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1 Introduction

Any local quantum field theory (QFT) can be studied on a non-trivial space-time geometry.
This is done by coupling the stress-energy tensor to a background metric.! In this paper,
we study three-dimensional Euclidean QFTs with N' = 2 supersymmetry — that is, four
Poincaré supercharges — on Seifert three-manifolds.

In any supersymmetric QFT, the stress-energy tensor sits together with the supersym-
metry current in a supercurrent multiplet, which can be canonically coupled to a super-
gravity multiplet. Given a choice of supercurrent [1, 2] and of the corresponding off-shell
supergravity, one can classify the supersymmetry-preserving geometries systematically [3].
In the case of 3d N' = 2 supersymmetric theories with an exact U(1)g symmetry [4-6], one
finds a large class of compact half-BPS geometries, M3, which preserve two supercharges,
Q and Q, satisfying the curved-space supersymmetry algebra:

Q?*=0, 0?=0, {0,090} = —2i(Lx + 2) . (1.1)

Here, Z is the real central charge of the 3d A = 2 supersymmetry algebra on R?, and Lx
generates an isometry of the Riemannian manifold M3 along a real Killing vector K. A
necessary and sufficient condition for such a half-BPS background to exist is that M3 be
a Seifert manifold [5].

Given any half-BPS geometric background, one can, in principle, compute the super-
symmetric partition function:

ZM3(V) ) (1'2)

of any UV-free N' = 2 supersymmetric field theory, using supersymmetric localization
techniques. (See e.g. [7] for a recent review.) On general grounds, the quantity (1.2) is
renormalization-group (RG) invariant, therefore it gives access to non-perturbative infor-
mation about the strongly-coupled infrared (IR) of the theory. It is also a function of
background vector multiplets for the flavor symmetries of the theory, in particular through
some complex parameters v, as indicated in (1.2). Moreover, Z a4, (v) is locally holomorphic
in those parameters, v [8, 9].

Explicit localization formulas are known for (1.2) when Msj is a lens space — see
e.g. [10-18]. However, localization computations become increasingly complicated to carry
out as the topology of M3 becomes less trivial, in part because the sum over topological
sectors becomes more involved. In this work, we will bypass such difficulties by thinking of
Zm, as an observable in an auxilliary two-dimensional topological field theory, the so-called
“3d A-model.”?

The basic idea is the following. Let us first consider the product space:

M3z =% xSt (1.3)

LAt first order in the background metric. The higher-order terms are (partially) constrained by diffeo-
morphism invariance.

2Note that, in the terminology of this paper, the “3d A-model” is really a 2d TQFT. Related works that
used a 3d TQFT-like approach include e.g. [19-23].



with ¥ a Riemann surface. One can preserve the supersymmetry algebra (1.1) on this
product three-manifold by performing a topological A-twist along the Riemann surface [24].
The two supercharges Q and Q are the A-twisted version of the flat-space supercharges Q_
and Q4 in the 3d N/ = 2 algebra — equivalently, if we consider the theory on R? x S, Q_
and @ are part of the 2d N = (2,2) supersymmetry algebra along R?. We then consider
the operators, .Z, that commute with them:

Q- 2] =0, Q+.2]=0. (L4)

These are the twisted chiral operators, in the 2d nomenclature. Note that the twisted-chiral
condition is not Lorentz covariant in dimension larger than two, so that £ cannot be a
local operator in 3d. In the three-dimensional N' = 2 theory on R? x S', the twisted
chiral operators are half-BPS line operators, wrapping the S and localized at a point on
Y. Typical examples are the half-BPS Wilson loops in 3d N = 2 gauge theories. The 3d
A-model is defined as the two-dimensional topological quantum field theory (TQFT) on X
obtained by viewing the 3d theory as a 2d theory with an infinite number of fields (the
S' Fourier modes), and by performing the topological A-twist. The TQFT is obtained
by passing to the (simultaneous) cohomology of the scalar supercharges Q,Q. The 3d
A-model observables are of the form:

RAZ (15)

where the insertion points of the lines can be omitted, since the theory is topological
along 3. These observables encode the algebra of half-BPS line operators — see e.g. [25,
26] for detailed discussions of the Wilson loop algebras. In this work, we will view the
supersymmetric partition functions as 3d A-model observables:

ZM3 = <gM3>E><31 ) (16)

where the line .2 = Gy, is a particular line defect, or geometry-changing line operator,
whose insertion is equivalent to introducing a non-trivial fibration of the S* over ¥, giving
rise to the Seifert manifold Ms3. In a previous work [27], we carried out this program for a
restricted class of Seifert geometries. In the present paper, we define the geometry-changing
line operator for any Seifert manifold, in the case of 3d N' = 2 gauge theories. This gives us
a compact formula for the supersymmetric partition functions, (1.2), for supersymmetric
gauge theories on any half-BPS Seifert geometry. Even in the previously-understood cases
when M3 is a lens space, our results offers a new perspective on some well-known matrix
integrals obtained by supersymmetric localization. We also clarify a number of more subtle
points along the way.

In the remainder of this introduction, we review some necessary background material
and spell out our main results in some detail.

1.1 Seifert geometry and surgery

By a Seifert manifold M3, we mean a closed, oriented three-manifold, equipped with a
Seifert fibration:
T Mz =g, . (1.7)



For our purposes, a Seifert fibration is simply an S' bundle over a two-dimensional orb-
ifold [28, 29]. Here the orbifold base of the fibration, 3 = Egn, is a genus-g Riemann
surface with n marked points, the “orbifold points,” x;, which have conical local neigh-
borhoods U; = C/Z,,, with g; > 0. In the absence of orbifold points, the Seifert fibration
is a principal circle bundle over a smooth Riemann surface ¥ , which is fully determined
by its degree (or first Chern number) d € Z. More generally, we must also specify what
happens at the fibers above the orbifold points, the so-called “exceptional fibers.” The
tubular neighborhood of each exceptional fiber in Mj is a solid fibered torus, which is
characterized by a pair of co-prime integers (g;,p;).> Note that, while a generic S* fiber
has a fixed radius 3, the radius jumps to 3/g; over the orbifold point x;.

In this way, the Seifert manifold M3 is fully characterized by a finite numbers of
integers, known as the “Seifert symbols:”

Mz = [d;g;(qu,p1), (G pn)] - (1.8)

Here d is the degree of the Seifert fibration, g is the genus of the base, and (g;, p;) are the
so-called Seifert invariants of the exceptional fibers.* Any such M3 can be constructed by
surgery on the product manifold:

Sgx St 20595 ], (1.9)

seen as a trivial Seifert fibration. Indeed, given any Seifert manifold ./\/lén) with n excep-
tional fibers, one can add an exceptional (g, p) fiber by Dehn surgery along a generic Seifert
fiber at x,4+1 € 3, by removing a tubular neighborhood of the fiber, resulting in a manifold
Mvgn) with a boundary aﬁ/lvé") =~ T2 and constructing a new compact three-manifold:

MY = MY U, (D? x S, (1.10)

by gluing M3 to a solid torus with an SL(2,Z) twist:

g: OMs—d(D*xSY), g= (Z j) € SL(2,7Z) . (1.11)
Shifting the degree d to d+1 in (1.8) can be done similarly, with g € SL(2, Z) corresponding
to (¢,p) = (1,1).
In fact, any Seifert manifold can be constructed by elementary surgery operations on
the genus-zero trivial fibration S? x S'. One may consider the following operations (in
whatever order; all these operations are reversible):

e Add handles to the base i]g,n» for instance going from S? x S to Yy X S1. This
operation only affects the base of the fibration.

3 A solid fibered torus T(gq,t) is obtained by gluing together the two disk boundaries of a solid cylinder,
with a relative rotation of %, for g and ¢ some co-prime integers. One can equivalently describe T'(g,t) in
terms of the coprime integers (g, p) such that pt = 1 mod ¢, as we are doing here.

“More precisely, d is the degree if the invariants (gi, pi) are normalized such that ¢; > 0 and 0 < p; < ¢;.
We will give a detailed introduction to Seifert geometry in section 2.



e Change the degree d of the fibration. This operation leaves the base invariant.

e Add an exceptional (g, p) fiber. This operation modifies both the base and the fibra-
tion.

These three topological operations can be implemented in N/ = 2 supersymmetric field
theories on M3, by the insertion of geometry-changing line operators along the Seifert
fiber [27], as anticipated in (1.6). In the case of a smooth base ¥ = ¥, the line operators
for the first and second operations were discussed in [26, 30, 31] and [27], respectively. The
main goal of this paper is to explain how to carry out the third operation — the insertion
of an exceptional Seifert fiber—, thus allowing us to study 3d ANV = 2 theories on any
Seifert manifold.

1.2 Gauge theories on Seifert manifolds

Let us choose a Riemannian metric on Msj compatible with the Seifert fibration (1.8).
In particular, a compatible metric admits a Killing vector K whose orbits are the Seifert
fibers. In this paper, we will assume that K is the Killing vector entering the curved-space
supersymmetry algebra (1.1). As we will see, this assumption is less restrictive than it
might appear.

We consider any 3d N/ = 2 gauge theory with gauge group G, and with g = Lie(G) its
Lie algebra. Here, G can be a compact, simply-connected, simple Lie group, G, a unitary
group, or a product thereof:

G=]]G, x[Ju@) . (1.12)
¥ I

The inclusion of non-simply-connected gauge groups (other than U(N)) requires additional
care, and we leave it for future work.

We may decompose any 3d field in Kaluza-Klein (KK) modes along the Seifert fiber.
In particular, the zero-mode of the 3d gauge field gives us a two-dimensional gauge field
on 3, which sits in a 2d N = (2,2) vector multiplet V(oq). It will be natural to write down
an effective field theory for the complex scalar u in V(aq) on the classical Coulomb branch:

u = diag(ug) , a=1,---,1k(G), (1.13)

by integrating out all the other massive fields at generic values of u,, and with various mass
parameters, v, for the flavor symmetries turned on. The topological twist of this effective
two-dimensional field theory will be our “3d A-model.”

Then, any half-BPS line operators . in the A-model will be expressed as functions of
the gauge parameters, u, and of the flavor parameters, v:

L =ZL(u,v) . (1.14)

As an example, consider .Z = Wy, a supersymmetric Wilson loop in a representation SR
of G, wrapped along the S' fiber. It takes the form:

Wy = Tray Pexp(—z’/ (a,dx* — i50d¢)> , (1.15)
S1



with o the real scalar in the 3d vector multiplet, and 1 the circle coordinate. In the 3d
A-model, this is simply the character of the representation:

W (u) = Trg (2™ . (1.16)

Here, we are interested in defect line operators that change the topology of Mj3. The
geometry-changing line operators:

H=H(u,v), F = F(u,v), (1.17)

were discussed in previous papers [26, 27, 30-32]. The handle-gluing operator H [30, 33| has
the effect of adding one handle to the base S of the Seifert fibration Ms. The “ordinary”
fibering operator F [27] has the effect of shifting the degree of the Seifert fibration by one,
d — d + 1. In this paper, we define and compute the (q, p)-fibering operator:

Ygp = Ggp(u,v), (1.18)

which introduces an exceptional fiber of type (¢,p). Given these building blocks, we can
write the supersymmetric partition function (1.6) as:

Zpms = <$M3>52><5'1 J Iz =HI Gms = FAH? ngmpw (1.19)
i=1

schematically, for any Seifert fibration. Here, the S? x S' background on which we insert
L, corresponds to the topologically twisted index [34]. The main object of this work is
to understand and compute the Seifert fibering operator:

Gms = Fd ngz',piv (1.20)
=1

associated to an arbitrary Seifert manifold M3, with Seifert symbols (1.8).

1.3 R-charge and spin-structure dependence of Za4,

As part of our choice of supersymmetric background on Ms, we must specify the U(1)g
line bundle, Lp, associated to the background R-symmetry gauge field. This line bundle
is defined by the condition:

L% = K, (1.21)

where Ky, is the “canonical line bundle” of the Seifert manifold M3 seen as a transversely
holomorphic foliation (THF) [5, 9]. For our purposes, K, can simply be defined as the
pull-back of the canonical line bundle on the orbifold 3 along the Seifert fibration (1.7):

Ky =27 (Ky,) - (1.22)

There are, in general, many solutions to (1.21) for a fixed M3. The choices are in one-to-one
(but non-canonical) correspondence with the group H'(M3, Zs), namely:

{valid R-symmetry line bundles Lg on M3} = H'(Ms,Z,) . (1.23)



Note this group also determines the allowed set of spin structures on Ms. In fact, these
two choices, of a line bundle Lz and of a spin structure on Mgy, are correlated. The
supersymmetric background on M3 includes a pair of Killing spinors, ¢ and ¢, of R-charge
41, respectively, which solve the generalized Killing spinor equations:

(Vo — AP =0, (Vp+idfh =0, (1.24)

where @# is a particular connection adapted to the Seifert geometry, and AELR) is the
connection on Lr. Whenever we change the R-symmetry line bundle on Mgj, the old and
new U(1)r gauge fields are distinguished by Zs-valued holonomies along certain 1-cycles,
determined by an element of H'(Ms3,Zz). In order to retain the two solutions to the Killing
spinor equations (1.24), we must simultaneously shift the spin structure in such a way as
to cancel the holonomy incurred by the Killing spinors. In this sense, different elements
in (1.23) correspond to different choices of a spin structure on the Seifert manifold.

The partition function of a 3d N’ = 2 gauge theory depends in a subtle way on the
choice of spin structure, as we will see in later sections. In particular, in the special
case of (N = 2 supersymmetric) Chern-Simons (CS) theories, this reproduces the spin-
structure dependence expected in certain cases, whenever the CS theory is known to be a
spin-TQFT [35].

An additional feature of the choice of R-symmetry line bundle is that it determines
the allowed R-charges for matter fields. Namely, the R-charges, r, must be such that the
bundle L%r is well-defined. This typically forces the R-charges to be integer-quantized,
r € Z. In some special cases, we may relax this condition. In particular, in the special case
of a topologically trivial R-symmetry line bundle:

Lrp >0, (1.25)

we may allow arbitrary real R-charges, » € R. Such backgrounds are particularly important
if we want to study the A/ = 2 superconformal field theories (SCFT) that may appear in the
IR of UV-free gauge theories. Indeed, the superconformal R-charges are often irrational,
due to mixing of the UV R-charge with abelian flavor symmetries.> A topologically trivial
U(1)g line bundle is allowed only on certain choices of M3. Important examples are the
so-called squashed sphere Sg’, and more generally the squashed lens spaces L(p, —1),. These
examples belong to more general family of Seifert manifolds with topologically trivial Lg,
the “spherical manifolds,” which are described in section 3.6. (Other interesting examples
are the torus bundles described in section 3.5.)

1.4 Parity anomaly, Chern-Simons contact terms and supersymmetry

In this work, we are careful to treat fermions in a manner consistent with gauge invariance
and the parity anomaly [36-38] — see [39-42] for detailed recent discussions. Since our
treatment differs from most of the supersymmetric localization literature, let us elaborate
on this point here. For completeness, we provide more background material on 3d fermions,
the parity anomaly, and supersymmetric CS terms, in appendix A.

®The SCFT R-charges can often be determined by F-maximization [8, 12].



Parity anomaly and CS contact terms. Consider a massless Dirac fermion 1 coupled
to a background gauge field A,. The parity anomaly is the statement that we cannot
quantize 1 while preserving both three-dimensional parity® and gauge invariance. In this
work, we always wish to preserve gauge invariance, and therefore the effective action Seg[A]
obtained after integrating over the (possibly massless) fermions generally violates parity.

The relevant parity-violating terms contribute to the imaginary part of Seg[A]. They
are conveniently captured by parity-odd contributions to the two-point functions of con-
served currents [39], with coefficients denoted by x € R. Consider various abelian sym-
metries U(1), coupled to our fermions. (The generalization to non-abelian symmetries is
straightforward.) In a general theory, we have the contributions:

K/(Zb 9 I{’g ) (1.26)

where kg, is the contribution from the two-point functions of U(1), conserved currents,
and kg4 is the gravitational contributions (from the two-point function of the stress-energy
tensor). The k coefficients in (1.26) are called the “Chern-Simons contact terms,” by a
slight abuse of notation. They are physical modulo integers. This is because we always
have the freedom of adding Chern-Simons terms to the effective action:

Set[A] — Set[A] + k Scs[A] + k‘g Sgrav lq], (1.27)

where Scg and Sgray are the U(1) and gravitational CS actions, respectively (with g a
background metric). The CS levels k and k, are integer-quantized, as required by gauge
invariance. The shift (1.27) induces a shift of the CS contact terms:

k—k+k, kg — Kg + k. (1.28)

In the UV, the gauge theory is free, and the only contribution to & is from free fermions
coupled to gauge fields, whether dynamical gauge fields or background gauge fields for
global symmetries, and from the CS terms themselves.” Consider then a single free fermion

1) coupled to A,, with U(1) charge 1. One can consider the so-called “U(1)_ 1 quantization”

for 1, which corresponds to having the UV contact terms:®

K=—

5 kg =—1. (1.29)

Any other choice of quantization is related to this one by a shift of the UV CS levels, as
in (1.28), and is a matter of convention. For instance, the “U(1): quantization” would
2

correspond to kK = % and k, = 1. Importantly, for a single Dirac fermion, there exists no

50n R? with Euclidean signature, parity acts by inverting the sign of a single coordinate.

TOf course, along the RG flow, we should distinguish between dynamical and background gauge fields,
but in the far UV we are just quantizing free fermions in the background of some arbitrary gauge fields.
The integration over the dynamical gauge fields should be done at a later stage.

The notation U(1)_1 comes from the fact that k = —3 is often called the “effective CS level.” In this
paper, we distinguish carefully between the “CS contact term” x, which is real (and half-integer in the free

UV), and the CS level k, which is always integer-quantized.



gauge-invariant scheme in which x = 0 in the UV.? We refer to appendix A for a more
detailed discussion.

Finally, we may also consider adding a “real mass” m for 1, which breaks parity
explicitly. In that case, we can integrate out the fermion in the IR, which has the effect of
shifting the CS contact terms according to:

ok = %sign(m) ) dkg = sign(m) . (1.30)

In particular, for a free fermion in the “U(1)_1 quantization” and with a positive mass
2

m > 0, we obtain the net CS terms x = k4 = 0 in the IR, since the shift (1.30) cancels

the UV contribution (1.29). If m < 0 instead, we clearly obtain £ = —1 and Ky = —2 in

the IR.

Quantizing the N/ = 2 chiral and vector multiplets. Given the above discussion,
let us state our conventions for quantizing fermions in N' = 2 supersymmetric theories
with a U(1)g symmetry. In the supersymmetric theory, we distinguish between the gauge
(dynamical or flavor) Chern-Simons terms, the mixed gauge-R CS terms, the R-R CS term,
and the gravitational CS term. The supersymmetrization of these terms is reviewed in
appendix A. Given some U(1), gauge (or flavor) symmetries, we denote the corresponding
CS contact terms by:

Kab » RaR 5 KRR, K‘g ) (131)

respectively.

Consider first a chiral multiplet ® of U(1), charges Q* and R-charge r. Unless oth-
erwise stated, we always use the “U(1)_1 quantization” described above for the Dirac
fermion v in ®, which then contributes to the CS contact terms as:

Skap = —3Q°Q", Skrr = —5(r—1)%,
o (1.32)

Skor = —3Q%r — 1), dkg = —1.

Consider next the vector multiplet V. It is convenient to decompose the gauge fields into
abelian gauge fields in vector multiplets V, along a maximal torus H =2 [], U(1),, and
into the components along the non-trivial roots. Then, we choose a so-called “symmetric
quantization” for the gauginos, such that they contribute trivially to the contact terms
involving the gauge symmetry:

V. (5/<;ab = 0, (5:‘4}@3 =0. (133)

We must also specify the U(1)r and gravitational CS contact terms. In our conventions,
each gaugino component contributes krr = % and kg = 1. Therefore, the adjoint gaugino
in the full vector multiplet contributes:

V:  Okmr— %dim(G) , 5y = dim(G) | (1.34)

in the UV. We explain our motivation for this particular choice in appendix A.

9Similarly, we have Kg = —% mod 1 for a Majorana fermion. In this work, we only consider Dirac

fermions (that is, an even number of Majorana fermions), so that k4 will always be integer in the UV.



Concretely, the quantization requirements (1.32) and (1.33)—(1.34) constrain the regu-
larization of the various one-loop determinants that appear in supersymmetric localization
formulas, as we will see in later sections. Implicitly, a lot of the supersymmetric localization
literature used regularizations that set every CS contact term to zero, in the UV, x(UY) = 0,
thus preserving parity but violating gauge invariance. In this paper, as in [27], we are care-
ful to regulate the one-loop determinants consistently with gauge-invariance. This leads to
subtle corrections with respect to many previous results in the literature. Those corrections
turn out to be important when performing finer checks of the supersymmetric partition
functions, for instance when testing supersymmetric dualities.

1.5 Supersymmetric partition functions and sum over Bethe vacua

As described above (1.19), we expect that the supersymmetric partition function on a
general Seifert manifold, M3, can be computed as the expectation value of a suitable
“geometry changing line operator” £y, inserted along the circle on the A-twisted S2 x S*
geometry. Consequently, the explicit expression for the partition function Z x4, has a similar
form to that of the expectation value of line operators in S? x S*.

The partition function of an N' = 2 supersymmetric gauge theory on S? x S', with
the topological A-twist on S2, was computed in [34] using supersymmetric localization in
the UV, and in [30] using topological field theory methods. The S? x S' computation has
been generalized to the product space X, X .S Lin [26, 30, 31]. More recently, we considered
the case of the three-manifold M, 4, a principal S ! bundle of degree d over the smooth
Riemann surface ¥, [27].19 In all cases, the partition function can be computed using two
complementary methods. Let us discuss them in turn.

1.5.1 TQFT computation

The first method exhibits the partition function as an observable in the 3d A-model [22, 27,
30]. As for any two-dimensional TQFT, A-model observables can be written as a trace over
a suitable basis of field theory vacua. In the case of the 3d A-model, these two-dimensional
vacua are called the “Bethe vacua,” because the equations determining them coincide with
the Bethe equations for a certain class of integrable spin chains [30, 44].

The 3d A-model on X, is fully characterized by the two-dimensional twisted superpo-
tential, W(u,v), on the one hand, and by the effective dilaton, Q(u,v), on the other hand.
These two functions are determined by the UV Lagrangian, and control the low-energy
effective action on the Coulomb branch of any effective 2d N = (2,2) gauge theory. They
depend (locally) holomorphically on the gauge parameters u and on the global-symmetry
parameters v.'! The “Bethe equations” determining the supersymmetric vacua are written
in terms of the twisted superpotential alone, according to:

OW(u,v)

Iy (u, v) = exp <2m' B,

>:1, a=1,---,1k(G) . (1.35)

108ee also [43] for an early computation on that same geometry.
11 addition to the flavor symmetry parameters, there is also an dependence on the U(1)r background
gauge field introduced in section 1.3, as we will see in detail later in the paper.



We denote by Spg the set of Bethe vacua:
SBE:{aa | Ma(i,v) =1, w-a#a, YweWg }/W(;. (1.36)

Here, we exclude solutions 4 which are fixed by some Weyl group elements, and count the
remaining solutions up to the Weyl group action. Then, the partition function on ¥, x S 1
— also known as the genus-g twisted index — can be computed as [26, 30, 31]:

Ty, ws1(v) = > H(i,v)? ", (1.37)

UESBE

with H is the handle-gluing operator introduced in (1.17). Its explicit expression in the 3d
A-model is [30]:

2
H(u,v) = 2™ HWY) det W, v) )

ab  OugOuy (1.38)

Note that, in this approach, we assume that there are a finite number of isolated Bethe
vacua. This is the case in many interesting theories. In particular, in the presence of
enough flavor symmetries, one can turn on generic real mass parameters and the vacua are
then isolated.

A-model observables and geometry-changing line defects. A general A-model
observable can be computed as:

(Ll mpesi = S L)L) Hav)T (1.39)

UESBE

with the insertion of any half-BPS line (1.14) in the 3d A-model. In [27], we considered the
principal S! bundle M, aq, which is realized by inserting the so-called “ordinary” fibering
operator, .Z = F. It can be written explicitly in terms of the twisted superpotential W:

. ow ow
F(u,v) = exp <2m <W(u, V) — uaa—ua - Va%)) , (1.40)

where the sum over repeated indices is implicit. Therefore, we have [27]:
Imyaw) = Y Flav) Hia,v)o " (1.41)
UWESBE

In this paper, we want to generalize those results to any half-BPS background
(M3, Lg), with M3 a Seifert manifold (1.8), and Ly the R-symmetry line bundle discussed
above, which determines a choice of spin structure over Ms. We do this by introducing
the “(q,p) fibering operator” (1.18). More precisely, we should consider the object:

Gap (U, V)nm (1.42)

with ¢ and p some mutually prime integers. Without loss of generality, we take ¢ > 0. The
integers n and m in (1.42) refer to “fractional fluxes” localized at the exceptional fiber,
for the gauge and global symmetries, respectively, described in more detail below. Unlike
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the handle-gluing operator (1.38) or the “ordinary” fibering operator (1.40), the fibering
operator (1.42) cannot be expressed in a simple way in terms of the twisted superpotential
and effective dilaton alone. We can nevertheless write down explicit expressions for this
operator in terms of the UV Lagrangian of the theory. For instance, the contribution of a
U(1) Chern-Simons term at level k is given by:

G (u)n = (= 1)k OHH R 20Rs) o <_7r;k (pu? — 20u + tn2)> . (1.43)

Here, t and s are integers such that gs+ pt = 1, while the parameters [ and vp are related
to the choice of U(1) g bundle L, as we will explain in detail later on. As another example,
a chiral multiplet ® of unit U(1) charge contributes:'?

q—1

- u+-tl l - u+-tl
G2 (u) = exp (Z {me,m(e%” )+ p“(; log (1 _ 2ty )}) , (1.44)

=0

with the integer ¢ defined as before. In a general theory, there can be contributions from
various U(1)r and gravitational Chern-Simons terms, and there is also an important con-
tribution from the vector multiplet. These are described in full detail in section 4. The
Seifert fibering operator for a general gauge theory is built by assembling these building
blocks, for fixed gauge and flavor fluxes n and m. Then, the “physical” (q,p) fibering
operator of the gauge theory is obtained by summing over the fractional gauge fluxes n,
according to:

Gap(w:V)m =" D Gop(tV)nm Gy (u, )am Gyy™™ (w)n - (1.45)
nel'gv(q)

Here, I'gv(q) is the Zq reduction of the lattice of magnetic fluxes, namely:
Tav(q) ={nen|pn) €Z, Vp€ Achar ; n~n+gA, YA E Acochar } » (1.46)
with Achar and Acochar the character and co-character lattices of G, respectively.

The M3 partition function. Given the above discussion, the geometry-changing line
operator (1.19) can be written as:

L, (u7 V)“‘l = 0Mm, (u, V)m H(u, V)g ) (1'47)
with Gaq, the Seifert-fibering operator, which is determined by the Seifert fibration (1.8):
Gy (U, V)m = Fu, V)d ngi,pi (U V), - (1.48)

i=1

Here, the (q,p) fibering operators is given as in (1.45). Note that the ordinary fibering
operator is a special case of the (g, p) fibering operator, with (¢,p) = (1,1). We should

12Here we choose a vanishing R-charge r = 0, and we turn off the fractional fluxes, for simplicity. The
general expressions are given in section 4.
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also anticipate that the individual fibering operators appearing in (1.48) are generally not
completely well-defined for every choice of L in (1.23). Nonetheless, their product in (1.48)
is always well-defined (assuming the half-BPS geometry itself is well-defined globally).
Thus, we have obtained an explicit expression for the supersymmetric partition on any
Seifert manifold, as a sum over the Bethe vacua of the 3d N' = 2 gauge theory:

Zats(Wm =Y Gt (v H(d, )97 (1.49)

UWESBE

This is the main result of this paper.

1.5.2 Supersymmetric localization computation

An alternative approach to the TQFT computation, which can be shown to be completely
equivalent, is to follow the standard localization procedure and to deform the UV action
by a suitable Q-exact term. This concentrates the path-integral to the neighborhood of
a finite dimensional space, Mppg, which consist of field configuration that satisfies the
BPS equations:

o = (constant) , for=fo1 =0, D=2ifi1+0cH . (1.50)

Here, H is a supergravity background scalar proportional to the rational number:
c(Lo)=d+ > = . 1.51
(L) =a+3 (1.51)

The quantity (1.51) is a topological invariant of the Seifert fibration. The case ¢1(Lg) =0
and c¢1(Ly) # 0 are qualitatively different. Let us first assume that ¢1(Lg) # 0. By a
standard abelianization procedure [45, 46], the path integral reduces to a finite dimensional
integral over the complex variable v € h¢, valued in the complexified Cartan subalgebra of
G. The BPS equations also allow non-trivial gauge line bundles on the base ¥ of the Seifert
fibration, and we should sum over all the lines bundles L on M3 that can be obtained as
pull-backs of the orbifold line bundles L on 3 — that is, L = 7*(L). These line bundles
form a group, which we denote by:

Pic(Ms) = * (Pic(fj)) , (1.52)

with Pic(ﬁ) the orbifold Picard group on . After integrating out the gaugino zero modes
and the auxiliary field D in the vector multiplet, which can be done in the same way as
in [26, 27, 31], we can write the partition function as:

1 - 1-loo
el el [ k@ sz ) ) (1.53)
3 |WG’ (“071112,;,11”) C(n) (no,n1,-,mp)

€Pic(M3)

The various factors in the integrand will be defined in section 6. As in [27], the choice of
the contour C(n) in (1.53) can be rigorously derived in the rank-one case, while it remains
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as a conjecture for the higher rank case, due to a number of subtleties that we will review
in section 6.
One can check that the integrand of (1.53) is invariant under large gauge transforma-

tion along the Seifert fiber, which acts on the gauge parameters as:'3

u—u—+1, ng —>ng+d, n, —n;, +p;. (1.54)

This is a trivial operation in f)\'l/C(Mg), which ensures that the summation in (1.53) is well-
defined. On the other hand, there exists an alternative way of fixing the gauge under this
large gauge transformation [47, 48]. Namely, one can take a quotient on the “classical
Coulomb branch” spanned by the variables u € h¢, by restricting them to:

u e hC/Acochar . (155)

In this way, one arrives at the formula:

1 T — u -100
T = X% / K@)y =Ses Zlop () F9(u), (1.56)
G noelgv {(ni,,ny)] Co(n)
niGFé(qi),Vi}

where the contour Cy(n) can be obtained by restricting C(n) in (1.53) to the “strip” (1.55)
in the Coulomb branch variables. Here, I'qv is the ordinary lattice of magnetic fluxes.

Now, the formula (1.56) is also valid for Seifert manifolds with ¢;(£y) = 0. For
instance, in the case of the twisted index on M3 = ¥, x S1, the sum over the n; with i > 0
trivializes, while the sum over ng is a sum over the magnetic fluxes on 34, thus reproducing
the localization formula derived in [26, 31, 34].

In the case of a gauge group G = U(1), one can explicitly perform the summation over
np in (1.56), as explained in [27]. We will show that the resulting expression is equivalent
to the Bethe-sum formula (1.49) which we obtained from the two-dimensional TQFT point
of view.

We will also show that the contour C(n) used in (1.53) can be continuously deformed to
a non-compact integral C,, the “o-contour,” which connects the region Im(u) — —oo with
the region Im(u) — 4o00. This reproduces the well-known expressions for the partition
functions on lens spaces in earlier literature [10, 13, 18, 49], which were given as an integral
over the constant mode of the real scalar ¢ in the vector multiplet.

When G is non-abelian and 2g — 2 +n > 0, the abelianized path integral becomes
singular at the loci where the non-abelian symmetry enhances. The simple “o-contour”
integral formula must be modified in generic cases due to these additional singularities in
the integrand. We will briefly discuss this subtlety in section 6. On the other hand, the
Bethe-sum formula (1.49) is always valid, for any gauge group of the form (1.12), with the
Bethe vacua defined as in (1.36). This claim is supported by a number of highly non-trivial
consistency checks.

BFor non-abelian G, it is understood that the shifts are by elements of Acochar-
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1.6 Testing supersymmetric dualities

A common application of exact results for supersymmetric partition functions is to test
field theory dualities — see e.g. [50-52]. In particular, since the supersymmetric partition
functions are RG-invariant, we can test infrared dualities — that is, the claim that two
different gauge theories flow to the same infrared fixed point. A prime example of that are
the 3d infrared dualities [52-55] similar to 4d Seiberg duality [56].

Given two infrared-dual theories 7 and T2, their supersymmetric partition functions

must agree:
D
Z s (V)m = ZJ 4y ()em (1.57)

for any half-BPS geometry Ms. By now, many three-dimensional dualities are firmly
established, and therefore we can also consider verifying (1.57) as a strong consistency
check on our results for Zxq,. This is what we will do. Given the 3d A-model formula (1.49)
for the partition function, the duality relation (1.57) is equivalent to the statement that
the various (g, p)-fibering operators agree on dual Bethe vacua, namely:

gg:p(ﬁv V)m = g&? (ﬁDa V)m (1.58)

Here, @ denotes a solution to the Bethe equation in theory 7, and ¢ denotes a solution to
the dual Bethe equation in the dual theory 72, with @ and @ paired by the duality map.
In previous work, similar duality relations were checked for the handle-gluing operator [26]
and for the ordinary fibering operator [27].'* The duality relations (1.58) are hard to prove
in general, but we were able to checked them numerically, for a very large number of pairs
of mutually-prime integers (g, p), and for a large number of infrared dualities.

For instance, consider Aharony duality [53], which is an infared duality between a
U(N.) gauge theory with Ny chiral multiplets in the fundamental and anti-fundamental
representations (that is, Ny “flavors”), on the one hand, and a U(Ny — N.) gauge theory
on the other hand, schematically:

T : UN,) + Ny (,8)  «— TP . UN; = N.) + Ny (@2, 8P) . (1.59)
The Bethe equation of both theories are determined by a certain polynomial:
P(ZE, y) , T = 627rz'u’ y = 627rz'1/ ’ (160)

of degree Ny in a single variable z. Here, v denotes collectively various flavor parameters for
the SU(Ny)? x U(1)? global symmetry. A Bethe vacuum in the U(N.) theory corresponds
to a choice of N, distinct roots, &, = e?™% amongst the Ny roots of P(x,y), the “Bethe
roots.” The dual vacuum in the U(Ny — N,) theory corresponds to choosing 22 = g2miiy
the complement of Ny — N, roots. Then, the duality relations (1.58) depends on seemingly
“miraculous” properties of the fibering operators G, ,(u,)m in (1.45) when evaluated on
the Bethe roots.

It would be interesting to prove those relations analytically, presumably using some
“number theoretic” reasoning. In any case, the exact match that we found, numerically and

in many examples of 3d dualities, already provides a very strong test of our main results.

1MyWe will revisit those cases as well, taking into account the spin-structure dependence of the answer.
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1.7 Lens spaces and holomorphic blocks

Lens spaces are an important class of thee-manifolds that admit supersymmetric back-
grounds. Topologically, we define the lens space L(p,q), for any pair of mutually prime
integers p and ¢ (with p # 0), as the quotient:

2miq 27mi

L(p,q) = S?’/Zp, Ly - (21, 22) ~ (e Pz, er 22), (1.61)

where the three-sphere S® is viewed as the unit sphere, {|z1]?> + |22|?> = 1}, inside C2.
Important special cases are:

S3gL(1’1)7 L(pu_l)v L(p71) gJ\/‘O,p . (162)

namely the three-sphere itself, and certain “simpler” lens spaces S°/ Z,. Every lens space
supersymmetric background is part of a continuous one-parameter family, generally indexed
by a complex “squashing parameter” b € C. The supersymmetric partition function on the
(squashed) three-sphere Sg‘ was studied in [5, 9, 10, 12-14, 49, 57-59]. The generalization
to the (squashed) lens space L(p, —1), was considered in [11, 15, 60-62]. The three-sphere
Sg and the lens space L(p, —1); are examples of supersymmetric backgrounds with a trivial
R-symmetry line bundle, as in (1.25); they are the only lens spaces with that property. The
third example in (1.62) consists of the degree-p principal circle bundle over S? as studied
in [27, 43, 63].1° The general L(p, q); lens space partition functon was studied in [18].
Lens space are rather special amongst half-BPS geometries, due to the continuous
parameter b — most half-BPS Seifert geometries are rigid and admit no such “squashing”
deformation. Moreover, for generic b € C, the half-BPS background is actually not of
the form studied in the present work, because the Killing vector K in the supersymmetric
algebra (1.1) does not generate the Seifert fibers. This is because, on L(p, q), with any b,
the Killing vector appearing in the curved-space supersymmetry algebra takes the form:

K® = b7 (i10,, — i2105,) + b(i220., — i2205,) - (1.63)

For a generic b, this Killing vector is complex. Even for b € R, its orbits are non-compact
unless we impose the rationality condition:

¥ eQ. (1.64)
Precisely in this case, the orbits of the U(1) action generated by K ®) span the S fibers of

a Seifert fibration structure on L(p, q). More precisely, for:

=L

; 0,92 €L, (1.65)
q2

the lens space L(p, q), admits a presentation as a Seifert fibration over S?(q1,q2), a genus-
zero Riemann surface, with two exceptional fibers:

L(p,q)s =105 05 (q1,p1) 5 (g2,p2)], (1.66)

5To avoid any possible confusion, let us note that, in [27], we chose a different naming convention for

L(p,q) (which is the convention more often used in the physics literature), so that L(p,p — 1) here was
named L(p, 1) there, and vice-versa.
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and with the identifications p = p1¢2 + p2g1 and ¢ = q152 — p1t2 between the lens space and
Seifert fibration parameters.!® The lens spaces are the only Seifert manifolds that admit
an infinite number of inequivalent Seifert fibrations, which are all accounted for by the
rational squashing parameters, b? € Q.

The above discussion assumed p # 0, but it will be very natural to also define
the spaces:

L(0,1) = 8% x St L(0,-1) = 5% x St . (1.67)

Topologically, L(0,1) and L(0, —1) have the same topology, S? x S', but they differ very
much as supersymmetric backgrounds. In our notation, L(0, 1) corresponds to the (refined)
topologically-twisted supersymmetric index [34]. For rational values of the “refinement pa-
rameters” €, L(0, 1) is again a Seifert fibration and it fits into our formalism (in particular,
for € = 0, this gives the twisted index discussed above). On the other hand, the supersym-
metric background L(0, —1) admits no Seifert description. It corresponds to the “ordinary”
supersymmetric (or superconformal) index, without topological twist [64, 65].

Holomorphic blocks and fibering operators. We will demonstrate that our formal-
ism for general Seifert manifolds reproduces, in the special case above, the known results
for partition functions on rationally-squashed lens spaces. In particular, we clarify many
subtle features of these partition functions, including a detailed discussion of the possible
R-symmetry backgrounds.'”

