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Abstract

Starting from a QCD inspired bilocal quark interaction we obtain a local effective
meson lagrangian. In contrast to previous local (NJL-like) approaches, we include
nonlocal corrections related to the finite meson size which we characterize by a small
parameter. After bosonization using the heat-kernel method we predict the structure
coefficients of the Gasser-Leutwyler p*-lagrangian up to first order in this parameter.
The modifications for the L; coefficients are typically of the order 15-20%, except for
Ls, where we find a stronger nonlocal influence.
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1. Introduction

Quantum chromodynamics (QCD) is generally accepted as the theory of strong in-
teractions in terms of quarks and gluons, and is experimentally well established in
the perturbative regime at high energies (E 3» 1GeV). Since quarks and gluons have
not been observed as free pacticles, it is assumed that they are confined into color-
neutral hadrons. Many phenomenological approaches and effective models exist in
the literature to describe hadrons and their interactions at low and medium energies
(E < 1GeV). However, up to now it is still impossible to derive a meson theory from
QCD in a mathematical exact way, including the confinement of quarks and gluons.
This problem is connected, in particular, with the unknown behavior of the QCD
Green’s functions at low energies. Nevertheless, there is some success related with
effective bilocal approaches based on the application of functional methods to ap-
proximate forms of QCD (see [1]-[4] and references therein). In the local limit, these
approaches reduce to the Nambu-Jona-Lasinio (NJL) model [5]. The bosonization of
the NJL model leads to effective chiral meson lagrangians [6]-{12].

In this work we derive an effective chiral p*-lagrangian of the type established
by Gasser and Leutwyler [13] using the effective bilocal approach. We introduce a
small parameter a characterizing the size of the nonlocal corrections. We predict the
structure constants of the effective p*-lagrangian to first order in a. Of course, in
the limit @« — 0, our method reproduces the results of the NJL model. In Sec. 2
we briefly review the standard method of transforming the QCD lagrangian into an
effective 4-quark lagrangian. In Sec. 3 we estimate the size of the gq system within
a nonrelativistic Schrodinger approach for constituent quarks. We use the result for
a quantitative estimate of the nonlocal effects and then describe a fixed-distance
approximation. In Sec. 4 we present the bosonization in the more general dynamical
bilocal approach. For that purpose we consider a separable ansatz for the bilocal
collective fields. Solving the heat-kernel equation, in Sec. 5 we calculate the modified
structure constants L; of the chiral p!-lagrangian.

II. From QCD to the Bilocal Effective Action

The starting point of our consideration is the generating functional of QCD in
Minkowski space,

216,5,J3) = [ DiDeDA exp(iSla 0, 4] +i [ d=(at +E+534) . ()
where
Stwa Al = [defgid-maa - 13616, @
A."_ w

and ¢, £, J¢ are the external sources associated with the fields g, g, A%; ¢ is the quark
field; my is the current quark mass matrix; A3 representg a gluon with color index a,
and A% are SU(3)c matrices. The covariant derivative is defined as

8 \a
Ut“%tIa.QMM-INMku, (3)
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In order to obtain a qualitative estimate of the nonlocal corrections from the
bilocal effective action, we make the following ansatz. We consider the case where
the constituent quarks in the meson are localized at the scale h. This we do by
including a delta function §((z — y)? — h?) into the integrand S;n., Eq. (8),

Sou= =it [[ 2y 3@ D - 8 (e -0 - K) . (15)

where the correct dimension is obtained by introducing a constant & ( ([x] = m~!).
After shifting the argument y by a Lorentz-invariant operator,

9(y) = exp((y — 2)u®*) a(2) ,
the effective action, Eq. (15), becomes
Sie = =00 [ 2 j3(a)K(h,2) i*#(2) (16)

where
K(h,z) = [ d'y exp((y - 2),0") 6((z - v)" - W) . (a7

Performing the integration in polar coordinates, Eq. (17) can be expanded in the
following way,

H,p
K(h,z)= a:.»w.u.. Gw.v. ! Mwm ...v gy = T + mﬂ + QA v_ » (18)

where A = h~!, and thus Eq. (16) can be written in the form

S ==i%a [ &' [i3@) i**(@) + gois@ @in | +0(5) . (9)
with G = $x2x2h2D(h).
After a Fierz transformation the action, Eq. (19), reads

Sm =it [d'2 ?EI%V iy g(2)
m>»2av n__iuviav_lllﬁuvv ©(20)

where M? are tensor products of Dirac, flavor and color matrices of the type

(vl () ()"

Here we consider the SU(3)r flavor group with flavor matrices A}, and we restrict
ourselves to the color-singlet §g contributions. The first term in Ma AMS leads to the
effective four-quark interaction of the NJL model, Eq. (10), with G, = 2G, = G/4
while the second term, proportional to 1/A?, ..w_Sm into account the finite-size effects
of collective mesons.

