_gal) 9 (C 3)

o (S i o) e
Moreover, some useful equations are:
No = gra — —0qm + 2101 + O(7%) (C.15)
N = \/;T Sl %(Oaw)(ﬁbw)gab + O, (C.16)
N® = —N2g"* — —(1 — 22")(9m) g™ + O(7%) (C.17)
ot — g~ 0T, g (0ym) @um)gg + O (C.18)

up to quadratic order in w. Furthermore, the (2 + 1)-dimensional Christoffel symbol

. 1
oy = ith (Oahbd + Obhaq — Oqhap) (C.19)

transforms as (up to first order)

- - 1

Lo = T+ 5 7% (~GhaOa™ — GoaOpm + Gopar) + O(7%), (C.20)
where be is defined as the background value of I';,

e —

1
ab = igm (OaGbd + ObJad — OdJab) - (C.21)

Together with (C.15)—(C.18), eq. (C.20) can be used to compute the transformation law of
the extrinsic curvature, which up to linear order in m reads

K — Kab + Danﬂ' + O(?TQ) , (C.22)

where D, is the projected covariant derivative computed on the background metric, while
taking the trace

K — K + D,Dr + O(r?%) . (C.23)

Therefore, the transformation laws for the perturbed quantities read
6Ka, — —K!ym 4+ DoDyr + O(n?), 6K — —K'n + D, D1 + O(r?) . (C.24)

As already emphasized in the main text the perturbation 6K, for the extrinsic curvature
does not transform as a tensor, as it is clear from the term K/, in (C.24).
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C.1 An explicit example: the cubic Galileon

In this appendix we extend the discussion of section 6.2 of the decoupling limit in the
EFT (2.4) by including operators with one extra derivative, i.e. operators of the form
(0g")"0K. Up to quadratic order in the number of fields, this yields

2
5= [atey=g [MQR —AG) — ()9 = alr) Ky K7

+ M (r)(6g")? + M3(r)6g" 0K + MZ(r) K69 S KM + .. ] . (C.25)

Let us focus for simplicity on the case of theories with a = M7 = 0, of which cubic
Horndeski operators are genuine examples (see appendix D.1). Using (C.24) yields the
following quadratic action for the scalar mode in the decoupling limit:

52) — /d4x ac? sin 9{ [a;& (ac®f' + ac® M5K') — % (A" + f”)} 2
a c? 3 72
+ = 50 (M (C.26)

~[r- Lo )] [<az7r>2 O] ity 2],

2

c c2sin? 6

where the speeds of propagation are now modified according to

. 4 _lar MS
2 - J=AM _ S a0 (addg) (C.27)

T 0
£ - g0, (3053) £ g0 (7043)

Notice that the operator d¢""d K is responsible for making the velocity along the angular
direction non-unitary. Furthermore, it is now instructive to consider the flat spacetime
limit of (C.26) and compare the result for instance with [72]. To this end, it is convenient
to make the field redefinition 7 = §®/®’ + ..., which holds at the leading order. Then, in
the limit a = 1, c = r, K — %, the action (C.26) takes on the form

S&Q) = /d4:na0281n9{ [:2&« (r*f +r*M3K') —% (A"+f")

@/2 7“2&)” (i)//z 5(1)2
.- T[M(f—ZLMA‘)}—(f—ALM‘*) | o (C.28)
1 50 D00 D)2 592
+ |- mon e G (-0, ) P22 (—anry .

In order to make a comparison with [72], we take the cubic galileon Lagrangian [52] (see
also appendix D.1)

L = g2(09)? + g3(89)°00 = go X + % X532k | (C.29)
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where go and g3 are generic coupling constants. Therefore, expanding the metric in fluc-
tuations in the unitary gauge §® = 0 and comparing with (C.26) yields

(f)/Z _ o _
MA4(r) = g?’T (3" + ¥'K) | M3(r) = g3 873, (C.30)

f=-929"+ 39" (8" - ¥'K) , A=g®2 (3" +¥'K).  (C31)

Using the expressions (C.30)—(C.31) and setting go = —3, g3 = —1, it is straightforward
to check that (C.28) coincides with the quadratic action of [72]. In particular, one can show
that the mass of d® in (C.28) is zero on the background equations of motion, as it should
be since the theory (C.29) we started with is shift invariant.