We also relate our results to the “holomorphic blocks” of Beem, Dimofte and Pas-
quetti [17]. The holomorphic blocks can be defined as an uplift of the two-dimensional
vortex partition function, or, equivalently, as the twisted partition function on a solid
torus, D? x, S'. In [17, 18, 67] it was shown that the supersymmetric partition function
on lens spaces can be constructed by “fusion” of two holomorphic blocks:

Zipaw®) = > B*g-v,—g-7)B*(v,7), (1.68)
aESBE

schematically. Here, v are flavor parameters, 7 is a geometric parameter related to the
squashing b, and g is an SL(2,7Z) element used to glue the two solid tori into a closed
three-manifold — corresponding to the genus-one Heegaard splitting of L(p,q) into solid
tori. The sum in (1.68) is over the Bethe vacua, and therefore (1.68) is very reminiscent of
our general result (1.49) for Seifert manifolds. Indeed, we will show that, in the limit of b2
rational, (1.68) becomes equivalent to (1.49).

The holomorphic blocks are actually singular in the limit where b> becomes rational,
but that singular behavior encodes interesting physics. In particular, that limit is governed
by the twisted superpotential and by the effective dilaton [17]. We will show that, in the
limit of rational squashing, the holomorphic blocks essentially reduce to the (g, p) fibering
operators. This serves as an independent derivation of the fibering operators, and gives a
new perspective on the holomorphic blocks themselves. We will also clarify some technical
features of the blocks, such as their dependence on the choice of spin structure.

6Ag above, the integers s;,t; are defined by the condition ¢;s; + pit; = 1.
For p even, there are really two distinct L(p, q)» backgrounds, distinguished by two different spin
structures. This was first noted in [63, 66].
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1.8 Discussion and outlook

The present work can be connected to many other lines of inquiries. First of all, as a
special case of our formalism, we can study 3d N = 2 supersymmetric Chern-Simons
theory on Seifert manifolds. Supersymmetric CS theory is essentially equivalent to pure
(non-supersymmetric) CS theory, therefore we can directly compare our results to many
exact results in Chern-Simons theory [47, 48, 68—72]. This will be discussed in a separate
work [73]. See also [74] for some interesting recent work in that direction.

Another interesting research direction concerns the existence of many supersymmetric
backgrounds that admit a topologically-trivial canonical line bundle (in addition to Sg’ and
the lens space L(p, —1);), which can be used to study A = 2 superconformal field theories.
For instance, using our results, the partition function of N' =2 SCFTs can be computed
explicitly on the Poincaré homology sphere, and the obvious challenge is to understand
exactly what kind of CFT observables that quantity may encode. We hope to return to
this investigation in future work.

Supersymmetric partition functions on Seifert manifolds were previously studied in [22,
32, 75|, with a particular focus on the 3d/3d correspondence [76]; in particular, the 3d A-
model played a crucial role in [22]. Let us also mention that the relation between the
integral formula (1.53) and the Bethe-sum formula (1.49) first appeared, in some special
instances, in studies of state integrals in complex Chern-simons theory [77, 78]. It would
be interesting to understand if our evaluation formula (1.49), in the case of a lens space,
can provide additional insight into multi-dimensional state-integrals. More generally, it
would be very interesting to better understand our results in the context of the 3d/3d
correspondence, wherein the supersymmetric partition functions on a given Seifert three-
manifold should be related to observables in some (possibly new) 3d TQFT.

The results of this paper can be uplifted to four-dimensional N' = 1 gauge theories,
by considering complex four-manifolds that are also 72 fibrations over a Riemann surface,
T2 — My — % [79]. In this way, one could study the most general half-BPS 4d N = 1
geometries, generalizing the approach of [80].

Finally, it would be very interesting to study boundaries and boundary conditions
in the 3d A-model, making contact with the work of, e.g., [81, 82]. Such a study would
likely lead to a deeper understanding of the fibering operators as 3d defects defined in the
UV by suitable boundary conditions (instead of the simpler two-dimensional definitions
we adopted here), and it would likely allow us to explore more interesting coupled bulk-
boundary systems exactly, using TQFT and localization techniques.

Due to its length, this paper is divided in three parts, plus appendices.

Part I gives a detailed discussion of half-BPS supersymmetric backgrounds. In sec-
tion 2, we provide an introduction to Seifert three-manifolds. On any Seifert three-manifold,
we construct a half-BPS “A-twisted” supergravity background. The formalism of that
section will be used extensively throughout the paper. In section 3, we spell out a num-
ber of interesting examples of half-BPS Seifert geometries. We pay particular attention
to lens spaces, for which we enumerate all the possible Seifert structures and choices of

pin structure.
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In Part II, we compute supersymmetric partition functions of 3d N/ = 2 gauge theories
on a general Seifert manifold. In section 4, we derive the result (1.49) from the point
of view of the three-dimensional A-model, by introducing various geometry-changing line
operators. In section 5, as a non-trivial test of our result, we study infrared dualities
of three-dimensional gauge theories on Seifert manifolds. In section 6, we provide an
alternative derivation of the partition function formula via Coulomb branch localization in
the UV, which leads to the expressions (1.53) and (1.56).

In Part III, we revisit the computation of supersymmetric partition functions on the
lens spaces, L(p, q). We compare our results with the previous literature and we clarify var-
ious subtleties. In section 7 and 8, we study the squashed three-sphere partition function
(M3 = S3) and the refined twisted index (Msz = S?x S'), respectively. In section 9, we dis-
cuss the general squashed lens space L(p, q)p in terms of holomorphic blocks, and we exhibit
the precise relation between the holomorphic blocks and the Seifert fibering operators.
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Part 1
Half-BPS Seifert geometry

2 Supersymmetric backgrounds on Seifert three-manifolds

In this section, we give an introduction to the topology and geometry of Seifert three-
manifolds, following [28, 29] and [48, 72, 83]. Each Seifert fibration M3, together with
a choice of spin structure on Ms, provides us with a distinct half-BPS supersymmetric
background, which we will spell out in detail.

2.1 Two-dimensional orbifolds and holomorphic line bundles

Since a Seifert manifold'® Ms can be viewed as circle bundle M3z — f]g,n over a two-
dimensional orbifold f]g,n, we first discuss the latter in some detail. A two-dimensional
orbifold ig,n is topologically a genus-g closed orientable Riemann surface >, with n marked
points x; € ¥4, @ = 1,--- ,n, called the orbifold (or ramification) points. In an open
neighborhood U; of an orbifold point z;, the coordinate system is modeled on C/Z,, instead
of C, where ¢; € Z~( a positive integer. That is, in terms of a complex coordinate z;
centered at x;, we have a cyclic identification:

27i

Z(l) ~ e % Z(z) . (2.1)

An orbifold point x; has an “anisotropy parameter” ¢; > 1. If ¢; = 1 instead, the point x;
is simply a smooth marked point. We often denote the orbifold i:g,n by ﬁ)g(ql, C ).
Many of the familiar geometrical and topological tools can be extended to the orbifold
case, in particular, one can define vector bundles, various cohomology theories, etc., sim-
ilarly to the smooth case [84-86]. In particular, one can define a Q-valued orbifold Euler
characteristic. It takes the numerical value:
l1—q

X(i:g,n) = x(%g) + Z % (2.2)
i=1 1

with x(34) = 2 — 2¢, the Euler characteristic of the underlying smooth surface. One can

~

also choose a Riemannian metric compatible with the orbifold structure. A metric g(¥)

is a Riemannian metric with conical singularities'® at x;, with deficit angles 27 qiq_,l. The
7

orbifold version of the Gauss-Bonnet theorem [85] reads:

4177'/2 d*x\/g Ry = x(Zg.n) - (2.3)

g,n

8Here and in the rest of this paper, every two- and three-manifold is orientable. In particular, by “Seifert
manifold” we mean “orientable Seifert manifold.” M3 is also taken to be a closed manifold.
9Near the point z;, we have:

ds? = dr? r? 2
" =dr” + —d¢”,
4;

in terms of the polar coodinates z = re'®, so that there is a deficit angle 27r‘“q—7_1.
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Physicists may be more familar with the notion of an orbifold 3 as the quotient,
IE=DY /T, of a smooth surface ¥ by a discrete group I'. An orbifold that can be written
in this way is called “good”, otherwise it is called “bad” [29]. Almost all two-dimensional
compact orbifolds f]g,n are good. The only bad orbifolds are S?(q1,q2), with q1 # ¢2, a
two-sphere with two orbifold points of anisotropy parameters ¢; and go. (This includes the
cases 1 = L or o = 1. If 1 = q2 = ¢, we have S?(q, q) = S?/Z,, which is a good orbifold.)

Example: the spindle. The orbifold S?(qi, go) is a sphere S? with two orbifold points,

7

also called a “spindle.” Consider the angular coordinates 6 € [0,7] and ¢ ~ ¢ + 27 on
5?2, with the Zgq, and Zg, orbifold points at the poles § = 0 and 6 = 7, respectively. The

spindle metric can be chosen as:
sin® 6
f(0)?

with the function f(6) any smooth positive function of 6 such that f(6) = ¢ + O(6?) as
9 ~ 0, and f(0) = g2 + O((m — 6)?) as 6 ~ 7. Using this metric, one can check that:

ds*(S*(q1,q2)) = d6* + do?, (2.4)

A 1111
47r/ TVIR= 5 T T T T (2:5)

in agreement with (2.3).

2.1.1 Holomorphic line bundles over 3
One may define an orbifold holomorphic line bundle L over igyn, similarly to the smooth
case. Topologically, the line bundle L is fully determined by the data:

deg(L) € Z, bi(L) € Zg,, i=1,---,n. (2.6)

The integer deg(L) is the degree of L. On the open set U; centered at the orbifold point
xi, the local trivialization is modeled on (C x C*)/Z,,, with the quotient:
2mi 2mib; (L)

(z)» s@) ~ (e % 2y, e % s), (2.7)

with s(;) the fiber coordinate. Note that L is an ordinary line bundle over the underlying
smooth Rieman surface ¥ if and only if b;(L) = 0 mod ¢;, Vi. We may also introduce a
connection A on L. The (integrated) first Chern class of L may be defined as:

e (L) 1/2 dA | (2.8)

2T
g,n

In terms of the invariants (2.6), it reads:

n
b;i(L
c1(L) =deg(L)+ ) ((J ). (2.9)
i=1 1
Unlike the degree, the first Chern class transforms simply under tensor product:
Cl(Ll X Lg) = Cl(Ll) + Cl(LQ) . (2.10)
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On the other hand, the invariants b; satisfy:
bi(Ll & LQ) =b;(L1) + bi(Lg) mod g; , 0<b(L1® Lz) < q; - (2.11)

It follows that the degree of the tensor product line bundle is:

bi(L1) + b;(L
deg(L1 ® Ly) = deg(Ly) + deg(La) + » | {WJ . (2.12)
Here, |x] is the floor function:
|z] =max{n € Z|n <z} . (2.13)
Let us denote by:

the line bundle L over ﬁ]g’n. In the following, it will sometimes be useful to relax the con-
straints 0 < b; < g; on the fiber invariants b;. That is, we may take b; € Zin [d; g ; (g, bi)],
with the understanding that a shift of b; — b; 4 ¢;, at any given orbifold point, is equivalent
to shifting the degree by one unit. We then have the equivalences:

(d; g5 (b)) =2 [d— Zmi 095 (g bi +mgs)] (2.15)

for any (m;) € Z™. The first Chern class (2.9) is invariant under such shifts.

We should note that, as in the case of an ordinary line bundle, the holomorphic line
bundle L is also characterized by some continuous holomorphic data, corresponding to flat
connections valued in H 0’1(i‘gm)-

Canonical line bundle and spin structures. The canonical line bundle K over XA]g,n
has the topological invariants:

deg(K) =29 — 2, bi(K)=¢;— 1. (2.16)

~

Its first Chern class is equal to minus the Euler characteristic (2.2), ¢1(K) = —x(¥). A
spin structure on ﬁ)g,n is a line bundle VK such that VK ® VK = K. Such a square root:

VK = [g— 1ig; <qi,%2_1>] : (2.17)

exists if and only ¢; € 2Z + 1, Vi. More generally, we will need to consider a spin® structure
on Y, which always exists — that is, on a given 3, we may always introduce another line
bundle L such that I ® L possesses a well-defined square root. We will come back to this

point later in the discussion.

Riemann-Roch-Kawasaki theorem. Let h°(L) = dim H°(3, L) denote the number
of holomorphic sections of the line bundle L over 29,1. The Riemann-Roch-Kawasaki
theorem [86] states that:

RUL) — YL ' ®K) =deg(L) +1—g, (2.18)

generalizing the smooth case.
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The orbifold Picard group. Let us denote by Pic(X) the group of linearly inequivalent
line bundles, with the group multiplication given by the tensor product. Let us denote by
Lo and L; the elementary line bundles:

Lo=[1;95 (4,0)], Ly=[0;95 (¢,05)] - (2.19)

That is, Lg is an ordinary line bundle of degree 1, while the line bundle L; is an elementary
orbifold line bundle with b; = 1 at the orbifold point x;, and b; = 0 for ¢ # j. The Picard
group takes the form:

Pic(S) = {LO,LZ-

L% = I, Vi} . (2.20)

Let us emphasize that, in general, Pic(f]) is not freely generated. To summarize, any

A~

L € Pic(X) can be written as:
LEYLF"RLM @ - @ LY, (2.21)

for some integers ng, n;, giving d = ng, b; = n; up to the equivalences (2.15). It follows
from the above discussion that:

deg(L)ZnoJrZY;y (L) =m modgi,  al)=m+d T (22

In the following, when thinking of the connection A on L as an abelian gauge field, we will
often refer to ng and n; as the “ordinary flux” and the “fractional fluxes” of the U(1) gauge
field A, respectively. They can be thought of as gauge fluxes localized at a smooth point
g € 3 or at the orbifold points x;:

dA = 21 ng 6% (z — x0) + 27rz%52(:c — ), a(l) = 21/ dA . (2.23)
~ g TJ8

The statement Lgi = Ly is the statement that ¢; units of fractional flux at z; are equivalent
to a single unit of ordinary flux, which can then be moved away from the orbifold point.

2.2 Seifert three-manifolds: definition and properties

Given any line bundle L over the two-dimensional orbifold 3, we may consider the associ-
ated circle bundle S[L]. The total space of S[L] is a smooth three-manifold if and only if,
at each each orbifold point x;, the integers ¢; and b;(L) are mutually prime. This follows
simply from (2.7). A Seifert manifold is a closed three-manifold M3 endowed with a Seifert
fibration:

St— M3 53, (2.24)

as we explain momentarily. Any Seifert manifold M3 can be viewed as the circle bundle
associated to a certain defining line bundle Ly over the orbifold f]g,n(ql, e, Qn), with
topological invariants:

deg(ﬁo) = d, bl(ﬁo) =Di, ng(qi,pi) = 1, Vi . (225)
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(a) T(1,0). (b) T(2,1). (¢) T(3,2).

Figure 1. Solid fibered tori T'(q,t). The central fiber, shown in red, is exceptional if ¢ > 1. Generic
fibers are shown in black.

We summarize this construction by the standard short-hand notation:

Mg =2 S[Lo) = [d; g5 (q,p1)s 5 (Gnpn)] - (2.26)

The integers d and (g¢;, p;) appearing in (2.26) are the so-called normalized Seifert invariants
if 1 < p; < ¢;- We will often consider the unnormalized invariants with p; € Z, taking into
account the equivalences (2.15). Moreover, it is possible to relax the condition that ¢; > 0,
taking into account the equivalence (g;,p;) = (—gq;, —p;) for each exceptional fiber. In the
following, we will always choose ¢; > 0 unless otherwise stated. For future reference, let us

write down the first Chern class:
allo)=d+ Y % . (2.27)

This quantity is independent of the specific normalization of the Seifert invariants, since it
remains invariant under the shift d — d — 1, p; = p; + ¢;, as well as under the inversion
(¢ispi) = (—qi, —pi), for any i. A A

A Seifert fibration (2.24) is a smooth map 7 : M3 — ¥ such that any point = € ¥ has
a neighborhood D? C % (with 2 at 7 = 0 € D2, the center of the disk) whose pre-image
is isomorphic to a solid fibered torus, 7~1(D?) = T(q,t). Here we define

T(q,t) = D* xy/4 5", (2.28)

to be obtained by gluing the two disk boundaries of the cylinder D? x I with an angular
twist 27t /q, with ¢t € Z and ged(g,t) = 1. In the local coordinates (r, ¢, %), with r € [0,1),
@ € [0,27) the polar coordinates on the disk D?, and ¢ € [0,27) the angular coordinate

on S, we identify:
~ ~ 27t
(¢,¢)~<¢+2w,gp+2). (2.29)

For ¢ > 1, the fiber S' at » = 0 is an exceptional Seifert fiber. There can only be a
finite number of exceptional fibers, at a finite number of points z; € 3. (i=1,---,n). The
neighborhood of an exceptional fiber is illustrated in figure 1. At any smooth point z¢ € 3,
we simply have 7=1(D?) = T(1,0).

This description of Msj is related to the S* bundle description (2.26) as follows. For
T(1,0) = D? x S, we clearly have a (trivial) circle fibration structure over the disk,
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corresponding to the neighborhood of a smooth point on 3. For T(q,t), the neighborhood
of an exceptional fiber, on the other hand, we can obtain a Z, orbifold trivialization D?x 81t
of the form (2.7), by considering the g-covering 7'(1,0) — T'(¢,q). Note that the generic
fiber (at r = 19 > 0) in T'(¢, t) winds ¢ times around the torus. Let us define the coordinate
Y = 1p/q, so that the generic fiber has length 27, and the singular fiber (at 7 = 0) has
length 27 /q. Then, the identification (2.29) becomes (¢, ¢) ~ (¢ +27/q, ¢ +27t/q), which
is equivalent to:

2 2
(@7¢)N<90+7r,¢+7rp>, with pt =1 mod ¢, (2.30)
q q

reproducing the local trivialization (2.7) at an orbifold point.?°

Surgery construction. Any Seifert manifold can be constructed by some simple surgery
operations, as summarized in section 1.1. Consider a Seifert manifold M3 presented as
in (2.26). One may add a new exceptional fiber of type (g, p), as follows. Consider cutting
out T(1,0) = D? x S! around a generic fiber, with D? a small disk around the smooth point
on the base. We thus obtain a three-manifold Mg with boundary 3//\/73 ~ T2~ _9gD?x S1.
One can then glue back D? x S' along the boundary with an SL(2,7Z) twist, to obtain a
new closed three-manifold. If (,) and (¢, 1)’) denote the angular coordinates on the 72
boundary of ./\73 and D? x S, respectively, we glue the boundaries according to:

<¢> =M (‘Z’:) . M= <q t) €SL(2,Z) . (2.31)
v v p s

This introduces a new (g, p) fiber, for ¢, p two mutually prime integers; by convention, we
choose ¢ > 0. In particular, this introduces a new Z, orbifold point on the base of the

10
M= (1 1) (2.32)

leaves the base invariant. The introduction of such a “(1,1) fiber” is equivalent to shifting
the degree, d — d + 1. In this way, we may obtain the Seifert manifold (2.26) starting
from the trivial fibration:

Seifert fibration. The special case:

Sy x8t=[0;9;], (2.33)

and performing surgery to introduce the exceptional fibers (1,d) and (¢;,p;), i =1,--- ,n.
One may also consider the reverse process, by performing surgery at exceptional fibers.
Note that s,t € Z in (2.31) are not fully determined by:

gs+pt=1. (2.34)

Given a solution (s,t), we have an infinite number of solutions (s+np,t—ngq), n € Z. This
shift of (s,t) corresponds to:

N ] 239

which does not affect the topology of the resulting thee-manifold.

20The integer pairs [q,t] are called the orbit invariants and the integer pairs (g, p) are called the Seifert
invariants [28]. The integer ¢ € Z, is the so-called modular inverse of p € Z,, and vice-versa.
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2.2.1 Fundamental group, (co)homology and line bundles

Consider the Seifert manifold M3 = [d; g; (¢i, pi)]. Its fundamental group m(M3) has the
following explicit presentation:

WI(M3) = <Gl, bl: 9i, h

g n
o] = o] = g 1] = 520 =1, TJer.0 [ L = %)

I=1 i=1
(2.36)
with [ = 1,---g,i = 1,--- ,n, and [a,b] = aba~'b~! the group commutator. The gener-
ators a;,b; correspond to the A- and B-cycles of the underlying Riemann surface X4, g;
corresponds to a loop in 3 around the orbifold points x;, and h corresponds to a generic
Seifert fiber.
The first homology of M3 is the abelianization of (2.36). It can be written as:

Hy(Ms,7) = H*(Ms,Z) = Pic(M3) & Z% . (2.37)

Here, the free factor Z?9 in H; (M3,Z) corresponds to the one-cycles a;,b; of ¥,. The
group Pic(Ms3) which appears in (2.37) can be viewed as the pull-back of the orbifold

A

Picard group Pic(X) through the map:
™ H*(3,Z) — H*( M3, 7Z), (2.38)

where we identified lines bundles over ¥ or M3 with their first Chern classes in H2(3,Z)
or H?(M3,7Z), respectively. One finds:?!

Pic(M3) 2 Pic()/(Lo) (2.39)

That is, the group 15\1/0(/\/13) is isomorphic to the two-dimensional orbifold Picard group
modulo tensor products with the defining line bundle £y. One can also show that Pic(M3)
is finite if and only if ¢1(Lo) # 0, with:

— Tor H Z if L 0
PIC(Mg) ~ or 1(M37 ) 1 Cl( 0) # ; (240)
Tor H1(M3,Z) & Z if ¢1(Ly)=0.
We also have:
1 ZZg if C1 (ﬁg) 7& 0,
HQ(M3a Z) =H (M?n Z) = (241)
7.3 7% if ¢1(Lo)=0.

Line bundles over M3. The group IS\I/C(Mg) is the group of complex line bundles over
M3 which are the pull-backs of orbifold line bundles over 3. For later purposes, it is useful
to spell this out explicitly. Let us introduce the generators:

[, [wil € Pic(Ms) C Hy(Ms,Z), (2.42)

2! Assuming that we can simply generalize the smooth case to the orbifold case, this follows from the
Gysin sequence, - -- — HO(3) c1(fp) H*(2) D HX(M3) = o
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such that h = € and g; = e“i in the abelianization of (2.36). Here, v and w; are viewed as
representatives of first homology classes in Hq (M3, Z) (which are all torsion if ¢;(Lg) # 0).
They are in one-to-one correspondence with the elementary line bundles (2.19) in Pic(%),
according to:

bl ~Lgt, el ~ L (2.43)

More precisely, the pull-back of Ly to M3 is a line bundle 7*(Lg) represented by —[7], and
the pull-back of L¥* is represented by [w;]. Therefore, the abelian group Pic(Ms3) has the
explicit presentation:

Ble(My) = { . o]

Gl + pil] = 0, Vi, Z[wz-]—dm}. (2.44)

i
For each pair (g;,p;), let us introduce the integers s; and ¢; such that:
sigi +tipi =1 . (2.45)

The elementary line bundles Ly, L; pull-back to the following ordinary line bundles
over Msz:%?

m(Lo) = =[], 7 (Li) = =si[y] + ti[wi] - (2.46)

This directly gives us the pull-back of an arbitrary orbifold line bundle (2.21) to M.

2.2.2 The classification of Seifert manifolds

Most three-manifolds that admit a Seifert fibration 7 : M3 — 3 do so in a unique way.
The only — and very important — exceptions are the lens spaces (including S? x S!),
which are realized as genus-zero Seifert manifolds with n < 2 exceptional fibers. FEach
lens space L(p, q) admits an infinite number of inequivalent Seifert fibrations. This will be
discussed in greater detail below. For the purpose of classification, it is useful to define a
small Seifert manifold as one amongst the following short list [28]:23

(i) The lens spaces M3 = [0;0; (q1,p1), (q2, p2)]-

(ii) The manifolds M3 = [0;0; (g1, p1), (g2, p2), (g3, p3)] such that qil + q% + q% > 1.
(iii) The manifold M3 = [0;0;(2,1), (2,1), (2,-1), (2,—1)].
(iv) The manifolds M3 = [0;1; (1, p)].

Here we have set d = 0 by using unnormalized Seifert symbols; these four cases will
be discussed in detail in section 3. Any other Seifert manifold is called large. It turns
out that any two large Seifert manifolds M3 and M} have equivalent Seifert fibrations
if and only they are homeomorphic [28]. Moreover, they are homeomorphic if and only

22Note that —si[y] + ti[wi] € Is\lic(./\/lg) is independent of the choise of s;, t; solving s;q; + tip; = 1.

23We restrict ourselves to the case of oriented Seifert manifolds with an oriented base 3. The fuller
classification is discussed in [28], where it is also shown that the prism manifolds (a subset of case (ii)) and
the case (iii) admit another, distinct Seifert fibration over an unorientable surface.
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if they have the same fundamental group. Note that this topological classification of
Seifert manifolds is valid up to orientation reversal, which acts on M3 = [d; g; (¢;, p;)] as
—Ms = [=d; g; (g, —pi)]-

Interestingly, the only Seifert manifolds with a finite fundamental group (2.36) are
the small Seifert manifolds of type (i) or (ii). Otherwise, the order of m(M3) is infinite.
Seifert manifolds span six out of the eight Thurston geometries [29].2* It is convenient to
distinguish three cases according to the Euler characteristic of the base. If X(fl) > 0, the
Seifert manifold is modeled on S3 if 7 (Ms3) is finite, or on 52 x R otherwise. If x(3) = 0,
M3 is Buclidean if ¢;(£o) = 0, and has Nil geometry otherwise. If x(3) < 0, the general

e

case, then M3 has SL(2,R) or H? x R geometry.

2.2.3 Adapted metric and transversely holomorphic foliation

Given a Seifert manifold M3, we choose an adapted metric:
ds?(M3) = n? + ds* (%), (2.47)

which admits a real Killing vector K along the Seifert fiber. The one-form 7 is dual to K
— that is, , = K, in local coordinates. We introduce the local coordinates 1, z, z, with
Y € [0,27) the angular coordinate along the fiber, and z, Z the complex coordinates along
the orbifold 3, so that:

1

UZﬁ(diﬁJrC(Zvi))a Kzﬁ

Dy, Kby, =1. (2.48)
and:
ds® (M) = B%(dip + C(2,2))” + 29.2(2, 2)dzdz, (2.49)

with 8 > 0 the radius of a generic fiber. Let us normalize the volume of 3 to vol(3) = .
The connection C is a real two-dimensional connection on the defining line bundle Ly. Its
curvature reads 0,Cz — 0:C, = ¢1(Lo) 2ig.z, with ¢1(Lp) given in (2.27). Therefore:

1 . Di
o Edczcl(co):uza (2.50)

Note also the useful identities:

dn = 2Bc1(Lo) dvol(X), nAdn = 2pc1(Loy) dvol(Ms) . (2.51)

THF and the canonical line bundle of Mg. A Seifert fibration is a special case
of a transversely holomorphic foliation (THF), viewed as the foliation generated by the
nowhere-vanishing vector field K — see [5, 9] and references therein. A metric-compatible
THF can be characterized by the tensors 7, and ®,” = —e¢,""n,, which gives a three-
dimensional analogue to a complex structure. Under a change of adapted coordinates, we
have:

w/ =1 — A(27 2) ) 7 = f(Z) ) (252)

24The hyperbolic (H?*) and Sol geometries are not Seifert.
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with A real and f(z) a holomorphic function of z. Given a THF, there exists a notion
of Dolbeault-like decomposition of differential forms [9]. In particular, one can define the
notion of a holomorphic one-form, w € A M3, such that:

wIl?y, = w, , I, = % (6F, —i1®H, —ntny,) . (2.53)
Thus w has a single component, w., which transforms as w/, = (9. f(z)) 'w. under (2.52).
This makes w, a section of a holomorphic line bundle over M3, by definition. We call this
particular holomorphic line bundle the canonical line bundle of the Seifert manifold Mg,
denoted by Kxq,. It is also the pull-back of the canonical line bundle of )y through the
Seifert fibration:

T (K) =Kms - (2.54)
We see from (2.16)-(2.19) that K = L297> ®; L%~'. Therefore, (2.46) implies:

]CM3 = <2 —29g—n+ ZSZ> [")/] — Zti[wi] S 15\1/C(M3) . (255)
=1

=1

In particular, the canonical line bundle of M3 is topologically trivial if and only if K, =0
in Pic(Ms).

THFs on three-manifolds were classified in [87, 88]. It turns out that “most” three-
manifolds that admit a THF are Seifert manifolds (in the sense that they admit at least one
Seifert fibration), and can thus preserve two supercharges.?® We also expect that most half-
BPS Seifert backgrounds do not admit any continuous “squashing” deformations, in the
following sense. In order to affect supersymmetric observables, any half-BPS “squashing”
should modify the supersymmetry algebra (1.1), deforming K to K + eK’', with K’ a
distinct Killing vector on M3. This K’ must be the pull-back of a Killing vector along the
base f]gm, which can only exist at genus 0 with n < 2 (giving us the lens space case) or at
genus 1. It would be interesting to verify this by a direct analysis of the THF moduli of
half-BPS Seifert manifolds.

2.2.4 Spin structures on Mg

Recall that any orientable three-manifold is spin, and that the distinct spin structures are
in one-to-one (non-canonical) correspondence with elements of H'(Ms3,Zs). Using the
universal coefficient theorem and Poincaré duality, one finds:

H' (M3, Zy) = (H' (M3, Z) ® Zs) & Tor(Hy(Ms,Z),Zs) . (2.56)

Here Tor(A,Zs2) = {a € A|2a = 0} for any abelian group A — the group of elements that
square to zero. From subsection 2.2.1, we find:

H' (M3, Z2) 2 730 & (Pie(Ms) © 25 (2.57)

ZThere can also exist more general THFs on lens spaces which only preserve one supercharge, as discussed
in [9].
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The factor Zgg corresponds to the familiar choice of spin structure on the underlying genus-
g Riemann surface. The supersymmetric observables will be independent of that choice.
The factor f’I}(Mg) ® Zo reflects the further possibility of choosing the periodic or anti-
periodic boundary conditions for fermions along all the other non-trivial one-cycles in Msg.
Note that:26
_ Tor (Pic(Ms), Zo) if ¢1(Lo) #0,
Pic(M3) ® Zo = . (2.58)
TOI‘(PiC(Mg),ZQ) @ Zo if Cl(ﬁo) =0.

Now, let us sketch a more explicit description of the spin structure.

Spin structures on 3. On a smooth Riemann surface ¥4, choosing a spin structure is
equivalent to choosing a square root of the canonical line bundle:

VK . (2.59)

This square root always exists in that case, with ¢;(K) = g — 1. There is a Zgg ambiguity
corresponding to the boundary conditions for the fermions along the A- and B-cycles.
Equivalently, we can introduce a Zj-valued flat connection on X,, which couples non-
trivially to fields of half-integer spin, as follows. The two-dimensional connection Af on
the canonical line bundle over ¥ is given by the spin connection:

K _ , (2d
AR = w0 (2.60)

Then, choosing a spin structure with periodic boundary conditions for fermions around a
one-cycle C is equivalent to choosing a connection %wffd) on VK with a non-trivial Zs
holonomy around Cj;. For a two-dimensional orbifold f](qi), on the other hand, we saw
in (2.17) that the square root VK only exists if all the ¢;’s are odd integers. When it
exists, VK has a Z%g ambiguity as in smooth case — see e.g. [89].

While v/K generally does not exist, we may be able to define a spin® structure for some
spinors, in the sense that there might exist a line bundle L € Pic(3) such that VK ® L

exists. As we will show, this is precisely what happens in the 3d A-model.

Spin structures on Mg. Consider a three-dimensional Seifert manifold Mg with an
adapted metric. Similarly to the 2d case, it is natural to consider the square roots of the
three-dimensional canonical line bundle (2.55),

. € Pic(Ms)  such that & ®.% =Ky, . (2.61)

Since K, = 7*(K) by definition, we may view the “holomorphic” cotangent bundle of
Mgs as:

TEOM; 2R & Ky, (2.62)
with fibers R @ C adapted to the THF. The 3d spin bundle, denoted by S, is a C? vector
bundle over M3 with structure group Spin(3) = SU(2), such that:

S®S 20T " Ms;

. (2.63)
gO@O@KMSEB/CMS .

26For any abelian group A of rank r, one has A ® Zo = Tor(A, Z2) @ Z5.
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In other words, for any two Dirac spinors 1, and zza valued in S, we have the obvious
decomposition 9, ® 1o = 1 @ 1, into a scalar and a vector.?” The spin bundle over M3
can then be written as:

S~y q@.st, (2.64)

with . defined in (2.61). The decomposition (2.64) also naturally corresponds to the
decomposition of a 3d Dirac spinor 1, into the two-dimensional Weyl spinors ¢y. (We
refer to appendix D of [66] and to [63] for related discussions of S some special cases.)

Therefore, choosing a spin structure on Msj is equivalent to choosing a square root
7 of Kpms-2® Let us assume that we have found a solution to (2.61), denoted by .%. If
c1(Ly) # 0 for the defining line bundle £y over 3, f’lvc(/\/lg) is a finite group and any .%
can be written as a product of .7 with a nilpotent element:

S = SN, N € Tor(Pic(M3), Zs) - (2.65)

If ¢1(Lo) = 0, there is an additional twofold freedom associated with the free generator
of ISE:(Mg) We will show this more explicitly in the next subsection. In this way, the
set of spin structures on M3 are indeed in one-to-one correspondence with elements of the
group (2.58).

2.3 A-twist and supersymmetric backgrounds on Seifert manifolds
On M3 with the adapted metric (2.49), we may preserve two supercharges Q and Q, corre-
sponding to the generalized Killing spinors ¢ and ¢ of R-charge 1 and —1, respectively [4, 5].
A rigid supersymmetric background on Mg consists of supersymmetry-preserving back-
ground values for the bosonic fields in the 3d N/ = 2 new-minimal supergravity multi-
plet [3, 5, 6]:

H= (gul/a AELR), H, V,u) s (2.66)

where ALR) is a background gauge field for the U(1)z symmetry. The metric g, is given
by (2.49), and the other background fields are:
AP = AP + Ber(Loyn,,  H=iBer(Lo), V= —2Bc1(Lo)mu, (2.67)

with the U(1)g gauge field AU given by the expression:

1
A = Z@;@ log /g + 95, (2.68)

2TOur conventions for spinors are summarized in appendix B. We will always choose an adapted frame
(%, e, ') = (1, /2g-2dz, \/2g=2dZ). In the second equation in (2.63), we view K1, as the associated U(1)
line bundle, so that O® K a1y GBIC/_MI3 corresponds to the decomposition of a vector into components vo, v1, v1
in the adapted frame.

28Here and in the following, we ignore the additional choice of spin structure on the underlying smooth
Riemann surface ¥,. As we mentioned, the supersymmetric observables are independent of that choice.
Heuristically, this is because, after the topological A-twist, all the A-twisted fields have integer spins on 3,

and therefore do not depend on the spin structure on the Riemann surface.
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in the adapted coordinates 1, z, Z. Using a modified (torsionfull) connection V such that
Vn = 0, as defined in appendix B, the Killing spinor equations take the simple form:

(Vu— AP =0, (Vi +iA) =0, (2.69)

The THF-adapted connection V has U(1) holonomy, which can be compensated by the
holonomy of the U(1)g connection (2.68), generalizing the familiar topological A-twist
from two to three dimensions [5, 21, 27]. The Killing spinors read:

(Ca) =" <(1)> ) (601) =e " (é) ) (2'70)

in the adapted frame. The function s appearing in (2.68) and (2.70) encodes the freedom
in choosing the spin structure associated to our supersymmetric background, as we will
now explain.

2.3.1 Three-dimensional A-twist and spin structure

Let Lr be the U(1)g line bundle on Ms. Given the Killing spinor ¢, we may define a
spinor bilinear valued in LI_;L,Q:

Py =Cou¢ - (2.71)
One can show that P, is in fact a holomorphic one-form [5] — it satisfies (2.53). It
follows that:
P, =e7%5,/2g.. (2.72)
is a nowhere-vanishing section of K, ® L§2. We thus have:
Kams 2L . (2.73)

Therefore, the more precise statement of the three-dimensional A-twist [27] is that we
choose the R-symmetry line bundle Ly to be any well-defined square root of the canonical
line bundle, as in (2.61):

Lpe.o . (2.74)
The connection (2.68) on Ly can be written as:
1 *
ALR) — Eﬂ- (w;(fd)) _}_AELR),ﬂat’ (275)

in terms of the spin connection (2.60) on 3> and of a flat connection Aﬂat with Zs holonomies:

e Je AU g V[C] € Hi(M3,Z) . (2.76)

At 9,8, the “function” €’ in (2.70) should really be seen as a non-

Since we have ALR)
trivial map:

e Mz — C* . (2.77)

Once we have fixed some sg so that (2.75) is well-defined, we can also find any other maps
e’ related to %0 by a non-trivial Zs-valued homotopy [21]. The A-twist (2.74) correlates
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this choice of ALR)’ﬁat

spinors (2.70) are always invariant. In other words, for every one-cycle on M3z, we might

with the choice of spin structure on M3, precisely so that the Killing

choose either the periodic or the anti-periodic boundary condition for the fermions, as long
as we also choose the R-symmetry background gauge field with Zs-valued holonomies in
such a way that the Killing spinors ¢ and ¢, of R-charges +1, remain periodic and therefore
globally defined.

In this way, we obviously preserve supersymmetry. Even though a particular fermionic
dynamical field might be either periodic or anti-periodic in some spin structure, the U(1)r
background ensures that all the scalars in the same supersymmetry multiplet have the same
boundary conditions, thus preserving supersymmetry. Note that, for a vector multiplet,
both the gauge field and the gauginos are periodic in any spin structure, since the gauge
field has zero R-charge while the gauginos have R-charge +1 just like the Killing spinors.

We should also note that the two-dimensional connection %w,(fd) in (2.75) is not well-

defined by itself if v/K does not exist on 3. When that happens, the flat connection A,SR)’ﬂat
will be similarly ill-defined such that the full three-dimensional ALR) is well-defined. This
construction can be made very explicit from the two-dimensional point of view, as we

now explain.

2.3.2 Constructing Lr on X,

We can view the Seifert supersymmetric background (M3, L) as the pull-back of the topo-
logical A-twist background on by [5, 27, 79]. In particular, there exists a two-dimensional

~

R-symmetry line bundle Ly € Pic(X) such that:
(L) 2L > .7, (2.78)

with . defined in (2.61). In the rest of this paper, it will be most useful to consider any
three-dimensional A/ = 2 supersymmetric field theory as a two-dimensional theory with
N = (2,2) supersymmetry, topologically twisted along 3 [27]. The two-dimensional field
theory has an infinite number of fields, corresponding to the Kaluza-Klein (KK) modes of
the 3d fields along the Seifert fiber:

Q= Zg@k(z, Z)ev (2.79)

keZ

For any field ¢ a section of a vector bundle E over Ms, the two-dimensional modes

are sections:
o ETE® LE], (2.80)

where F is such that 7*(F) = E.
The Killing spinors (2.70) need not be constant along the Seifert fiber. We gener-
ally have:

1
s=—VRY + -, VREEZ. (2.81)

in local coordinates, where the ellipsis denotes 1-independent term. The parameter vg

encodes the Zs holonomy of the flat connection AELR)’ﬂat along the generic Seifert fiber:
1
-5 / AUDAat — (2.82)
Ty
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Somewhat formally, the 3d spinors ( is the pull-back of the following nowhere-vanishing
section on :

(el VKON @ (L))" @ LG, (2.83)

and similarly for ¢. Here, v/K is the naive square root defined in (2.17), N is some formally
nilpotent 2d line bundle in Pic(3), while £ pulls back to the trivial line bundle in Pic(M3s).
In general, both VK and N ® (L)% are ill-defined, in such a way that Ly is well-defined.
This gives a slight generalization of the usual A-twist on a Riemann surface, with the
identification:

Lr =2 VKON @ (Lo)'" . (2.84)

We can now characterize this Lr explicitly, as an element of Pic(X). We have:
FR n R
Lr= Ly QL , (2.85)
i=1

with nff € Z the “ordinary flux” and nf € Z the “fractional fluxes” for U(1)g. For future
reference, let us define another integer nf¥ by:

g =g—1+nl. (2.86)

We then introduce the parameterization:

1 —1 1
nOREL+VRd7 niRqu +17%+VRpi7 (287)
2 2 2
Here, we introduced the integer-valued parameters:
n
ez, ez (i=1,---,n),  such that: I+ =0, (288)
i=1
They correspond to the formal line bundle N, with:
R n lR
NeN =L o@L" =0 ePic(). (2.89)

i=1

Note that the (generally ill-defined) line bundle N'® £;® in (2.84) cannot be trivial unless
VK exist. If ¢; is odd for every exceptional fiber, we can choose llR =0 and vg = 0, as
in the ordinary A-twist (and as was considered in [27], for instance). On a generic Seifert
background Mg, however, the parameters lZR and vgr are non-trivial. There are chosen

precisely such that the fluxes nOR, an are integers.