IV. Uv.-,.n:.mnn_ Bilocal Approach

Before considering the physical results of the bilocal fixed-distance approximation,
let us study a more general approach using a dynamical bilocal model. Starting with
the effective action, Eq. (8), and performing a Fierz transformation one finds

: ’
So = 3 [[ ded'y D - i@ i ) . @)

Introducing scalar (S), pseudoscalar (P), vector (V) and axial-vector (A) bilocal
collective meson fields [1]-[3] leads to an effective action which is bilinear in the
quark fields,

Swi= [[ a2ty { - g —sts[GE ) + Pla)y

+2((Fula ) + (Au(z,))")| + 2@tz 000)} (22)
with
ii(2,y) = =5(z,9} — iv*P(z,y) + i1*Vu(z,v) + i1 Au(21) (23)
where
wu:w;. mu-W. Sul«\.». .m..nui (24)

(] w ’
are the matrix-valued collective fields associated with the following quark bilinears,

§+(z,8) = gDl - i) 3 4(2),
Pe(z,9) = ~3D(z - %s...‘.m%r
72(29) = ~5Dle ~ )il el
Ay(z,v) = —5Dla - %ss.,\.m.%v :

Following Ref. [4], we assume a strong localization of the bilocal fields and make
the ansatz

ii(z,y) = ii(z,t) = n(2)f(t) + nu(2)t9(t) +--- , (25)

where z = (z2+y)/2, t = (y—z)/2 are the global and relative coordinates, respectively.
The function

n(z) = =8(z) = i7*P(2) + iv*Vi(2) + i7"1°Au(2) (26)

combines the local collective fields of the composite operators §(z)g(z), §(z)iv%q(z),
@(2)749(z) and §(2)7,7%¢(2), corresponding to the lowest meson excitations 0++, 0-+,

1=, 1**, The next order term of Eq. (25), proportional to n,, can be z_gsa& i_:.
the axamow:o:m 1--, 1+-, 2++ 2-- [4]. The functions f(t) and g(t) rapidly decrease
for |t?| > h? and strongly localize the bilocal fields fj(z,y) to the effective size of the
collective meson h = 1/A.
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In the following we will only consider the non-anomalous part of the effective

meson action which corresponds to the modulus of the quark determinant t. The
modulus of the quark determinant can be calculated using the heat-kernel technique
with proper-time regularization [18]-[20],

log|detiD| = ~ T 1og(B'D) = -1 [~ dr1¥exp(-D' D (36)

og | detiD| = —3Tr'log(D D) = -3 T exp(-D Dr),

- =t=

with A as the cutoff parameter of intrinsic regularization. The operator D D can be
written as

=t=

D D =8 + u* + 2T, + T2 + a(z)
+ Mm _xﬁv + Qu(2)0™ + ¢(2)0* + 2(T3* + PP.@J@.._ + OAMMV.

where 8 = 1+2au?/A? and p is a new mass scale. It arises as a nonvaninishing vacuum
expectation value of the scalar field S, and corresponds to the constituent quark mass.

The combinations a(z), (), c(z) and Qa(z) do not contain any differential operator
acting on the quark fields and they are defined as

a(z) = iv*(PrD,& + PLD,#") + PaM + PLM + m:_.. 7l s
Kz) = iv*[Pr(AL10?® + 8,487 @ — 3PP ALY - 8,80°AL)
+P AN P + 8,AN Pt - 2157 AL) - 3.815°AL)))
+Pp(3'02® + 0,9'8°®) + PL(88°%! + 9,89°8') + I, 9°I*
HAL + 717,700 T + ILOT, - 1LET,),
. oz) = az) + i7" [PR(ATI® — $AL) + PL(AMS! - 81A0))]

+PaM + POV 4202 + 2,70 T,

Qa(z) = 3T,8uT* + 8,T, T* + Baa(z)
+2i7"[Pa(AL)8,® — 90, A1) + PL(ALMS, 8! — $10,40))|
+2(Pa#0,8 + P30, #) + 31", 7" (0L0T, ~ LT

Here, Ty, = 9,1, — ,T, + [T T, Ty = PLAM) + PrAL), M = 10 — 42, M =
$®? — p?. Furthermore,

Dyx =8, % HAL) s — 2 AP Dox =8, + +(AM & — + AD))

are the covariant derivatives; d, = 8, + I',; the differential operator 9, acts only on
z.

