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Abstract

In high-current accelerators, interaction of the beam with
the fundamental impedance of the accelerating cavities can
limit machine performance. It can result in a significant
variation of bunch-by-bunch parameters (bunch length, syn-
chronous phase, etc.) and lead to longitudinal coupled-bunch
instability. In this work, these limitations are analysed to-
gether with possible cures for the high-current option (Z
machine) of the future circular electron-positron collider
(FCC-ee). The time-domain calculations of steady-state
beam loading are presented and compared with frequency-
domain analysis.

INTRODUCTION

The future circular electron-positron collider (FCC-ee)
is considered to be built in four energy stages, defined by
physics program [1]. To keep the same power loss budget for
the synchrotron radiation in each machine, the beam current
will be gradually reduced for each energy stage from 1.4 A
to 5.4 mA. The Z machine, with parameters summarized
in Table 1, can suffer from beam loading issues, which can
result in modulation of the cavity voltage and beam param-
eters. The coupled-bunch instability due to fundamental
cavity impedance can also be a limiting factor.

In general, there are two methods to calculate the beam
induced transients: in frequency domain and time domain.
The former, developed by Pedersen [2], is usually called a
small-signal model. It allows to calculate the modulation of
cavity voltage produced by modulation of the beam current.
The latter method is the tracking of the beam and a simulation
of the RF system evolution in time domain [3,4] which comes
to the steady-state regime after many synchrotron periods.
Considering a machine with large circumference, high beam
current, and large number of bunches, as for the case of
the Z machine, applicability of both existing approaches is
questionable.

In this work, we present results of beam loading analysis
in superconducting rf cavities modeled by a lumped circuit
with a generator linked to the cavity via a circulator [5].
It allows us to get steady-state solution for beam and cav-
ity parameters (beam phase, cavity voltage amplitude and
phase) for arbitrary beam currents and filling schemes. The
longitudinal coupled-bunch instability is estimated using
the standard equations from Ref. [6]. Mitigations of both
issues using the direct rf feedback around the cavity are also
discussed.

∗ ivan.karpov@cern.ch

Table 1: The parameters of the Z machine of FCC-ee used
for calculations in this work [7]. The bunch length is given
for the case of non-colliding beams defined by equilibrium
of quantum excitation and synchrotron radiation (SR).

Parameter Unit Value
Circumference, C km 97.75
Harmonic number, h 130680
rf frequency, frf MHz 400.79
(R/Q) Ω 42.3
Beam energy, E GeV 45.6
DC beam current, Ib,DC A 1.39
Number of bunches per beam, M 16640
Bunch population, Np 1011 1.7
rms bunch length, σ ps 12
Momentum compaction factor, αp 10−6 14.79
Synchrotron tune, Qs 0.025
Longitudinal damping time, τSR ms 415.1
Total rf voltage, Vtot MV 100
Number of cavities Ncav 52

BEAM LOADING BASICS
We consider short electron bunches for which the average of
the rf component of the beam current

〈
Ib,rf

〉
is twice the DC

beam current Ib,DC. For the steady-state beam loading, the
generator current Ig can be derived from the lumped circuit
model [5, 8] shown in Fig. 1:

IgeiφL =

[
Vcav

2(R/Q)

(
1

QL
+

1
Q0

)
+ Ib,DC cos φs

]
(1)

− i
[
Ib,DC sin φs +

Vcav∆ω

ωrf(R/Q)

]
, (2)

where φL is the loading angle, Vcav is the cavity voltage,
(R/Q) is the ratio of the shunt impedance to the quality fac-
tor of the cavity fundamental mode, QL = Zc/(R/Q) is the
loaded quality factor expressed using the coupler impedance
Zc, Q0 is the cavity quality factor, ωrf = 2π frf is the rf
angular frequency, ∆ω = ω0 − ωrf is the cavity detuning,
ω0 is the cavity resonant frequency, φs is the bunch stable
phase (electron machine convention). Considering super-
conducting cavity with Q0 � QL, the loading angle φL can
be expressed from Eq. (2) as

tan φL = −
tan φz + Y sin φs

1 + Y cos φs
, (3)

61st ICFA ABDW on High-Intensity and High-Brightness Hadron Beams HB2018, Daejeon, Korea JACoW Publishing
ISBN: 978-3-95450-202-8 doi:10.18429/JACoW-HB2018-WEP2PO003

WEP2PO003
266

Co
nt

en
tf

ro
m

th
is

w
or

k
m

ay
be

us
ed

un
de

rt
he

te
rm

so
ft

he
CC

BY
3.