2.3.3 Lpg and the Mg spin structure

By definition, we have:

n R

n:
cl(LR):g—1+n§+Z?é. (2.90)

i=1
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From (2.87), we immediately see that:

1
Cl(LR) = §Cl(lC) + VR Cl(ﬁo) . (2.91)
Let us fix a solution Lg) to the constraints né% € 7, n,f% € Z. Any other solution Lp is
obtained by a shift of the parameters vz modulo 1 and /¥ modulo 2. Let us denote these
shifts by:

AlE
Avg, and 2’ , (2.92)
respectively. We have:
Lp= LY @ 6L, (2.93)
with the first Chern class of the line bundle § Ly given by:
c1(6Lr) = e1(Lgr) — er (L) = Avger (Lo) - (2.94)
The shifting parameters (2.92) are constrained by:
AR AIR
—ZTUrAdeeZ, 5 +AvRp €T (2.95)

By comparing this constraint to the presentation (2.44) of three-dimensional Picard group,
we see that the shifts (2.92) are in one-to-one correspondence with elements of Pic(M3)®Zo,
by identifying the generators as:

AR
=

Since the choice of Lg is equivalent to a choice of spin structure, this completes our dis-

]~ Avg, [wi]  ~ (2.96)

cussion of the relation between the choice of spin structure on Ms and the group (2.58).
In section 3, we will illustrate the above procedure in many examples.

2.3.4 Holomorphic line bundle moduli

Holomorphic lines bundles on 3 and Ms are determined by additional data, beyond the
topological data encoded in Pic(3) or 15\123(./\/13) In two-dimensions, it is well-known that
holomorphic line bundles can come in continuous families, indexed by complex moduli,
corresponding to the Dolbeault cohomology H 0’1(2); the moduli correspond to (anti-
holomorphic) flat connections Af4*. In three-dimensions, the THF structure allows for
similar holomorphic moduli for a holomorphic line bundle L, with complex moduli valued
in H%(M3) [9]. Given Aff a 3d background gauge field and o its scalar superpartner in
a vector multiplet, it is convenient to define the complexified gauge field:

Al = Al —ino” (2.97)

The complex moduli of the associated bundle Lz correspond to the holonomies of (2.97)
along one-cycles. In particular, we denote by:

1 .
VP =~ / A", yp =T (2.98)
2 y
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its holonomy along the Seifert fiber [y]. The continuous parameters vr play a crucial role
in this paper, because the various half-BPS observables we compute are holomorphic —
more precisely, meromorphic — in them.?® Note that we have the identifications:

vE~vp+1, (2.99)

corresponding to large U(1) gauge transformations along the fiber.

In summary, at least for our present purposes, any holomorphic line bundle Lz over
Mg is fully characterized by a particular element Lg € ];;\I/C(Mg) together with a complex
parameter vy € C. From the two-dimensional point of view, the parameters vg are simply
twisted masses in background N = (2,2) vector multiplets on 3.

The U(1)g complex structure modulus. The U(1)g line bundle Ly is also a holo-
morphic line bundle. While the background gauge field ALR) is part of the supergrav-
ity multiplet, it is also part of a smaller vector multiplet, which includes the gauge field
ALR) +V,, and the scalar oft = H [6, 21]. Thus, we see that the U(1) analogue of (2.97)
is precisely the gauge field ALR) in (2.68):

AP = AR 4+ v, — in, H . (2.100)

It follows that the U(1)r complex structure modulus is given by the parameter vg intro-
duced in (2.81). In addition to vy, we have seen above that it is important to keep track
of the parameters llR, corresponding to Zo holonomies of AELR)’ﬂat along the one-cycles w,

or equivalently along the exceptional fibers.

2.3.5 Quantization condition on the R-charge

By definition, any 3d field ¢ of R-charge r € Z is valued in (Lg)", and the corresponding
two-dimensional KK modes ¢, take value in L, ® Lf. For the three-dimensional A-model
to be well-defined, those bundles should be well-defined. This condition can be written as:

r. € Pic(%), (2.101)

with Lp the two-dimensional U(1)g line bundle defined in subsection 2.3.2. If we assume
that Lg exists, we generally have the integrality condition:

re’, (2.102)

for the R-charges of the matter fields. We may also consider the case for which only L%
exists — in such a case, we must impose the quantization condition r € 2Z for all 3d
chiral multiplets. In such a case, the partition function becomes independent of a choice of
spin structure. More general R-charges might also be allowed on a given background. For
instance, if the U(1) g fluxes ﬁé% and nﬁ have a common divisor m, the Dirac quantization
condition will simply be mr € Z.

29The other continuous moduli of Lr correspond to the holonomies of AF along the 1-cycles on the
Riemann surface; they couple to @Q-exact operators in the A-twisted theory, and therefore they can safely
ignored, for our purposes.
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2.3.6 Topologically trivial Iaq, and real R-charges

A very special but very important case occurs when Lg is topologically trivial:
Lr=0. (2.103)
This is equivalent to the conditions:

~R _ I R_ai—1  alf _
I/O—g—1+1/Rd—§Zli =0, W=+ R =0 (2104)
=1

This system of n + 1 equations for the n + 1 variables 2vg, llR, generally does not have
any solution over the integers. By construction, there exists a solution if and only if the
three-dimensional line bundle Ky, in (2.55) is trivial in Pic(Ms3). When ¢1(Ly) # 0, this

fixes vR to be:
La(®
2 c1(Lo)

VR = . (2.105)
When ¢;(Ly) = 0, there exists a linear relation between the equations (2.104), and we then
have an additional freedom in choosing a topologically trivial Lg.

When (2.104) holds, there is no Dirac quantization condition and we may consider
arbitrary real R-charges r € R for the matter fields. Such supersymmetric backgrounds are
particularly interesting in order to study 3d A = 2 superconformal field theories, which
generally have irrational R-charges. When K, = O and ¢;1(Lg) # 0, there exists a unique
spin structure on M3 compatible with real R-charges.

3 Examples of supersymmetric Seifert backgrounds

In this section, we discuss some important examples of Seifert manifolds and their associ-
ated supersymmetric backgrounds, to illustrate the formalism of section 2. After reviewing
the principal-bundle case of [27], we discuss in detail all the possible Seifert-fibration back-
grounds on lens spaces. We then present a few other interesting examples of manifolds
with more general topology.

3.1 The principal bundle Mg,

As a first example, consider the family of manifolds M, studied in [27]. In the Seifert
notation, we have:

Mgp=[pig;]=[0;59;1,p)]. (3.1)

This is a principal circle bundle of first Chern class p € Z over the smooth Riemann
surface ¥4:
St — My, — 5, . (3.2)

The 2d Picard group Pic(3,) = {Lo} = 7Z is freely generated. The defining line bundle is:

Lo P, (3.3)
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and therefore:
Pic(Ms) = {Lo}/(Lo) = Zy . (3.4)

To fully specify the supersymmetric background, we need to choose a U(1)g line bundle
over Xg:
L L[ 1tver (3.5)

For p odd, we must take vg integer. The case vgp = 0 was called the “A-twist gauge”
in [27]. When p is even, we can choose vg to be either integer or half-integer. In particular,
taking 2vg even or odd corresponds to the choice between the two distinct spin structures
on Mg, [63, 66]. Indeed, we have:

H' (Mg,pv ZQ) = Zgg D chd(p,2) ) (36)

when p is even. Note that, if p = 0, we have My = X, x S and Hl(./\/lg,o, L) = Zgg X 2o
as well. In that case, £y = O, and we can still turn on the U(1)g fugacity vgr € %Z. Thus,
even the “ordinary” twisted index Zy g1 admits a Zy refinement keeping track of the

choice of spin structure.?’

3.2 The twisted S’E2 x St

Consider the three-manifold S? x S'. There exists a one-parameter family of half-BPS
backgrounds, denoted by S? x S!, with non-trivial U(1)g flux through the S2. The corre-
sponding supersymmetric partition function is the refined twisted index of [31]. The case
€ = 0 corresponds to the standard A-twist on S2.

The THF associated to this family of supersymmetric backgrounds is best understood
as the quotient of S? x R by:

(1, 2) ~ (T + 21, ¥, ceR, (3.7)

with 7, z, Z the adapted coordinates, and € the THF modulus [9]. Let us introduce the real
coordinates 6, p, T, with 0 € [0, 7], ¢ € [0, 27) the standard angular coordinates on S?. We
have:

0 .
z = tan iez(‘””) : (3.8)

In these angular coordinates, the quotient (3.7) simply corresponds to the identification
7 ~ 7 4 27. For definiteness, we consider the same adapted metric as in [31]:

- R2dzdz - R2 ,
ds*(S? x S') = p2dr* + m = Bdr® + =0 (d6° + sin” O(dp + edr)?) . (39)

The Killing vector entering in the curved-space supersymmetry algebra reads:

K= %(07 _d,) . (3.10)

3%Tn earlier literature on the twisted index [26, 30, 31, 34], the role of the spin structure was not discussed.
In in [27], we restricted ourselves to the periodic spin structure.
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We have n = ng with 77, = K. Note that the orbits of K only close if € is a rational
number:

€= —, t,q €7, ged(g,t) =1 . (3.11)
q

Let us restrict ourselves to this case. We claim that, with the identification (3.11), K
generates a Seifert fibration:

St — 82 x St — S%(q,q), (3.12)
with S%(q,q) = S%/Z,. In the standard notation, we have:
M3 =82 xS =1[0;0; (¢,p), ()], gs+pt=1. (3.13)
In particular, we have the defining line bundle:
Lo~ IVL;?P (3.14)

over the spindle S2(q, ¢), with L1 and Lo the elementary line bundles associated to the two
orbifold points at the north and south poles, respectively. Note that ¢;(Ly) = 0. One can
show that (3.13) gives the complete list of Seifert fibrations of S% x S [90].

The fibration (3.13) is given explicitly by:

m S2x St 8% (1,2) 27 (3.15)

This map is obviously invariant under (3.7) if € = ¢t/q. We can also understand the fibration
structure directly from the metric (3.9) and Killing vector (3.10). Consider the change of
coordinates:

Y=sT—pp, O=1tT+qp. (3.16)

For q,s,p,t € Z such that gs + pt = 1, this is an SL(2,Z) transformation and the new

angles 1, ¢ have periodicities 2w. Let us also define § = ¢f. In the new coordinates, we

have:
1

K=
s

O, n=4p (dw + zdct) ; (3.17)
and

2 2 2 (a2 2 (a2 Rg 2 sin” f 2
ds* =n°+ds (S (q,q)), ds (S (q,q)) =7 do —i—quqb . (3.18)

We may choose the radius Ry = /g so that vol(S*(q,¢)) = 7. This brings this geometric
background to the general form (2.49), with the flat £y connection C = gdgo. The spindle
metric in (3.18) is a special case of (2.4). We have the holonomies:

1 1
L fe_? /c:_p, (3.19)
27 S, q 27 S, q

with wi, we the generators of the orbifold fundamental groups — the loops around the
poles. This reproduces (3.13).
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Line bundles and choice of Lg. Finally, let us discuss the orbifold bundles on )
S%(q,q). We have:

Pic(8) = {Lo, L1, Ls| L{ = L§ = Ly}, (3.20)

which is not freely generated. These orbifold line bundles pull-back to the three-dimensional
line bundles in:

Pic(S2 x §) = Pic(2)/(Lo)

= { 3], ], el | qlin) + plr] = 0, glwa] = plr] = 0, un] + fws] = 0}

= {1, o] | alw] +pl) =0 } = {[21} =z .

3.21
In the third line, we used [w] = [w1] = —[w2] and defined the generator: o2
(€] = tfw] = sl - (3.22)
Of course, [()] is the single generator of H?(S? x S!,7Z) = Z. Note that we have:
(] = 7 (L) = 7(La) (3.23)
and [1 2 [Hr® EB. We have the 2d and 3d canonical line bundles:
K= L?0d o =gt K, = —2[0) . (3.24)

We thus obviously have Ly = —[{] as an element of Pic(M3). However, there remains a
twofold choice of square root of the canonical line bundle over M3, corresponding a choice
of flat connection along the S' in S§? x S'. Using the parameterization of section 2.3.2, let
us consider the two-dimensional line bundle:

Lr= VKN @ LG . (3.25)
with integer U(1) g fluxes:
1+ 1% g—1 1Ifq q—1 g
né%z—il 5 2 n{% 5 +7+VRpa ng 9 —1—27—1/}) (3.26)

Note that If* and £ must have the same parity. There are three different cases, depending
on the parity of p and ¢. One easily finds:

R

(—1)Zr = (-1)% = +1 for g and p odd,
(-1)»r =+1, (1) =1 for qodd, p even, (3.27)
(-1)2rR = 1, (—1)15 =41 for qeven, p odd.

These two distinct solutions, for any given (g, p), are in one-to-one correspondence with
the two spin structures on S? x S*.
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3.3 The three-sphere Sg

Consider the three-sphere S3. There exists a one-parameter family of supersymmetric
backgrounds preserving two supercharges, indexed by the so-called squashing parameter
be C[9, 14, 49, 58]. Viewing S3 as a T2 fibered over an interval, with ¢,y the angular
coordinates on the 72, let us consider the background of [14] with b? € R, for definiteness.
The supersymmetry algebra involves the Killing vector:

K =b3,+b'0, . (3.28)

There is a natural symmetry under b — b~!, which corresponds to exchanging the two
cycles, ¢ and Yy, of the torus. For generic b? € R, the orbits of K do not close and this K
does not define a Seifert structure (it only defines a THF). However, in the special case:
=% cq, (3.29)
q2
the orbits close and the Sg’ geometry can be viewed as a Seifert fibration over a sphere with

two orbifold points:
St— 83T S (g, qo) (3.30)

The integers g; and g2 should be mutually prime, and exchanging their roles corresponds
to the equivalence b — b~!. We then have:

Sp 220505 (q1,p1) 5 (g2, p2)] Qp2 + @pr =1, (3.31)

for v? = g—; a rational squashing parameter.> We will demonstrate (3.31) momentarily,
in the more general case of the lens space. This can also be understood by bringing any
metric on the three-sphere, with the Killing vector K, to the form (2.49) — we give an
example of that approach in appendix C.1. Moreover, the Seifert fibrations (3.31), modulo
trivial equivalences, coincide with the set of all Seifert fibrations of the three-sphere [28].
Consider the spindle S%(q1, q2) with ged(q1, g2) = 1. We have the defining line bundle:

Lo = LU LE? . (3.32)
The orbifold Picard group of S2(q1,¢2) is freely generated, with Lo the single generator:
Pic(3) = {Lo, L1, Lo | LT = L¥ = Lo} = {Lo}, (3.33)

with Ly = LF and Ly = LI'. Tt directly follows that the three-dimensional Picard group
is trivial:

Pic(S3) =0, (3.34)
in agreement with the fact that H2(S3,Z) = 0. Therefore, we have Kss =0, and the Ul)r
line bundle over Sl‘? is topologically trivial. On the other hand, we have the two-dimensional

canonical line bundle:
KLyt =yt . (3.35)

3! According to (3.29), g1 and g2 (and therefore b?) could be of either sign. However, using the equivalence

(¢ispi) = (—qs, —pi) at each exceptional fiber, we can always write (3.31) in the convention in which the
anisotropy parameters are all positive.
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We may choose:
a1+492

Lr=VKe Ly =Lt 2 . (3.36)

We can choose any vg such that 2vg — q1 — ¢o is even. Note that the parity 2vg is fixed by
the parity of ¢1 + g2, which here corresponds to the fact that there is a unique spin strucure
on S3. A particularly interesting choice is:

ZQ1+Q2
5 .

VR (3.37)

~

such that Lp is trivial in Pic(X) as well. This is the background that can be directly
compared to the squashed-sphere backgrounds considered in the literature [14, 49], as we
will further discuss in section 7. For this choice of Lr 2 O, we have nf! = nff = nlf = 0 and
the Dirac quantization on the R-charge is trivial. This allows us to consider real R-charges
for the matter fields.

3.4 The lens space L(p, q)p
We define the lens space L(p, q) as the quotient of S3:

2miq 27

(217 22) ~ (6 P z1,€e? 22), ged(p,q) =1, (3.38)

with S3 a three-sphere inside C? = {(z1,22)}.%2 The associated supersymmetric back-
grounds come in one-parameter families L(p, q)p, indexed by the so-called “squashing pa-
rameter” b [9, 14, 15]. We already discussed the special case L(1,1), 2 S in the previous
subsection. Another very special case is L(0,1) & S? x S!, which we analysed separately;
here we consider p # 0.

As mentioned above, lens spaces are the only compact three-manifolds which admit
more than one Seifert fibration (with the base i]g orientable); in fact, they admit an infinite
number of distinct Seifert fibrations, which are fully classified [28, 90]. Any Seifert fibration
of genus 0 with n < 2 exceptional fibers is a lens space, and every Seifert fibration over a
lens space can be constructed in that way. We have:

L(p,q)s =105 05 (q1,p1) 5 (g2,p2)], (3.39)

with the identifications:

_n

. (3.40)

p=pige+p2q1,  q=qss—pits, b?

Here, as usual, the integers s;,t; are such that ¢;s; + p;t; = 1. The pair of integers (sg, t2)
entering in (3.40) is only defined up to shifts by (p2, —¢2). This has the effect of shifting
q to g + p, which gives the same lens space. More generally, two lens spaces L(p, q) and
L(p,q’') are related by an orientation-preserving diffeomorphism if and only if ¢ = ¢’ mod
p, or q¢' = 1 mod p. This second equivalence is realized in (3.39)—(3.40) by exchanging the
roles of the two exceptional fibers, which also takes b — b~ 1.33

32In this paper, we are using the “mathematicians’ definition” for L(p,q). The lens space L(p,q) as
defined in many physics papers, for instance in [15, 27, 60], corresponds to L(p, —q) here.
33Taking ¢’ = g2s1 — pat1 and q as in (3.40), one can check that g’ = 1 — p(t1s2 + s1t2).
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Note also the following special cases: For q; = ¢o = 1, there are no orbifold points on
S? and we have the principal bundle L(p, 1); & Mo, as defined in (3.1), where p = p; +po.
The other special case is when there is only one orbifold point, with ¢ = ¢ and g2 = 1 or
q1 =1 and g9 = ¢, then:

1
L(p,q)»y =050 (q,p)], with 2 =¢ or b? = 6’ (3.41)

respectively.

Seifert fibration from Hopf surface. To understand the identification of the Seifert
structures (3.39) with the known supersymmetric backgrounds, it is useful to consider the
four-dimensional uplift to the secondary Hopf surface, which is diffeomorphic to L(p, ¢) x S*.
The primary Hopf surface MY? 22 53 x St is defined as the quotient of C? — {(0,0)} by:

(21, 22) ~ (P21, q22) . (3.42)

The parameters p, q are complex structure moduli of the Hopf surface — they give rise to
the one-parameter family of THFs in 3d, which we can parameterize by p = e 2™8, q =
e~ 2718 with 3 the radius of the S* [9, 55]. The secondary Hopf surface My = L(q,p) x S*
is obtained by a further Z, quotient of M§? as in (3.38). As in the three-sphere case, the
THF is also a Seifert fibration if and only if b € Q:

b2 = Zi & qUl=p®. (3.43)
2

The lens space Seifert fibration is given explicitly by:

q

T L(p,q) = S*(q1,q2) © (21,22) = 2= 2Pz T (3.44)

with z the local coordinate on the S? base. The map (3.44) is obviously compatible with
the quotient (3.42) when (3.43) holds. It is also compatible with (3.38) provided that
g2 — @1 = 0 mod p; one can check that this automatically follows from (3.40). The
map (3.44) also makes manifest the presence of ramification points at the poles, so that
the base of the fibration is a spindle S?(qi,q2). The defining line bundle of the Seifert
fibration (3.39) has a first Chern class:

(L) =1L 42 P (3.45)
p1r D2 q1492

Unlike the case of S’g’, the integers ¢; and ¢ may not be coprime; in appendix C.2, we
review an algorithm to constructs all the Seifert fibrations of any given L(p,q) [90].

Line bundles and R-symmetry backgrounds. The base space for the Seifert fibra-
tion (3.39) of L(p,q) is the spindle S?(q1,q2). Since g1 and g2 need not be relatively
prime, the two-dimensional orbifold Picard group Pic(S%(q1,¢2)) is not necessarily freely
generated. In the three-dimensional notation, it has the presentation:

Pic(S%(q1, 2)) = {[v], wil, [we] | pily] +qilwi] =0, i= 1,2} : (3.46)
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Following (2.46), we denote the pull-backs of the elementary orbifold line bundles L; by:
[0:] = 7% (Li) = —=si[7] + tilwi] , i=1,2. (3.47)
One may check that:

V] = —q1[61] = —qa[d2], [wi] = p1[o1], [wa] = pa[da] , (3.48)

as relations inside the 2d Picard group, thus Pic (52(q1,q2)) is also generated by [d1] and
[02]. The three-dimensional Picard group Pic (L(p, q)) is the quotient of Pic (Sz(ql, q2)) by
the relation:

[Lo] = [w1] + [wa] = p1[01] + p2[d2] =0 . (3.49)

One can check that:

q[61] = [02] — t2[Lo], plo1] = q2[Lo], (3.50)

as relations in Pic (SQ(ql, qz)), with p and ¢ given by (3.40). The first relation implies that
[02] lies in the group generated by [61] in Pic(L(p,q)), and therefore Pic(L(p,q)) can be
generated by the single generator [01]. The second relation in (3.50) then implies that:

Pic(L(p, a) = {[01] | plon] = 0} 2 7, (3.51)

in agreement with H(L(p, q),Z) & Z,.
Now, consider the R-symmetry line bundle. The canonical line bundle of the spindle
is given by IC = Lfng ! which can be written as:

(K] = =[0] = [32] (3.52)
in Pic(S?(q1,¢2)). Using the relations (3.50), we may rewrite this as:
(K] = —(g+ D[d1] — ta[Lo] - (3.53)
In particular, this is trivial in (3.51) if and only if:
g+1=0 modp. (3.54)

In the general case, the 2d R-symmetry line bundle takes the form:

q+1

_atl  _ta
LpVKe LR 2 L5270 (3.55)

In the special case (3.54), it is natural to choose Lr = O topologically trivial, so that we
may consider any real R-charges. Writing g + 1 = np for some integer n, we see that:

(K] = —(nga + t2)[Lo] - (3.56)
It follows that Lpg is topologically trivial if we choose:

nga +ty (g +1)g2 + taop _ it
2 2p 2p

VR = (3.57)
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where we used (3.40). Equivalently, this follows from (2.105). From (3.54), we also see that
a lens space admits a trivial R-symmetry line bundle if and only if has the form L(p,p—1).
This obviously generalizes the case of the Sp background with vg given by (3.37). This
L(p,p—1) supersymmetric background was the one studied by supersymmetric localization
in [15, 27, 60].34

Choice of L and spin structure. On a general lens space L(p, q), we have:
a1 (Kppg) = —q—1€Zy, (3.58)

and the R-symmetry line bundle cannot be topologically trivial unless (3.54) holds [9].
Nonetheless, we can always choose vp and ZZR such that arbitrary integer R-charges satisfy
the Dirac quantization condition (2.101). Consider the general parameterization of Ly as
in (2.86)—(2.87), with the 2d integer fluxes:

~R7_1_l{%+l§ oR ¢ —1 1y

Ny = D) ) i:?—i-Vsz’—i- 5 1=1,2. (3.59)

That implies:

€Z. (3.60)

q1 + g2
q1@2c1(Lr) = pvr — 5

The special case (3.57) with Lr = O corresponds to this integer being zero.

We should carefully distinguish between the cases with p odd or even. If p is odd, (3.60)
implies that vg mod 1 is fixed by the parity of ¢ + go — that is, vg € % +7Z if ¢1 + ¢
is odd, and vg € Z if ¢1 + qo is even. If p is even, on the other hand, we see that
q1 + g2 must be even® and the constraint (3.60) can be solved with vp either integer or
half-integer. Therefore:

(3.61)

(—1)2r — (—1)ata2 if pe2Z+1,
lor —1 if pe2z.

While any such choice of vg mod 1 satisfy (3.60), we must also solve the stronger con-
straints (3.59). From the constraint nf € Z, we see that If* and [J' have the same parity.
Then, one can check that, if p is odd, that parity is determined by the fibration:

pE+1 = (=1 = (—1)prirtl (3.62)

while if p is even, we have the following three cases:

R

(_]‘)QVR = (_1)11 ==+1 for q1,492,P1, P2 Oddu
pE22L = (—1)R =41, (—1)lzR =1 for qi1,qo odd, p1,p2 even, (3.63)
(—1)2”R = -1, (—1)lzR =41 for q1,qs even, p1,ps odd.

341t was called L(p, 1) in those papers, due to our different conventions. See footnote 32.

35This is easily seen by contradiction. Assume that p is even and q; + ¢z odd. Then we must have that
¢1 is odd and g2 even (or vice-versa). That would imply that ps is odd (since ged(ge,p2) = 1), and then
P = qip2 + q2p1 is odd, a contradiction.

— 44 —



The important point is that there are two and only two distinct possibilities, for any Seifert
fibration of L(p,q). This nicely agrees with the geometric result:

0 if pe2Z+1,

(3.64)
Lo if pe2z.

H'(L(p, q), Zs) = {
For p even, the two distinct spin structures of L(p, ¢) correspond to the two choices in (3.63),
generalizing the Mg, = L(p, 1) example discussed in section 3.1.

3.5 Torus bundles over the circle

Another interesting class of examples consists of Seifert manifolds which are also surface
bundles over the circle. It turns out that a Seifert manifold, Ms, fibers over the circle
if and only if ¢1(Lo) = 0 [28].3% Here we consider two simple examples of torus bundles.
(Interestingly, there are only five torus bundles which are also oriented Seifert manifolds,
including the trivial case 7% = [0;0;]. In addition to the S- and C-twisted torus bundles
to be discussed below, the two last examples can be found in [91].)

3.5.1 S-twisted torus bundle

A torus bundle ./\/lé4 is a three manifold which is obtained from the product 72 x I, with
I € ]0,1] an interval, by gluing the end-points of the interval into a circle while identifying
the tori with a non-trivial automorphism A:

MG = (T? < I)) ~4, A e GL(2,Z) (3.65)

Let us choose the automorphism to be:
01 4
S = 0 € SL(2,72), St=1. (3.66)

Consider T2 to be the square torus 72 =2 C/ ~, with identifications z ~ z + 1 ~ z + 1.
The order-4 element S acts by rotation by 90 degrees. The points z = 0 and z = % + %
have a Z, stabilizer (i.e. they are left invariant), while the points z = % and z = % have a

Zs stabilizer (generated by C' = S?) and are identified by S. The fundamental domain for
Z4 is the square with corners z = 0, %, % + %, % The corresponding Seifert three-manifold

takes the form:

St — M5 — 5%(2,4,4), (3.67)
where the three orbifold points on the genus-zero base correspond to z = % ~ %, z =0 and
z = % + %, respectively. More precisely, it is possible to show that:

Note that the base has vanishing orbifold Euler character, and the first Chern class of the
defining line bundle vanishes as well:

x(5%(2,4,4)) = —c1(K) =0,  c1(Lo) =0, (3.69)

36We already studied a trivial example of this, the manifold S? x S*.
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as anticipated. The 2d Picard group takes the form
Pic(S%(2,4,4)) = {Lo,L1,L2, L3 | L = Ly = L§ = Lo} , (3.70)

and we have:
K==Ly~ 1Ly Lyt (3.71)

The 2d U(1)pg line bundle therefore takes the form:
Lp = (Lo)=Hm (3.72)

so that v must be half-integer. We will consider this square-root a little bit more carefully
below.

The 3d Picard group. The three-dimensional Picard group takes the form:
Pic(M3) 22 {[wi], [wa] | 2[wr] + 4[wn] = 0} . (3.73)
By changing the basis of generators to:
(M) =[] +[wo], [ = [wn] 4 2[we], (3.74)

we find that:
Pic(M35) = {[\1], No] | 20e] =0} 2 Z X Z, . (3.75)

Note that the free generator [A;] corresponds to L{L3 in Pic(S%(2,4,4)). It follows that:
HY(MS 7o) = 7y X Ly, (3.76)

which comes entirely from (3.75). In other words, there are four distinct spin structures
compatible with supersymmetry on /\/lg .

Choice of L and spin structures. Consider a general Lr. We have the U(1)r fluxes:

- Wil 18 1
nf=—-1-1-2 "3 of_C iR

] 2 :2)) (3.77)
nRzi—VR—l—Qlf, ng{%:i—ug—l—%?,

which must be integers. It follows that vg € % + Z, as already mentioned, together with:
Wt ilteoz. (3.78)

There are four possibilities for I mod 2, namely (1%) = (0,0,0), (0,1, 1), (1,1,0) or (1,0, 1).
This matches exactly the expectation from (3.76).

It is also very natural to choose a line bundle Ly =2 O, with vanishing fluxes. This is
possible for:

1
vr = —5 + 2k, (f, 1) = (=2k, -1+ k,—1+k), VkeZ. (3.79)

Interestingly, we can have a topologically-trivial Lr (and therefore choose any real R-charge
for the matter fields) for two out of the four choices of spin structures, namely for the two
spin structures corresponding to (/;) mod 2 equal (0,0,0) and (0,1, 1).
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3.5.2 C-twisted torus bundle

Another interesting torus bundle is obtained by taking the order-two automorphism C =
—1in (3.65). It corresponds to a genus-zero Seifert fibrations with four exceptional fibers:

M3z =[0;0;(2,1), (2,1), (2,-1), (2,-1)] . (3.80)

This is also the “small” Seifert manifold (iii) in section 2.2.2. It has ¢;(K) = 0 and
¢1(Lo) = 0 as in the last example. We easily find the three-dimensional Picard group:

Pic(MS) 2 {[M], o], [ws] | 200] =0, 2[he] = 0} 2 Zy x Zsy X Z, (3.81)

with [\;] = [wi] + [ws] for i = 1,2. Tt follows that:
HY(MSE, Zy) =2 Ty x Ty X T, (3.82)
so that there are eight distinct spin structures on Mg They can all be probed by our
supersymmetric backgrounds. Indeed, the conditions on the U(1)g flux are equivalent to:

1
vp=5 modl, Wl p iR iR oz, (3.83)

and there are eight distinct possibilities for the parameters lZR mod 2. There are also
“conformal” backgrounds for which Lg is topologically trivial, with vgp = —% + k and
(1) = (=k,—k,—1+ k,—1 + k), spanning two out of the eight spin structures.

3.6 Spherical manifolds S3/T'Apg

Another interesting family of genus-zero Seifert manifolds are the so-called spherical three-
manifolds, which are quotients of the three-sphere, M3 = S3/I', with I' a freely-acting
finite subgroup of SO(4) = SU(2)1 x SU(2)g. Here we consider the simple case in which T
is a subgroup of SU(2)z. These background are particularly interesting from the point of
view of 3d N' = 2 superconformal theories. Recall that one can preserve the superalgebra:

0Sp(22) x SU(2)r, (3.84)

on the round S2, where the SU(2), factor can be taken to act by left multiplication. This
is a subgroup of the full flat-space superconformal algebra OSp(2|2,2) which contains four
supercharges and is compatible with A/ = 2 massive deformations of the theory on S3 [12].
It is immediately clear that, if we quotient S3 by I' € SU(2),, we do not break any further
supersymmetry. Therefore, such spherical three-manifolds can also be used to construct
3d N = 2 backgrounds preserving four superchages [5].

It is well-known that the finite subgroups I' C SU(2) are in one-to-one correspondence
with the finite Dynkin diagrams of type ADE, according to:

PADE = (Zp7 -Dna T? 07 j) AES (Ap—17 D’fH-Q? E67 E77 ES) : (385)

Here, Dy, is the binary dihedral group, and T, O and I are the binary tetrahedral, binary
octahedral and binary icosahedral groups, respectively. Their orders are given in table 1.
Let us also introduce the notation:

S3[ADE] 2 S3/T'Apg (3.86)
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ADE | A,y  Dpy2 FEe E;  Fg
r Zy Dy, T 0] I
IT'| D 4n 24 48 120

Table 1. ADE classification of the finite subgroups of SU(2).

By construction, spherical three-manifolds have a finite fundamental group:
71(S?[ADE]) = I'apk - (3.87)

The corresponding Seifert manifolds can be written as [28, 92]:

S*[Ap—1] =050 (q1,1), (a2, 1], P=qi+a>2,
SS[Dn-‘rQ] = [0 ) 0 ) (27_1)7 (27 1)a (TL, 1)]7 n>1 (3'88)
83[Em+3] = [O ) 0 ; (27*1)7 (3’ 1)a (mv 1)}7 m= 37475 :

Extrapolating the E-series to m = 1,2, we have the equivalences Fy = A4 and E5 = Ds,
which are clearly realized by the Seifert geometries (3.88). (We also have D3 = As.) In all
cases, we find the relation:

K= L5t e Pic(®), (3.89)
with ¢1(Lp) # 0, and therefore there exists a “superconformal” background with the U(1) g
fugacity:
1 Cl(,C) 1
S = 3.90

so that Lr = O. The A-series consists of the lens spaces L(p,p — 1) with squashing
b% = q1/qo, which we discussed in section 3.4. Let us briefly discuss the other cases.

3.6.1 The D-series
Consider the Seifert fibrations S3[D,,12] as defined in (3.88). One easily finds that:

Isivc(S?’[Dqu]) ~ {ZQ X Zio if n is even, (3.91)
Zy if n is odd.
When n is even, the two generators of Zs x Zs can be taken to be [wi] and [wq] + [w2].
When n is odd, the generator of Z4 can be taken to be [wi]. Correspondingly, there are
four distinct spin structures if n is even, and two distinct spin structures if n is odd. The
U(1)g fluxes are:

ALy Py 1
nOR:7M7 n{%:7+l1R*VR,
2 2
n (3.92)
=418 40 nR—n_l l?’—n—i—u
2 T T2 TER 37 T 2 R’

If n is even, we have vg = % mod 1 and there are four distinct choices of ZZR mod 2. If n is
odd, we also have vg = % mod 1 but we also need l§ =1 mod 2 and there then only two

distinct choices of the U(1) g fractional fluxes, matching the number of spin structures.
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3.6.2 The E-series
For the Seifert fibrations S3[E,,,3] defined in (3.88), we find:3"

Pic(S*[Emys)) = Zg—m , (3.93)
where the single generator can be take to be [wi] + [w2]. In other words, we have the
homologies:

H\(S%Ee),Z) = Zs, Hy(S*[Eg),Z) =0,
H,(S*|F7),7) = 7, Hy(S*[F7],7) = 0, (3.94)
Hy(S*[Eg],Z) =0, Hy(S*Eg],Z) =

It also follows that the Eg and Eg spherical three-manifolds admit a unique spin structure,
while there are two distinct spin structures in the E7 case. The Seifert manifold:

S3[Eg] =[0;0;(2,-1), (3,1), (5,1)] (3.95)

is the celebrated Poincaré homology sphere — it has the same homology as the three-sphere,
but its fundamental group (the binary icosahedral I ) is non-trivial.

Beyond this complete list of spherical three-manifolds preserving four supercharges, it
is natural to extend the E-series in (3.88) to m > 5. The bound m <5 is equivalent to:

A 1 1 1
Y)=-4+-4+—-1>0. 3.96
X(E) =3 +5+— (3.96)

The “F,,4+3 manifolds” with m > 5 are examples of rational homology spheres (discussed
in the next subsection), which generally do not have spherical geometry. For instance, the
Seifert manifold S3[Eg] has x(2) = 0 and ¢1(£o) = 0 and Euclidean geometry (according
to the classification reviewed in section 2.2.2). The manifold S3[E1o] provides an example
of an integral homology sphere with SL(2,R) Thurston geometry.

3.7 Homology spheres

A three-dimensional “integral homology sphere” (ZHS) is a three-manifold M3 with the
same integral homology as the three-sphere:

Ho(Ms,Z) = H3(Ms,Z) =Z,  Hy(Ms,Z) = Hy(M3,Z) =0 . (3.97)

More generally, a “rational homology sphere” (QHS) has Hy(Ms,Zy) = Ho(Ms3,Zq) =0
for some integer d, with d = £1 in the integral case.
Seifert rational homology spheres can be constructed as the genus-zero fibration:

Mz = [0 ; 05 (QIap1)>"' 7(Qnapn)]a (3'98)

such that:

n . 1
c1(Lo) = Z% =t (3.99)
_ 1 =147

3"Note that, for m = 1, this agrees with the Picard group Zs of the A4 case, and for m = 2 this agrees

with the Z4 of the D5 case, as expected.
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This implies that the anisotropies ¢; should be mutually prime:
ged(gi, q;) =1, Vi, j . (3.100)

For instance, that is the case for both the examples S3[Eg] (the Poincaré homology sphere)
and S3[Ej0] mentioned above, with (¢;) = (2,3,5) and (2,3,7), respectively. Then,

Pic(X) 2 Z is freely generated by:

Lo= LY, (3.101)

and ]S\I/C(Mg) is trivial. In particular, there is a unique choice of L and of spin structure.
In their studies of CS theories, [48, 72] also considered certain simple QHS’s obtained by a
Zq quotient of a ZHS. They can be obtained by replacing p; by dp;, Vi, in (3.98).

To conclude this survey of Seifert backgrounds, let us note that, while all the ex-
amples of Seifert fibration in this section had an a underlying genus-zero base io,n, the
generalization to ig,n is automatic. Indeed, changing the genus of the base does not af-
fect the discussion of ISIZ(Mg) nor the determination of the R-symmetry line bundle. In
the field theory discussion of the next sections, this will be reflected in the fact that the
handle-gluing operator and the Seifert fibering operator are independent from each other.
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Part II
Seifert fibering operators

4 Fibering operators and partition functions

Supersymmetric partition functions of 3d AN/ = 2 gauge theories on Seifert manifolds M3
can be computed in the language of the “3d A-model,” a topologically twisted 2d N =
(2,2) effective field theory for abelianized vector multiplets on the base S of the Seifert
fibration [27].