YThe imaginary part of the quark determinant is related to the anomalous part of the action.

9

V. The Effective p'-Lagrangian Including Nonlocal Corrections

To obtain the modulus of the quark determinant using the heat-kernel method we
expand .

<z |exp(-D Dr)|y>
around its “free” part,

Ko(z,y;7) =< z | exp(—(B0 +p*)7) |y >= Sawlm

in powers of the proper-time 7 with the so-called Seeley-deWitt coefficients hi(z,y),

=t= .
< z | exp(—D Dr) |y >= Ko(z,y;7) ¥ h(z,y) - 7.

nu..»?lulcvu\?u& ,

After integrating over r in Eq. (36) one obtains

1 515y _1_# T(k—2,4%/A%
2 log(det D'D) = 2(anp)y m- k TYhy

where .
I(n,z) = \ dtett"!
2z
is the incomplete gamma function.

The heat-kernel coefficients hi(z) = hi(z, y = z) are obtained from the recursive
relation.

nw.w_,..,..}...z?s

+mm_m§w + ¢(2)) + 2T,(3t* + 24,8 + 120*) + 20uT t*1°| hnya(z, )
+[n 4142600 4 WMA +4(2)(1 + tad”) — BuMtad® + 2Qu(2)t"
+20,T, (1407 + 1°9%) + 4T, (20 + 21,0°0" + ,..m:v_?:?s

+laz) + dya + ».w?& +Qu(2)° +2(T,8 + 8,1, )0
+Aa§v_??5 =0, .

where the differential operator 9, acts on z. For V,, = A4, = 0, the recursive relation
for the heat-kernel coefficients reduces to

Rt é@)hnsalz,v)

H{n+1420004 = [Hate) + @ + 1,09 - it

H(05() +20°@)| Jhuss(e)

)+ + 5 [b2) + @uitz) + 20 (200"

+a(z) + mé%v_ T..?s =0, (37

10
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We obtain

_ 2
N, ~A~+w~e waWFv,

16723 6 A?
__ N1 15y — 10 @w v
Lio=-16m16 0 t=3 7 ) (43)

In Eq. (40) we use <gg>= —(0.25GeV)? and Fp = 92 MeV to fix the value of y. In
comparison with the local limit it changes from Yioe ~ 1 t0 Ynontoc == 0.5. It is worth to
be mentioned here that the mass matrix is not affected by nonlocal corrections. The
nonlocal corrections to the structure constants Ly, L3, Ly and Ly (see Eqgs. (42) and
(43)) are estimated to be not larger than 15-20% in comparison with their values in
the local limit. The structure coefficient Ly is most sensitive to nonlocal corrections.
As a result, the splitting of the decay constants F, and Fk [13] seems to be strongly
influenced by nonlocal effects.

VI. Conclusion

We have studied the bosonization of an effective QCD-inspired quark interaction,
including nonlocal effects. First we have considered a "fixed-distance” approximation
in order to obtain a quantitative estimate of the size of the nonlocal corrections. The
result was used as an input into a more general dynamical separation ansatz which
then allowed to predict the modifications of the structure constants of the chiral
meson lagrangian. We found that the nonlocal corrections to the L; coefficients were
typically of the order 15-20%, except for Ls which is stronly modified by nonlocal
effects. Thus, the local NJL model has turned out to be a reasonable approximation
for bosonization of low-energy quark interactions and deriving the effective meson
lagrangian at O(p*)-level. Of course, our analysis could be extended to any order in
the momentum expansion. Given the fact that nonlocal corrections to the coefficients
L; are of the order 20 %, it is to be expected that these corrections are of the same
order of magnitude as local p® contributions.

The uncertainties arising from nonlocality make it difficult to distinguish between
next to leading order effects of the momentum expansion and nonlocal contributions
to the leading order. As an example where this is not the case we suggest to investigate
the processes ) — 7%y and 7y — #°x° where the nonzero Born contributions to the
amplitudes appear only at O(p®)-level.
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