D Cubic and quartic Horndeski in unitary gauge

The construction of the effective theory (2.4) is based only on the breaking pattern of
Poincaré down to time translations and spatial rotations. Additional symmetries (e.g. [34])
or the requirement of not having any unwanted ghost like degree of freedom on top of the
scalar and tensor modes (see e.g. [51] for a discussion in the context of FLRW backgrounds),
will further constrain the r-dependent coefficients in (2.4). In addition, one could also ex-
pect more constraints coming from causality and analyticity [69]. Postponing the study of
all these points to future work, in this appendix we confine ourselves to show which kinds of
operators are generated in the specific class of Horndeski theories [53], which besides of hav-
ing second order equations of motion [54] are known to be protected against large quantum
corrections [73, 74]. As an example, we will focus on the cubic Horndeski and, as a prototype
of theory that yields the additional a-tadpole in (2.4), we will discuss the quartic Horndeski.

Let us start from the definition (A.1) of the unit vector perpendicular to the hyper-
surface. Then, differentiating and using eq. (A.6),

n,V, X n,V, X
V.V, ® = V)?V#ny + ;\/% = \/)?(KW +n%n,Van,) + ;\/% , (D.1)
where X = V,®VH#®. On the other hand,
1
\/an,navanu + ﬁva@VaXnun,,
1 1
- —ﬁnynaVaXV,fIJ +n,n*V,V, e + KVO‘(IJV@XanV
1
= ﬁnyvﬂ (Vo @VeD) . (D.2)
Eq. (D.2) can be used to re-write eq. (D.1) as [75, 76]
1
V.V, ® = VX (K +n°n,Von, +n%n,Vany,) + EVO‘CI)VQXn#nV. (D.3)
D.1 Cubic Horndeski
Let us focus on the cubic Horndeski Lagrangian
Lys = G3(P, X)0®, (D.4)
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where (i3 is an arbitrary function of X = V,®V#® and ®. Taking the trace of eq. (D.1),
or equivalently eq. (D.3),

XAV, ¢
00 = VXK + Lot (D.5)
2X
and defining F3 such that [75]
Gs = F3+4+2XFsx, (D6)

after an integration by parts, the cubic Horndeski Lagrangian (D.4) can be written as
follows:

VIOV, X
Lz = —FgXVuXV“é — XFsp +2XF5x (\/XK+ M)

2X (D.7)
=2X32R K — X Fye .
Solving the differential equation (D.6) yields
1 G3(X)
F3(X) = dX D.8
30 vX / 2VX (D)
and
3/2 G3(X)
2X32Fyx = VXG3(X) — [ dX = [ dX VX G3x(X). (D.9)
2V X
D.2 Quartic Horndeski
Now we are going to rewrite the quartic Horndeski Lagrangian
Lhs = Ga(®, X)R — 2Gax (@, X) [(O®)* — (V,V, )% (D.10)

in terms of the geometric quantities of the radially foliated spacetime. Using the second
identity in (A.4) and the orthogonality condition K, n” =0, we can write

1
Vo, OVAT D = X (K K™ + 2000V an, Vgn) + T (VOOVLX)? (D)
Then, following [75], the Lagrangian (D.10) takes on the form

POV, X\ 2
Lra = G4R — 2Gax [ <\/XK + V”V(“)
v a 1 e 2
~X (KWK“ +2n n’BVanHVgn”) - 5 (VIOVaX)? [ (D12)