In this section, we first review this construction in the case of a principal bundle
M3z = M, q, while also discussing the spin-structure dependence of 3d A-model. We then
introduce the (g, p)-fibering operator, whose insertion at a smooth point on by corresponds
to adding a (g, p) exceptional fiber to M3. This allows us to elegantly write down the exact
supersymimetric partition on any Seifert manifold.

4.1 Twisted superpotential and Bethe vacua

Consider a 3d N = 2 gauge theory with gauge group G, a product of semi-simple simply-
connected and unitary groups, coupled to chiral multiplets ® in representations R of G.
We consider the theory on R? x S', with a finite circle S of radius 3, and we focus
on the effective field theory on the two-dimensional Coulomb branch. The low-energy
modes consist of 2d N = (2,2) twisted chiral multiplets U,, a = 1,--- ,1k(G) — which
are the field strength multiplets of 2d gauge fields — with complex scalar u,. We have
u = 10 — ag in terms of the 3d real scalar o and the Polyakov loop ag = % fsl A, which
gives the equivalences:

Ug ~ Ug + 1, (4.1)

under large gauge transformations along the maximal torus of G.

The theory might also have a flavor group G, with maximal torus [, U(1), C G,
and we may turn on chemical potentials v, (o = 1,--- ,tk(Gp))—i.e. background gauge
fields — for these flavor symmetries. We have the periodicities v, ~ v,+1 under large gauge
transformations of the background gauge fields. Let us introduce the convenient notation:

Uy = (um Voz) s (42)

with the index a = (a, @) running over both the gauge and flavor groups. We also consider
the U(1) g fugacity:
1
VR € iZ, (43)
as discussed in previous sections. Choosing either vp =0 or vp = % (mod 1), is correlated

with choosing the periodic or anti-periodic spin structure, respectively, for 3d fermions
along the S! fiber.
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4.1.1 Twisted superpotential of the 3d gauge theory on R? x S

Up to Q-exact terms, the 2d low energy action on R? is fully determined by the twisted
superpotential [27, 30]:

W(u; VR) = WCS(U; VR) + Wmatter(u; VR) + erctor(“? VR) . (44)
On general grounds, the twisted superpotential is only defined up to linear shifts [27]:
W —= W + nug +nuq + ng n*n%nyez. (4.5)

Classical contribution. The first term in (4.4) is the contribution from the Chern-
Simons terms (for the gauge and flavor groups) in the UV action. It is given by:

1 1

Wes(wive) =5 > EPuguy + 5(1+2vR) d k*u,
,b a

:;eb (4.6)

Y Kt
a

Here, k2P are the CS levels for the gauge and flavor groups, including possible, mixed
gauge-flavor CS levels in the abelian sector; k2% are the mixed U(1)a-U(1)g CS levels.
All the Chern-Simons levels are integer-quantized. The ellipsis in (4.6) corresponds to u-
independent terms, which will not concern us in the following. Note that vy enters in (4.6)
in two conceptually different ways: In the second line, it enters as a chemical potential for
vg in the mixed gauge-R CS term. In the first line, it enters as a shift of the linear term in
u, corresponding to a choice of spin structure on R? x S'. In fact, the classical action for
a U(1)r N = 2 Chern-Simons theory on X, x S, with n units of flux through 3, gives:
Wes

e_SU<1)k _ (_1)kn(1+2VR)627riknu _ eZwinaau , WCS(U) _ g (U2 + (1 + 21/)“) 7 (47)

for u constant, where the sign depends on whether we choose the periodic (vg = 0) or
anti-periodic (vg = %) spin structure.?® Note that the sign dependence disappears if k is
even, in agreement with the fact that U(1); CS theory only depends on the spin structure
if k& is odd, while it is a fully topological theory for k even [35].

Matter contribution. The second term in the twisted superpotential (4.4) is a one-
loop-exact contribution from the chiral multiplets. For a single chiral multiplet of U(1)
gauge charge 1 and R-charge r € Z, we have the formal contribution:

1
~ 5 (u+vrr +k) (log(u+vrr+k)—1), (4.8)
keZ

where the infinite sum is over the KK modes on the circle. This gives:

1
(27i)?

W®(u+ vgr), with W (u) = Lip (e*™) . (4.9)

38This is explained in appendix C of [27].
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This is the result in the “U(1)_1 quantization,” consistent with the parity anomaly [38].
2
In the large-o limit, we have:
lim W?®(u+vgr) =0,

o——+00

1 (4.10)
im W®(u+vgr) = — (v + (1 +2vg)u) — (r — Duvg + -+ .

o——00 2

The limit ¢ — +o00 corresponds to an empty theory at vanishing CS levels. The limit
o — —oo reproduces the integer CS levels:

ko = —1, kgr = —(r —1), kpr=—(r—1)%,  k,= -2, (4.11)

as expected. We refer to [27] for further discussion of the parity anomaly in this context.?”

The matter contribution Whatter in (4.4) is the sum over all the chiral multiplets, weighted
by their charges:

Wmatter(uS VR) = Z Z WCI)(p(u) + w(y) + VRrw) ) (412)

wERFE pER

with 7, the R-charge of the fields ®,, in some representation R of the gauge group. Here
and henceforth, p = (p*) and w = (w®) denote the gauge and flavor weights, respectively.
We also use the short-hand notation p(u) = p(u) + w(v).

Vector multiplet contribution. The last term in (4.4) is the contribution from the
vector multiplet. Consider first the W-bosons W, with a € A the roots of g = Lie(G).
In the abelianized theory on the Coulomb branch, W, contributes exactly like a chiral
multiplet of gauge charges a® and R-charge r = 2 [93]. For each pair of roots « and —a,
we choose the “symmetric quantization,” such that there is a vanishing net contribution
to the contact terms kg, kKGR, Krr and ky. Each positive root then contributes:

(271_12.)2 (LIQ (627ri(a(u)+21/3)) + Liy (627ri(—a(u)+21,R))) +

1
3 (a(u)® + (1 + 2vg)a(u))  (4.13)
to the twisted superpotential. Up to u-independent terms, the expression (4.13) is equiva-

lent to vra(u). Therefore, we find the very simple result:

erctor(u§ VR) =VRr Z a(u) =2vp pW(“) ) (4'14)

aceAt

with AT the set of positive roots, and py = % Y aca+ & the Weyl vector. For G a simply-
connected simple gauge groups, the Weyl vector is a weight, so that pfj, € Z and Weector
can be set to zero by a linear shift (4.5). For G = U(XV), on the other hand, Wyector will
contribute some non-trivial signs to physical observables if and only if NV is an even integer
(and vg = 1 mod 1).

39The U(1)gr CS level krr and the gravitational CS level k, are omitted in (4.6), since they are u-
independent. Below we will discuss how they contribute to the partition function on general Seifert three-
manifolds.
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As already anticipated in the introduction, with our choice of quantization the vector
multiplet also contributes non-trivially to the kgr and k, CS contact terms, as in (1.34).
These contribute to the constant piece in the twisted superpotential, which we ignored in
the above.?0 They do affect the more general geometry-changing operators to be introduced
below, as we will see.

4.1.2 Bethe equations and Bethe vacua

Consider the so-called “gauge flux operators:”

I, (u, v;vR) = exp (27nguw> . (4.15)

The Bethe vacua are the two-dimensional vacua of the effective field theory for the abelian-
ized 2d vector multiplets. These Bethe vacua are obtained from the Bethe equations:

SBE = { '&a

My (a,v;vR) =1, Ya, w-u#, VwGWG}/Wc;, (4.16)

with the identification u, ~ u, + 1. Here Wg denotes the Weyl group of G, and w - u
the Weyl group action on {u,} — that is, we should discard any solution to the equations
{II, = 1} that is not acted on freely by the Weyl group [94, 95].

Note that the Bethe equations generally depend on vgi. In the special case when all
U(1) CS levels and all chiral-multiplet R-charges are even, the dependence on vg drops
out and the Bethe equations are the same as in the “A-twist background” studied in [27].
When the R-charges are all integer-quantized (as is the case, for instance, on ¥4 x S D), the
dependence on vy only appears through subtle signs.

4.2 Handle-gluing operator and twisted index

Consider the supersymmetric partition function of the 3d N' = 2 theory on ¥, x S L
also known as the twisted index [26, 30, 31, 34]. It is given by a sum over Bethe vacua, as:

T, xs1(Wive) = Y H(i,v;vp)? . (4.17)

ﬁGSBE

This is a sum over the solutions u = @ of the Bethe equations (4.16), with the handle-gluing
operator H evaluated on the vacua. The handle-gluing operator of a 3d gauge theory reads:

H(u;vg) = 2 WVR) del))t (Oug Ou, W) . (4.18)
Here, the “effective dilaton” 2 is given by:

Q(u§ VR) = Qcs + Qmatter + Qvector » (419)

40This is because, for our purposes in this paper, we will only need the derivatives of W with respect to
u or v, not the “constant” pieces that are either numerical constants or depend on the parameter vg.
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with:

1
Qcs(u;vg) = Za: kaRua + ikRR (4.20)
the contribution from the gauge or flavor-R and RR CS levels. The matter contribution
reads: . 1
. _ w _ 2mi(p(u)+vRre)
Qmatter(U; VR) = Z o log (1 e“mTPIWTVR ) , (4.21)

w,p

and the vector multiplet contribution reads:
1 .
Qvector(u§ VR) = _ﬁ azeg log (1 - 627rza(u)> . (4.22)

This last term is v- and vgr-independent, and gives rise to a factor:

eQW’i(g—l)Qvector — H(l _ 627‘—7;0‘(’“’))1_9 . (423)
acyg

At genus g = 0, this is an ordinary Weyl determinant. The last factor in (4.18) is the Hes-
sian determinant of the twisted superpotential (4.4) as a function of the gauge parameters
Uq. It can be written as:

1
= —— 0y, logII 4.24
daebt (Ouy Ouy W) da%t (%iaua og b) ; (4.24)

in terms of the gauge flux operators (4.15).

One can also insert background flux n, € Z for some U(1), flavor symmetry through
¥4. That background flux can be localized at a point, in which case it can be viewed as
another local operator in 2d, the flavor flux operator [27], given by:

. OW

I, (u,v;vR)"™ = exp <2mna> . (4.25)
vy

In three dimensions, this is a line operator wrapping the S!, at a point on X4 [96, 97].

One can also insert a supersymmetric Wilson loops Wy in representations R of the gauge

group, wrapping the S', which corresponds to the characters:

War(u) = Trgg(e2™) = Yy ™) | (4.26)
pPER

The operators 11, and W are the simplest examples of half-BPS lines operators, also known
as twisted-chiral operators, which can be inserted at any point on X, while preserving the
same supercharges Q_ and Q. as the geometric background. The correlations functions of
twisted-chiral operators are topological — i.e. independent of the insertion points on 3.
Therefore, the most general correlation function in the 3d A-model is the expectation value
of a general line operator .Z wrapped over S', which is given explicitly by the formula:

(L5, w51 = Z L, vive) M, vive)t " . (4.27)

UWESBE

The twisted index (4.17) is the very special case .2 = 1.
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4.3 Fibering operators for Seifert manifolds

In this work, we study a more general class of half-BPS line operators in the 3d A-model, the
geometry-changing line operators, whose insertion on X is equivalent (in Q-cohomology)
to considering the field theory on a different three-manifold with S! non-trivially fibered
over X, [27]. For any supersymmetric background (Ms, Lr) on a Seifert manifold M3, we
expect that the supersymmetric partition function can be written (at least formally) as an
expectation value:

Iy = (Lrmy) s251 = Z H(a, v; VR)_l SAYHUN 7R (4.28)

WESBE

with £\, the line operator associated to the Seifert geometry M3z, from the point of
view of 52 x S. In [27], we studied the case of M3 = M, 4 a principal circle bundle, in
which case:

Lya(w) = Fu) H(u)?, (4.29)

with F the so-called fibering operator. In the present work, we will write down the
geometry-changing line operator associated to any Seifert geometry (2.26) as:

iy (0) = F() H(w)? ] G (w), (4.30)
=1

schematically. Each (g, p)-fibering operator Gy, corresponds to adding an exceptional fiber
with the Seifert invariants (g, p). Using unnormalized Seifert invariants and the fact that
the degree d can be viewed as a (1, d) exceptional fiber, we write a general Seifert fibration
as:

Ms=[0;9;(1,d), (q1,p1), -5 (Gn,pn)] , (4.31)

and we will use the notation:
(Qpro) = (17 d)’ ng(u) = ‘F(u)d (432)

for the “ordinary” fibering operator, F(u). We then write:
Lz (u) = H(u)? Gy () Gms(u) = H Gai.pi (u) . (4.33)
i=0

Note that the (g;,p;)-fibering operators (with ¢; > 1) should be inserted at distinct
points z; € ¥4, corresponding to the n ramification points of the two-dimensional orbifold
ig(ql, -++,qn) at the base of the Seifert fibration Ms. The position of the ramification
points is otherwise arbitrary. Since the correlation function does not depend on the position
of these points, we may take them arbitrarily close to one another, and so may effectively

treat the operator £y, as a single line operator.
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Fractional fluxes and large gauge transformations. From the point of view of the
2d orbifold 3, we may consider any holomorphic line bundle as in (2.21). We refer to
the corresponding integers n; as the “fractional fluxes” at the orbifold points x;, while a
flux ng localized at a smooth point is an “ordinary flux.” Then, considering a single (g, p)
exceptional fiber, we denote by:

Gap(Wa s (4.34)

with n € Z the fractional flux. (From here onwards, the dependence on v is left implicit.)
Strictly speaking, the fractional flux is valued in Z,, and we must have:

Gap(Wntgny = (W)™ Gy p()n (4.35)

with TI(u) the ordinary flux operator defined above. (Treating gauge and flavor fluxes
democratically.) In particular, we have:

Gra(n), = T(u)"F(u)d, (4.36)

for the (1,d) “exceptional fiber” encoding the degree of Ly. We will use the notation
Gg,p(u) for (4.34) with n = 0.

The fractional fluxes encode all the relevant (supersymmetry-preserving) non-trivial
lines bundles over M3 in a redundant manner, according to (2.39). Tensoring by Lo
corresponds to a large gauge transformation in the A-model. Considering a configuration
with fractional fluxes (ng,n;) and holomorphic modulus u € C, we have:

L—L®Ly & u—u+1l, ng—ong+d, n—n+p;. (4.37)

By gauge invariance of the quantum field theory, the shift (4.37) should be an invariance
of the various fibering operators, viewed as functions of u € C and n € Z:

Ggp(W+ Dayp = Ggp(Wa - (4.38)

We will verify this in the explicit results below.*! In the special case (4.36), the difference
equation (4.38) is equivalent to:

Fu—1)=II(u) F(u), (4.39)

which was a crucial ingredient in the analysis of [27]. In the following subsections, we
present explicit expressions for the building blocks of the fibering operators for general 3d
N = 2 gauge theories.

4.3.1 Contribution from Chern-Simons terms

Let us first consider the contribution from the classical action to the fibering operators. It
comes entirely from Chern-Simons terms. (The relevant supersymmetric Lagrangians can
be found in [27], following [5].)

“IThere is an important subtlety for general Lz, which we will address below.
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U(1)r CS term. Consider first the supersymmetric Chern-Simons action for a single
U(1) vector multiplet, at level k. We claim that each (g, p)-fibering operator contributes:

GoH(u)e = (G55 (U)n)k (4.40)

with the function:

Gap (W

(_1)n(1+t+lRt+2VRS) exp (_m (pu® — 2nu + tn2)> ) (4.41)
q

Here, n € Z denotes the fractional flux, I € Z corresponds to the parameterization (2.86)
for the R-symmetry line bundle Lg, and the integers s and ¢ are such that gs + pt = 1,
as usual. It follows from (2.86) that, for a given (g¢,p), (4.41) is independent of the choice
of (s,t).42
The function (4.41) is invariant under the large gauge transformation (u,n) — (u +
1,n+p) up to a sign:
Goig (u+ Dy = (=) G (uha, (4.42)

as one can easily check. When taking the product of all the fibering operators to obtain
a geometry-changing operator, as in (4.33), the signs (—l)lR from (4.42) cancel out due
to (2.88). Therefore the operator Gaq,(u) for the U(1); theory is gauge invariant, as
expected. We can also check that:

G S (Wntqny = TT9C (u)™ GFS (W), (4.43)

with:
HGG(U) = (_1)1+2VR 62m’u (4‘44)

the ordinary flux operator for the U(1)—; term.

Mixed abelian CS term. Consider a mixed abelian CS term at level k12 € Z for some
U(1)1 x U(1)2 vector multiplets. At level k12 = 1, we have:

i
QS;GQ (ul, ’LLQ)n(l) n(2 = €xXp <_7TZ (puluQ - n(l)ug — n(2)u1 + tn(l)n@))) > (4.45)
’ ’ q

with n), n®) the fractional fluxes for the two U(1) factors. This expression is fully gauge-
invariant and satisfies:

271 (n(()l)ug +n(()2)u1

Gon G2 (ur, ug) =e ) G2 (1, u) 1) e » (4.46)

1>+qn61>7ﬂ(2)+qnf)2)
in agreement with the form of the corresponding flux operators [27]. Note that (4.45) is
independent of vg and I%, in agreement with the fact that the mixed CS action is spin-
structure independent.

“2Under a shift (s,t) — (s — p,t + q), the expression (4.41) gets multiplied by a trivial sign
R
(—1)"(‘17”2””3“ 9 = 1, where we have used the fact that ¢ — 1 + 2pvr + [%g = 2n® is even.
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Non-abelian CS terms. The Chern-Simons contribution for a non-abelian gauge group
G can be obtained similarly. For G = U(V) at level k, we simply have:

N k
ggng)k(U)n = (H gg’f(ua)n> ) (4.47)
a=1

For G a simply-connected simple Lie group, the signs in front of (4.41) cancel out, in
agreement with the expected spin-structure-independence of the answer, and one obtains:

i k ha

Q(S'Zf (u)y = exp (— (pugup — ngup — Ny + tnanb)) , (4.48)

with h% the Killing form of g = Lie(G).

Mixed gauge-R CS term. We may also have a mixed CS term between an abelian
gauge field and the R-symmetry background gauge field on M3, at level kgr € Z. This is
given in terms of:

gﬁf(u)n = exp (_2772' (

puvg — nvg — nfu + tan)> , (4.49)
to the power kgg. Here the R-symmetry “fractional flux” n® at the exceptional fiber (q,p)
is given as in (2.86), namely:

-1 17

P VRp + -1, (4.50)

2 2
The expression (4.49) can be understood as a special case of (4.45), essentially because the
R-symmetry gauge field also sits in a vector multiplet, which is a submultiplet of the 3d
N =2 “new minimal” supergravity multiplet [21]. Using (4.50), the expression (4.49) can
also be written as:

GO (u)y = (— 1M t2vms) grint® ritE (umtn) (4.51)

The RR CS term. We can also have a U(1)r CS term at level krr € Z. It contributes

to the fibering operator through:

ggg = (_1)nR(1+t+lRt+2uRs) exp (_7;7’ (pV%% _ 211RZ/R + t(t‘lR>2)) 7 (4.52)

to the power kgg, with n’t given by (4.50). Since vp is real, g;’j} is a pure phase. Obviously,
this can also be understood as a special case of (4.41).

The gravitational CS term. The last supersymmetric Chern-Simons term is the super-
symmetrization of the gravitational CS term, with level k, € Z [39]. For future reference,
let us first introduce the phase:

géfg = exp (m’ (1]2)(] — s(p, q))) , (4.53)
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with s(p, ¢) the Dedekind sum:

s(p,q) = 1 qz_:lcot (Wl) cot <7Tlp> (4.54)
= q q /) '

We will denote by:
(G ™)* (4.55)

the contribution of the gravitational CS term at level k,. We find:
rav -1 2
(G = (G5 (a19) (4.56)

with the phase g;?}} given by (4.52). Note that we could only determine the precise
phase (4.55) for k; even. (In other words, we determined G&*' up to a sign. In any
case, in this paper at least, we will only ever need to consider k, even.)

4.3.2 Contribution from chiral multiplets

Next, we consider the contribution of chiral multiplets to the fibering operator. This can be
extracted from the one-loop determinant of a free chiral multiplet on the supersymmetric
background (Ms, Lg). Let ® be a chiral multiplet coupled to a U(1) background vector
multiplet with charge 1, of R-charge r € Z. We can compute the one-loop determinant by
considering the KK expansion (2.79) of the fields along the Seifert fiber. By supersymmetry,
the only modes that give a net contribution to the one-loop determinant are holomorphic
sections on 3 [27]. Let L = L{® ®; L}" denote the gauge bundle. The KK modes ¢y for the
scalar field ¢ in ® are then valued in the holomorphic line bundles:

n
+igir+dk i+nlr+pik
Ly = L® (Lr)" ® (Lo)* = Ly 0 Q) Ly ™ (4.57)
i=1

Using the Riemann-Roch-Kawasaki theorem (2.18), we obtain the simple result:

o 1 deg(Ly,x))+1—g
AV B 4.
Ms 1£[Z<U+VRT+k> ’ (4.58)

with:
n; 4+ nfir + pikJ

deg(Lrky) = no +agr +dk + { p

=1

(4.59)

The formal infinite product (4.58) needs to be regularized.

Vanishing R-charge. Consider first the case of a chiral multiplet of R-charge r = 0. As
in [27], we define the ordinary flux and fibering operators for a free chiral by:

k
m*w) =[] uik, FPu) =[] <u}rk> . (4.60)

kezZ keZ
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Similarly, we find the (g, p)-fibering operator for a free chiral multiplet:

1oy
Gopwn =[] (u+k> . (4.61)
keZ
With these definitions, we find:
Z.;{C/IS = H(I)( )n0+1 gfq) d ng“pz - Hq} 1 I ngz:pz : (462)

r=0
In the U(1)_1 quantization for the Dirac fermions, we obtain:
2

1 1 . )
%) = ——— F®(u) = exp (mLig(eQW‘) + ulog (1 — 627”“)> , (4.63)

1 — e2miu’
upon regularizing (4.60). Note that F®(u) is a meromorphic function of u which satisfies
FPu — 1) = O®(w)F®(u), as in (4.39) [27]. We can similarly regularize the infinite
product (4.61) — this is elaborated upon in appendix D. In the absence of fractional flux
(n=0), we find:

g u+tl l - u+-tl
Gl (u)=exp {;;Z,Lig(e?m )+ 2 uq+ log (1 - 62’”?)} , (4.64)
l_

with ¢ the modular inverse of p mod q. Note that ngp(u) is a meromorphic function of
u with poles or zeros at u = —k € Z, as expected from (4.61). (One can show that the
various branch cut ambiguities in the definition (4.64) cancel out entirely, so that Q;ij(u)
is single-valued.) This generalizes the ordinary flux operator, which corresponds to:

Gralu) = F*(w)? . (4.65)

The function (4.64) can be also written as:

1t i L
G () = i (a7 e (1=etT ) TT () 2mity o (4.66)

q,

~

1

The contribution from the fractional fluxes can be conveniently written in term of Pochham-
mer symbols:

—1 .
: , =0 (QiH(z_n)) it n>0,
P o 2miu 2mit 1—e s q
I, (u) = (e @ ;e q ) = (4.67)
’ —n o] ) _
- (1—e a it n<O0.
Let us note the identity:
Hip(u)n+m = H;Dp( In Hfip(u — )y - (4.68)
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The full (g, p) fibering operator for ® is then given by:
Gap(Wn = 117, (u)a Gy (w) (4.69)
One can check that:
gg?p(u)rqu = Hé(“) ngp(U)m g:fp(u + 1)n+p = Q;pr(U)na (4.70)
as expected on general grounds.

General R-charge. For a general R-charge r € Z, we simply have:

n
Z;{\)/fs = H(D(u + VRT)(Q—I)(T—l) H Ggipi (U + VRT)ni—i—nZRr , (4.71)
=0

with the R-symmetry line bundle over 3 parameterized as in (2.86) and (2.87). In partic-
ular, the chiral multiplet simply contributes:

Gaop(t + VRT ) pnry (4.72)
to the (g, p)-fibering operator.

Large o limits. In the limit ¢ — oo, we find:

lim gjjp(u + VRT)pyniy = 1, (4.73)

U—100

in agreement with having an empty theory in the IR. In the opposite limit ¢ — —oo, one
can show that:

lim gg:p(u + VRr)n—i-nRr = e_Wi(u+rVR)lR
U—r—100 (474)

-1 —(r—1 —(r—1)2 ravy —
x (GG9) ™ (gGm) TV (g T (g2

with the right-hand-side given in terms of the CS fibering operators defined in subsec-
tion 4.3.1.%3 This is exactly as expected from (4.11). The [*-dependent term in front of
the CS terms in (4.74) cancels out in the full fibering operator Gaq, due to the constraint

Yisolit=0.

Complex mass term. Similarly, we can consider two chiral multiplets ®;, ®5 with gauge
charges +1 and R-charges r and 2 — r, such that we can write down a superpotential mass
term W = ®;P5. One finds:

~ R
gtip(u + VRT)IH—IIRT ggj‘p(_u + Z/R(Q - T))—n—&-nR(Q—r) = g(u + VRT)Z

) (4.75)
-1 —(r—1) —(r-1) ravy —
X (GSC (u)a) ™ (G5 (u)a) (G5 (gems) ™,

with: ‘
_ eﬂ"lu

= 4.
g(u) 1 — e2miw’ ( 76)

“3See appendix D for details on the derivation of (4.74).
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a (q,p)-independent function, which therefore cancels out from Gaq,. In the limit v —
—ioo, we have g(u) ~ e ™ and (4.75) obviously reduces to (4.74). The relation (4.75)
nicely matches our expectations — the two chiral multiplets are given in the “U(1)_ 1
quantization” and, upon integrating them out with a superpotential mass term, we remain
with the integer-quantized CS contact terms (4.11), including the U(1)_; CS term.

4.3.3 Contribution from the vector multiplet

Let us now consider the vector multiplet V for the gauge group G with Lie algebra g. The
(¢, p) fibering operator has contributions both from the 3d H = U(1)**(%) vector multiplets
V, in the maximal torus of G, and from the massive “W-bosons” on the Coulomb branch.

W-boson contribution. Consider first the W-bosons, which contribute like chiral mul-
tiplets of gauge charges a® and R-charge 2. For each pair of roots «, —a, we choose the
symmetric quantization as discussed around equation (4.13). This gives:

~ G® ((u) + 2VR) o (n)+20R
gwunz || QGRauan. 4.77
qﬂp( ) e g@(a(u))a(n) q,p( (u)) (n) ( )

Here we have used the fact that, in the symmetric quantization, we have to turn on some
bare CS levels k = a? — as in (4.13) — as well as kgg = 1 and k, = 2. Then, using the
relation (4.75) leads us to (4.77).4* This expression can be massaged to:

Grpwa= T (1)
acAT

with the function g(u) defined in (4.76). Here we defined:

1R~

dla(u)™ G0 (a(w) 0 (4.78)

77Tiu7tn 27Tiu7tn
a 1l—e

e—Triu 1— 627riu

Gy () = (s 2
( (Hn)> (4.79)
_ (_l)n(t+lRt+2uRs) q

sin(7mu)

a function of a single set of parameters u € C, n € Z. The factors (—g)!" in (4.78) can be
dropped, since they cancels out in Garq,. We are then left with a rather simple expression
for the W-boson contribution to the fibering operator:

gqv,\;(“)“ = H g;/}go(a(u))a(n)

acATt
_2mi _ 2mi 4.80
:<_1>2pw<u)<t+m+2w>ﬂ Lot (450
e—2mipw (u) 1 — e2mia(u)
acAt

Note that, while ”quV; is gauge-invariant by construction, Q;\; shifts by a sign under large
gauge transformations, due to the relation:

G (4 Dnp = (=1 G (u)a - (4.81)

44Up to some lR-dependent factor which cancels from Gaq,.
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This follows either from the definition (4.79), or from the factorization (4.78) together with
the fact that g(u +1) = —g(u). As a small consistency check on (4.80), one can also
check that:

GV (Wt g = T80 GV (1), (4.82)
where n + §,q corresponds to the shift n, — ng + ¢. This shift is due to the twisted
superpotential term (4.14), which contributes to the gauge-flux operator a sign:

IV = etmivrry (4.83)
Therefore, (4.82) is in perfect agreement with (4.35).

U(1) contribution. Consider next a U(1) vector multiplet, and more generally the max-
imal torus H of G. On general grounds, the one-loop fluctuations of V, could contribute
to the fibering operator. We claim that each U(1) vector multiplet does contribute a

pure number:
1

Vi
to the fibering operator, with gé?g defined by (4.53). We interpret the phase gé?g as the
result of quantizing the gaugino A such that it shifts the RR and gravitational contact terms

Gy, =—glv (4.84)

P

by 6krr = 5 and kg = 1, as we explained in section 1.4. Indeed, we see from (4.56) that:

2
(a1)" = amst o= (485
therefore it is natural to assign the contact terms:
1
KRR = 5 kg =1 (4.86)

to (4.84). The factor of 1/,/q in (4.84) is more ad-hoc, but it can be argued for by requiring
consistency with many well-established results. In particular, we can argue for (4.84) by
comparing our results to well-known results for pure CS theory [71]. This will be discussed
elsewhere [73].

Following our discussion in section 1.4 (and in appendix A), it is also convenient to
introduce a factor of (95?3)2 for each pair of W-bosons W,, W_, — in that case, this
is simply a different choice of quantization of the vector multiplet, since it corresponds
to adding the integer-quantized RR and gravitational CS terms (with level kgrr = 1 and
kg = 2) to the UV action, for each v € A,. We then have an overall contribution:

1\ (6) dim(G)
<\/§> (ggg;) (4.87)

from the vector multiplet, in addition to the W-boson contribution (4.80).

4.4 Supersymmetric partition on M3 as a sum over Bethe vacua

Combining all the ingredients above, we can now write down the full formula for the
geometry-changing operator, for any Seifert manifolds, in the general class of gauge theories
considered here.

— 64 —



4.4.1 The full (g, p)-fibering operator: summing over fractional fluxes

Consider a 3d N/ = 2 supersymmetric gauge theory with gauge group G and matter
fields ® in chiral multiplets, with generic background gauge fields turned on for the global
symmetry group Gr. Let n, and m, denote the gauge and flavor fluxes, respectively. The
gauge and flavor chemical potentials are denoted by u, and v, respectively. At fixed gauge
flux n, = (14,0, Ngi) on Mas, the fibering operator reads:

Gap(Us V)nm = QSS(% V)nm ggl;tter(ua V)n,m ggﬁft‘“(u)n . (4.88)

The first factor Qq(fzs, is the classical contribution from Chern-Simons terms, including CS
contact terms for global symmetries, which can be constructed from the results in sec-
tion 4.3.1. The second factor is the contribution from matter fields, which reads:

Gt (u, ) = [ [ TT G (p(0) + @) + T0VR) ) eom) 4t (4.89)
w pER

with the gauge and flavor weights p® and w®, respectively, 7, the R-charges, and the
function gﬁp defined in (4.64). The third factor in (4.88) is the contribution from the
vector multiplet, which reads:

1\ k(&) dim(G)
Grwe=(35) (@)™ e, (190

with G)¥ given by (4.80). Note that (4.90) is independent of the flavor parameters.

The expression (4.88) depends both on the gauge theory chemical potentials u, and
on the gauge fluxes n,. In the full theory, we need to “integrate over” the vector multiplet.
In the present formalism, “integration over u” is realized by the sum over Bethe vacua
in (4.28). However, we also need to sum over the fractional fluxes, for each exceptional
fiber (¢,p). For a gauge group G, the fractional fluxes are valued in a Z, reduction of the

magnetic flux lattice:
Igv(q) = {n € h‘ p(n) EZ, Vp € Agpar ; n~n+qA, VA E Acochar} , (4.91)

with Achar and Acocnar the character and co-character lattices of G, respectively — in other
words, I'gv(q) = Acochar @ Zq. The full fibering operator is obtained by summing over all
the fractional fluxes:
Ggp(Us V)m = Z Gap(Us V)nm - (4.92)
nelgv (q)
We will argue below that this is the correct sum over topological sectors, when we consider
supersymmetric localization in section 6. Heuristically, the idea is that, from the two-
dimensional point of view, we should sum over all orbifold H-bundles on the orbifold base
33, in order to have a consistent sum over topological sectors. The sum (4.92) is well-
defined when evalued on a Bethe vacuum. Indeed, if we shift any n, by ¢ in the summand,
we obtain:
G (U V)ntsugm = a(u, V) Ggp(u, V)nm (4.93)

where the new prefactor trivializes on any Bethe vacuum, II,(u,v) = 1.
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Moreover, while we saw before that the individual fibering operators G, ,, are not well-
defined in the presence of a general R-symmetry line bundle L (when ZZR # 0), these am-
biguities factor out of the sum (4.92), and safely cancel in the full Seifert fibering operator:

GMs (U, V)m = H Ggi,ps (U V), - (4.94)

i=0
Recall that, in this notation, (go,po) = (1,d), and so m = (m;) includes both the “ordinary
fluxes” mg and the “fractional fluxes” m;, i > 0.
4.4.2 The Mg partition function as a sum over Bethe vacua

This completes the definition of the general fibering operator of a 3d A/ = 2 gauge theory.
We have found the geometry-changing line operator, given by the product of g handle-
gluing operators (4.18) with the Seifert fibering operator (4.94), namely:

Lty (U, V) = H(u, v)? Gang (U, V) - (4.95)

This operator can be inserted along S' in the topologically-twisted S? x S' geometry, as
in (4.28). We therefore found a closed exact formula for the supersymmetric partition
function on any Seifert manifold:

ZMs (V)m = Z H(a, V)gil IMs (V) - (4.96)

ﬂESBE

Note that this expression is properly gauge invariant, including under large gauge transfor-
mations for the flavor symmetry.?® In section 6, we will provide further evidence for (4.96)
from a localization argument in the UV.

5 Infrared dualities on Seifert manifolds

The above results can be used to check infrared dualities between 3d A/ = 2 gauge theories,
by matching their supersymmetric partitions on any Seifert manifold. Given two dual
theories 7 and TP, we must have:

2ty (Vm = ZJ gy (W), (5.1)

for any supersymmetric background Ms. More generally, any infrared duality implies the
existence of a “duality map” mapping the Bethe vacua in the dual theories:

D : Spp[T] — Spe[TP] : 4w a>, (5.2)

where the Bethe vacua are defined by (4.16). Given the formula (4.96) for Zx, as a sum
over Bethe vacua, the equality of partition functions is equivalent to the relations:

H(t,v) = HP (0P, v), Gty (V)i = Gy, (27, V) (5.3)

“Under a large gauge transformation for some flavor U(1),, the parameters (vo,mio) are shifted to
(va + 1,m; o + p;i), which leaves the fibering operator invariant.
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between the handle-gluing and fibering operators of the dual theories, for every pair of
dual Bethe vacua @ and @”. These duality relations were previously proven for H [26] and
for the “ordinary” fibering operator F = Gy 1 [27], for many three-dimensional Seiberg-like
dualities [52-54, 98, 99].46

In the following, we verify the duality relations (5.3) in a few simple examples. This
also serves to illustrate the formalism of the previous section, by spelling out the fibering
operators of some well-known theories. In each case, we performed detailed numerical
checks of the duality relations (5.3). Even in the case of the simplest abelian dualities, these
are very non-trivial checks, which work for any (g, p)-fibering operator and depend crucially
on the fine structure of the theories and of the duality relations, including the relative
background Chern-Simons contact terms between dual theories [39, 52]. We thus view
the successful matching across dualities as very stringent consistency checks of our results,
including more subtle features such as the spin-structure dependence of the supersymmetric
background (M3, Lg).

5.1 Duality between the U(1); CS theory and an almost trivial theory

As our first example, consider a 3d N' = 2 supersymmetric U(1) gauge theory at Chern-
Simons level k£ = 1, without matter. It is dual to an empty theory. More precisely, the
dual theory consist only of a CS contact term for the topological symmetry U(1)7, at level
krr = —1, and of a pure gravitational CS term at level k, = —2:

T : U(1); gauge theory — TP o kpr=-1, k=2, (5.4)

As we discussed in section 4.3.3, we quantize the gaugino in the vector multiplet in such a
way that it contributes the contact terms:

1
KRR = 5 5 kg =1, (5.5)

for the U(1)r and gravitational background fields, respectively. Recall that most N = 2
CS theories are equivalent to pure CS theories in the infrared — a CS term at level k gives
a real mass m = —% to the gaugino,*” which can be integrated out, and we are left with
the gauge field only. In the present case, integrating out the single gaugino in the U(1)
vector multiplet shifts the CS contact terms by —% and —1, respectively, so that we have:

K — 0, RUIR) — 0. (5.6)
in the deep infrared. We then have a U(1); pure CS theory, which was recently studied
in detail in [42]. As argued there, the theory is “almost trivial,” being equivalent to a
purely gravitational CS term at level k; = —2. If we couple the topological symmetry of
the U(1); theory to a background U(1)r gauge field, we also have the U(1)r CS term at
level krr = —1 in the dual description [100], as indicated in (5.4).

46Tn our previous work [27], we only discussed the case vr € Z for the U(1) g background, corresponding
to the “periodic” spin structure. Here we consider the general case vr = %Z as well.
4"With g2 the YM coupling, or any other UV regulator.
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The Bethe vacuum. The U(1); supersymmetric theory has the gauge flux operator:
H(u, C) — (_1)1+2VR€27FiU627TiC ) (57)

Here ( = vp is the fugacity for U(1)p, which is equivalent to a complexified FI parameter.
We then have a single Bethe vacuum (up to large gauge transformations, u — u + 1):

M(a,0)=1 = a:—g+%+u3. (5.8)
A very simple observable in this theory is the U(1)r flavor flux operator, which reads:
Iy (u) = > (5.9)
Plugging in the Bethe solution, we obtain:
Iy (0) = (—1)1H2re2mic (5.10)

with is precisely the U(1)p flux operator generated by a U(1)p CS level kppr = —1, in
agreement with the right-hand-side of (5.4). It is interesting to note that the U(1)p flux
operator (5.9) is equivalent to a Wilson line of charge 1 wrapping a generic Seifert fiber.
Even as we turn off the U(1)r fugacity, setting ( = 0, we remain with a non-trivial sign
in (5.10), which depends on the spin structure of M3 restricted to the Seifert fiber.*® This
is in agreement with the known properties of this line operator [42].

Matching the fibering operators. In the present theory, we have H = 1 for the handle-
gluing operator, so it trivially matches across the duality. To match the supersymmetric
partition functions, we then only need to match the (g, p)-fibering operators. In the U(1);
theory, we have:
L ~0) gcG GG

Gt e = 72085 G55 1) G540 s - 11
Here n is the gauge flux and my is the U(1)r background flux. The fibering operator is
obtained by summing over the gauge fluxes:

q—1
gg:p(uv C)mT = g;—p(ua C)n,mT . (512)
n=0
In the “dual theory,” we have:
TP _ GG -1 grav\ —2

Plugging in the Bethe vacuum (5.8), we find:

GT (i Oy = €= GT (O - (5.14)

B That is, assuming the Seifert fiber corresponds to a non-trivial element of H? (M3, Z2). Otherwise there
is a unique choice of vr mod 1 consistent with supersymmetry.
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The prefactor on the right-hand-side cancels out when we consider the full fibering operator
Gm,. The relation (5.14) therefore implies (5.3).