0
lic

en
ce

(©
20

18
).

A
ny

di
str

ib
ut

io
n

of
th

is
w

or
k

m
us

tm
ai

nt
ai

n
at

tri
bu

tio
n

to
th

e
au

th
or

(s
),

tit
le

of
th

e
w

or
k,

pu
bl

ish
er

,a
nd

D
O

I.

Beam Dynamics in Rings



Ib,rf

Ig

Ir

Zc
L R C

Figure 1: The lumped circuit model: a cavity is modeled by
LCR-block, the coupler by a connected transmission line of
impedance Zc, and the beam by a current source. Ib,rf is the
beam current, Ig is the generator current, Ir is the reflected
current, which is absorbed in the matched load (a generator
is connected via a circulator).

where Y = 2Ib,DC(R/Q)QL/Vcav is the relative beam loading,
and the detuning angle is defined as

tan φz =
2QL∆ω

ωrf
. (4)

To minimize the generator power, one can define the opti-
mum values for the cavity detuning

∆ωopt = −ωrf
Ib,DC(R/Q) sin φs

Vcav
, (5)

and for the coupler quality factor

QL,opt ≈
Vcav

2(R/Q)Ib,DC cos φs
. (6)

For the optimum parameters however, the beam is unstable
because the second Robinson limit [9] is reached, which
reads as

Y < −
2 sin φs
sin(2φz)

, (7)

when no loops around the cavity are present.

TRANSIENT BEAM LOADING
In operation of the Z machine different filling schemes

can be used. To perform systematic analysis of the tran-
sient beam loading, we introduce the filling schemes follow-
ing [10], which are schematically shown in Fig. 2. We con-
sider a beam containing M bunches, which can be grouped
in ntr equal trains with a distance between first bunches of
the consecutive trains ttt. This distance should be a multiple
of bunch spacings tbb. Each train contains a number of filled
buckets Mb ≤ ttt/tbb. The beam has a regular filling, which
can also contain an abort gap of length tgap. Thus, the DC
beam current depends on the filling scheme

Ib,DC =
ntrMbNpe

Trev
=

〈
Ib,rf

〉
2

, (8)

with Trev = 2π/ωrev - the revolution period,ωrev - the angular
revolution frequency, and Np - the number of particles per
bunch.

Figure 2: Sketch of the filling schemes used for the present
study.

Steady-state Time-domain Approach
To calculate modulation of beam and cavity parameters

due to modulation of the rf component of the beam current,
the following equation can be used [8]

IgeiφL =
V(t)

2(R/Q)

(
1

QL
− 2i
∆ω

ωrf

)
+

dV(t)
dt

1
ωrf(R/Q)

+
Ib,rf(t)e−i(φs+φb(t))

2
. (9)

Here, the generator current is assumed be to constant, φb
is the beam phase modulation, and the cavity voltage V is
modulated in the form

V(t) = A(t)eiφ(t), (10)

where A is the amplitude of the cavity voltage, and φ is
the phase of the cavity voltage with respect to rf phase ωrft.
Combining these equations and separating the real and imag-
inary parts, we get the following system of equations

dA(t)
dt
= −

A(t)
τ
+ (R/Q)ωrf ×{

Ig cos [φL− φ(t)] −
Ib,rf cos [φs+ φb(t)+ φ(t)]

2

}
, (11)

dφ(t)
dt
= ∆ω +

(R/Q)ωrf
A

×{
Ig sin [φL− φ(t)] +

Ib,rf(t) sin [φs + φb(t)+ φ(t)]
2

}
, (12)

where τ = 2QL/ωrf is the cavity filling time. The stable
phase in this case is not constant due to amplitude modula-
tion of the cavity voltage, which should be taken into account
by using the relation

Ncav A(t) cos [φs + φb(t)+ φ(t)] = eU0, (13)

where eU0 is the energy loss per turn due to synchrotron
radiation, and Ncav is the number of cavities. Modulation of
A, φ, and φb results in bunch-by-bunch variation of the bunch
length, the synchrotron tune, and can lead to a collision point
shift in the detectors. Unfortunately Eqs. (11-13) can not
be solved analytically, but below the results of numerical
calculations will be presented.
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Frequency Domain Calculations
The main equations from the small-signal model [11]

are summarized below. The normalized modulations of the
beam current ab and the cavity voltage amplitude aV are