Now, using that

Vebo Vb VOOV, Vad VOBV, OVeX

n*Van, =

VX VX X 2X2
V. X n*n,V,X 1
= 2’3{ - ;Xa =3% (97 —n%ny) Vo X (D.13)

and that n,Vgn* =0, eq. (D.12) becomes

Lot = GaR = 2XGax (K2 = KW K™) = 2GuxV, X (K =nfVn*) . (D.14)
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Furthermore, after some final straightforward manipulations,
—2GyxV, X (Kn“ — nﬁvlgn“) =-2 (VHG4 — V)?G4¢nu> (Kn“ — nBVBn“)
= 2G4V, (Kn* = nfVn#) +2VXG o K
=Gy (R — KoK + K2 — R) +2VXGioK, (D.15)

where we have integrated by parts and used the Gauss-Codazzi (A.10), and substituting
in (D.14), we find

L4 = GaR + (Gy — 2XGux) (K* — KW K™) + 2V X G K . (D.16)
E Transformation to Schrodinger-like form

In this section we summarise the procedure which can be systematically followed in order
to transform a second order differential equation

c1(r)Q" (r) + 2ca(r)Q' (r) + [Cg(?‘)wQ + 04(7")] Q(r)=0 (E.1)
into a Schrodinger-like equation of the form
Q"(F) + [w® + V(7)] Q(F) = 0. (E.2)

Without violating the generality of the argument, we are going to set c3(r) = 1. This can
be always achieved multiplying (E.2) by an overall factor cgl(r) which effectively coincide
with redefining c;(r) — ¢;(r)/c3(r). Then, by the following coordinate redefinition

o [ 4_ e
r—7(r)= /Tc Jal s.t. T 1( )dr (E.3)
and variable redefinition
Q(r) = QF(r)) = exp [ / (38 _ :éf&) dl] Qr) (E.4)
one obtains (E.2) with the potential:
Ve = A0 0A0) S G0 all oL ee). ®s)

a(r)  16ci(r)  alr)
F The Regge-Wheeler equations

The Regge-Wheeler equations, in the form given by Zerilli [77], are:

yo 20 AGM U +1) hy
o™ — by rhl - < 72 r r—2GM 0 (F-1)
. . 2 . h
hy — ho + “ho+ (= 1)(E+2)(r— 2GM)T—; =0 (F.2)
2 2 o2
<1— GTM>h1’— (1_(1/\/1) ho + C:;Vlhl:o (F.3)

They describe the GR dynamics of small perturbations around a Schwarzschild background.
Note that the Regge-Wheeler gauge has been chosen.
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G Isolating the gravitational waves — the large radius limit

The GR equations governing the evolution of perturbations around a Schwarzschild black
hole were derived by [47, 65]. In this appendix, we wish to describe how the equations can
be understood in a heuristic way. For simplicity, we focus on the odd perturbations.

In the odd sector, the only gauge transformation takes the form z, = z, + §,, with

5# = (0, 0, Eijaj(;) N (Gl)
under which

s . . 20 .
ho =hg+9, h1:h1+6/—705, ho = hy — 26, (GQ)
C

where (1) = 9,( ) and ( ) = 9,( ). The Regge-Wheeler gauge corresponds to choosing
Bg =0:

) 2/
ho®™W =hg+46, W™ =h +d& 55,  0=h™W =hy 25, (G.3)
C

To isolate the gravitational waves, we find it more transparent to keep ho around, i.e. to
set § = hy/2 in the expressions for ho™ and h;®™. Further simplification is obtained by
taking the large r limit, which includes 0, fluc. > fluc./r — with the understanding that
Oy pulls out a factor of the momentum, and likewise for 9;. For instance §' > ¢/d/c.

BW and h1®W in terms of hg, h; and hs into

We substitute the above expressions for hg
the standard Regge-Wheeler equations [47, 77], which for completeness are summarized in

appendix F. After taking the large r limit, these equations reduce to

hy” — by ~ 0 from eq. (F.1) (G.4a)
hy —hy ~0 from eq. (F.2) (G.4b)

: 1 -
(—=hg + hy') + 5(—h2 +h")~0 from eq. (F.3). (G.4c)

These expressions make it manifest that hs obeys a wave equation in the large r limit.
Interestingly, the wave equation lives in the Regge-Wheeler equation with the lowest num-
ber of derivatives (no more than one derivative on hy or hy). This large r limit of the
Regge-Wheeler equations is useful for seeing where the gravitational waves live, but not
helpful for deducing the quasi-normal spectrum. The dynamics of the modes at small r is
important for determining the latter.