We should emphasize that the factor géﬂ? in (5.11), which originates from the gaugino,
is crucial in obtaining a precise match across the duality, even in this overly simple example.
This and other related consistency checks give us confidence that we have identified the
correct fibering operators. The above analysis can be generalized to the N’ = 2 version of
level /rank duality, U(N); <> U(|k] — N)_g, and one again finds a perfect agreement [73].
(Supersymmetric level /rank duality can be also obtained as a limit of Aharony duality,
which we study below.)

5.2 Elementary mirror symmetry

Consider the elementary N’ = 2 mirror symmetry [99] between a U(1) gauge theory with
one chiral multiplet and a free chiral multiplet:

T - U(l)% + @ (gauge theory) — TP : T% (free chiral) . (5.15)
The gauge theory consists of a U(1) vector multiplet coupled to a single chiral multiplet
of unit charge, with effective CS level Kk = % The dual theory is a single free chiral,

denoted by T, which is identified with the gauge-invariant monopole operator of the U(1)
gauge theory. If the chiral multiplet of the original theory has an R-charge r € Z, the
dual chiral multiplet 7" has R-charge R[T+] = 1 — r. Moreover, we also have the relative
Chern-Simons contact terms:

krr = —r, krr =17, (5.16)

in the dual description. These relative CS levels can be derived, for instance, by integrating
out ® with a large positive real mass, thus flowing to the duality (5.4).%°

Bethe equation, handle-gluing operator and fibering operators. Consider first
the gauge theory 7. We have the twisted superpotential:

1 . 1
wT = WLig(ez‘m(“*WR)) + 5(u2 + (1+2vR)u) + Cu4--- . (5.17)
Note the presence of a U(1) CS level k = 1, corresponding to the choice of U(1)_1 quanti-
2
zation for the chiral multiplet.’® The Bethe equation reads:
(_1)1+2VR 627riu627ri§

(u, () = =1. (5.18)

1 — e2mi(utvrr)

Let 4 denote the unique solution . We also have the non-trivial effective dilaton:

r—1
271

Q7 = - log(1 — e?milutvar)y (5.19)

“OIn this limit, the gauge theory 7 flows exactly to the U(1); theory in (5.4). In the dual description,
integrating out the chiral multiplet T shifts the CS levels (5.16) back to zero, while it also generates the
levels krr = —1 and kg = —2. See e.g. [26, 27, 39] for detailed discussions of such decoupling limits.

50That is, we must add a “bare” CS term at level 1 to go from our default “U(1)7% quantization” to the
“U(l)% quantization” that appears in (5.15), in the theory 7.
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and the handle-gluing operator:

1 r
T —
H (’LL, C) = (1 — e2ﬂi(u+1/RT)> ) (520)

which is easily derived from (5.17) and (5.19). Last but not least, the (g, p)-fibering operator
reads:

ng( Zg 0) g(b U~ VRT) qgnRy Q(?p (u)n gG1G2(u, Onmy - (5.21)

The second and third factors in the summand corresponds to the chiral multiplet in the

U(1)1 quantization, and the last factor is the mixed U(1)-U(1)r CS term, which includes
2

the contribution from the FI coupling.

Matching across the duality. It is straightforward to check the matching of the handle-
gluing operators across the duality. Plugging the solution to (5.18) into (5.20), we obtain:

. 1 - D
T (5 _ (_1\",—2mir¢ — T
H (u7 C) - ( 1) € <1 o eZWi(C‘f‘VR(l—T))) H (g) . (522)
The dual handle-gluing operator is derived from the effective dilaton:
A 2
Q7" = L log(1 — e2milcHvr-m)) _pe 4 T (5.23)
271 2

Note the contribution from the contact terms (5.16). Similarly, the dual (g, p)-fibering
operator takes the form:

Gy Ome = Garp(C+ VRO =1 mgsnr(—r) (G Ome) (G (5.24)

We verified numerically the duality relations:

7 Omr = £ (G GT) (O (5.25)

with fp(¢,r) a function independent of (g, p), which therefore cancels out from the physical
fibering operator Gaq,.°! This establishes the equality of the dual supersymmetric partition
functions on any Msj.

5.3 General abelian mirror symmetry and gauging flavor symmetries

The elementary mirror symmetry described above is the basic building block in a more
general class of dualities due to [99]. These can be obtained by starting with several decou-
pled copies of the above duality and gauging certain combinations of the flavor symmetries
on each side of the duality [101]. Then, since the original theories were equivalent, the
theories we obtain after this gauging procedure must also be equivalent.

1By checking the duality for (¢,p) = (1,0), one can derive fp(¢,7)? = 1 — 2CHRA=T) " which
determines fp up to a sign. We can also easily perform numerical checks of the matching of Gaq, across
the duality for various numbers of exceptional fibers. We find perfect agreement.
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At the level of the partition function on a Seifert manifold, M3, suppose we have
shown that two theories, A and B, have equal M3 partition functions. Equivalently, this
implies that all the basic building blocks match between the two theories, i.e.:

HAw)=HP (), and G (Vm =G, (V)m Vap. (5.26)

Here, we denote by v the flavor symmetry parameters, and by m the corresponding (frac-
tional) fluxes. We have implicitly included any relative background CS terms necessary for
the duality. Then, we expect that any pair of theories we obtain by gauging some flavor
symmetry, on both sides of the duality, will also have matching partition functions.

It is clear that this last statment will follow immediately if we can construct the building
blocks for any daughter theory, 77, obtained by gauging some flavor symmetry of a parent
theory, T, entirely in terms of the building blocks of the parent theory. In the case of the
handle-gluing and ordinary fibering operators (i.e., Gip), this was shown in [27]. In fact,
these ingredients were shown to be obtained from two more basic objects, the “on-shell
twisted superpotential” and the “on-shell effective dilaton” of the parent theory. For the
more general (q,p) fibering operators, the latter statement no longer holds, however it is
still straightforward to obtain the building blocks of the daughter theory from those of
the parent. Consider gauging a U(1)r symmetry for concreteness, as the general case is a
straightforward extension, and let v and m be the corresponding U(1)r flavor parameter
and fractional flux. Then we first obtain the Bethe vacua of the daughter theory as the set:

Sk = {0 II%(0) =1, some vacuum « € S3g}, (5.27)

where I1, is the ordinary U(1) ¢ flux operator in the parent theory, and II$ denotes that flux
operator evaluated on the Bethe vacuum « in the parent theory. Then, we simply have:

q—1
1 B . ,
Gl ‘*E:QT (08)m , B e Sy, (5.28)
Vi
for the “on-shell” fibering operators of the daughter theory.

Example of N/ = 2 abelian mirror symmetry. To illustrate the above discussion,
let us consider a simple example. According to [99], we have the duality:

A: A single U(1) gauge group U(l),Nf/Q coupled to Ny chiral multiplets of charge 1.

B: A circular quiver with gauge group U(l)JI\;f2 /U(1), with bifundamental chiral multi-
plets connecting adjacent nodes.

“Theory A” can clearly be obtained by starting with N copies of theory TP in (5.15), and
gauging the diagonal U(1) flavor symmetry. Similarly, we claim that “Theory B” can be
obtained by starting with Nt copies of the theory 7 in (5.15), and then gauging a diagonal
U(1), flavor symmetry. Implementing this gauging at the level of the fibering operator,
starting from Ny copies of (5.11), we obtain:

Ny
GI (ui, ¢, G, O G2 (¢, QY H Gl (ui, ¢+ Cnpivgtmir s (5:29)

i=1
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where we have written the FI terms for the U(1) gauge groups as f + (;, with the constraint
>; G = 0, and similarly for the corresponding fluxes. We have also introduced a new FI
parameter, ¢/, for new gauge symmetry corresponding to é . It is useful to solve the Bethe
equation corresponding to the dynamical FI parameter, f , which is simply:

eQTFi(CI+Zi ui) 1 = Zul = —C/ +n, nez. (5.30)

We may absorb the dependence on n into a redefinition of ¢’. If we isolate the f and mp
dependence in (5.29), we find:

e—%@—ﬁlT)(C,‘*‘Ziui—m/T—Zini) — ZM(C ) (—mp =, ng) ) (5‘31)

Recall we must also sum over the fractional fluxes, mp € Z,. This imposes:

—mp — Z”@' =0 (mod q) . (5.32)

Then the ¢ dependence in (5.31) also drops out. We may solve (5.30) and (5.32) by writing
(setting n = 0):

ui:—c—/—i-u Uy m:—ﬁ-i-ﬁ i - (5.33)
Nf ’L+ I Nf Z-l—

Note the second relation implies a non-trivial quantization of the fluxes n} when m/. is not
a multiple of Ny, so that n; € Z. Plugging this in to (5.29), we find:

gg;;(unghc n“sz,mT Hg <U —u C 7C’L> ! , (534)

g1
n;—n; melT

which is the expected fibering operator for Theory B. Since we demonstrated in section 5.2
that the original two theories have equal fibering operators, this proves the equality of the
fibering operators across this more general abelian mirror symmetry.

5.4 Aharony duality

Next, consider N = 2 SQCD with gauge group U(N,) and Ny flavors—Ny chiral multiplets
Qi in the fundamental representation of U(N.), and Ny chiral multiplets @j in the anti-
fundamental, of R-charges r € Z, with vanishing effective CS level for the gauge group. The
gauge and flavor charges of the fields are summarized in table 2. When Ny > N, the theory
has a infrared-dual description discovered by Aharony [53], similar to Seiberg duality:

T:UWNe) +QQ +— TP : UN;—No) +q,q + MT,T_. (535)

The dual theory is a U(Nf—N,) gauge theory with Ny dual flavors ¢;, ¢ ¢* together with NJ%+2

gauge singlets MZJ and T4, which are dual to the gauge-invariants mesons M = @Q and to
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U(Ne) | Uy = Ne) | SU(Nyp) SUNy) UM)a U)r UMr
Qi | Nc 1 Ny 1 1 0 r
Q | N. 1 1 Ny 1 0 r
4 1 Ny —N 1 Ny -1 0 1—r
q 1 Ny — N, Ny 1 -1 0 1—r
M, 1 1 Ny Ny 2 0 2r
T, 1 1 1 1 —Ny 1 —Ny(r—1)—N.+1
T 1 1 1 1 —~N; -1  —=Ng(r—1)—N.+1

Table 2. Gauge and flavor charges of the chiral multiplets @, @ in 3d A/ = 2 SQCD with U(N,)
gauge group, and of the dual flavors ¢,¢ and gauge singlet chiral multiplets M,7,,7_ in the
Aharony-dual U(Ny — N,) theory.

the monopole operators T (of topological charge £1) in the U(V.) theory, respectively.
The gauge-singlet fields couple to the dual gauge sector through the superpotential:

W =Mgq+Tt +T ty, (5.36)

with ¢4 the elementary monopole operators of the U(N; — N.) theory. The charges of the
dual matter fields are sumarized in table 2 as well.

To fully define the duality, we need to specify the relative Chern-Simons contact terms
for the global symmetries [39, 52]. In our present conventions, the dual theory contains the
CS levels:

ksu(n,) = %SU(Nf) = Ny — Nc (5.37)
for the SU(N¢) x SU(Ny) flavor symmetry, the integer-quantized CS levels:
krr =1,
kaa = AN} — 2NNy, (5:38)
kar = 2N} + (AN7 — 2N.Ny)(r — 1),
krr = N2+ N7 +4N7(r — 1) + (AN} — 2N.Ny)(r — 1)2,
for the abelian global symmetries, and:
kg =2N¢(Ny — N) + 2 (5.39)

for the gravitational CS level. These levels can be derived in a variety of ways. One
interesting derivation consist in integrating out the matter fields so that Aharony duality
reduces to 3d N' = 2 supersymmetric level/rank duality U(N)g <> U(K — N)_g in the
IR, with K = Ny — after integrating out the gaugini, one can compare the IR relative CS
levels to known results for level/rank duality in pure CS theory [100], which then implies
the above contact terms in the Aharony-dual theory.

In previous literature, it was found that the relative CS levels vanish for the Aharony
duality,® contrary to what we are claiming here. The more precise claim is that, in a

2For instance, this is what was found in [51, 52] by looking at the Si partition function.
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scheme in which all the fermions (including the gaugini) would be quantized in such a way
that gives a trivial contribution to the flavor contact terms, kp = 0, then we would indeed
have no relative CS levels. However, that (implicit) quantization scheme is not consistent
with background gauge invariance for U(1)g [27], as we already explained. Here instead,
we are following the conventions in which each chiral multiplet is taken in the “U(1) 1

2

quantization,” while the gaugini are quantized with the contact terms (4.86). For instance,

in the U(N,) gauge theory 7, the fermions in Q,Q contribute:
dkuny = —Ng,  dkaa=—NgNc (5.40)

to the gauge and U(1)4 UV contact terms. Since those shifts are by integers, we can
always cancel them by adding the bare CS levels ky(y,) = Ny and k7T a4 = NyN.. For the
gauge group, this is part of the definition of the theory, and we need to introduce the bare
level so that we have the effective CS level ky(y,) = 0. For the flavor symmetry U(1)4,
however, this is a non-physical contact term, which we can choose at will — only the
relative level kqq = k,zx—i — k;@ 4 across the duality is physically meaningful. Here we chose
kZ;A = 0. For the U(1)r symmetry, on the other hand, the gauge-invariant quantization
(in the conventions of this paper) gives a contribution:

1
Skrr = —(r —1)>N;N¢ + 5Nf (5.41)

to the U(1) g CS contact term in the UV, coming from the chiral multiplets and the gaugino,
respectively. We see that, for N, odd, dkrp is half-integer and cannot be fully cancelled by
a gauge-invariant counter-term. Nonetheless, consider for a moment setting k; = —5/{?
formally, for the full flavor symmetry G, and similarly in the dual theory 72. Then, the
assumption that there are no additional relative contact terms between the dual theories,

in that particular “scheme,” allows us to derive:
krp = k‘ZD —k} = —5/{?13 + 0Kk, (5.42)

which must be integer quantized. We choose k;f = 0 throughout, so that the fla-
vor CS levels in the dual description are given by the right-hand-side of (5.42). This
reproduces (5.37)—(5.39).

Bethe equations and dual Bethe vacua. Consider turning on generic chemical po-
tentials for the flavor group Gr = SU(Ny) x SU(N¢) x U(1)a x U(1)r, denoted by:

Ny
Vi, Uj <w1th ZVZ ZVJ = O) V4, ¢, (5.43)

respectively, and similarly for the background fluxes m;, m;, m4, my € Z. The gauge-flux
operators of the U(N,) theory are given by:

Iy (u, v) = Ho(ug, V), a=1,---,N,, (5.44)
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with v denoting collectively all the flavor parameters (5.43), and:

(1 _ 627ri(—u+§j+uA+er))

1,
Ny 2mi¢ 1Lj=1

I_IZ]‘V:f1 (1 _ 627ri(u—l/i+l/A+VRr))

Ho(u, I/) = (_1)21/R(Nf+chl) (_627riu) 7 (545)

a function of a single variable u. Let us call “Bethe roots” the Ny solutions {ﬂa}gil to
Io(@,v) = 1. They correspond to the Ny roots Z, of the polynomial:

Ny Ny
(_I)Nf+2uR(Nf+Nc71)ezmc H (a: _ 627Ti(l7j+VA+VRT)) _ H <1 _ xezm(—uﬁmwm)) 7
j=1 i=1
(5.46)
of degree Ny in z, with & = e2™ A Bethe vacuum:
~A ~ ]\[C ~ Nf
U= {ua}azl C {ua}azl ) (547)

consists of a choice of N, distinct Bethe roots. In particular, there are:

|SeE| = (%f> (5.48)

distinct Bethe vacua. This number is the flavored Witten of U(N.) SQCD [26, 102], and
it is obviously invariant under N. — Ny — N..

Consider now the dual U(Ny — N..) gauge theory. Using the identification (¥ = —( for
the dual FI term, and the charge assignments in table 2, it is easy to show that the dual
Bethe equations are isomorphic to the ones in the original theory. More precisely, we find:

2wl vy =1 & My(ug —vr,v)=1. (5.49)

for the dual gauge-flux operators. Here the index @ = 1,---, Ny — N, runs over the Cartan
of the dual gauge group. It follows that the duality map (5.2) is given by:

D 4= {ta}— o = {ta} = {Us +vr}, with {Ga}={ta}°C {ta}"l,. (5.50)

Namely, the Bethe vacuum %" dual to @ is obtained by taking the complement % = 4¢ of
@ in the set of Bethe roots, and shifting each uz by vg.

Matching the handle-gluing operators. The handle-gluing operator of the U(N,)
gauge theory is given by:

N, N,
" . -1 =
’HT(U,V) = H (1 _ eQTl"L(Ua_Ub)) H [H(ua’ V)

a,b=1 a=1

a#b
Ny . 1-r Ny . - 1—r

% H (1 _ 627rz(ua—l/i+l/A+l/R7')> H (1 _ e27rz(—ua+1/j+1/A+VRr)> ] ’

=1 7=1

(5.51)
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with the function:

271'z(u Vi+va+vRT) Ny 627ri(7u+§j+uA+uRr)
H( Nf + Z e27rz u—v;+va+vRT) + Z 1— e27ri(7u+'l7j+VA+VRr) ’ (552)
j=1

of a single variable u, corresponding to the Hessian detq, 0,0,W = [[, H (uq,v). Similarly,
the handle-gluing operator of the dual gauge theory takes the form:

rHTD (’LLD, I/) — Hgauge(uD’ I/) r;,_[singletS(uD7 I/) Hct (uD’ I/) ’ (5‘53)

a product of three contributions. The gauge theory contribution reads:

N;—N. NN
FHEuse — H (1 — 62”(”@—%)> H [HD(ua, v)
a,b=1 a=1
a#b
Ny , Ny .
% H <1 o 627ri(fua+1/1‘71/,4+1/3(17r))> H (1 - eZTri(uafﬁjquJruR(lfr))) ] ’
i=1 j=1
(5.54)
with the function:
2mi(—utv;—va+vgr(l—r)) Ny 2mi(u—vj—va+vr(1—r))
D o (& e
H (u’ V) = Nf + Z; 1 — e2mi(—utvi—vatvr(l-r)) + Z 1 — e2mi(u—vj—va+vr(l-r)) ° (5'55)
1=

j=1
Note that H”(u,v) = —H(u — vg,v), with H(u,v) defined in (5.52). The contribution
from the gauge-singlet fields M and T reads:

Ny
Hsinglets _ H (1 _ eQWi(;.i_Vi"‘QVA"'QTVR))l
3,j=1

o H <1 _ eQWi(Zl:C_NfVA‘f‘VRTT))liTT , (5.56)
+

with 7p = —Ng(r — 1) — N. + 1 the R-charge of T'. We also have a contribution from the
Chern-Simons contact terms:

Hct — (_l)k‘RR eQWikARVA ’ (557)

with the levels kgr and kap given in (5.38). Note that the handle-gluing operator H7
and H7" are rational functions of z, = €2 and x; = e>™a_ respectively. By using
elementary identities involving the roots Z, of the polynomial (5.46), one can prove the
matching of the handle-gluing operators across the duality [26]. That is, given any Bethe
vacuum @ in 7 and its dual Bethe vacuum 4% in 7P, we find:

HT (a,v) = HT" (@°,v) . (5.58)

This was first proven in [26] in the special case vg = 0, and the generalization to vr € %Z
is straightforward.”® The identity (5.58) proves the matching of the twisted indices (4.17)
across Aharony duality, for both the periodic and anti-periodic spin structures.

3In [26], the relation (5.58) was proven up to a complicated sign. Following [27], we see that, after
properly treating the parity anomaly, the match is exact.
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Matching the fibering operators. We can similarly compare the (g, p)-fibering oper-
ators of the dual theories. Let us set 7 = 0 to avoid clutter. The R-charge dependence can
easily be restored by shifting v4 — v4 + vgr and my — my + nfir. For a U(N,) gauge
theory with Ny flavors, we have:

qg—1 q—1
C7N -~ C7N
gq,p f(u, Vi, V5, VA, C)mi,fﬁj,mA,mT = Z T gq,P ! (Uv V)ﬂ,m 5 (5'59)
n;=0 ny,.=0
with:
N N N2 Nc Nc
Cy —2c c
Ga.p f(uv V)om =q 2 (gégz) H g (Ua — Ub)ng—m, H [gg;%GQ (Uas Ong
a,b=1 a=1

a>b

Ny
N
X (gSpG(ua’)na) ! H g(?jp(ua —V + VA)n—mi—&-mA
=1

Ny
[0} ~
X H Gyp(—ta +vj + VA)na+ﬁj+nA] )
j=1

and with the various building blocks introduced in section 4, including the W-boson con-
tribution (4.79). Note the presence of the bare U(N,) CS term at level Ny on the second
line, as discussed above. In our conventions, we then have:

Ne,N
gZp(uﬂ V)m = Gqp ' (U, V)m (5.60)
for 3d N/ =2 SQCD. For the dual theory, on the other hand, we have:

D .
Gl (WP v)m = GEE (uP 1) GRS (4P 1) G (WP V) (5.61)
a product of three contributions, similarly to (5.53). The gauge-theory contribution is
given by:
N;—Ng,N -
gg&;}uge(uD’ V)m = qJJ; f(uD, Vj, Vi, —VA + VR, _C)ﬁlj,mi,*mA+nR,*mT ) (5.62)
in terms of the function (5.59). The gauge-singlet contribution reads:

Ny
Goneets (ul vy = T Gp(@ — vi + 204)7, —miroma
11 (5.63)

)
X H gqm(:l:( - NfVA + URTT):I:mT*meA+nR7'T )
+
with 77 the monopole R-charge (with » = 0, here). The CS contact term contribution reads:

c SU(N¢)CS kSU(N ) SU(N;)CS ,~ ESU(N ) k
gq,tp(uDaV)m: ( q,p( ) (V)m) ! (gq,p( 2 (V)x?l> ! (QSE(C)mT) o

X (G55 (Wa)ma) ™ (GSR(vA)my)™™ (GRR)AR (ggvyF (5.64)
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with the SU(Ny) CS contribution:

Ny Ny Ny
SU(Nf)CS
gq,p( 7 (V) = H Ql%;(yi)mi , such that Z v = Zmi =0, (5.65)
i=1 i=1 i=1

and the flavor CS levels (5.37)—(5.39). The infrared duality between the two theories implies
the equality:

GT (0 V)m = fo ()" GT, (P, V) (5.66)
for any pair of dual Bethe vacua @ and @7, with fp(v) some function independent of (g, p),
which cancels from the physical fibering operator Gaq,. We checked (5.66) numerically, for
a large number of examples. Together with (5.58), this identity implies the equality of the
supersymimetric partition function across Aharony duality on any Seifert manifold. Note
that (5.66) was previously proven in the special case ¢ = 1 [27]. For ¢ > 1, given the sum
over fractional fluxes in (5.59), the duality relation (5.66) is rather more complicated. It
would be worthwhile to find an analytic proof.

Finally, let us note that, through various decoupling limits, we can go from 3d N = 2
SQCD to more general U(N,); theories with Ny fundamental chiral multiplets, N, < Ny
anti-fundamental chiral multiplets, and an effective CS level k € %Z such that k + %(N =
N,) € Z. These theories also enjoy interesting dualities [52, 54]. (The elementary mirror
symmetry (5.15) is a special case.) The corresponding duality relations for the geometry-
changing operators directly follow from (5.58) and (5.66) by taking appropriate limits on
the chemical potentials [27].

It would be interesting to extend this discussion to various other three-dimensional IR
dualities, such as dualities involving adjoint fields [103, 104] or monopole-operator super-
potentials [105-107].

5.5 The “duality appetizer”

As our final example, we consider the duality of [108], relating the following theories:

A: An SU(2); CS theory coupled to an adjoint chiral multiplet, ®.

B: A free chiral multiplet, Z, tensored with a decoupled topological sector U(1)s.
The chiral operators in the two theories are identified by:

T o? « Z. (5.67)

In particular, theory A has a U(1)p global symmetry acting on ® with charge 1, which
maps to a symmetry acting on Z with charge 2. In addition, theory A has a Zs 1-form
electric symmetry [109], which maps to that of the decoupled U(1)y CS theory.

Bethe equations. The twisted superpotential and the Bethe equation for the SU(2)
theory were described in [27]. The Bethe equation reads:**

T, = 2° 1-pe (5.68)
1 — pa? ’

54In [27], we worked with the A-twist background, namely vr = 0. More generally, the dependence on
vr here is trivial, and we have absorbed it into the definition of u below.
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where we have defined:
— e?ﬂ'iu

T , w= eQTI’i(I/-H“VR) , (569)

with v the U(1)p parameter. Here we have used the U(1)_;/, quantization for the chiral
multiplets, so that the adjoint chiral multiplet itself contributes a gauge CS contact term
k = —2 in the UV, therefore we have included a bare CS term at level kK = 3, to recover
the appropriate effective level k& = 1 of the SU(2); theory. Then, factoring out trivial
solutions, (5.68) can be rearranged to:

(x+az7 1) =0 +p)?. (5.70)

Up to Weyl equivalence, taking  — x !, there are two solutions, x4+ = e>™%+  given by
the two choices of sign in taking the square root of (5.70).

On the dual side, we must consider the Bethe equation for the U(1)y supersymmetric
CS theory, which is:*®

P=1 = =1 (5.71)

and so there are two vacua, matching the counting in Theory A. Note that, since a free
chiral by itself has only one vacuum, this extra decoupled CS sector in Theory B is crucial
for the duality to make sense.

Handle-gluing and flux operators. Let us first consider the flux operator for the
U(1)F flavor symmetry. The adjoint chiral multiplet contributes:

1
Hr = (1—p)(1 — pa?)(1 — px=2) (5.72)
Plugging in the solutions (5.70), we find:
e =G (5.73)
Uy (1—p?)

which precisely agrees with the contribution of the charge 2 chiral Z in the dual theory.

Next consider the handle-gluing operator. Without loss of generality, we may assign
the chiral multiplet ® an R-charge of » = 1, and then Z has R-charge 2. Then in the SU(2)
theory, the handle-gluing operator is given by:

1
(=)o)

Ha(u,v) = H(u,v), (5.74)

where the first factor is the W-boson conrtribution, and H is the Hessian of the twisted
superpotential:

1 0 pa? pz 2
H(u,v) = %alogﬂg :6—1—41_!&2 —|—41 m—g

(5.75)

55In principle one can include a background gauge field coupled to the U(1) s topological symmetry, as
was suggested in [108]. However, this explicitly breaks the Zs 1-form symmetry, and so we do not include
this here.
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Plugging in the solutions (5.70), one finds that, in both vacua, we have:

R 2
On the dual side, the U(1)2 CS theory contributes a factor Hyy(;), = 2 to the handle-gluing
operator, while the free chiral Z contributes a factor (1—pu?)~!, therefore we recover (5.76).

Fibering operators. Let us now consider the matching of the fibering operators, G, .
For the SU(2) theory, we have:

1 3
Giplt: I = (649)" G2 (2u)2n G0 (~2) -0 (G5 (w)a)

x Q;ij(Zu v+ TVR)2n+m+ruRg§p(—2u + v+ TNR) - 2ntmtrnp

6
(5.77)

X gC(II?p(V + rnR)errnR )

with n and m the gauge and flavor fractional fluxes, as usual. Then the full fibering
operator, evaluated at the Bethe vacua (5.70), reads:

—

(=}

gép(y);i) = gf,p(ﬂia V)n,m . (578)
n=0
For the dual theory, we find:
- 1 22
gfp(u, V)am = % gg?g (g(ff(u)ﬁ) Q';I?p(21/ + 27rVR)om+2rnp » (5.79)
The two Bethe vacua (from the U(1) sector) correspond to @ty = 0 and 4_ = 1. Thus, we

find the full “on-shell” fibering operators:

i
L

gfp(y)s“i) = gfp(ﬁia V)n,m . (580)

it

I
=)

We note that the contribution of the decoupled CS theory is quite non-trivial; in particular,
unlike the flux and handle-gluing operators, the two vacua give different contributions,
which must be separately matched. We have checked numerically in several examples that
the following relation holds:?®

G = G, (5.81)

giving a new strong test of this peculiar duality. In particular, this is a strong test that the
conjectured decoupled topological sector described above indeed appears. It also gives a
precise handle on the relative CS contact terms between the two dual theories. Interestingly,
with the choice of quantization for the fermions used in this paper, there are no additional
relative global Chern-Simons term necessary for the duality to hold.

%6More precisely, we have shown that the two values on the Lh.s. agree with those on the r.h.s., but
the precise identification between the two vacua can vary, e.g., as we cross branch cuts of the Bethe
solutions, (5.70), in the complex v plane.

— 80 —



6 Localization on Seifert manifolds

The exact result for the Seifert manifold partition function can also be arrived at by a
direct three-dimensional path-integral computation, as in [26, 31, 34]. In this section, we
derive the result (4.96) via supersymmetric localization onto the classical Coulomb branch,
starting from the three-dimensional UV action. The relevant curved-space supersymmetric
actions and supersymmetry multiplets [5] can be found in section 3 of [27]. The supersym-
metric localization argument is a straightforward generalization of section 4 of [27], which
we we will briefly summarize for completeness. The gauge group G is chosen as in (1.12).

6.1 Supersymmetric localization and integral formula

Consider M3 with the supergravity background as in section 2.3. In particular, we have
first Chern class:

allo)=d+3 0, (6.1)
i=1 "
for the defining orbifold line bundle.

BPS configurations. Let us first consider the BPS equation for the vector multiplet.
The gaugino variations with respect to the two supersymmetries (2.70) vanish if and
only if:>7

D,o =0, for=fo1 =0, D=2ifi1+0H, (6.2)

with H = ifc1(Ly) the supegravity background field given in (2.67). In addition to the
BPS equations, we impose the gauge fixing condition along the Seifert fiber:

n"(Lray) =0, (6.3)

which implies dyag = 0, with ap € R, in the adapted frame. We can diagonalize ay using
the residual gauge symmetry. The equation D o = 0, together with the reality condition
on o, implies [ag, o] = 0, and therefore we can diagonalize ap and o simultaneously:

ag = diag(ao,a) ) 0 = diag(o'a) ) (6'4)
with constant o,’s. This breaks the gauge group down to its maximal torus times the
residual Weyl symmetry:

G > HxWg, H= [] v, . (6.5)

The fields ag and ¢ are combined into the n-component of the complexified 3d gauge field:
Ay = ay, —inuo, (6.6)

similarly to (2.97). Then, the two-dimensional scalar fields u, are defined as:

1
Ugq = —% /yAa . (67)

5THere we impose a reality condition on ¢ and ayu, not on the auxiliary field D.
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We localize onto the constant modes:
ug = if(o +iag), (6.8)

which naturally span the “classical Coulomb branch” for the 3d theory on R? x ST,

It is important to note that the BPS equations allow for non-trivial H-bundles on the
two-dimensional orbifold. We must sum over all such independent line bundles, which are
indexed by the 3d Picard group:

Pic(Ms) = Pie(S)/{[La)) (6.9)
as discussed in section 2.2.1. We will denote the gauge line bundles in Pic(i]) by:
F=L{"@L{™ @@ L™, (6.10)
where n; = (n;,) label the GNO-quantized magnetic fluxes:
Fav={n €bh| p(n;) €Z, Vp€ Achar} - (6.11)

Any line bundle (6.10) has the orbifold first Chern class:

e(F)=no+ ) ‘;— . (6.12)

Recall that these orbifold line bundles are not all independent. They are subject to the

equivalence relations in Pic(X):
Lo=L%%, fori=1,---,n. (6.13)

From now on, let us assume that ¢;(Lo) # 0. Then the line bundles in (6.9) are all torsion
line bundles, and they can be characterized by their flat connections. In each topological
sector {ng,ny,--- ,n,}, the localized gauge field can be written as:

a = aon + a2 (6.14)

where ap € R is a constant. The flat connection takes the form:

fl flat
o) = oy + o, (6.15)
in local coordinates, where « is the flat connection on the base . To find the correct
. (flat) . . .
expression for a,, , consider the coordinate transformation:
0 2 W =19 — XNz, 2), C'=C+d)\(z72), (6.16)

so that the one-form 7 is well-defined. We can also write:

dC = c1(Lo) ™ (wy) da = c1(F) 7" (wy) , (6.17)

~ 82 —



where wy, is the volume form on the two-dimensional base. It is convenient to define the

(0)

forms we, and wg) by descent with respect to the coordinate transformation &,, as:

0 0 1
wy, = dw(g) , 5$w(2) = dw(i) . (6.18)
Then, we can write C and the gauge field a as:
C=c1(Ly) W*w(;) + db, a=c(F) W*wg]) + dc, (6.19)

where b and ¢ are globally-defined functions on the base. It follows that the change of
coordinates acts as:

0.C = c1(Lo) ﬂ*dwg) , dza = c1(F) W*dwg) . (6.20)
Comparing this expression with (6.16), we find:
(flat) a1 (‘F)
a dy = — di . 6.21
17[) w c1 (;CO) 1/} ( )

This gives the holonomy:

exp (—i L a<ﬁat>> — exp (2m‘ ;1((2)> (6.22)

along the Seifert fiber v (at generic point on the base). Therefore, the complex variable u

in (6.8) can be written as:

c1(F)
c1(Lo)’
which is valued in u € hc. One can check that this expression is compatible with the large

u = if(o +iag) + (6.23)

gauge transformation:
u—u+1, ng —>ng+d, n, —n +p, Vi, (6.24)

which we discussed in (4.37). (Here, a¢ is invariant under large gauge transformations.)

(flat)

If ¢1(Lo) = 0 instead, the flat connection a, € Ris a free parameter which can

be reabsorbed into ag, corresponding to the free generator in f)I/C(Mg,) In that case, ag
is also subject to the large gauge transformation ag ~ ag + 1. It is then more natural to
gauge-fix that invariance by imposing that g is valued in the interval ag € [0,1). Then,
the Coulomb branch variable u can be defined as:

u=1f(c+iap), with u € hc/Acochar - (6.25)

Finally, the flat connection a on the Riemann surface corresponds to the factor Z%9 C
H'(M3), which we can expand as:
g
a= (oqw{dz + &Iw{dé) , [w!] € H'(M3) . (6.26)
I=1
In addition to these bosonic zero modes, this background admits 2g+2 gaugino zero-modes,
which can be written as:
g
A= Z (Ajw{dz + Anu{di) , Ao, Ao = (constant). (6.27)
=1
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Localization formula for the path integral. The bosonic and fermionic zero-modes
can be organized into short supermultiplets:

V(): (ao,O',Ao,Ko,f)), V[Z(&[,&].A[,K]), I = 1,--- N/ (6.28)

Here, we also introduced a constant mode D for the auxiliary field D, as a regulator for the
localization computation, as studied e.g. in [110, 111]. Then, using a standard localization
argument, we can reduce the supersymmetric path integral to supersymmetric ordinary
integral over the zero-modes (6.28), namely [27]:%

. —Scs(Vo,Vr) 1-loop
Zams (V) _621; m \WGI Z) /dVOHdVI e~ desVoVr Zoob Vo, V1), (6.29)
no,n;
€Pic(M3)

where Z71°°P()) V;) is the contribution from the one-loop fluctuation around the solution
to the BPS equations. Here we again assumed that ¢1(L£y) # 0. The integration over the
fermionic zero modes and the D integral can be done as in [27]. We then obtain:

1 — 1-loo
Inma (V) = —— d(G)yy e=Ses(uw) Z1-100b () )y By, 1)9 6.30
€Pic(Ms)

as a holomorphic contour integral in the variables u,. The factor e~5¢s in the integrand is
the classical contribution from the Chern-Simons terms in the UV Lagrangian. The factor
Z1109P (4, 1) is the one-loop contribution,” given in terms of the one-loop determinants
for the chiral and vector multiplets, which we discussed in section 4 (see also appendix D).
The function H(u,v) in the integrand is the Hessian of the twisted superpotential:

H(u,v) = det 2V (&Y OW(u,v)

31
ab OugOup (6.31)

as in (4.24). The factor H(u,v)? in (6.30) arises from integrating out the zero-mode
multiplets V;.
Both the classical and the one-loop factors in (6.30) can be written in terms of the

geometry-changing line operators of section 4. We simply have:%°
e~ Sos(uv) Z(lr;(lf;p) (u,v) = (_1)rk(G) e2mi(g—1)Q(u,v) G (U, V), (6.32)

%Here and in the following, in addition to the gauge magnetic fluxes n (that must be summed over), we
can turn on background fluxes m for the flavor symmetries. We leave them implicit to avoid clutter. We
similarly leave the dependence on the Lr parameters implicit.

59 Z1-loop (4, 1)) is specialization to D = 0 of the one-loop determinant Z'7'°°P(Vy, V;) appearing in (6.29).
The latter is not holomorphic in u, but a careful integration over the gaugino zero-modes Ag, Ao, and over
the bosonic mode f), leads to the holomorphic contour integral (6.30) — see the discussion in appendix D
of [27], and references therein.

%0The sign (—1)™() is introduced for future convenience. It could be absorbed in the orientation of the
contour integral.
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with n = (ng,n;). Here, Q(u,v) is the effective dilaton introduced in section 4.2, and
G, (u, v)y is the full Seifert fibering operator:

G (1, )0 = F(u, v) T (u, )™ H Gaipi (W V), (6.33)

at fixed gauge flux n, where G, ,(u, V), is the (¢, p) fibering operator given by (4.88), and
where II(u, v) and F(u,v) = G1,1(u,v)o are the ordinary gauge-flux and fibering operators,
respectively. We also used the obvious short-hand notation II(u, )" = szz(f') 1, (u, )"0
for the gauge-flux operator, and suppress the flavor symmetry flux from the notation.
The contour C(n) in (6.30) is a “JK-like” middle-dimensional contour on the u-domain,
closely related to the Jeffrey-Kirwan (JK) residue [112, 113], which depends on an auxiliary
real vector n € h*. The contour can be derived in the rank-one case, while in the higher-
rank case we can propose some natural conjecture [27]. We will review these contour
prescriptions momentarily. We will also discuss how they can be related to a non-compact
“g-contour” which appeared in well-known localization formulas for the supersymmetric

partition function on the three-sphere and other lens spaces [10, 13, 15, 18, 49].

Another integral formula. There exists an alternative way to present the summation
over the line bundles and the u-integral in (6.30). The integrand in (6.30) is invariant under
the large gauge transformation (6.24), as required by gauge invariance. Recall from sec-
tion 4 that this large gauge transformations corresponds to tensoring the line bundle (6.10)
by the defining line bundle of the Seifert manifold:

F = F®Ly (6.34)

This ensures that the summation over PTC(Mg) in (6.30) is well-defined. On the other
hand, we could also fix the gauge freedom (6.34) in a different way, so that we sum over all
independent line bundles in Pic(f]). In this scheme, we should quotient the space u € h¢
by the action of the large gauge transformations (6.24). This can be done by restricting
the range of the Coulomb branch variables, according to:

u € be/Acochar - (6.35)

Given this gauge-fixing of the large gauge transformations (6.34), we still have to sum over
all the fluxes (ng, n;) in Pic(3), instead of the smaller group Pic(M3). Given the 2d Picard
group relations (6.13), this is equivalent to:

ng € I'gv, n; € Fé(qi) , fori=1,---n, (6.36)

with ng an ordinary magnetic flux over $, and n; the fractional fluxes at the exceptional
fibers, as explained in detail around (4.91). For instance, for G = U(1), we should restrict
the integration variables to the strip Re(u) € [0, 1), while we sum over the ordinary fluxes
np € Z and over the fractional fluxes n; € Z,.