Ib,rf = 2Ib,DC [1 + ab(t)] , A(t) = Vcav [1 + aV (t)] , (14)

correspondingly. Assuming small modulation (|aV | � 1,
|φ| � 1, |ab | � 1, and |φb | � 1), the transfer functions
from the beam amplitude to the cavity voltage amplitude,
cavity voltage phase, and the beam phase are

ãV
ãb
= −
∆ωopt

D(s)

[
∆ωopt

sin2φs
− ∆ω +

(
s +

1
τ

)
cot φs

]
, (15)

φ̃

ãb
= −
∆ωopt

D(s)

[(
∆ωopt

sin2φs
− ∆ω

)
cot φs +

(
s +

1
τ

)]
, (16)

φ̃b
ãb
=

∆ωopt

D(s) sin2φs

(
s +

1
τ

)
, (17)

where D(s) =
(
s +

1
τ

)2
− ∆ω

[
∆ωopt

sin2φs
− ∆ω

]
, (18)

and ã is the Laplace image of the variable a. For the optimum
detuning (∆ω = ∆ωopt), there is no solution because these
equations have a pole at s = 0, which corresponds to the
second Robinson limit. For a slightly larger detuning, ∆ω =
∆ωopt/sin2 φs , simple first order responses can be obtained
from Eqs. (15-17)

ãV
ãb
=
−1

1 + τs
,
φ̃

ãb
= −
∆ωoptτ

1 + τs
,
φ̃b
ãb
=

∆ωoptτ

(1 + τs) sin2φs
.

(19)
This detuning is used in calculations below with expense of
slightly larger generator power.

Results and Comparisons
To solve Eqs. (11–13), the Euler method was used with

total calculation time of 5 revolution periods, which was
sufficient to get the steady-state solution since τ < Trev.
An example of a reasonable agreement of time-domain and
frequency-domain (Eq. (19)) calculations is shown in Fig 3.
There is a strong modulation due to the abort gap and a fine
structure due to the gaps between trains.

To study systematically modulation of the beam and the
cavity parameters, the scan for different train spacings was
performed for a fixed bunch spacing tbb = 15 ns (Fig. 4). For
each train spacing the peak-to-peak value of the beam phase
modulation (the top plot) and the phase modulation of the
cavity voltage (the bottom plot) are calculated. The results
obtained in frequency domain are slightly larger than in time
domain. We argue that the difference is due to a strong
beam current modulation, while for the frequency-domain
calculations it is assumed that ab � 1.

We propose to use the following equations to estimate the
peak-to-peak beam phase modulation

max φb −min φb =

����∆ωopttgap

sin2φs

���� , (20)
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Figure 3: Comparison of the time-domain (Eqs. (11–13))
and the frequency-domain approaches (Eqs. (19)) for the
Z machine for the detuning ∆ω = ∆ωopt/sin2 φs = 13.1
kHz. The amplitude modulation of the cavity voltage (the
top plot), the phase modulation of the cavity voltage (the
center plot), and the beam phase modulation (the bottom
plot) within one turn are shown.

and peak-to-peak phase modulation of the cavity voltage

max φ −min φ = |∆ωopttgap |. (21)

They agree very well with the results of the time-domain
calculations (see the dashed black lines and the blue solid
lines in Fig. 4, correspondingly). The dependence of the
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Figure 4: Dependence of the peak-to-peak values for the
beam phase modulation (the top plot) and the phase mod-
ulation of the cavity voltage (the bottom plot) on the train
spacing for the bunch spacing of 15 ns. The results from the
analytic formulas are given by Eq. (20) (the top plot) and by
Eq. (21) (the bottom plot).

product of the cavity detuning and the abort gap length on
the train spacing for different bunch spacings is shown in
Fig. 5. In general, larger bunch spacing leads to a smaller
value of |∆ωopttgap |. For ttt frf > 100, this product is larger
than 0.15 for all bunch spacings, which corresponds to 60 ps
peak-to-peak phase modulation of the cavity voltage and
about 70 ps peak-to-peak beam phase modulation. However,
in operation the shift of collision point can be eliminated by
matching abort gap transients.