To make progress with the finite r form of the Regge-Wheeler equations, we need to
identify the variable that contains the gravitational wave degree of freedom. Both ho®W
and h;®™ contains ho, which is what we are ultimately interested in. However, because hg
transforms by a time derivative of the gauge parameter ((5)7 it has no conjugate momentum.
Thus, hy is the more promising quantity to focus on in terms of obtaining an equation with
the desired second derivative (in time and radius) structure. Our goal therefore reduces to
finding a second order equation of motion for h{¥V out of the Regge-Wheeler equations.
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This procedure can in turn be approached in two different ways, recalling that h W =
hy + hy'/2 — hac//c. Since hy is the gravitational wave of interest, one could choose the
h; = 0 gauge such that the equation for h;™ becomes purely an equation for hy. A
more sophisticated viewpoint is to note that the combination hy + hy'/2 — hoc'/c is gauge
invariant (terms involving § cancel under a gauge transformation). This is the gauge
invariant combination that contains the gravitational wave degree of freedom; obtaining
a single equation governing its evolution is precisely what we want. Contrast this with
the other gauge invariant combination involving hy and h;: that removes the gravitational
wave degree of freedom and is therefore not what we want to focus on. (Another useful
combination is hg + hg/2.)

Now, there are three Regge-Wheeler equations. Because the gravitational wave of
interest lives in eq. (F.3), this provides a natural starting point which gives an expression

for HORW (adopting the standard Schwarzschild form for a, b, ¢ in the background metric):
- RW RW
hy  =(1-2GM/r)o.([1 —2GM/r]h™M). (G.5)

. . . - RW . .
This then motivates the use of eq. (F.2) because it depends on hy and its derivative,
but not ho®™. Thus, substituting the above into eq. (F.2):

o (1 294 g [1- 264 o) o

42 (1—2GM> Oy ([1—2GM] thW> i Ch ) (1—2GM) h "™ =0.

r2

Eq. (G.6) lends itself to further simplification: introducing the tortoise coordinate 7 defined
by
Or = (1 —-2GM/r)0, , (G.7)

and multiplying h;®W by a suitable function of  to remove the first derivative term (see
appendix E). Thus one obtains the standard Schrédinger-like equation for determining the
spectrum of odd quasi-normal modes of a Schwarzschild black hole in GR (see e.g. [78]):

[jiwz— <1_ 2GM> <£(€+1) B 6GM>] [(1_ 2GM> hl] _o. (e

r r2 r3 r r

The even sector could be treated in a similar way, though it is considerably more
complex.

H Bianchi identities

The Bianchi identities tell us that not all equations of motion are independent. In manipu-

lating the equations that govern black hole perturbations which are often quite complicated,

it is useful to know how the equations of motion are related. We give the relations here.
Under a gauge transformation z# = x#* — &#, the metric transforms according to

5guu = {Ya’yg/u/ + gvu8V£7 + g'yuaugy , (Hl)
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and the scalar field transforms according to
0P =¢£70,9. (H.2)

Using the fact that £* is an arbitrary function of space and time, it can be shown,
using arguments along the lines of those for proving Noether’s second theorem, that the
equations of motion are related by:

08 08

08
= anq) + m(%gw, — 28M (g'yy) s (H3)

0
09w

where v = 0, 1, 2, 3 for four identities. The form of the identities are fully general. When
the metric and scalar are separated into background and fluctuations, and the background
equations of motion are enforced, the Bianchi identities yield the following relations to first
order in perturbations:

08 = 0S 08
0=—=0 P+ ——0guw — 20, | ———7 , HA4
7%+ sy~ 20 () (Y
Note that in the above formulation, it is important that gauge-fixing is performed after
the equations of motion are written down. For instance, suppose one chooses a gauge in
which the spatial part of the metric is diagonal; it is important the equations of motion
that followed from varying the off-diagonal parts of the spatial metric are also used.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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