We then arrive at the localization formula:

1
ZMB(V)zw— / d™K(G)y, e~ Sos(uw) Z11oob o oy iy )9 (6.37)
Co(n

(no,n;)
noelgv nleFV
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Here, Cy(n) is defined as the contour C(n) restricted to the quotient space (6.35). Thus,
for ¢1(Lo) # 0, we have replaced the finite sum over the torsion H-bundles in (6.30) by
an infinite sum over ng, together with a sum over the fractional fluxes. The infinite sum
is essentially a sum over the images of the restricted domain (6.35) under the large gauge
transformations (6.34).

Interestingly, in the gauge (6.35)—(6.36), we can naturally include the case with
c1(Ly) = 0, as should be clear from (6.25). Thus, the integral formula (6.37) should
be valid for any M3. In this formulation, we have an infinite sum over the magnetic fluxes
ng, and one should worry about whether that sum converges. The convergence ultimately
follows from the properties of the contour Cy(n). In the following, we will study this contour
more in detail, focussing on the rank-one case where everything can be done very explicitly.

For future reference, let us note that the sum over the fractional fluxes in (6.37)
is exactly the same sum that we considered in (4.92) when computing the full fibering
operators. Therefore, we may also define:

GMms (u,v) = F(u,v) d H Z ngypi(% V| = Fl(u, V)d ngz‘ypi(% v), (6.38)
i=1

i=1 | nelg(a)
the product of the “full” (g, p)-fibering operators, so that the integral formula (6.37) reads:

Iy = Z /C JK(G)y, I (u, )™ Gag, (u, ) o2 (u,v) H(u,v)? . (6.39)

no€l'gv

Here, H(u,v) = > ") [ (v, v) is the handle-gluing operator (4.18). In this form the
partition function is exhibited as the expectation value of the geometry changing line
operator, Zps, in the S? x S! partition function [34], as anticipated in (1.19).

6.2 Contour prescriptions and the Bethe-sum formula

In the rest of this section, we explain the relation between the above contour-integral for-
mulas and the Bethe-sum formula (4.96). For a rank-one gauge theory, we will explicitly
show that the two types of expressions agree, when certain additional conditions are satis-
fied. We also study the relation to the “o-contour” formula, which has been considered in
previous works on lens spaces [10, 13, 18, 49].

6.2.1 Singularities of the integrand

Let us denote the integrand in (6.30) by:
Tinom) (s 7) = (1™ Gpy (u, v)o 2T H(u, )7 (6.40)

The function Jn,)(u,v) has various singularities on the domain u € bh¢, which define
four different types of hyperplanes [27], including “hyperplanes at infinity.”
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Chiral multiplet singularities. For each chiral multiplet with gauge charge p and
R-charge r, we have singular hyperplanes where the chiral multiplet becomes massless,
defined by

Hy,pn={uebc|plu)+vrr+k=0, keZ} (6.41)

The order of pole at H,,  is

p(ni) + nf'r + pin
di

n
Npric = deg(Lyx) + 1 — g = p(ng) + afr +dn+ > {

J +1—g, (6.42)
=1

with the orbifold line bundle L, as in (4.57).

Large Im(u) regions (monopole) singularities. The integrand may diverge in the
large Im(u) region. The hyperplanes defined by these singularities are

Hyyr ={u € b | Im(ug) — oo} . (6.43)

The behaviour of the integrand in this limit depends on the charges of the monopole
operators [26, 27]. Equivalently, the behaviour of the integrand in this limit depends on
the value of the effective Chern-Simons levels as ¢ — +00 — the limit is given explicitly
in (4.74) for the chiral-multiplet contribution to the fibering operator, and similarly for the
effective dilaton.

Large Re(u) regions. When ¢;(Ly) # 0, the integrand is not periodic in the Re(ug)
directions, and can be divergent as we take the limit Re(u,) — fo0o0. Let us define the
integer @ =[]~ ¢; > 0. We then have:%!

Gts (Ua + QN,v)g = g (u, )1 EICNG (1), (6.44)

for any N € Z. (The effective dilaton and the handle-gluing operators are periodic.)
When ¢1(Ly) > 0, we can see that the integrand diverges in the Re(u) — oo region,
on the segments of the contour C(n) where |II,(uw)| > 1. Similarly, it diverges in the
Re(uq) — —oo direction on the segments of the contour where |II,(u)| < 1. The opposite
holds for ¢1(Lp) < 0.

W-boson singularities. For a non-abelian gauge group, when 2 — 2g — n > 0, we also
have potential singularities at each root a € g:

Hy={uebc|alu)=n,neZ}. (6.45)

This is the locus where the non-abelian gauge symmetry enhances. As in [27], our prescrip-
tion for the contours C and Cy is to define them such that we do not pick any contributions
from poles which intersects with H,.

6.2.2 Contour integral for U(1) theories

Let us make this contour more precise in the case G = U(1). For a U(1) gauge theory, we
can explicitly derive the contour C and prove the equivalences among different expressions
for the partition functions.

51Here we consider shifting a single u, at the time.
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JK contour and the Bethe-sum formula. In the U(1) case, the formula (6.39) sim-

plifies to:

Inms =Y /c du TI(u)™ Z(u) (6.46)

with:
Z(u) = (=1) Gy (u) e 27 3 (1) (6.47)

Here and in the following, we suppress the dependence on the flavor parameters v, for
simplicity of notation. The contour Co(n) is given by:52

Co(n) ={ue oMy sign(Im(d,W)) = —sign(n)} . (6.48)

Here, My is defined to be the complex u-plane restricted to the strip Re(u) € [0,1), with
the e-neighbourhoods of the singularities listed in section 6.2.1 removed. We also remove
the region outside of the large box with the boundaries Im(¢) = £R, Re(u) = 0, 1, with
R arbitrarily large. Then, the boundary d9M consists of small circles along the “bulk”
singularities, plus the boundary of the strip. The prescription (6.48) is to take the subset
of 9 such that [II(u)| > 1 if 5 > 0, or such that [II(u)| < 1 if 5 < 0. In this way, Co(n)
defines a contour integral which is equivalent to the JK-residue prescription for singularities
at finite u, with additional contributions from the boundary integral. Here, the parameter
1 € R can be chosen arbitrarily, but the final answer is independent of that choice.

To relate the expression (6.46) to the Bethe-sum formula (4.96), we should simply sum
over ng € Z explictly. By choosing 1 < 0 for ng > 0 sector and n > 0 for ny < 0, we have:

-1 00

du TI(u)"Z(u du TI(u)"Z(u
/00(77>0) o )+mzo/00<”<°> e (6.49)

(o w ) Tw T
_< /Co(n>0)d +/Co(77<0)d ) 1*H(u) iBEd 1*1_[(“) '

Note that the two geometric series in (6.49) converge, since |II(u)| < 1 for n < 0 and

Zs

ng=—0o0

[II(u)| > 1 for n > 0. In the last expression, Cpg denotes the contour enclosing the poles
of the new integrand, which are located at II(u) = 1 [27]. Thus, we pick up the residues:

Z(u) ‘ du I(u)
fizﬁ dum = 2w f;za i (4 — @)D T1(u) ° (6.50)

at the Bethe roots @ such that II(4) = 1. Using the fact that H(u) = 50, logII(u), we
directly obtain:

Zny == 3 T@H@ ™ = 3 M@ Gy (@) (6.51)
UESBE UESBE

thus reproducing the Bethe-sum formula (4.96). This can be considered a derivation of the
TQFT formula from a UV localization computation, in this special case.

52The derivation of the contour is essentially the same as that for the My, partition function. This is
discussed in appendix D of [27].
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The o-contour integral formula. For ¢;(Ly) # 0, we have seen that there exists an
alternative way of fixing the gauge under the large gauge transformation (6.24), which
leads to the expression (6.30). Let us define:

oy (1) = (=1)™MD 272 (1) F () T Gooops (W, (6.52)
1=1

which depends on the fractional fluxes n; but not on the “ordinary flux” ng. For a U(1)
gauge group, the formula (6.30) can then be written as:

Ivs= 3 / duTI(u)" Ty, (1) (6.53)
QlO»ni) C(n)
€Pic(M3)

with the contour:
C(n) = {u € M| sign(Im(8,W)) = —sign(n)} . (6.54)

Here, 901 is defined in the same way as in 9 of (6.48), but now u is valued in the entire
complex plane, u € C. Let us choose:

c1(Ly) >0, (6.55)

for definiteness, and without loss of generality.®> One can then show that the contour
C(n) can be deformed to a non-compact o-contour integral connecting Im(u) — —oo to
Im(u) — 400 [27]. To see this, let us first write:

/C du = mzejz/ (6.56)

where we decompose the contour C(1) into components in vertical strips My, with Re(u) €
[m, m + 1], as:

Con(n) = {u € dMy, | sign(Im(d,W)) = —sign(n)}, Re(u) € [m,m+1]}, (6.57)

by closing the contour on the boundary of each strip My in the obvious way. We then have:

Ims = ) Z/ duTI(w)™ Ly, (u)

(no,nl) mezZ
Pic(M
e (6.58)
= Z Z / duH no I(ni)(u — m) s
(no n;) meEZ
6P1¢(M3)
with Cy(n) as above. Now, let us choose 7 as:
SYNRTED Sl SIRTES o) B (659
mezZ Co( m=—oo ¥ Co( 77>0 Co(n<0)

53Changing the sign of ¢1(Lo) corresponds to flipping the orientation of M3, which can be achieved by
the replacement (d,p;) — (—d, —p;).
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Then, under some convenient assumptions about the flavor parameters, one can show%*
that most of the contributions along the contour cancel out between adjacent terms, and
that the only non-vanishing contribution comes from the contour along the imaginary axis
at Re(u) = 0:

ZM3 = Z — /Co(ﬂ<0), du + /10(77>0)’ du H(u)no I(m) (U)
(no,n1,,nn) Re(u)=0 Re(u)=0
€Pic(M3) (660)
= 2 / du TH(w)" T (1) -
(no,n - ny) ¥ (W) =0
6P1€(M3)

Note that this simple contour along the imaginary axis is valid under certain assumptions
on the charges of the chiral multiplets and monopole operators, as studied in [27]. In
general, the resulting contour C, is deformed with respect to the Re(u) = 0 contour, in
such a way that the non-compact integral (6.60) converges. We will see explicit examples
of this o-contour in later sections.

From the o-contour to the Bethe-sum formula. We can also derive the Bethe-sum
formula (4.96) directly from the o-contour formula (6.60). More precisely, let us start from
the equivalent expression (6.58), namely:

Ims = Y Z/ duTI(u)™ Ly, (u —m) (6.61)

(no,nl mezZ
€Pic(Ms)

Using the gauge-invariance of the fibering operator, as in (4.38) and (4.39), this equals:

SN @ T ) (6.62)
Co(n)

(no nz) mezZ
6P1€(M3)

Now, reparameterizing of the fluxes:
ny =ng +md, n, =n; +mp;, (6.63)

the sum over (ng,n;) € Pic(Ms3) and the sum over m € Z can be replaced by a summation
over all the element (n},n}) in Pic(2). Taking into account the relations (6.13), we find:

-y ¥ /c du TH()"™ Ty Z/c QT T(w),  (6.64)

nOGZ{(nl, o noEZ
n Equ}
The last expression is obtained by performing the sum over the fractional fluxes to obtain
the “full” fibering operator. Thus we obtain the same expression as in (6.46), which was
shown to be equivalent to (6.51).

54We refer to section 4.6.1 in [27], whose argument can be repeated verbatim.
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Non-abelian generalization. For a non-abelian gauge theory, we lack of a complete
derivation of the contour C(n). We expect that the Bethe-sum formula:

Zms (v Z Z H(t, )9t F(a,v)d ngl,pz Uy V), , (6.65)

€S {(n1,,nn)] i=1
n €T (9:),Vi}
provides the correct answer for any gauge group G of the type considered in this paper.
This claim, while not rigorously proven, has been corroborated by numerous highly non-
trivial consistency checks.

Recall that, when looking for the solutions u = @ to the Bethe equations I, (u,v) = 1,
we need to exclude the would-be solutions that are located on a Weyl chamber boundary.
Correspondingly, in the integral formula (6.39), the contour Cy(n) must be such that we do
not pick any higher-dimensional residues from the W-boson singularities.

6.3 Higher-dimensional Cyp-contour

Somewhat formally, the contour Cy can be defined in terms of a rk(G)-dimensional residue
at the “poles” defined by an intersection of r independent singular hyperplanes (including
“poles” at infinity), with r» > rk(G). This can always be decomposed into bulk and

boundary contributions:
CO — C(}))ulk + C{l))oundary7 (666)

where the contour Cg“lk captures the contribution from the residues at finite u, while the
Cgoundary captures the singularities that intersect the hyperplanes “at infinity.” We will
not derive the precise contribution from the boundary contour Cg oundary £ a higher-rank
gauge group in this paper.

The bulk contribution is given by the JK residue, which can be derived as in [26, 27, 34].
However, when the singularity has an intersection with the hyperplane H,, the JK residue
is not well-defined. At these loci, where a(u) = 0 for some root «, the non-abelian gauge
symmetry enhances and the path integral becomes potentially singular. This happens when
2g—2+n > 0, in the Cy-contour integral formula. We claim that we should always exclude
such poles, which are fixed by the Weyl group Wg. This is true already in the case of the
trivial fiber bundle, M3 =¥, x S 1 and the principal S' bundle, M3 = My p, as discussed

in [27, 31, 34).

Non-abelian o-contour. For non-abelian gauge groups, the existence of additional sin-
gularities due to the W-bosons also modifies the o-contour formula. Namely, the integrand
in (6.64) may contain a potential singularity when a(u) = ¢ € Z, in addition to the accept-
able solutions to the Bethe equations. In the rank-one case, the general relation between
the o-contour and the Bethe-sum formula is:

Z H g IGMS( )

uESBE
1 / 1 Z(w) (6.67)
== > du TI(u)™ Zin,) () — j{ T ;
i a (u)=¢, —
Wal no,m,(- : el e L~ W)
ePic(Ms3
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with Z,,)(u) and Z(u) defined in (6.52) and (6.47) respectively, including the W-boson
contribution, which we may write as (extracting the contribution from the handle-gluing
and fibering operators):

n sin (ﬂa(uftmi) )
% = ] @sin(ra(u))20-0 [[(-yemeftcrzons) &

. sin(ma(u
acAT i=1 ( ( )) (668)
= [I 2"@sin(ra(u)* 2o [[(-p)m) etttz sy (”‘““ ‘“‘“’) :
N i=1 i

For 2g — 2 +n < 0, the exponent of the first factor is positive, and vanishes at points with
a(u) € Z, and so the contribution to the second term in (6.67) vanishes. In the marginal
case, 2g — 2+ n = 0, we note that if a(u) = n € Z, then the set {a(%)}, as we vary
n;, is invariant under reflections, x — —x. Thus when we sum over fractional fluxes, n;,
the terms come in pairs related by a sign, due to the second factor in (6.68), and so their
contribution cancels out. Then we again find that the second term in (6.67) vanishes.

The two cases above correspond precisely to the Seifert fibrations over S? with at most
two exceptional fibers, which are precisely the lens spaces. We see that, in these cases,
the Bethe sum agrees with the standard o-contour formula found in the supersymmetric
localization literature [10-18]. We will discuss the lens-space partition functions in more
detail in the next sections.

Finally, in the general case, 2g — 2 + n > 0, the second term in (6.67) is generically
non-trivial, and so the Bethe-sum formula is different from the naive o-contour formula.
The discrepancy is given by the residue at a(u) = n € Z in the strip. Interestingly, the
formula (6.67) agrees with a formula derived by Lawrence and Rozansky [70] for a pure CS
theory with gauge group G = SU(2) on a Seifert homology sphere. It will be interesting
to explore this point further [73].
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Part I11
Lens space partition functions

7 The S} partition function

In this final part of the paper, we compare our results above to the well-known localization
results for supersymmetric partition functions on lens spaces. We prove that our results
agree with the known results, in the cases where they overlap, and clarify various subtleties
related to the choice of spin structure and to the contributions from CS contact terms.

We start in this section with the squashed three-sphere, Sg. For a 3d N = 2 gauge
theory, the Sg’ partition function can be written as the integral formula [14, 49]:

b

/ H dbq Zg3(6,100) Z§(5) Zg (5, 1), (7.1)

where |Wg| is the order of the Weyl group of G, and 7 stands for the real masses associated
to the flavor symmetry. The classical piece Z5(&, 1) comes from CS terms, and takes the
general form:

A%

o= = 725G (6)kec ZG1G2(01 Go)karGa ZGR(g)kar (ZBRykRR (780K (7.2)

Sy Sy Sy Sy

The various supersymmetric CS actions evaluated on the Sg’ background give the contri-
butions [14, 39, 49]:

Z‘%G(a,) _ eﬂ'i&2 7 ZG1G2 (0,1’ 0,2) 2771‘&1&2 ’
ZSC}SR(A) — 27rwRU — (b+b 1) , ZR;F _ em&% _ 67%(b2+b_2+2)’
b
Zgll%av _ %(b2+b 2) (73)

Here we defined the parameter:
L1 1

which is the effective “real mass” for the R-symmetry [21]. The generalization to any
non-abelian CS term is straightforward. One can similarly write down CS contact terms
for the flavor symmetries, by replacing the gauge parameters 6, by the flavor parameters
M appropriately.

The remaining contributions to the integrand in (7.1) are one-loop determinants around
the supersymmetric background with constant 6. The vector multiplet contributes a term:

dim(G
G <Zé?) @ [] 4sinh (wba(6)) sinh (b~ a(6)) - (7.5)
a€A+

Here the product is over the positive roots of g. Note that, in addition to the standard
result from [14, 49], we introduced a phase:

2 = (232 2 = e BOT), (7.
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which is the contribution 26krr = 0ky = 1 to the contact terms from each gaugino,
consistently with our conventions.

The matter contribution to (7.1) is given by a product over all the chiral multiplets of
gauge and flavor charges p,w, respectively, and R-charges r,,:

258 (6,100) = [ T 28 (p(6) + wlr) + Grra). (7.7)
w peR

with Zg’B the partition function for a single chiral multiplet of unit gauge charge, and with

b
o defined in (7.4). The partition for a free chiral multiplet of R-charge r can be written as:
Z%@+ﬁmﬂ:§ﬂ&+&ﬂr—b), (7.8)
in terms of the quantum dilogarithm [114]:6°

3y(6) = (e"‘;& ewi(éﬂ);ezmb?) <6727Tb6' em‘(b2+1); e?ﬂ'ib2>_1 . (7.10)
[e.e]

[e.9]

The field-theory computation actually gives us the formal infinite product [14]:

0o 00 -1 . a . a
L nob+mnib™ —ic +i6r(2 — 1)
z¥ r) = : 7.11
5@+ omr) IT 11 ngb + nib=t 4 i6 + i6pr (7.11)

n1=0n2=0
which must be regularized. We claim that (7.8) is the correct gauge-invariant regulariza-
tion, corresponding to the “U(1)_1 quantization” scheme and consistent with the parity

2

anomaly [27, 38]. To confirm this, we consider the limits:
By(6) ~ e e BT as 5 00, y(6)~1 as 6 o0, (7.12)

which correspond to integrating out the chiral multiplet of R-charge r = 1 with a large
real mass 6. By comparing with (7.3), we see that we generate the gauge and gravitational
CS terms at levels £ = —1 and k; = —2 in the limit 6 — —oo, while the theory is trivial
in the limit & — oo. This is exactly as expected. Finally, the contour Cs; is defined by a
non-compact real rk(G)-dimensional contour that connects 6 — oo and 6 — —oo region,
which is properly deformed in such a way that the integral converges.

55To be exact, we defined the new function:
By (z) = Bp(—a) ", (7.9)

with @, (z) is the standard quantum dilogarithm, as discussed for instance in [78]. This is partly a matter of
convention: ®;(6) would be precisely the contribution from a chiral multiplet in the “U(l)% quantization,”
while we are considering the “U(l)_% quantization.” The definition (7.10) (with the (a,¢)oe = [[32,(1—agq")
the g-Pochhammer symbol) only holds for Im(b?) > 0, but admits an analytic continuation to more general
b, and in particular to b € Rso. The one-loop determinant (7.8) has appeared under various names in the
physics literature — it can be conveniently written in terms of the quantum dilogarithm ®; [114, 115], the
double-sine function s [116], or the hyperbolic gamma function I', [117, 118], among other names.
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7.1 Comparison with the Seifert-manifold formalism

Setting b = q1/qo, with q1,¢o € Z some positive integers (for definiteness), we can com-
pare the standard result (7.1) to our new formalism. Let us consider S; as discussed in
section 3.3, a Seifert fibration of genus zero with two exceptional fibers (¢1, p1) and (g2, p2),
with d = 0 (for convenience). We must have:

qp2 +qp1 =1 . (7.13)

We choose the two-dimensional R-symmetry line bundle to be trivial, Lr = O. Setting

nl = —1+nff =0 and nf* = nf = 0, this gives:
_q1+Q2 ZR_2 lR_ ZR_
VR= "% > 0=2, W=p—pm—-1, lZ=pr—p2—1. (7.14)

This allows us to consider any real R-charge for the chiral multiplets, » € R. In our
formalism, we have the gauge and flavor parameters v = ifo and v = ifm, and the R-
symmetry chemical potential vg, which are identified with the parameters &, m and 6g
appearing in (7.1) according to [13]:

u=1\/q1q20, v =1i\/q1qg2m, VR = 1\/q1q20R (7.15)

One can then write the integrand of (7.1) as:
ng (a_’ m) _ (_im)rk((}) e—27riQ(u,l/) gSg’ (u’ l/) , (716)

with the identification (7.15). The S} fibering operator takes the simple form:

Gvsg (u,v) = gl,o(uv V) gth,pl (u,v) @127;02 (u,v), @ip2+q@pr=1. (7.17)
Note that all these fibering operators are evaluated at zero flux, n = m = 0, except for
G1,0 which has a contribution from the effective R-symmetry flux nOR = l% =1 (so that

1l =g —1+nll =0), as indicated schematically in (7.17). For instance, for the U(1) CS
term we have gﬁ?(u) =1 and gg’g’(u) = 6—7rz§u2’ so that:

py . 2 i u? o

Qg’gG(u) — e MaY TR = o e = 07 (7.18)
b

This CS term does not contribute to the effective dilaton. For the U(1) g CS term, we find:

_9-:ORR _ T ﬂ+2+2
e 2mIET ~1, g{%{ =1, gii1g£iz —e 4 (‘12 a1 ) . (719)
Note here that Q{%‘ = —1 is non-trivial, due to the non-zero parameter lé% = 2. That sign
cancels the sign from e~ 2™ The other CS terms can be checked similarly. Therefore
we find:
Zg38 (5’, m) _ 672m'QCS(u,u) gggs (u7 ,/) , (7.20)
b b
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for the classical contribution (7.2). For the vector-multiplet contribution, we have:

6—27‘(‘iﬂvector — H 4(Sin 770[(“))2 ?

€A,
G355 (u) = ( 1 >“‘(G) (Q(o))dim“") 11 sin (%5“’) sin (ngm) e
NG Sy weh, (sin wa(u))? ’
with:
gé%) = 96(1(1)7)121 gég?pa =e -5 (Z;Jrqz 3> ) (7.22)
so that:
Z;gctor(a_’m) _ (_im)rk(c) o~ 2 Qvector (u,1) gg%ctor(u’ V), (7.23)

Note the factor of —i,/q1g2 for each element of the Cartan, which will be important below.
Finally, for the chiral-multiplet contribution, we find the nice factorization formula:

Zg)g (6 +orr) = 0% (u+var) Ge , (u+var) Ge . (u+ vgr), (7.24)

if b = q1/q2 and qipa + qap1 = 1. Here the first factor is the product of a contribution
from the effective dilaton and from G o:

672m’Q‘1’ —1r® (u+ l/pﬂ“)lfr ’ gﬁo(u + VRr), = ¢ (u+vgr)" . (7.25)

We give an explicit proof of the factorization formula (7.24) in appendix D.4. The iden-
tity (7.24) is equivalent to some previously-known factorization formula for the quantum
dilogarithm at rational values of b% [78].

7.2 Integral formula and its evaluation

Using the above relations in the case b = %7 we can write the integral formula (7.1) for

the Sg’ partition function in the canonical form:

_ 27” dua —27r7,Q (u,v)
Zgs(v) = |WG| / H o € gsg (u,v), (7.26)
with the gsg the zero-flux three-sphere fibering operator defined in (7.17), and C, the o-
contour defined in section 6. On the other hand, our Bethe-sum formula for the partition
function reads:

Zg(wv)= Y H(a,v) " Ges(tt,v), (7.27)

UWESBE

with gsg the full fibering operator for the squashed three-sphere, including the sum over
fractional fluxes:

qa—1 q2—1
gsg(u,y) =G10(u,v)r Z Gar,p1 (U, V), Z Ggo,p2 (Us V)i - (7.28)
n1=0 na=0

This gives an explicit evaluation formula for the squashed-sphere partition function (7.26)
of any N = 2 supersymmetric gauge theory.%

56Note that, while we had to restrict the choice of gauge group on a general M3 (to be simply connected
or unitary), the three-sphere partition function is insensitive to the global structure of G.
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Direct computation. One can check that (7.26) equals (7.27) by an explicit computa-
tion. Here we consider the case G = U(1), for simplicity. Let us write (7.26) as:

s 1Tl
Zsy =~ /R due™?m 0 Gg; (“M_HEZ; ’ (7:29)

where we suppressed the dependence on v to avoid clutter, and we introduce a trivial factor
1 = 2 in the integrand. The contour is taken along the imaginary axis (for appropriate

choices of the flavor parameters). Now, using the difference equation:

G (1 — 4102) = T(u)Ggp () (7.30)

b

we obtain:

—27miQ(u —2miQ(u) 7
953( ) e ( )953(U)
Loz = d = d b . 7.31
s (/ -, R> e Tl ML e (731

One can argue that the contour Cpr encloses all the poles at II(u) = 1 located in the strip
Re(u) € [0,g192). We then find:

q14q2 q192
Zgg= D>, > Ha—1)""Ggla—1)= > H@) 'Y Gela—1). (7.32)
u€SgE (=0 UESRE =0

In the last equation, we used the fact that the handle-gluing operator is periodic under u ~
u+ 1. Finally, one can check that the contribution from the fibering operator factorizes as:

q1q2—1 _ q—1 _ q2—1 B
Z gsg(ﬂ 1) = Z Ga1.m (@ —11) Z Ga2,p (@
=0 11=0 l2=0
-1 q2—1
= Z Ga1,p1 (Wpy1y Z Ggo,p () pots (7.33)
11=0 l2=0
q1—1 g2—1
= Z Gar,p1 (W), Z Gga,p2 (W15
11=0 12=0

Here we used the transformation property of G, ,(u) under the large gauge transformation
and the Bethe equation II(a) = 1. Written in this way, (7.32) becomes equivalent to the
formula (7.27).

Further comments. It is interesting to note that, in some very special cases, this eval-
uation formula (7.27) has appeared before in a different context. Namely, in complex
Chern-Simons theory, the integral (7.1) for an abelian gauge group (in the supersymmetric
language) is known as a “state integral” [77, 119], and it has been studied in the literature in
parallel to the development of 3d N = 2 localization methods. (This apparent coincidence
between the two subjects is explained by the 3d/3d correspondence [76] in string theory.)
The state integral corresponding to an U(1); supersymmetric CS theory coupled to Nj
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chiral multiplets of unit charge was given an evaluation formula for b? rational equivalent
to (7.27) in [78].57

The evaluation formula (7.27) renders manifest a number of properties of Zs3 which
are less than obvious from the integral expression. One property is that, for any theory
without any supersymmetric vacuum, ng, = 0. This follows from (7.27) and the fact
that the number of Bethe vacua — that is, the mass-regulated Witten index [102] —
is zero in that case. For instance, for U(N.) SQCD with Ny < N, flavors, the Witten
index (5.48) vanishes and so does Zg3. Another property which is obvious from (7.27)
is that supersymmetric Wilson loops wrapping generic Seifert fibers®® satisfy the correct
twisted chiral ring relations [25, 26].

8 The refined twisted index

Next we consider the refined topologically twisted index of [34], computed as a super-
symmetric partition function on the supersymmetric background S? x S! discussed in
section 3.2. In particular we have the metric (3.9), where the “refinement” parameter:

ecC (8.1)

plays the role of a chemical potential for the azimuthal momentum on S2?. Importantly,
there is a non-trivial U(1)g flux across the S2:

1
mp = dA(R) =—1. (8.2)
o
This implies that the R-charges must be integer—quantized, r € Z. We also introduce a

U(1)g flat connection along the S*:

VR = —% AR with wp e %Z, (8.3)
which is correlated with a choice of spin structure on S? x St. If vp = O mod 1, we
choose the periodic boundary condition for fermions along S, while if vg = 1 mod 1, we
choose the anti-periodic boundary condition. Thus, the fugacity vgr mtroduces a further
Zs refinement of the twisted index by the choice of spin structure. Following [34, 93], we
can compute the supersymmetric partition function on this background by supersymmetric

localization:5970

Ze(VF)mp =

E 7{ H ;l:; (U, VP ) mmp (8.4)

mEF \%

!WG\

5"More precisely, Theorem 1.1 of [78] is equivalent to (7.27) in that case. Their state integral Za, g
corresponds to a U(1)y theories with Ny = B flavors and effective CS level k = 1B — A.

58In this case, these correspond to (q1, g2)-torus knots on S, for b* = % as above.

59This is the result derived in [34], after taking into account our conventions for quantizing fermions, and
keeping track of the spin structure dependence. The parameters v and e here correspond to 5~ and -,
respectively, in section 4 of [34].

"In this section, the parameters m and m¥ denote gauge and flavor fluxes, respectively, unlike in previous

sections. We hope this will cause no confusion.
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with the integrand:
ZE(U7 'UF)m,mF = (_27TZ)rk(G) ZGCS (Ua UF)m,mF ZZeCtor(,U)m Z?latter(z}? UF)m,mF (85)

Here and in the following, v denotes the gauge parameters to be integrated over, vy denotes
the flavor chemical potentials, mp denotes the flavor background fluxes, and we leave the
dependence on the U(1)g parameter v implicit to avoid clutter. In (8.4), the sum is over
the gauge fluxes m,, and the v-integral is a particular middle-dimensional contour integral
in the strip-like region:

Re(v,) € 10,1), (8.6)

that implements a modified JK residue prescription — see [26, 31, 34]. The integrand is
periodic under v, ~ v, + 1, corresponding to large gauge transformations along the S!
in S2 x St

The classical contribution to the integrand is given by the CS contributions, of the
schematic form:

k
Z (m = ZEC(0)50° ZEO (1, v2)mi g Z8 ()l R (Z8T) PR (8.7)

€
with:

ZEGG(U)m _ (_1)m(1+2UR)627rivm

i

ZSR(U)m — (_1)2va 6727”'1)7 ZBR - 1.

G1G 27mi(vim: m
Ze 1 2(U1’U2)m1,m2 —e mi(vima+v2 1)7

(8.8)

The gravitational CS term is trivial on this background. Note the spin-structure depen-

dence of the gauge CS term, corresponding to vg = 0 or vg = %.71 The vector multiplet

contribution to the integrand (8.5) is given by:

2 () = [ (~1)%7™ sin (w (a(v) - ;a(m)>) sin (Tr (a(v)—l—;a(m))) . (8.9)

acAt

The matter contribution to (8.5), as usual, is a product over the chiral multiplets of
the theory:

ZP (0 vp)mme = | [ [T 28 (p(v) + w(vF) + vRTw) pm) t(mp)—ru+1 - (8.10)
w peER

Here we defined the function:
. € ) —1
Z?(U)m = (627r1(vf§m); e?me) ’ (811)
m-+1

in terms of the g-Pochhammer symbol (x; ¢),, defined in (4.67). which is the contribution of
a chiral multiplet of U(1) gauge charge 1 and R-charge » = 0. For a single chiral multiplet
of R-charge r € Z, in particular, we have the contribution:

Z?(U + 'URT)mfr — ((_1)2er€2ﬂi(v7§(mfr)); eQWie);_T—H , (812)

“The RR CS term is similar, but in that case vr enters both as the choice of spin structure and as the
U(1)r fugacity, and the effect cancels out — we have ZF% = (—1)mR<1+2”R)e2””RmR =(-1)"r =—1.
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including a subtle spin-structure dependence through vg when r is odd. As a consistency
check on this result, we should consider the decoupling limits v — +i00. For a chiral
multiplet of R-charge r = 1, we find:

Z2 (04 vR)m_1 ~ Z5% ()t as v — —ioo,
) . (8.13)
Z2(v+ vR)m-1 ~ 1 as v — 00 .
In the limit v — —ioco, we thus generate a gauge CS term & = —1, as expected in the

U(1)_1 quantization. Note that, for e = 0, the chiral multiplet contribution simplifies to:
2

1 m—r+1
P
Z2 (v + VR m—r = (WW> , (8.14)

and the supersymmetric partition function (8.4) becomes the ordinary genus-zero twisted
index Zg2yg1, given by (4.17) with ¢ = 0. (In that e = 0 limit, we can identify the
parameters v, vp, vg here with u, vp, vg.)

8.1 Comparison to the Seifert fibration result for € rational

As we explained in section 3.2, the S? x S! geometry is a Seifert fibration over the orbifold
S2%(q,q) = S?/7Z, if and only if the deformation parameter e is rational, with:

€e=—, ged(q,t) =1 . (8.15)
q
The Seifert fibration is then:

S? x St = 005 (¢p),(q,—D)], gs+pt=1. (8.16)

In the Seifert description, we have the JK-residue formula (6.37), which gives:

Z Z JK(G),, p—2mi(ur) Ge(U, V) my mgn - (8:17)

no€lgv n1 I‘IQEFGV( ) CO("])

Ze =
e = it

Here, ng = ngq and ny = ny 4,12 = ny 4 denote the ordinary fluxes and the fractional fluxes
at the two Z, orbifold points, respectively, and similarly for the flavor background fluxes
n. The contribution G, to the integrand of (8.17) is the fibering operator for the Seifert
fibration (8.16) before performing the sum over fractional gauge fluxes:

gG(uv V)no,nl,ng,np = gLo(’LL, V)no,ng gq,P(u? V)nl,nf' gq,*p(ua V)ng,ng : (818)
The complete fibering operator is:

Ge(t, Vngnp = Z Ge(, V)ngnrmonp » (8.19)

ni,n2 EFG\/ (q)

and (8.17) can then be written as:

7. _ drk —27riQ(u,V) i ) 8.20
e = S Zyi Gl s - (320)

no€lgv
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We note the important property that the integrand in (8.17) is periodic under u ~ u + q.
More precisely, the effective dilaton contribution is invariant under u ~ u+1, while we have:

Ge(u +q, V)no,m,ng,nF = Ge(u, V)ng,m,ng,nF ) (8.21)
and similarly for v, due to the fact that ¢;(Lo) = 0.

Back to the Bethe sum. By summing over ng in (8.20) like in (6.49), and picking the
poles at the solutions to the Bethe equations, we recover the Bethe-sum formula:

ZeW)ar = Y Ge(u,v)or H(t,v) ", (8.22)

ﬂESBE

where G¢(u,v),r is the full Seifert fibration (8.19) at ng = 0.

Comparison to the integral formula (8.4) for € rational. One can compare (8.17)
to (8.4) and find perfect agreement at e = 2, given the following identification of
the parameters:

u t(u n)+tno m ng+ny+n
V== — — - — =
Py 1 2 5 qno 1 2,
v ot tnl
vp=—— —nf —nd)+ =2, m” = gng +n{ +nd, (8.23)
q 2q 2
v t tnk -
op=" g i on) £ S m = g g ng

The matching of the fluxes between the two descriptions is clear from:
(Lo LY Ly?) = (qno + n1 + n2)[9] . (8.24)

The matching between the continuous parameters v and u is obtained by comparing the
supersymmetric Wilson loops in the two descriptions [34]. Note that the parameters
v,vp,vR are defined modulo 1. Using the parameterization (3.26) for the U(1)g fluxes,
with nff = —1 + nf, we find:

t
VR = VRS + 5(13 +1) mp=—1. (8.25)

Here I = If = lf’ mod 2, where we used the fact that the parities of l{% and lf must be
equal for the line bundle Lr to be well-defined. As a consistency check, it is interesting to
note that:

(_1)2’UR — (_1)2VR5+t(lR+1) — :tl, (826)

where, for any fixed (g, p), the two signs correspond to the two distinct choices of L given
by (3.27). By a direct computation with the identifications (8.23), we can check that:

Z_ (0,0 mmp = (—2miq) (@) 72w G (4 1) (8.27)
q

ng,ng,ng,nt s
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where the left-hand-side is the integrand (8.5) evaluated at rational values of €. For instance,
for a chiral multiplet, we have a “factorization” formula for (8.12), according to:

Zf;g (0 + vRr)m—r = 1% (u + VRT)HOH_TM?T Q;ij(u + VRT)n, 4nfty g:z%—p(“ +VRT )y iy -
(8.28)
Note that the left-hand-sides of (8.27) and (8.28) only depend on v and m, and not on the
fractional fluxes ny and ns individually.
We can now show that the Seifert result agrees with the localization result (8.4). Con-
sider again the case G = U(1), for simplicity. Using the identifications (8.23) and (8.27),
we can write (8.4) as:

= du - _ —27miQ(u) o
Ze(v) = Z fi;)’q) 27qu Zezé(v)m = Z Z Z ﬁ;]’l) due gE(”LL j)no,ﬂll,o .

mezZ NEZ W, €Zq JE€Lq

Here, the first integral is over the strip Re(u) € [0,q), which is rewritten as a sum of
integrals over the strip Re(u) € [0,1). Then, using (4.38), we may write:

ge(u - j)no,n’l,o = ge(u)no,n’l—i-pj,—pj (8'29)
and we then find:

Zw)y==> > 7{ : du e MG (W) o nyng - (8.30)

NgEZn1,n2€Zg

This shows the equality of (8.4) with (8.17), whenever € is rational. This proof is easily
generalized to any gauge group G."

9 Lens spaces and holomorphic blocks

In this final section, we revisit the general lens spaces, L(p, q¢). We will recover some of the
above results on Sg’ and S2? x S! as special cases, and connect our results to general lens
space partition functions.