LONGITUDINAL COUPLED-BUNCH
INSTABILITY

The equation used for calculation of the growth rate of
longitudinal coupled-bunch instability can be found in text-
books (for example in [6]). For short Gaussian bunches and
a mode m it is

1
τinst,m

=
eηωrf Ib,DCNcav

4πEQs
{Re [Z(ωrf + (m +Qs)ωrev)] −

−Re [Z(ωrf − (m +Qs)ωrev)]} , (22)
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Figure 5: Dependence of the peak-to-peak phase modulation
of the cavity voltage from Eq. (21) on the train spacings for
different bunch spacings.

where Z(ω) is the longitudinal cavity impedance. Without
detuning (∆ω = 0), the growth rates of the modes are negli-
gible in comparison to the synchrotron radiation damping
rate 1/τSR. For the detuning ∆ω = ∆ωopt/sin2φs , the largest
growth rate is for the mode m = −4 with a rise time of about
10 revolution periods (see Fig. 6).

To avoid longitudinal coupled-bunch instability one can
use the direct rf feedback around the cavity [12]. It reduces
the impedance seen by the beam in the region relevant for
the beam stability. The impedance of the closed loop in this
case is

Zcl(ω) =
Z(ω)

1 + GZ(ω)e−iτdω+iφadj
, (23)

where G is the feedback gain, τd is the overall loop delay, and
φadj is the phase adjustment. The flat response is achieved
for 1/G = (R/Q)ωrfτd .

For τd = 700 ns (the loop delay in the LHC [13]), the
direct rf feedback significantly suppresses the growth rates
of longitudinal coupled-bunch modes so they are below the
synchrotron radiation damping rate (see Fig. 7). Additional
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Figure 6: Growth rates of longitudinal coupled-bunch modes
from Eq. (22) for the cavity detuning ∆ω = ∆ωopt/sin2φs =
13.1 kHz.
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Figure 7: Growth rates of longitudinal coupled-bunch modes
in the presence of the direct rf feedback calculated using
Eqs. (22, 23) for the cavity detuning ∆ω = ∆ωopt/sin2φs =
13.1 kHz.

reduction of the impedance around multiples of the revo-
lution harmonic using one-turn delay feedback could be
evaluated in further studies.

PARTIAL COMPENSATION OF
TRANSIENT BEAM LOADING

If the beam induced modulations are not acceptable, one
can try to reduce the transients by the direct rf feedback.
In this case the system of equations for the phase and the
amplitude evolution of the cavity voltage can be obtained
from Eq. (9) by substitution

IgeiφL → IgeiφL − G
[
A(t)eiφ(t) − Aref(t)eiφref (t)

]
, (24)

where the amplitude Aref(t) and phase φref(t) of the reference
signal are obtained from the amplitude A0(t) and the phase
φ0(t) modulations calculated with the constant generator
current and no rf feedback

Aref(t)eiφref (t) = Vcav + (1 − k)
[
A0(t)eiφ0(t) − Vcav

]
. (25)

Here, k is the compensation factor. The comparison of
beam phase modulation with the direct rf feedback for k = 0
and k = 0.3 is shown in Fig. 8. For k = 0.3, one can see
about 20% reduction of the beam phase modulation with
about 5% increase of the instantaneous generator power P =
(R/Q)QL |Ig |

2/2 (see Fig. 9). Further optimizations with
different filling schemes and direct rf feedback parameters
are needed to minimize transient beam loading.

CONCLUSIONS
In the present work the beam loading in FCC-ee high-current
machine was analyzed. For the assumed regular filling
schemes, the main contribution to the phase and ampli-
tude modulation of the cavity voltage comes from the abort
gap. The resulted peak-to-peak value of the bunch-by-bunch
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Figure 8: Comparison of beam phase modulation with the
direct rf feedback for different compensation factors k.
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Figure 9: Instantaneous generator power with the direct rf
feedback for calculations shown in Fig. 8.

phase modulation is larger than 70 ps for the abort gap longer
than 2 µs. The larger train spacings lead to stronger modula-
tion of cavity and beam parameters, which can be reduced
by using filling schemes with the larger bunch spacings.

The growth rates of the first several longitudinal coupled-
bunch modes are larger than the synchrotron radiation damp-
ing rate for the optimum detuning, that is about four times
the revolution frequency. The direct rf feedback with the
overall loop delay τd = 700 ns can stabilize the beam.

The direct feedback can also mitigate the transient beam
loading with the cost of an additional generator power. For
the discussed example, about 5% increase of the genera-
tor power is sufficient to reduce the bunch-by-bunch phase
modulation by 20%.
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