As we already mentioned, three-dimensional lens spaces are rather special amongst
Seifert manifolds, since they are the only three-manifolds that admit an infinite number of
Seifert fibrations. The lens space L(p, q) is defined as a Z, quotients of the three-sphere:

2mi

L(p,q) = 53/Zp, Ly : (zl, ,22) ~ (wg 21, wpzz), wp=er , (9.1)
where we view S? as the set:
S3 2 {(21,29) € C? | |21 ]* + || = 1} . (9.2)

For ged(p,q) = 1, this identification defines a free Z, action and L(p,q) is a smooth
manifold, which depends only on ¢ modulo p. For later convenience, we formally define:

L(0,4+1) = 5% x S . (9.3)

"2Up to the unresolved difficulties in defining the correct JK-like contour.
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We described the L(p, ¢) supersymmetric backgrounds in section 3.4 — see also appendix C.
The partition function of 3d N/ = 2 gauge theories on spheres and lens spaces has been
extensively studied in the literature — e.g. in [10, 12, 14, 15, 17, 34, 60, 67]; see the
reviews [120, 121] and references therein. Lens spaces admit a family of supersymmet-
ric backgrounds preserving two supercharges, which can be characterized by a complex
“squashing parameter,” b [9, 14]. To see how b appears, let us introduce some angular
coordinates on L(p, q), with:

0 0 2 2
21 = sin ie’X, 29 = COS iew , (x, <,0) ~ (X + %q , P+ ;) . (9.4)
In this description, the covering space S is viewed as a torus, with angles (¥, ¢), fibered
over the interval § € [0, 7]. The lens space admits a metric where d, and 9, are generators
of a U(1)x U(1) isometry. Then, in the supersymmetric background L(p, q), with squashing
b, the anti-commutator of the two supercharges is an isometry along a Killing vector K®):

(0,0 ==2i(W+2), K®=po,+b "0, (9.5)

where L) is the Lie derivative along K (). For generic b, the orbits of the U(1) isometry
generated by K do not close, except at @ = 0 and 6 = 7, where 0, and 0y, respectively,
vanish. However, in the special case where:

=2 cq, (9.6)
q2

then all of the orbits close. In this case, the orbits of the real Killing vector K®) define
a Seifert fibration with base S2(q1, g2), which generically has two exceptional fibers at the
“poles” 8 =0 and 0 = 7.

In the following, we start by reviewing earlier computations of supersymmetric parti-
tion functions on squashed spheres and lens spaces. Interestingly, these partition functions
are known to factorize into pairs of “holomorphic blocks,” or D? x S' partition functions, re-
flecting the genus-one Heegaard splitting of the lens space into two solid tori [17, 18, 67, 122].
We then explain how the holomorphic blocks can be directly related to the fibration op-
erators, by considering a singular limit on the blocks. Using this correspondence, we
demonstrate that, in the case of rational squashing (9.6), the partition functions computed
in the Seifert formalism reproduce the earlier computations on squashed spheres and lens
spaces. Along the way, we will also clarify a number of points, and obtain some new explicit
results for the L(p, q) partition functions.

9.1 Holomorphic blocks and lens space partition functions

Let us start by reviewing the definition of the holomorphic blocks [17], and their role as
building blocks of lens space partition functions. This subsection is mostly a review, but
we also clarify some details of the construction, in particular concerning the role of the
R-symmetry background, which leads to some new observations.
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9.1.1 Definition and properties

The holomorphic block of a 3d N/ = 2 gauge theory is the partition function of the theory
on a disk, D?, fibered over a circle. Specifically, one considers a space D? x, S with a
smooth metric of the form:

ds* = dr® + f(r)? (r2(r) "H(dp? + 11 (r)dC)? + 72(r)dC?) . (9.7)

Here, (r,¢) are the disk coordinates and ¢ € [0,2m) is the S! coordinate. The functions
71(r), T2(7) become the constants 71,72 at the boundary, r = ro, while f(ro) = 1. We then
have a complex structure 7 = 7 + i1 on the boundary torus, with complex coordinate
w = ¢ + 7¢. We must also perform a topological twist along D?, so that the R-symmetry
gauge field has flux —% through the disk. We will discuss the R-symmetry gauge field in
more detail below. As a consequence of the twist, the partition function is independent
of the metric on D2. On the other hand, the space S' x, D? has a torus boundary, T2,
and we must specify some data at this boundary. The partition function on the solid torus
S1 %, D? will depend on this data, which consists of:

e A choice of two-dimensional vacuum (i.e. a Bethe vacuum) on the disk, o € Spg,
which fixes the asymptotic behavior of the fields at the boundary.

e The complex structure parameter, 7, of the boundary torus.

e The holonomy of background gauge fields, Ar, coupled to global symmetries. Specif-
ically, we define:

V= Ap +71 Ap . (9.8)
St oD?

Here v lives in the complexified Cartan subalgebra of the flavor symmetry group. For
simplicity of notation, we will focus on the case of a rank-one flavor symmetry group,
U(1)F, so that v € C, but the general case is a straightforward extension.

e The holonomy of the U(1)r background gauge field:

VB = % A(R) + T% A(R) X (99)
St oD?

and a corresponding choice of spin structure on D? x, S*. We will discuss this point

momentarily.

Given this data, the holomorphic block is a locally-holomorphic function:
B*(v,T), (9.10)

The v dependence is kept implicit. Note that (9.10) is neither a modular nor an elliptic
function, since those symmetries of the boundary torus are broken by the fact that only one
of its cycles is filled. However, there is a residual symmetry under the independent shifts:

T—=17+1, v—ov+1, (9.11)
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with the latter corresponding to large gauge transformations of Ar along the S'. Thus, it
is sometimes convenient to use the single-valued parameters:

q= e?miT Y= e (9.12)

Note that shifting v — v +n7, or y — q"y, for any n € Z, corresponds to a large gauge
transformation on the boundary torus, but is not a symmetry of the block. From (9.8) and
Stoke’s theorem, this is equivalent to a shift of the flux of A through the disk by n units.
Thus we define:

B*(v,7)n = BY(v + 071, 7) (9.13)

to be the block with n units of flux. Here we have made an arbitrary choice of the zero of
v, which can always be redefined by v — v + « + 7, with «, 8 € Z. This freedom will be
useful below.

The R-charge dependence of the holomorphic blocks can be discussed similarly. In
the following discussion, we assume that the R-charges are integer-quantized. (Later on,
we will be able to relax this restriction on some compact three-manifolds.) We have the
background U(1)r gauge field Ag, and the corresponding parameter v defined by (9.9),
similarly to the flavor parameter v. Naively, we have v = —5 because the topological

twist on D? introduces —% unit of U(1)p flux. More generally, we should consider:

~ 1 ~ 1
v =pf — 37 vt e §Z . (9.14)

Here, the parameter 7% € %Z mod 1 gives a Zsy valued holonomy of Ag through the S':

e st AR = ()P (9.15)

Similarly to the discussion in previous sections, in order to preserve supersymmetry, %

must be correlated with a choice of spin structure on D? x, S'. If % is an integer, we
choose the periodic spin structure for fermions around the S'; if 7% is half-integer, we
choose the anti-periodic spin structure.”

If we mix the R-symmetry current with the flavor symmetry current according to:
i = 30+ gl (9.16)

this has the effect of shifting the U(1)p gauge field according to Ap — Ap + rAg. The
R-charge dependence of the blocks then appears through the shift:

v—v4vir — Y=y (—1)25RT q7z . (9.17)
For r € 27, this depends only on ¢, or equivalently, on the choice of 7 mod 1, but for more
general r the symmetry under 7 — 7 + 1 is partially broken. Namely, for general r € Z,
we only have 7 ~ 7 + 2. If we allow for general r» € R, all shifts of 7 are inequivalent. We
will discuss the R-charge dependence of the blocks more carefully below.

The parameters v and T here are closely related but distinct from the parameter vr on Seifert
backgrounds. We will discuss the relation later in this section.

- 105 —



9.1.2 Explicit construction of the blocks for a gauge theory

To construct the blocks for a given 3d N' = 2 supersymmetric gauge theory, we first specify
the contributions of the chiral multiplets and the Chern-Simons terms. Since we are not
yet gauging any symmetry, we are considering a theory with a single vacuum and we can
omit « € Sgg from the notation.

Chiral multiplets. Let us introduce the function:

B®(v, 1), = (qH"y; q)oo , (9.18)

defined in terms of the (extended) g-Pochhammer symbol:

2ol —zg if Im(7 ,
(T10)00 = Hj=o(t — 24 )‘ (7)>0 (9.19)
[[52o(1 —zq/=H)! if Im(7) <0 .

The expression (9.18) is the contribution from a chiral multiplet in the U(1)_1 quantization,
with unit charge under U(1)r and R-charge r = 0, including also n units of flux through
the disk. A chiral multiplet of R-charge r € Z contributes:

B (v + i, r) = ()% g 5 ysq) (9.20)
Note that the function (9.19) is analytic for |q| < 1 or |q| > 1, with:

(230 oo = (9259) 5, (9.21)

but it diverges at |q| = 1. The holomorphic blocks are therefore divergent in the limit
7 — R, a limit we will discuss in detail below.

Chern-Simons contributions. The classical Lagrangian contributes to the blocks
through the supersymmetric Chern-Simons terms. These contributions are somewhat sub-
tle, but can be inferred by consistency from the chiral multiplet contribution [17]. The
U(1) Chern-Simons term at level £ = 1 contributes:

BEC (v, 1), = 0 _ , (9.22)
0((—=1)2""q""2y;q)
in terms of the Jacobi theta function:
0(y,9) = (ay; D)oo (y™ 1 @)oo - (9.23)
For a mixed CS term, we have:
B2 (1) vy, Ty my = 9((—1)217Rq“1—%y1;q)g((_l)zﬁunz—%yQ;q) (9.24)

0((—1)27"q72;9)0((—1) 2 g™ ™" 2y q)

I ; R R
"For general r, we define q2 = ™" and (—1)* " = 2™V T,
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This is useful, for instance, to insert the contribution of an FI term (which is a mixed
U(1)7r-gauge CS term at level 1) in an abelian theory.

We also find an interesting formula for the supersymmetric gravitational CS term,
which contributes: "

BF™(r) = ((-1)*"q2;q) . (9.25)

o0

We have the obvious identity:
B®(v + vp, 7)o BE(—v 4+ vr, 7)_n = BEC (v, 7)1 BE®Y ()72 | (9.26)

This is simply the statement that a pair of chiral multiplets of U(1) charge +1 and R-
charge » = 1 can be given a superpotential mass, which generates the CS levels k = —1
and kg = —2.

To fully specify the classical contribution to the blocks, we should also discuss the R-
gauge and RR CS contributions. To our knowledge, this has not been discussed precisely
in the literature, and we leave it for future work. We should also note that the holomorphic
blocks are only defined up multiplications by certain elliptic functions E(v, 7), which cancel
out from partition functions on closed three-manifolds upon gluing [17].

Vector multiplets. Next we have the contribution of the vector multiplets. The contri-
bution from the W-bosons, corresponding to the non-trivial roots of G, contribute in the
same way as chiral multiplets of R-charge 2 and U(1), gauge charges o. For the Cartan
components H =[], U(1),, we propose the following contribution:

7RG (g )™ if Im(r) >0,

BCart (7_) — (927)

(g7 q_l)rolé(G) if Im(7) <0.
We will argue below this has the appropriate limit as we take 7 — @Q, reproducing the

Seifert manifold formalism above. We denote the total contribution from the Cartan and
from the W-bosons by BY“(u, 7).

Gauging the blocks. Given a 3d N/ = 2 Lagrangian gauge theory, we may assemble the
“ungauged block:”

B(u,v,7) = B (u,7)¥ B*(u, 7) [ [ B® (p(u) + w(v) + v&rs, 7)., (9.28)
pyw
schematically, by combining the above contributions for the chiral and vector multiplets
and CS terms, as a function of both the gauge and the flavor symmetry parameters u and
v, respectively.
Then the “gauged block” is determined by integrating this over certain middle-
dimensional contours, I'“, in the complex “u-plane,” which are naturally associated to
the Bethe vacua, a € Sgg [17]:

B*(v, 1) = du B(u,v,T), (9.29)
FDC

5 As far as we know, this precise identification of B&"¥(7) is new in the literature. We will provide some
strong consistency checks of this claim — see equation (9.56) below.

- 107 -



The I'*-contours are described in more detail in appendix F. We will see in a moment that
we can also define the partition function of the gauge theory on a closed manifold directly
in terms of the ungauged block, (9.28).

9.2 Lens space partition function from holomorphic blocks

The holomorphic blocks can be used to construct supersymmetric partition functions on
closed manifolds. By gluing two solid tori along their boundary tori, we may obtain a
general “squashed” lens space:

L(p, q)p = (=D* %7, §1) Uy (D? x5, 1) . (9.30)
Here, the gluing of the tori is through a large diffeomorphism:
st
g = < ) ESL(?,Z), L= —g9 T2 . (9.31)
—pPg

Note that one should flip the orientation of one of the solid tori before gluing, to obtain a
compact three-manifold. Correspondingly, the lens space partition function of 3d N = 2
gauge theories can be written as the “fusion” of two holomorphic blocks [17]. To see
how this works, consider two holomorphic blocks with parameters v, 71,11 and g, 9, 1o,
respectively. To glue these along their boundaries, we must ensure that the boundary data
is compatible.

9.2.1 Identity gluing and §2 x S?!

Let us first consider the “trivial gluing,” with ¢ in (9.31) the identity matrix. Here, we
simply identify the two boundary tori with a change of orientation of D? x,, S'. Thus we
impose (ignoring the magnetic flux for the moment):

vy =vrvy, T = —T92 . (932)

Topologically, this gives us the space S? x S!. Since each block includes a flux —% for the
R-symmetry, there is a net U(1)g flux —1 through S?. Thus we recover the background
corresponding to the refined topological index, which we discussed in section 8. Explicitly,
the fusion of blocks is achieved by taking an inner product in the basis of Bethe vacua.
One finds [67]:

Zgoy g1 (U, T)m = Z B*(v, =T )n, B*(V, T)n, - (9.33)
a€SBE
Here, we have set v = 11 = 15 and 7 = —7; = 7. By direct computation, one can check

that the fusion (9.32) indeed reproduces the refined index (8.4). The parameters used here
and the ones in section 8 are related by:

e=r, v:u—%(nl—m), 'UFZI/—%(IH—I'Q), m=n;+ng, (9.34)
and similarly for the R-symmetry parameters. (In particular, vg = vg.) For instance, for
a chiral multiplet of R-charge » = 0, we have:

m
—1-n 14ng, . ) (q1+2z§‘1)oo

YiQloo = —7—m . > (9.35)
(7 229)00

where we defined z = q_%("l_”)y = e?™_ This is indeed equal to (8.11).

Z& (0, T)m = (597 Hoo(g
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The supersymmetric index. Another “trivial gluing,” which was studied in [17], cor-
responds to:

vy = —r2, T = —T2 . (936)
This also gives S? x S topologically, but it is distinct from (9.32). When considering this
gluing, the sign flip in 11 must also be applied to the U(1)g flux through the disk, and the
resulting background has a vanishing R-symmetry flux through the S2. The corresponding

supersymmetric background computes the “ordinary” supersymmetric index, also known
as the 3d superconformal index [64, 65]. In terms of the gluing (9.30), it corresponds to:

g= <_01 _01> : (9.37)

instead of the identity for the twisted index. We may denote this background by L(0,—1),
which is distinct from L(0,1). The supersymmetric background L(0, —1) is the exceptional
case amongst the L(p,q) backgrounds; it does not admit any Seifert limit, and therefore
does not fit directly into the formalism of this paper.

9.2.2 Non-trivial gluing and the lens space L(p, q)

Consider the more general gluing (9.30)—(9.31). We should identify the parameters accord-

ing to:

t
= — 8Ty + 7 v = 2 . (938)
—pT2+¢q —pT2 +¢q

More precisely, the background gauge field parameters v; could be shifted by elements of
Z+ Z;, for each block. As before, we may introduce in this way the fluxes n; on each block:

v = v + oy + T, o, €L . (9.39)
Then, for the fluxes n;, we find the following consistency conditions upon gluing:
the + a1 — sag €Z, n +qng +pas € Z, (9.40)
with a1, as € Z and otherwise arbitrary. We then identify:
m=ny +qgng €7Z,, (9.41)

as the torsion U(1) flux on L(p, q), since a shift of m by p is equivalent to a shift of ay. We
may fix oy = —tng and ag = 0, for definiteness.

Fusing the blocks. Given the identifications (9.38) and (9.41), we directly find the
partition function on a squashed lens space:

ZL(p:Q)b (UV)m = Z Ba(ylv Tl)ﬂl Ba(V27 T2)ny - (9.42)
(0%
"®Here we used the identities # = —qm1 —t and ﬁ = —p71 + 8.
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In order to directly compare to the more common notation on squashed spheres and lens
spaces, we can solve the gluing constraints (9.38) by:

b2 - b
mn=- 5 , V] = — (i@',/ + b7y + bn2) )
. p bp (9.43)
m=-a_9 vy = (6, + b 'ny +bny) .
p p

Here, b> € C is the squashing parameter. Consider for instance the L(p,q), partition
function of a free chiral of R-charge r = 0:

23y (00)m = BT (v1,71)n, BT (v2, 72)n, (9.44)

We directly find [18]:

_ 2 27 1 _ b2
(6 2mie— e s (b~ UV—Q—sm), e 2miZ— )
o0

Zg)(p,q)b(&”)m =

_ - (9.45)
(e 2p (b6, +m) : eQTerP% )

Here, we used (9.21) to write the chiral-multiplet partition function in terms of the “or-
dinary” g-Pochhammer symbol, for |q| < 1, which corresponds to Im(b?) > 0. For p = 1,
this reduces to the 5’(‘? one-loop determinant:

28, (0) = 20 0, 0) = 2850 = (s + 3007 . (0.0)

with @, defined in (7.10).

R-symmetry dependence and spin structures. The R-symmetry background
gauge fields:

r 1
vl =l — (9.47)

satisfy a consistency condition upon gluing, analogous to the one for flavor background
gauge fields. Namely, we must have:

R

R Vo
vy — ——— € (LZ+nZ). 9.48
' —pmatg ( 12) (9.-48)
This is equivalent to:
1 - t ~
—%—&— ez, —i—i—l/f%—sufez. (9.49)

This fixes the parameters ﬁlR € %Z (mod 1). More precisely, there are three cases:

(—D)ZF = (=15t (=) = if qis odd, pis odd,
()% = (-1)", (—1)%5 =1, if ¢is even, p is odd, (9.50)
(1) = (1)t (—1)%% = 41, if ¢is odd, pis even,
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We see that there is a unique consistent choice for the Zs holonomies ﬂz-R when p is odd,
while there are two distinct choices when p is even. This is exactly as expected from our
discussion of Seifert backgrounds. On L(p, q) with p even, there are two distinct choices of
spin structures, which are probed by the two distinct supersymmetric backgrounds.

The R-symmetry Z, torsion flux can be read off from (9.49), similarly to (9.41):

1 ~
mft = —§(q—|—1)—|—p1/§ €Ly . (9.51)
This is in agreement with the discussion in section 3.4. For p even (and therefore ¢ odd),
there are two distinct choices in Z,, namely mf = —%(q +1) or mf = —%(q —p+1).

We also recover the fact that the canonical line bundle Kr,, ,) = L%% is trivial if and only
if ¢ = —1 (mod p). The U(1)g line bundle itself is trivial, L = O, if the two integers
in (9.49) vanish. This requires:

~ 1 - 1
iy i (9.52)
2p 2p
which is only possible for ¢ = —1 mod p. On such a background, we can consider any real

R-charges, r € R. In this case, combining (9.52) with (9.43), we see that:

- o b 241 - ™ b2+1
l/f%:Vf%—EZ 2p > 1/5%21/5—5: 2p ) (953)
and therefore the shift (9.17) induced by a change of R-charge corresponds to:
b+b!
by = Gy — i (9.54)

2

This reproduces the well-known R-charge dependence on S35, as in (7.4). In fact that result
directly generalizes to L(p,p — 1) = S3/7Z, [21], as we see here. Note that, for p even, the
“superconformal” background with m® = 0 exists for a particular choice of spin structure.
The other choice of spin structure gives rise to a distinct L(p,p — 1), background, with

R:

non-trivial U(1)p flux m £ and Dirac-quantized R-charges.

Gravitational CS term. As another consistency check of the above discussion, it is
interesting to consider the gravitational Chern-Simons term. Consider the compact lens
space L(p,—1), with the the R-symmetry background such that Lr = O, as described
above. Then, we find [18]:

ux) — _ T _1
Z%E;Y*l)b = e24p (b2+672) e 12 (p p> . (9.55)

For p = 1, we recover the Sg’ contribution as given on the last line of (7.3). One can check
that this term indeed factorizes as expected:

b2+ 1
)mW@L S ;, (9.56)

for p # 0. Here we used the gluing matrix g with (p,q) = (p,—1) and (¢,s) = (0,—1),
which implies ﬁfQ = 0 due to (9.52). The identity (9.56) can be checked numerically.
For the identity gluing, we obtain B#?'(—7)B& (1) = 1 instead, as expected for the

.
pr+1

grav . grav _

twisted index.
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Integral formula. An alternative expression for the lens space partition function starts
from the ungauged blocks, B(u, v,T), introduced above. We may fuse two ungauged blocks,
thus obtaining the lens space partition function of the ungauged theory:’"

ngq)b(&u,&y,m, m?) o B(uy,vi,m) fB(UQ,Vg,Tg) (9.57)

F .
ni,n n2,ny

Here, we denoted by n; and nf the gauge and flavor fluxes, respectively, and we identify
the torsion fluxes:

m = ny + gng, mf =nl" 4 nl’, (9.58)

as in (9.41). Then, for p # 0, the partition function of the gauge theory can be obtained by
integrating (9.57) over the real &, contour,” and summing over fluxes m € Z,. Schemati-
cally, this gives:

Z1a)y (00)mr = D / A&y Z1(p ), (Gus 6, mymb) | (9.59)

meZy

where we have included the contribution from the vector multiplets in the maximal torus,
as above. Indeed, one can show that this agrees with the expressions for the squashed
sphere and lens space obtained directly by localization in [10, 12, 14, 15, 60]. When p = 0,
the sum in (9.59) is over the integers, m € Z — more generally, for a gauge group G, the
sum is over the GNO-quantized magnetic fluxes on S? — , and the integration is over the
JK contour, as described in section 6.

Geometric equivalences amongst lens spaces L(p,q). Before concluding this dis-
cussion of the L(p,q) partition function, let us make a few more comments about the
geometry. In the above, we constructed the lens space L(p, q) using the arbitrary SL(2,Z)
element ¢ in (9.31). In particular, the integer p could be positive or negative. In general,
it is chosen positive. There is an obvious equivalence:

L(=p,q) = -L(p,q) (9.60)

where the minus on the right-hand-side stands for orientation reversal. This is clear, for
instance, from the definition (9.1)—(9.2), since sending p to —p is equivalent to sending
21, 29 to Z1, Zo. In terms of the Heegaard splitting (9.30), the lens space L(—p, q) is realized

- - s —t
T=—0 T2, g-( ) : (9.61)

P q

by the gluing:

Interestingly, we have:

G=C-g-C, cz<(1)_01>, (9.62)

""The proportionality factor is a 7-dependent factor, which can be thought of as contributing to the
measure in the integral formula below. We will be somewhat imprecise about such measure factors in the
following.

"®More precisely, this is true for b2 > 0. For b*> < 0 we should instead integrate over the imaginary o,
contour.
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and therefore:
TI=—g T o C-nn=-g-(C-m). (9.63)

The last relation precisely realizes —L(p, ¢). That is, C acting on the boundary tori changes
the sign of a single direction, and the gluing is with the same g that realizes L(p, q), therefore
we indeed obtain L(p, q) with the opposite orientation.

Let us mention two other operations we can perform. First, we may replace:

9= (jp;) — Cglc= <_qu> (9.64)

This is equivalent to exchanging the roles of the two blocks, i.e., 71 > 70 and v| <> 1o, and
so does not affect the partition function obtained by fusing the two blocks. More precisely,
we find the relation:

ZL(p,s)b(é-V)mF = ZL(p,q)b71 (a-l/)smp (965)

1 = 5 (mod p).

This exhibits the equivalence L(p, q) = L(p,q~' (mod p)), where we use ¢~

Next, we may replace ¢ — —g. We see this has the effect of replacing L(p,q) —
L(—p,—q). From (9.38), this has no effect on the identification of the 7;, but now the
relation between v; incurs an additional sign. Inspecting (9.43), we see that, for p # 0, we

may equivalently replace:

b— b, o0, —io,, mMm— -—m (9.66)

In other words, we have the relation, for p # 0:

ZL(~p=)s (Ov)mF = ZL(p,q), (100) P (9.67)

For p = 0, where ¢ = Id, this operation takes us between the topological index,
L(0,1), and the ordinary index, L(0,—1), but the partition functions on these two spaces
do not obey a simple relation, as in (9.67). These two choices are the three dimensional
analogue of the topological-topological (¢t) and topological-anti-topological (¢t*) fusion of
the holomorphic blocks, respectively [20, 123]. The statement of (9.67) is then that, once
we non-trivially fiber the S! over S?, the distinction between these two choices goes away.
This gives another perspective on why the partition function on the squashed sphere and
lens spaces, which can be thought of as a 3d uplift of the ¢* partition functions [20], can
also be computed in the 3d A-model, which is an uplift of the topological A-model.

9.3 Rational squashing and the Seifert fibering operators

Given this discussion of the holomorphic block, we can now come back to the half-BPS
Seifert manifold formalism. Recall that, although the orbits of the Killing vector K©®)
in (9.5) do not close for generic b € C, they do close when

=Lco. (9.68)
q2
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In this case, the orbits of K(® are the fibers of one of the infinitely many inequivalent
Seifert fibrations of the lens space, L(p,q). Thus we expect that, by taking a limit of the
lens space partition function as b? approaches a rational number, we may express it in
terms of the formalism introduced in earlier sections.

In fact, more directly, we expect there to be a simple relation between the holomorphic
blocks and the Seifert fibering operators, which insert an exceptional (g, p) fiber in a general
Seifert manifold. Namely, the holomorphic block is the partition function on a disk fibered
over an circle, and in the limit where this fibration approaches a rotation by a rational angle,

t
=, (9.69)

q
this is precisely the solid fibered torus T'(q, t) introduced in section 2 — see equation (2.28)-,
which is the local model of an exceptional fiber. That is, schematically, we expect a relation

of the form:
B* (1/,7' = 2) ~ Go(v) . (9.70)

The precise relation is given in (9.79) below. In the following, by establishing this corre-
spondence more precisely, we demonstrate that the Seifert formalism of this paper indeed
reproduces the known partition functions on squashed lens spaces in the rational-squashing
limit, (9.68).

9.3.1 Trivial gluing and the topological index

Let us start with the “trivial gluing” of two blocks, as in (9.33) above, which gives us the
topological index [34]. First of all, in the limit 7 — 0, we should recover the ordinary
(i.e. non-refined) S? x S* twisted index. The precise claim is that, for each Bethe vacuum

«a € Spg:
F

lim B (v, — Ty B (0, T)ny = HO(v) 1T (0)™ . (9.71)
T—
Here m? = ny + ny is a flavor symmetry background flux, and II the ordinary flavor flux

operator. It then directly follows from (9.33) that:

Zgrygi(v,7=0) = PL% Z B*(v,—1)B%(v, 1) Z HO(v) ()™, (9.72)
aESBE aESBE

which is the expected result from the A-model computation of the twisted index.

We demonstrate (9.71) in appendix F. Here, let us briefly illustrate the argument in
the case of a free chiral multiplet with R-charge r € Z, and setting the fluxes to zero. The
corresponding holomorphic block (9.20) is given in terms of the g-Pochhammer symbol:

B(P(I/,T) — (( 1)21/ rqlfgy q)ma q= 627”'7'7 y = eQﬂ'iV . (973)

For 7 — 0, we may use the following expansion of the g-Pochhammer symbol [17]:

1‘ Lig(e*™) — %log(l — iy O(T)) . (9.74)

(qy;q)aaTt;)eXp (2ﬂ77
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The leading behavior of the chiral multiplet block as 7 — 0 is then:

phRe 1-L
B*(v,7) = (=)' " 22;9)o0

— exp ( 1 Li2(e27ri(u+l7Rr—gT)> _ %log(l B €2Wi(u+§Rr)) + 0(7_)>

T7—0 )

2miT (9-75)

r—1

= exp( 1. Lig(ezm(”JrgRr)) +
2miT

log(1 — eQ“i(”J“;RT)) + O(T)> )

When we multiply this with another block with 7 — —7, as in the Lh.s. of (9.71), the
leading divergence cancels and we obtain a finite limit:

lim B® (v, —7)B® (v, 7) = (1 — 2™ 7 )yr=1 — /2 (y) =1 (9.76)

T7—0

which agrees with the handle-gluing operator of a chiral multiplet of R-charge r, as claimed.

Comparing (9.76) to (4.21), we also see that 7% can be identified with vg in the Seifert

formalism. This is expected in this case: given the identity gluing, we have vf* = vl and

the choice of spin structure on the solid tori becomes a choice of spin structure on S2 x S*.
9.3.2 General lens spaces

To consider similar limits for general lens spaces, it will be useful to first introduce some
notation. For g € SL(2,Z) given as in (9.31), we define:

_ s —t 10
—C.0-C = — a7
g=C-g-C <pq>7 C (0 1); (9.77)

as in (9.62). We also define:

—t

B2(w,7) =B 2 T . (9.78)
g pT+q pT+¢q

This is simply a reparameterization of the variables v and 7 defining the blocks. Specif-

ically, these are the values measured after applying the SL(2,Z) transformation g to the

boundary torus.

Fibering operators from the holomorphic blocks. Let us choose g > 0 for definite-
ness. Then, the precise form of the relation (9.70) between the holomorphic block and the
Seifert fibering operator reads:

T—1
lim Lﬁa(u,ﬂn = lim al (p‘riq’ ;T+q>n
T—0 Ba<V, T) 70 Ba(V, T)

— G2 (V) - (9.79)

We can understand this geometrically, as follows. To glue an exceptional Seifert fiber of
type (q,p), we first cut out a tubular neighborhood of “trivial fiber,” D? x S1, and then
glue the local model of an exceptional fiber, T'(¢, t), to the boundary torus. This is reflected
in the equation above, where the denominator corresponds to the “trivial block” we are
removing, and the numerator corresponds to the non-trivial block, with rational rotation
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angle g- 7 — —é. More precisely, we must first regularize by taking non-zero 7 € C\R, as
the blocks are divergent at real 7, and we recover the above procedure in the limit 7 — 0,
reflected in (9.79).

We prove the relation (9.79) in appendix F. Let us again illustrate the argument in
the case of a free chiral multiplet. For simplicity of notation, we take both the R-charge
and flux to be zero. Then, we are interested in the limit of:

v sT—1
B2(u;7) = (§9;9) , g = exp | 2mi , q=-exp|2m ) 9.80
Pur) = @ra). g—ew (2t ) d—ew (2m L) 080

as 7 — 0. Using the identity:

n—1

(ay;a) = [[(@* (@ w);a™),  ¥neZso, (9.81)
=0

and the limit (9.74) for the g-Pochhammer symbol, we find:

q—1
2#1 2mi
U - Li (v+t0) LL' 2L (vtL)
(@g:9)  ~, exp(;:(Q ——Lis )+ 5 Lis(e s )

T

+ (py e ;) log(1 — 62?(”“@)) + O(T)) )
q

Using the identities (D.15), we may rewrite this as:

(9.82)

1 - 1
~ e~ ~ Li 2mivy 1 27T’LI/
5) o0 ( g Liae®™) - Flog(1 - &)

q—1
p L. 2miv 27r7,1/ E 2” (v+tL)
xexp | = [ =——Lis(e +rvlog(l —e >+ - .
(2 (GrLiater) + v1og > s )

(9.83)
We see this differs from the trivial block, (9.74), by a finite piece. Thus we may divide by
the trivial block to obtain a finite limit:

Bg(” 7) P 1 : ! /¢ 2m‘
m g 7 £ 2miv . 271'11/ 2 :7 (v+te)
l1_>o B®(v,T) P (q <27TZL1 () v log(1 — e ) +£:o q &l )>)

(9.84)
Comparing to (4.66), we see the right-hand-side is precisely the (g, p) fibering operator for

the chiral multiplet:
11117(1/ ) =g 9.85
Tl—>0 B‘I’(y 7—) q’p(y) ’ ( ’ )

This proves the relation (9.79) in this special case.

Fusing the blocks. Let us now consider the fusion of the blocks as in (9.42), with the
gluing conditions:
STy + 1 123

Tl:_g.725_77 Vlzg-y2:7, 986
—pre +q —pT2 +q ( )
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where g € SL(2,Z) acts on 75 and v, in the obvious way. It is then very convenient to
introduce the two SL(2,Z) matrices:

t t
1=(51 1>, 92:<82 2>, (9.87)
—P1 q1 —P2 G2
such that:

t — pat t t
g= 91(392_1 C o S _ @251 — pat1 s1t1 + site . (9.88)
—pq —q1p2 — q2p2  q182 — pila

Then, it is clear that the conditions (9.86) can be solved by:

TT=—91"7, vi=ag1-v,
~ - (9.89)
T2=0G2"T, Vp=g2-V,
where g2 = Cg2C, and 7 and v are free parameters. More explicitly, we have:
—s1T — 11 v
= o+ a = o ra
1T T q1 p1 a1 (9.90)
SoT — tQ 1%
Ty = —— Vg = ——— .
D27 + q2 D27 + q2

In these new variables, the L(p, q) partition function (9.42) takes the suggestive form:

ZL(p Q) V,T)m ZB V1, T )uy B (V2, T2)n,

= ZBgl Yy BE (1, )y

At this point this is simply a reparameterization. However, if we now take the limit 7 — 0
of (9.91), we find:

(9.91)

B (v, —7)y, BS (v, 7
lim Zp, o) (v, T)m = lim A I B, (. T, BY(v,—7)BY(v,T) . (9.92)

70 704~ BYv,—T1) B*(v,7)
Then using the limits (9.79) and (9.71),this becomes:

-1
113% Z1(p.q) (¥, TIm = qul,m V)i Ga pp (VWna O (0) (9.93)

This is precisely the partition function of a Seifert manifold with two exceptional fibers,
(gi,pi), i = 1,2, over a genus zero Riemann surface — namely, a lens space. Recall from
section 3.4 that the lens space L(p, q), with b? = % has the Seifert fibration:

L(p,q)s =005 (q1,p1), (g2,p2)], P =Dpig2 + p2q1, q=qs2—pita . (9.94)

The identification of the lens space parameters p,q with the Seifert invariants (g;,p;) is
precisely as in (9.88). Comparing (9.90) to (9.43), we also find:

po2o"prta 0 (9.95)
1z P27 + @2 =0 @2
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as expected. Thus, we have proven that:
Z 1 (py (Ov, ) = G (W Gy (V)M (v) ! (9.96)
2,0)s \C V> p2— a1 q1,p1\Y /M1 qa,p2 \¥ /12 )
q2 (63

which is our main result for Seifert manifolds, specialized to the lens space Seifert fibra-
tion (9.94).

We should emphasize the condition ¢ > 0 stated before (9.79) is important for the
argument above to go through. Thus we must impose ¢; > 0 for both SL(2,Z) matrices g;.
From (9.95), we see g; = 0 is a singular limit of the squashing parameter, and this limit
is not expressible in terms of the Seifert fibering operators. When ¢; < 0, we may replace
gi — —¢;, which (at most) takes g — —g. Then for p # 0, we have seen above, in (9.67),
that this is simply a reparameterization in terms of the equivalent space L(—p, —q), and
so there is no loss in restricting to ¢; > 0 in these cases.

However, for p = 0, taking ¢ — —g¢g is not a reparameterization, and takes us between
the inequivalent backgrounds L(0, 1) and L(0, —1), corresponding to the twisted index and
the ordinary supersymmetric index, respectively. Then, one can check that for (p,q) =
(0, —1), it is not possible to find matrices g; satisfying (9.88) with both ¢; > 0. Therefore,
although the supersymmetric index can be constructed in terms of holomorphic blocks, it
cannot be written in terms of the Seifert fibering operators.

Contour integral expression. Finally, let us return to the integral formula (9.59).
Applying the results above to the ungauged theory, we find:

ZL(pvq)b(au,a,,,m,mF) o e~ 2mifduy) g~q1,p1 (u, Z/)nl,nf QNQ27P2 (u, V)nz,ng ) (9.97)

for b? rational. Here we used the fact that H = > for the ungauged theory. Then,
plugging this into (9.59), we find:

Zuaovmt) o 3 [ dou e G (), o G0y p s (998)

neZyp

schematically, in agreement with the “o-contour” expression derived in (6.60).
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A Parity anomaly and Chern-Simons contact terms

In this appendix, we review some important properties of three-dimensional fermions and
Chern-Simons terms, following in particular [39-42].

A.1 Three-dimensional fermions and the parity anomaly

It is well-known that three-dimensional fermions suffer from parity anomalies [36-38]. Con-
sider a 3d Dirac fermion v coupled to a U(1) background gauge field A, with charge 1.
On {z#} = R3 with Euclidean signature, the parity operation is given by changing the
sign of a single coordinate, say 2> — —a3. (It is thus indistinguishable from time-reversal
symmetry.) The classical Lagrangian of a massless fermion,

L = iy (D — A, (A1)

preserves parity. The parity anomaly is the statement that there exists a mixed parity-
U(1) anomaly — in other words, one cannot preserve both parity and (background) gauge
invariance. As usual in this type of situation, we have to give up some symmetry of the
classical theory in the quantum theory. If we couple the theory to a metric, we have a
similar parity anomaly with background diffeomorphism. In this paper, we always choose
to preserve gauge invariance (and diffeomorphism invariance). Then, the “parity anomaly”
is the statement that the quantum effective action:

Seir[A,) = —logdet ( — in"(8, —iA4,)) (A.2)

is a gauge-invariant (non-local) functional of A, which violates parity. The parity-violating
term is an imaginary contribution to Seg, which arises because one needs to regulate
carefully the infinite product over the eigenvalues of the Dirac operator. This can be made
rigorous on a closed three-manifold. A standard regularization of the phase of the Dirac
determinant gives [38, 40]:

det(—iP4) = |det(—if4)| e 2 "@A) (A.3)

Here, the absolute value is unambiguous, while the phase is given by the APS m-invariant.
Crucially, n(g, A) is a gauge-and diff-invariant functional of the gauge field A and of the
metric g," which is generally non-local. The 1 term is closely related to the U(1) and
gravitational CS terms:

. . )
SaalA] = ;T/A/\dA, Seravlg] = 19Z27T/TY <w/\dw— 3w/\w/\w>, (A.4)

with w the spin connection. While these CS terms are not gauge (or diff) invariant unless
their coefficient is a quantized level, k € Z and k, € Z, respectively, their infinitesimal
variations are well-defined and coincide with the variations of the n-invariant:

midan(w, A) = daSccl4], Tidgn(w, A) = 204 Sgrav]g] - (A.5)

™1t is defined by a ¢-regulated sum over the signs of the eigenvalues, X, of the Dirac operator:

n(g, A) = glgg,ZA:Slgn(A)IAI :
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By the Atiyah-Patodi-Singer (APS) index theorem, we also have:
exp (—mikn(g, A)) = exp (~kSaa[A] — 2kSgrav(g]) (A.6)

for any quantized integer k € Z. Thus, for many purposes, the gauge-invariant phase
ez 94 in (A.3) looks just like an improperly-quantized U(1) CS term at level —% (plus
a gravitational CS term at level —1).80

In any 3d field theory coupled to background gauge fields and metric, the parity-
violating terms are conveniently captured by the two-point functions of the conserved
currents, whose parity-odd coefficients are denoted by x. As explained in [39], the quantity:

k mod 1 (A.7)

is a physical observable. This is because « can always be shifted by some integer k € Z, by
adding a background Chern-Simons term with integer level k to the effective action. For
instance, we may add the U(1) CS term in (A.4) to the UV action, which would shift the
observable k:

Set[A] = Set[A] + k Scc[A] < k—K+k. (A.8)

Since the CS level k must be quantized by gauge invariance, x mod 1 is physical. By abuse
of notation, we call x the “CS contact term,” but we should not loose sight of the fact
that (A.7) is physical (unlike an ordinary contact term, which can be entirely canceled by
a local term). For the free fermion v regularized as in (A.3), we have:

kg =—1. (A.9)

Here, & is the parity-odd contact term in the two-point functions of the U(1) current, and
kg is a similar contact term involving the stress-energy tensor [39]. The only ambiguity is in
shifting x and k4 by integers, by adding the CS terms (A.4) to the action. We must therefore
make a choice in the UV. We call the choice (A.3)—(A.9) the “U(l)_% quantization,” in
agreement with standard notation.®! More generally, for a fermion with charges Q® € Z
under some U(1), symmetries, the “U(1)_ 1 quantization” (A.3) corresponds to the CS
contact terms:

1
Kab = —iQ“Qb, g =—1. (A.10)

The corresponding CS terms are the mixed U(1),-U(1), CS interactions, with levels kq, € Z.
(The generalization to non-abelian symmetries is straightforward.) Incidentally, let us note
that, while the choice of background CS terms for global symmetries is unphysical, once
we start gauging symmetries (making some A,’s dynamical), their CS terms, of course,
become an important part of the definition of the theory in the UV. For instance, a U(1)

89Nonetheless, we emphasize that it is not possible to “cancel the parity anomaly” (as it is sometimes
stated in the supersymmetric localization literature) by adding a CS term with level k = % to (A.3), since
such a term violates gauge invariance. The point is that one cannot take the “square-root” of equation (A.6).

81The term x = —% is sometimes call the “effective CS level.”
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gauge theory coupled to a single fermion 1 of unit charge, with bare CS term k € Z in the
UV, together with our choice of quantization (A.3), is generally denoted by U(1)_ Lk +,
and its dynamics, of course, depends crucially on the level k [42].

To conclude this overly detailed discussion of 3d fermions, we recall that the ‘real
mass” term:

ALy = —imi), meR, (A.11)

breaks parity explicitly. Integrating out the fermion ¢ with a large real mass, m — oo,
shifts the CS contact terms according to:

ORgh = %sign(m) Q“Qb, dkg = sign(m), (A.12)

in our conventions. In particular, for a single fermion 1 of U(1) charge 1 and with a mass
term m, we have the CS contact terms (A.9) in the UV, while in the IR we can integrate
out the fermion and obtain an empty (trivial, gapped) theory. If m > 0, that empty theory
has vanishing CS contact terms, x = 0 and x, = 0, while if m < 0, we obtain the IR
contact terms k = —1 and Ky = —2.

A.2 Chern-Simons actions, contact terms and supersymmetry

Now, let us specialize the above discussion to the case of N' = 2 supersymmetric theories
with a U(1) g symmetry. We have to consider the various contact terms:

Rab » KaR , RRR Rg , (A13)

which correspond to the gauge, mixed gauge-R, RR, and gravitational contact terms,
respectively. The supersymmetrization of those terms was studied in [39].

Supergravity CS terms. Let us briefly discuss the supersymmetric CS term A% dA ")
for the U(1)r gauge field ALR), and the supersymmetric gravitational CS term [6, 39].
Setting the fermions to zero, the N’ = 2 supersymmetric version of the gravitational CS
term reads:

kg
1927

2
Serav = /d?’x\/ﬁ(ie"”” Tr (wu&,wp - gwuwywp> + 4i6“”pALR)8,,A§)R)> , (A1)
with AELR) the U(1)g gauge field. The level k, is integer-quantized. This action is confor-
mally invariant. There also exists another, non-conformal CS-like term one can write down

using the supergravity multiplet alone:
kZZ

o 1
8o = / d?’x\/g(zeﬂ P(AP + V)0, (AR +V,) — SHR - H3 — HVMV“> . (A.15)

Here, V,, and H and auxiliary supergravity fields (as we briefly review in section 2.3) and
R is the 3d Ricci scalar. The actual U(1)z Chern-Simons level is given by:

k
krp =2 + k.., Al
RR= 15 T (A.16)

which is the net coefficient of the ABJA®) term. The RR level krr is integer-quantized
if U(1)g is compact — that is, whenever all the R-charges are integer-quantized.
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Quantizing 3d N = 2 supersymmetric multiplets. Let ® be a chiral multiplet of

U(1), charges Q® and R-charge r. In this paper, we use the “U(1)_1 quantization” for the
2

Dirac fermion 1 in ®. Then, each chiral multiplet ® contributes to the CS contact terms:

1 1
Kab = —§Q“Qb, frR = —5(r = 1)?,

1 (A.17)
ﬁaR:_§Qa(T_1)> kg =—1.

If we give a large positive real mass, m — oo, to a free chiral multiplet in the U(1)_

(NI

quantization, thus integrating it out, we get vanishing CS contact terms in the IR:

m>1: V=0, &P=0, whY=0 xM™=o0. (A.18)
Operationally, and especially for the purpose of supersymmetric localization, this is as
good a definition as any of what we mean by the “U(1)_ 1 quantization” of an N = 2
chiral multiplet — it is the regularization of the one-loop determinant Z® for ® such that
Z%® — 1 in the limit m — oo,

The vector multiplet V also contains an adjoint fermion, the gaugino. To discuss its
UV quantization, we decompose V into abelian vector multiplets V, along a maximal torus
H =[], U(1),, and into the components V, along the non-trivial roots. Each V, and V,
contains a gaugino A or R-charge 1 (and its charge conjugate A or R-charge —1), which we
denote by A\, and A, respectively. The A,’s come in pairs An, A_,, which carry opposite
gauge charges (Q% = a® and Q* = —a?, respectively) under the Cartan subgroup H. We
therefore choose the “symmetric quantization” with respect to the U(1), gauge charges,
which results in a vanishing net shift of the gauge contact terms:

Vo Rab = O, RaR — 0, (Alg)

for the full vector multiplet. (The elements V, are of course neutral.) We also have
to specify the U(1)r and gravitational CS contact terms in the UV. We will quantize the
gauginos A = (A4, Ao) such that they each induce the RR and gravitational CS levels kpr =
% and k4 = 1 — that corresponds to a phase e~ 5MAM.9) i their one-loop determinant,

instead of (A.3). Then, for the full vector multiplet, we obtain the UV CS contact terms:
1 . .
| 2 KRR = idlm(G)’ kg = dim(G) . (A.20)

Of course, we could always choose a different quantization in which &, = 0, by adding the
supersymmetric gravitational CS term (A.14), with level k; = —dim(G), to the effective
action. On the other hand, the UV contribution of the vector multiplet to kKrg is gener-
ally half-integer, and thus cannot be shifted to zero in any gauge-invariant scheme. The
quantization (A.20) for the vector multiplet is particularly natural from the point of view
of pure Chern-Simons theory, as we now explain.
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Flowing to pure CS theory. Consider an N = 2 supersymmetric Chern-Simons theory
G}, consisting of a vector multiplet V with a CS term at level k € Z:%?

% / d*z\/g <¢5WP <AM8,,AP - ZZAMAVA,)) —2Do + 2i)\)\) : (A.21)

In such a theory, the gaugino has a real mass (A.11) given by the CS level:3
k

m)\:—g.

(A.22)
It is useful to introduce a supersymmetric Yang-Mills (YM) term as a UV regulator, with
gauge coupling g2 (of mass dimension 1). Then, the gauge field (and the gaugino) acquire
a so-called topological mass, mr = g?>my. In the infrared, at scales well below mp (and
for k large enough so that we do not break supersymmetry dynamically [124]), we can
integrate out the gauginos and recover pure Chern-Simons theory for a gauge group G and
shifted levels: )

kb = kb — 5 sign (k) Z a%al, (A.23)

acyg

as follows from (A.12). For a simple gauge group G = G, this is:

~

k., =k, — sign(k)h, (A.24)

with h the dual Coxeter number. With the choice of quantization (A.20) for the vector
multiplet, we then obtain the infrared contact terms:

1 —sign(k)

IR . . .
Vo 5%%}%) = 5 dim(G), 6n§IR) = (1 —sign(k)) dim(G) . (A.25)
. . (IR) (IR) .
In particular, if & > 0 we have sk, = 0 and kg °~ = 0. Since the U(1)g symmetry

completely decouples in the pure CS theory, this is a very natural choice. It also simplifies
the presentation of various supersymmetric dualities.

B Geometry conventions

In this appendix, we briefly discuss some useful facts about the half-BPS Seifert geometries,
and we set our conventions for spinors. Our geometric conventions closely follow [5, 27|, to
which we refer for further discussion.

B.1 Seifert geometry and THF

Consider the oriented Seifert three-manifold:

Sl — Mz — 3, (B.1)

82More generally, we have distinct levels k, and k; for each factor in (1.12). We could also consider
distinct CS levels for the SU(N) and U(1) factors in U(N).

83This is dimensionless, since the canonical dimension of the gaugino is g
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with Riemannian metric and Killing vector:

ds? (M) = B2(dip +C(2,2))* + 20.2(z, 2)dzdz, K= ;% , (B.2)

as discussed in the main text. There is a natural metric-compatible transversely holomor-
phic foliation (THF) on M3 generated by the one-form:

n=B(dy +C(z2), (B.3)
with 7, = K,. The THF can be defined in terms of 7, and:
Q. = —€," 1y, (B.4)
with €,,, the Levi-Civita tensor. We have:
=1,  ©,°0,0 =", +n'n,, (B.5)

together with an integrability condition which is automatically satisfied in this case [5]. As
one can see from (B.5), the tensor ® defines a complex structure J on the space of leaves
of the foliation — here, the space of leaves is the base 3 of the Seifert fibration:

Dle = Jg (B.6)

The local coordinates z, z that appear in (B.2) are the complex coordinates on )y adapted
to Js, while ¢ € [0, 27) is the local coordinate along the Seifert fiber.

B.2 Conventions for spinors

We define the canonical frame:

e’ = B (dy + pA) , el = \/2g.2dz, el = \/2g.-dz (B.7)

adapted to the Seifert fibration structure. Here, e!, el form a complex frame on 3. The
frame indices @ = 0, 1,1 are lowered using ., with doo = 1 and &;7 = % The orientation is
such that €9 = —24. We choose the y-matrices:

{(VG)aﬁ} = {voa’ylmi} = {(é 01> : (8 _02> , (02 8)} : (B.8)

When reducing to two dimensions along the fiber direction, 'yl,’yi become the two-
dimensional v-matrices, with v° = ~3 the chirality matrix. In particular, any three-

_ ¥
e () -

naturally decomposes into the 2d Weyl fermions 4. Dirac spinor indices are raised and

dimensional Dirac fermion:

lowered with €?, €ap, With €T =€, = 1. The covariant derivative is given by:

1

Vb = (au 4wwbeab0%>¢ . (B.10)
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B.3 Decomposition and adapted connection

Given the Seifert structure above, it is useful to introduce the projectors:

Py =n'ny
1 .
I, =5 (0% —i®%, =) (B.11)
~ 1 )
HNV = 5 (5HV + Z(I)NV _ 77“”1/) .

They allow a decomposition of any tensor into vertical, holomorphic and anti-holomorphic
components, corresponding to the canonical frame (B.7). For instance, for any one-form
w, we have:

w = won + w,dz + wzdZ . (B.12)

In particular, a holomorphic one-form on Mgj is such that:

w I, = w, . (B.13)
By definition, its single component w, is a section of the canonical line bundle of Ma3:

wy € T[] - (B.14)

Importantly, the Levi-Civita connection V,, does not commute with 7, and therefore does
not preserve the decomposition (B.12). We define a Seifert-compatible adapted connection
@, such that

N A

Vougvp =0, Vun, =0. (B.15)
It is given by:
f‘uup =1Y0p + KYp, Kypp = =B er(Lo) (e Pup — 1pPuv + 1uPup) (B.16)

with I'V,,, the Christoffel symbols. Here, ¢1(Lg) is the first Chern class of the defining line
bundle on 3, as defined in section 2. The compatible spin connection is:

WOuvp = Wuvp = Kypp - (B.17)

The adapted connection V commutes with the projectors (B.11), thus it is compatible with
the decomposition into vertical, holomorphic and anti-holomorphic components. The price
to pay is that V has torsion [5]:

Tyup = Kylup - Kyp,/ = —2,8 Cl(ﬁo)ny@“p . (B18)

Using this geometric decomposition and the Killing spinors ¢, (, it is easy to rewrite all
fields in terms of two-dimensional forms on 3, thus providing a very explicit description of
the topological A-twist pulled-back to M3 [21, 27].

C Comments on S} and L(p, q), as Seifert fibrations

In this appendix, we discuss some properties of the three-sphere and lens space backgrounds
seen as Seifert fibrations, complementing the discussion in the main text.
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C.1 The squashed three-sphere as a Seifert fibration

In section 3.3, we saw that the squashed three-sphere Sg’ with b2 € Q is given in terms of
a Seifert fibration with two exceptional fibers:

SE=100;0; (q1,p1), (g2, p2)] qQp2 + qep1 =1, b = - (C.1)

Any “squashed-sphere” background preserving the supersymmetry algebra:

(0,0} =—2i(? + 2), (C.2)

with K®) a real Killing vector,®* can be written in the general Seifert form of section 2.3.
For definiteness, let us consider the U(1) x U(1)-isometric background of [14], with a real
squashing parameter b. Let us describe the three-sphere as a torus fibered over an interval,
with 6 € [0, 7] the interval and x € [0,27) and ¢ € [0,27) the angular coordinates on the
torus. The squashed-sphere metric reads:

1
ds*(S?) = R <4h(9)2d92 + b? sin? ngZ + b2 cos? ngoQ) (C.3)
The function h(f) is some smooth positive function which behaves as:
h(@) ~b+0O0*) as 6~0,  hO) ~b ' +0(r—0)7) as f~m, (C.4)

near the “poles” § = 0,7, and is otherwise arbitrary. For b =1 and h(f) = 1, (C.3) is the
round metric on S% with radius Ry. The Killing vector K®) appearing in (C.2) is given by:

1 _
K® = i (b0, +b7'0y) - (C.5)
One can check that:
n= Kl(tb)dx“ = Ry <bsin2 gdx + b1 cos? Zd<p> (C.6)

defines a THF, and one finds the auxiliary fields:®
i 2

Roh®) T T Ron(e) ™

b:qul, q1,q92 € Z~o - (08)
42

To bring the supersymmetric background (C.3)—(C.7) to the general form of section 2.3,

AR dzt = bdx +b7tde) . (C.7)

2(@) |

Now, consider the case:

we need to perform a change of coordinates from the angles x, ¢ to some new angles ¢, ¥

such that: 1
K® = E%’ (C.9)

84More general backgrounds with b and K ®) complex exist. We can focus on b real for our purposes.
85Here we choose x = 0 for the “x parameter” in [5, 9]. In [14], the implicit choice was x =

2
~ Roh(0)> S©
i

that H = —5-h(f) and V), = 0. These are equivalent supersymmetric backgrounds [9].
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with S the radius of the generic Seifert fiber. One can check that, in the new variables:

¢\ X (@ e B
()n). w (o )eson n- . o

the metric (C.3) takes the standard form:®

ds?(SP) = B2 (dip + C)* + ds* (%), (C.11)

with the Seifert connection:

(-2, (C.12)
a Qg2 q192

and the orbifold metric:
sin? 6
f(0)?

Comparing to (2.4), this is clearly a metric on the spindle S?(q1, g2). The connection (C.12)

@%&:Rﬂwﬁ@¥+ ), with  f(0) = /qigzh(0) . (C.13)

satisfies:

1 1 1 1
/czpl, — =2 —|a=—=01,7 (C.14)
21 Jo, q 27 S q2 2r Js ne @ G

with w1, wo the generators of the orbifold fundamental group on S?(q1, ¢2). This shows that
the S3 background with b2 = & corresponds to the Seifert fibration (C.1).

T
C.2 All the Seifert fibrations of L(p, q)

As we mentioned in section 3.4, any genus-zero Seifert fibration with n < 2 exceptional
fibers is a lens space. Conversely, for any lens space L(p, ¢), we would like to find all of its
possible Seifert fibrations. Here we review the algorithm of [90] — Theorem 4.10 therein
—, which constructs all the Seifert fibrations of a given L(p,q). (We assume that p # 0.
The case L(0,1) = 52 x S was treated separately in the main text.) Consider p and ¢ two
mutually-prime integers. Given the mutually-prime non-zero integers ¢ and qJ, we can
construct the Seifert fibration:

M3z =[050; (q1,p1), (g2,p2)] (C.15)
on L(p,q), as in (3.39)—(3.40), in the following way:
e Choose some integers s,t such that qs 4+ pt = 1.

e Define:
p

ged(p, sq) — q9)

@ =aq), q=aqg, a (C.16)

This defines q1, ¢2 in (C.15).

86Note that H and V}, in (C.7) differ from (2.67) by a factor ﬁ‘ Relatedly, we have dn = R.%w)dvol(i)
instead of (2.51). To land exactly on the background (2.67), we need to do a Weyl rescaling of the metric

on the spindle S?(q1, g2). This does not affect supersymmetric observables [9].
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e Define: 0 0
_ 541 — 4y
ged(p, sq) —q9)
Then there exists some integers si,p; such that gis1 + pity = 1. This defines p;
in (C.15).

t1 =

e Finally, we define po = —sp1 + s1p.

One can check that this reproduces (3.40), for ¢ mod p. Due to (C.16), we also see that:
0
=L I (C.17)
q2 qs

so that a choice of (¢, qJ) is equivalent to a choice of b? € Q.

D Supersymmetric one-loop determinants on Seifert manifolds

In this appendix, we further explain the computation of one-loop determinant of a chiral
multiplet on M3, generalizing the discussion on M3z = My, in [27]. We then study some
of its properties, providing additional details about computations that we alluded to in the
main text.

D.1 Derivation and general properties of Z;I\)A;,

Consider a 3d N' = 2 chiral multiplet ®, of U(1) gauge charge 1 and R-charge r, on
the half-BPS Seifert background (Ms, Lg) discussed in section 2. Let D, be the covari-
ant derivative:

D, =V, —iA, —ir A, (D.1)
with the adapted connection V introduced in appendix B, acting on some field ¢ of R-charge
7. On the supersymmetric locus for the vector multiplet, with holomorphic parameters:

1
u=1i8o —ag, ag /A, (D.2)
2l

T or

and flux n, most modes cancel out between the bosons and fermions. By a standard
argument — see in particular [14, 93, 125] — we then find:

Zcp _ detcokerDi (_U + DO)
Ms detkerDT (—O’ + Do)

(D.3)

Here, (Do, D1, D7) denote the covariant derivative (D.1) in the canonical frame basis. We
then expand any field along the Seifert fiber:

o= wre’?, (D.4)
keZ

with the modes @y the two-dimensional fields on 3. In particular, the modes Ay in the
kernel of Dj are the holomorphic sections of the orbifold line bundle:

n
- ~ 7No+ugr+kd i+nfir+kp;
Lo =L@ L@ L= Ly 0 QL™ (D.5)
=1
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Note that:

dimkerD; = h°(L.x)) , dim cokerDj = hO(L(;}k) ®K) . (D.6)
Using the Riemann-Roch-Kawasaki formula (2.18), we directly find the formal product:
o 1 deg(L(yx))+1—g
Zpms = kl;IZ <u+1/m“+k> , (D.7)

which is the result (4.58) quoted in the main text.

D.2 Regularizing g;}jp
As a formal infinite product, the (g, p) fibering operator for ® with R-charge r = 0 reads:

Gaoo(Wh = ];[ (u N k) =l (D.8)

By rewriting the product over k € Z as:

k=gqn+tl, n e, l=0,---,g—1, gs+pt=1, (D.9)
we obtain: {’JFJ
tpl4n
u + tl w4+ tl\L ¢

atyn =L () e () 10

with the ordinary fibering and flux operators F® and II®, respectively, as in (4.60):

k
% (u) = kHZ“ik Fru) =] <u—1|—k> . (D.11)

keZ

which are regularized to:
1

1 : iU iU
% (u) = T 2w F2(u) = exp (leg(eQ )+ ulog (1 — e? )> , (D.12)

in the U(1)_1 quantization for the Dirac fermions, as discussed in [27]. The regularized

expression (D.10) can then be written as:
Gap (W = 113, (w)a Gy (1) (D.13)
with:

2miu 2mit

Hip(u)ﬂ = (eT;eT)_n )

e l mi
gg’p(u):epo{Ll 2 +u)quu+ 10g(1—e2Z J;tl)},
’ q

21

(D.14)

which is the expression discussed in the main text. Using the identities:

-
- 1 . u A
S Lig(e™ ) = SLig(e2™), Y log(1— ™) = log(1— %), (D.15)
q

one can also write G, »(u) as:

q—1

) L
G2 ) = A (1) T (1 23 (o)
1

o~
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D.3 The Chern-Simons limit of ggjp

Let us consider the limit w — 4400 on the chiral-multiplet fibering operator. We obvi-

ously have:
lim G (u)n=1, (D.17)

u—ico L
consistently with our choice of quantization of ®. In the opposite limit, u — —ic0, we
should generate the CS terms:

kag = -1, kar=1, krr=—1, kg:*Q, (D.18)

corresponding to plugging » = 0 into (4.11). Let us first consider the case n = 0. Using
the expression (D.10) and the limits [27]:

lim F®(u) ~ em(#*5) | lim TI%(u) ~ —e 27 (D.19)
U——100 U——100
we find: ) o
p. 2 . q— .
lim Q;I’p(u) ~e e e (D.20)
u——i00 '
with the phase:

i = (~1)* "5 o (t(5+s) -1 @a-1)—pa) (D.21)

This expression only depends on the coprime integers (¢, p), not on the choice of s,t such
that ¢s + pt = 1. We claim that, for ¢ > 0 and p coprime to ¢, (D.21) can be written as:

= (99) " = e (~2mi (L~ s ) (D.22)

with s(p, ¢) the Dedekind sum and géf}? defined as in (4.53). This is equivalent to:

exp (27m' s(p, q)) = exp <7T2(q6q—1) (38(]2 —plg+1)+tlgs+1)(2q — 1))) , (D.23)

which is an evaluation formula for the Dedekind sum s(p, ¢) modulo integers, when ¢ > 0
and ged(q,p) = 1. It would be interesting to prove (D.23) directly.®” As a sanity check,
we note that the following known evaluation formulas for the Dedekind sum at p = 1
and p = 2:

s = I g = U2 2T (D.21)
are consistent with (D.23). Now, re-introducing the fractional flux n € Z, we also have
the limit:

lim T2 () ~ (—1)e 0 ™ty (D.25)
U——100 >
Therefore, we find:
™ . .g—1 -2
uilnioog ,p( ) ~ (_1)116 2q ny em n(n-‘rl) emgqﬂ equu (gé%) ) (D.26)

8"We discovered this relation by comparing our results with known results in pure Chern-Simons theory.
It can be checked “experimentally.” We leave the proof as an exercise for the interested number theorist,
as it were.
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For a general R-charge r € Z, we simply replace:
U — U+ VRT, n— n+nfir, (D.27)

in (D.26). The resulting expression must be equal to the correct CS terms, as indicated
in (4.74). This is indeed the case, as one can check by direct computation. In fact, that
is the method we first used to derive the expression of section 4.3.1 for the Chern-Simons
contributions to the fibering operator. In appendix E, we give an independent consistency
check of those results.

D.4 Comments on Z;I’g and its Seifert factorization
b
In this subsection, we provide some additional details about the one-loop determinant Zgg,
b
for a chiral multiplet on the squashed three-sphere, Sg’, discussed in section 7, and we
demonstrate the Seifert factorization of Zg?g at rational values of b.
b
The supersymmetric one-loop determinant on S is given by the formal product [14]:

10_0[ ﬁ nob +nib~! —i6 4+ B (2 —r)
nob +nib—1 +i6 + %7’

zg;:, (6 +6rr) = (D.28)

This is naturally regularized in terms of the quantum dilogarithm (to be discussed below):

b+ bt
2 b

zgg (6 +6rr)=®p(6 +oR(r—1)), Gr=—i

(D.29)
or, equivalently:

Z;I)g (6 +6pr)=Py(6 + oRr(r — 1))6_7”62e_QWi(r_1)&&"’6_““7’_1)2&%6_71%(b2+b_2) . (D.30)
b

The expression (D.29) corresponds to the chiral multiplet in the U(1)_; quantization, which
includes the contact terms:

1 1 1 )

KGG = —73 kGr=—5(r—1),  krr=—5(—1)
2 2

5 kg=—1. (D.31)

Then, since the CS terms on S are given by (7.3), it is clear from (D.30) that ®,(6 +
6r(r — 1)) corresponds to the chiral multiplet in the U(1)1 quantization.
2

D.4.1 Some properties of the quantum dilog ®4,(5).

The quantum dilogarithm is generally defined as:

-1
By(6) = <€27rb& em‘(b2+1);62m‘b2> (ezgf& e_m<b12+1>;62’”b2> ’ (D.32)
o0

o0

for Im(b2) > 0, which is related to the function ®,() introduced in (7.10) by:

By(6) = Dy(—6) " = By(5)e™ ez (H077) (D.33)
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In fact, ®3(6) and (T)b(&) correspond to a chiral multiplet of R-charge r» =1 in the U(1)1
2
or U(1)_1 quantization, respectively, on S§. Then, the identity:

2

®y(5)By(—6) = 1, (D.34)

is simply the statement that, for two chiral multiplets of R-charge » = 1 and gauge charges
41 in the “symmetric” quantization, we have no leftover CS contact terms in the IR.

The quantum dilogarithm satisfies many interesting identities, which have nice inter-
pretations in the field theory [76]. The simplest relation is:

By (5)Bp(—6) = ™7 etz (P H7%) (D.35)

which is equivalent to (D.33). (Here the statement is that, integrating out two chiral
multiplets in the U(l)% quantization, we are left with the CS levels k£ = 1 and k; = 2.)
Interestingly, ®,(6) has a simple Fourier-transform (see e.g. [126]):

e~ T3 (B +07243) / & y(5) €260 = =™ By (€ — Gp) (D.36)
with 6 as defined in (D.29). This corresponds to the elementary N' = 2 mirror symme-
try (5.15) between the U(1)1 gauge theory with one chiral multiplet (with R-charge r = 1)

2

and the free chiral 7" (with R-charge 0). Indeed, since ®,(¢) corresponds to the “U(1)1
2

quantization,” we have k = % (for the gauge symmetry) and x4 = 1 on the left-hand-side
of (D.36) (with the phase in front of the integral corresponding to the gaugino), while in
the right-hand-side we have the contributions dkpp = %, d0krr = —1,0kpr =l and Ky =1
from ®;(¢ — 65), and a contribution dkrr = —1 from the bare CS term e~™¢* . This is
therefore equivalent to the duality (5.15).

Another interesting relation for ®,(5) is the pentagon identity [115]. Let us use the

function <A15b(&), for convenience. Then, the pentagon identity can be written as:
e~ T3 (V7072 43) /d& By(6 + 1104)Dp(— 6 + 1724)e™0 2T
= OV i€ 2miliaton)’ §y (¢ 1 iy — 6)By(—E + 1A — 6R)By(204 + GR)

(D.37)

This identity corresponds to the well-known mirror symmetry between SQED, a U(1)

theory with two chiral multiplets of charge +1, and the XY Z model, consisting of three

chiral multiplets (X,Y, Z) = (M,T*,T~) coupled by cubic superpotential W = MTTT~.

This is also a special case of Aharony duality discussed in section 5.4, when Ny = N, =1

(and 7 = 1, here). The parameters 74 and ¢ in (D.37) are the complexified chemical

potentials for the global symmetry U(1)4 x U(1)r of SQED.

D.4.2 Seifert factorization of Zg’:,
b

Finally, let us further comment on the factorization of the one-loop determinant (D.29)

into fibering operators, when b? is rational. It is convenient to start with the unregularized

product (D.28) at » = 0. (The general r case can be obtained by shifting .) Given:
=L

% ) 41,492 S Z>07 u=1 Q1QQ&, (D38)
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the expression (D.28) becomes:

H H (na+1)g1 4+ (n1+1)g2 —u (D.39)
n2q1 + gani +u ' '

n1=0mn9=0
By reordering the infinite product, this can brought to the form:

qg1—1g2—1

k1
=0 H H H <U+kQ1Q2+l1QQ+ZQQ1> ' (D-40)

keZ 11=0 l2=0

The product over k € Z can be interpreted as a product over the momentum modes
¢k along the Seifert fiber. Using (D.11)-(D.12), that product can then be immediately
regularized to:

p iy U l1 la u li Iy
Zgl,—o= 11 TI Hq}( +> F* <++) (D.41)
’ 11=0 l2=0 Q92 @ Q2 Q192 g1 Q2
By using the identities (D.15) repeatedly, it is easy to show that:
g1—1qg2—1 u ] I
0 () o, o
11=0 I=0 192 @ @
and:

q1—1g2—1 U l] l2
I II 7 < + =+ 2) =G WGy (u),  if gapa+@p=1. (D.43)
11=0 l2=0

This gives a physicist’s proof of the factorization formula (7.24), which can be written as
a property of the quantum dilogarithm:

(A 1q1+ g2 B/ \—1 ~d —1 P -1 2 @1
P =1I"(u)"" G u) G u)” T, b = —, D.44
’ <\/Q1Q2 2 \/fhfn) (W7 G ()7 Gy () q2 ( )

with ¢1p2 + gop1 = 1. To the best of our knowledge, this property was first discussed
in [78] from a mathematical perspective. Here, we give it a new physical interpretation, by
viewing Sg, with b? rational, as a Seifert fibration.

E Chern-Simons actions on Seifert manifolds

In this appendix, we collect some comments about the classical Chern-Simons functional on
Seifert manifolds. In appendix D.3, we explained how we derived the classical Chern-Simons
contribution Z/(\j/?s to the supersymmetric partition function Z,,, for any supersymmetric
Seifert background Ms, by taking appropriate limits of the one-loop determinant for free
chiral multiplets coupled to background vector multiplets.

This is a convenient but oddly roundabout way to compute ZJC\JASS. Indeed, the straight-
forward computation would be to evaluate the known supersymmetric actions on the
Seifert background:

Z5%, = exp (— / d?’x\/g,,%s) : (E.1)
M
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with Zg the sum of the various supersymmetric CS Lagrangians. However, in the presence
of non-trivial flat connections on M3, the direct evaluation of (E.1) is not entirely straight-
forward. In the following, we make some further comments on the evaluation of (E.1), and
we compare our results from section 4.3.1 to previously-known results.

E.1 The U(1); Chern-Simons functional

The N = 2 supersymmetric Chern-Simons functional for a gauge group U(1) at CS level
k € Z takes the form:

Su(t), = % / d*z\/g (1" A,0,A, — 2D + 2iAN) . (E.2)
On the supersymmetric locus, A = A = 0, ¢ is constant and:
D=2f1+0cH, H =ifci(Lo) . (E.3)
Let us assume that ¢ (£o) # 0, so that we can expand the gauge field A, as:

Ay = aony + ™ (E.4)

with ag constant. Then, defining the quantity:
ug = i (o +iag) , (E.5)

it is easy to check that:
Suay, = S%?tl)k + mikey (Lo) ud (E.6)

including the contribution from the flat connection:

flat _ ik flat flat
St = o /M3a< ) da1at) (E.7)

(flat)

In principle, this latter quantity (modulo 27i) can be computed for any a valued in the

torsion group H'(Ms3,7Z), for instance by extending to a four-manifold with compatible
spin structure [35]:

k[ @) g (at) _ “f/ Flad) 5 plad) (E.8)
47 Ms 4 My

In practice, this is rather non-trivial to compute.

Extracting the CS functional from the fibering operator. Consider then a non-
trivial torsion line bundle:

L € Pic(Ms), (E.9)

with flat connection Af2*, It can be represented as:

L=7"(L), L=()L}" € Pic(3), (E.10)
=0

- 134 -



with L an orbifold line bundle on 3, and n; the “fractional fluxes”.8® Our supersymmetric
result (4.41) then gives:

n k
Z}f/g)k — o Su) — (H Qchgi(u)ui> , (E.11)

=0

for an arbitrary Seifert manifold. Here we have:

u=ug+ e(l) ; c1(L) :iﬂ, (E.12)

as discussed in section 6. One can check that (E.11) agrees with (E.6) if and only if:

a S Ry . & L 2 - thZQ
exp (— [ﬂj(tl)k> =(-1) (1B vR)k exp (mk (Cigﬁi) — Z )) . (E.13)

=0 &

Here we defined the sign:

n
(_1)S(n,lR,VR) — H(_l)ni(1+ti+l?ti+2VR5i) _ (E.14)
=0

Note that (E.13) is determined by both the choice of A and of the spin structure on Ms.
As a small consistency check, one can verify that (E.13) is invariant upon L — L ® Ly —
this follows directly from (4.42).%

The formula (E.13) therefore gives us a completely explicit formula for the U(1), CS
action (E.7), for any non-trivial torsion line bundle L over M.

E.2 Non-abelian Chern-Simons functional

The above considerations can be generalized to the case of a non-abelian, simply connected
(or unitary) gauge group G at level k € Z, by “abelianization” as in equation (4.48). Let
us define:

fat = iﬁ Tr (AﬂatdAﬂat 2 pfat p pflat o Aﬂat> , (E.15)
s M 3
the non-abelian generalization of (E.7). Here A2t is the connection of a given flat principal
G-bundle E. On the “2d Coulomb branch”, G is broken to its maximal torus H =
[I, U(1)a, and the bundle E can be described in terms of U(1), line bundles L), which can
be treated as in (E.10). Let L,y denote some line bundles in Pic(X) such that 7*(L(,)) =
L4, and let n; ;) denote the corresponding fractional fluxes. Here, the non-trivial step is
to identify the correct fractional fluxes for a given G-bundle E. We will not discuss that

step here.

88 Here np is an “ordinary flux”. We find it convenient to let the index ¢ run from 0 to n.
89Under a shift n; — n; + p;, for every i at once, the sign (E.14) transforms as (—1)% — (—1)2i Pi%i (—1)%,
while the full answer (E.13) is invariant.
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Let us focus on the case G semi-simple and simply-connected. Upon abelianization,
the signs (—1)® in front of (E.13) cancel out in that case, consistent with the fact that (E.15)
is independent of the spin structure. We then find the explicit formula:

La L " ti i,(a)*M
exp (—SE‘?,}) = exp (m’khab (Cl( @)er(Ly) Z N (a) ,(b)>> : (E.16)

c1(Lo) i—0 qi

with A% the Killing form. In the next subsection, we compare (E.16) to known results for
lens spaces. This already provides a non-trivial consistency check.

E.3 The CS action on L(p, q)

Consider the lens space L(p, q), with p # 0. For simplicity, let us first compare (E.16) to
previous results in the case of a gauge group SU(2). In that case, there is a single variable
uq, = w and the Killing form gives h®* = 2. Considering the Seifert fibration:

L(p,q) =[0;0; (q1,p1), (a2,p2)],  pP=pi@2+p2qi, ¢=aqs2—pit2. (E17)
We also define:
¢ = qs1 — paty, (E.18)
which satisfies ¢¢’ = 1 mod p. The formula (E.16) then gives:
nf + 2niny + gnj
p

with ny, ny the fractional fluxes. As we explained in section 3.4, any 3d line bundle L with
first Chern class m € Z, can be represented by L' in Pic(S2(q1, qg)). We also have the
relation Ly = LY in Pic(L(p,q)). Therefore:

/
Ssﬂ%t(Q)k (L(p,q)) = —omikd mod 277, (E.19)

(LY L) =L  with  ¢L)=m=n+qny €Z,y. (E.20)

Since m1(L(p, q)) is abelian, any SU(2) flat connection is labeled by its torsion flux m € Z,.
From (E.19) and (E.20), we find:

/

Sty (L(p,q)) = —2mikLm® mod 2mi . (E.21)
p
This is in perfect agreement with known results [69]. The generalization to any Gy is
straightforward:
/
S& (L(p,q)) = —m'k% Te(m2) mod 2ri,  me Lgv(p), (E.22)

with Tr(m?) = h%m,m; and the flux lattice Tqv(p) = Teochar ® Zy. This agrees with the
Conjecture 5.6 of [127].

F Seifert operators from holomorphic blocks

In this appendix, we complete the proof of (9.71) and (9.79). This gives the relation
between the holomorphic blocks and the Seifert fibering operators, as discussed in detail
in section 9.
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F.1 Proof for the trivial gluing
We start by considering (9.71), which reads:

lim B (v, —7)n, BY(V, T)n, = ”HO‘(Z/)_I H(y)mF

T—0

(F.1)

This corresponds to the case of trivial gluing.

Trivial gluing for the ungauged blocks. We start by proving the relation (F.1) on
the building blocks of the ungauged theory. The proof for the chiral multiplet was given
in the main text in the case of zero flux. To incorporate flux, we simply note that:

B(I)(VvT)n = BCI)(VvT)O (qg»q)rTl ) (FZ)

with q = €27, §j = 2™ (“+7"7) and (y; q), defined as in (4.67), namely:

Py (1—2q) if n>0,
(2:0)n = y (F.3)
i":ll (1—2zq7") if n<o0.
Then we have the limit:
lim (q7;q)n = (1 —§) " =1T%(1)", (F.4)

T—0

reproducing the ordinary flux operator. Thus, the extra contribution from the fractional
fluxes n; and ny of the two blocks is simply IT% (1)1 = T1®()™" as in (F.1). Consider
next the Chern-Simons contributions (9.22) and (9.25), which read:

0((-1)*"q"7;q)
0((—1)27"q" 3y;q)

The gravitational CS term does not contribute directly to the handle-gluing operator,

1

B = (Db . (F9)

(e 9]

BGG(V, Thh =

therefore it should drop out in the limit above. As we already mentioned, we have:
B8 (—1)B8*(1) =1 (F.6)
for any 7, and in particular in the limit (F.1). For the U(1) CS term, we similarly have:

lim BYS (v, —7)n, BSC (v, 7)ny = (=)™, (F.7)

7—0

as expected. This simply follows from the relation (9.26) for a pair of massive chiral
multiplets. We should also note that fusing the Cartan contribution (9.27) gives:

BCart(_T)BCart(T) — T*rk(G) . (F8)

This factor should be compensated by the measure factor in the integral formula (9.59).

Thus, up to this last subtlelty, we find that (F.1) indeed holds true for the ungauged
blocks. More generaly, for any “ungauged” theory, we have the following expansion at
small 7:

B(v, T)n 7, eXP <2mW(V) — miQ(v) 4+ 2rimd, W(v) + O(T)) . (F.9)

T
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Here, W(v) is the twisted superpotential and Q(v) is the effective dilaton. When we glue
two blocks with opposite orientations, as in (F.1), the divergences cancel out, and we
indeed recover (F.1), with IT = ¢>7%W the flux operator and H = e2™*? the handle-gluing
operator for the ungauged theory.

Trivial gluing for the gauged blocks. Let us now consider the blocks of the gauged
theory. Let us first note the following limit, for real z and Im(7) > 0 [128]:

(4% 9) 0 rjo exp (— % + (; —a:) log(—iT)+ (1 —x)log(2m) —log I'(x) +O(T)> . (F.10)

In particular, we have:

1 Ue)
; — -—+40 F.11
(q, q)oo — eXp ( 127 + (T)> ) ( )
which gives the limit for B¢t (7) as
1 e
BCart ) F.12
(7)== (5 + 00 (F.12)

The divergent T2 scaling will be important below.

As shown in [17], the holomorphic blocks of the gauge theories are obtained by inte-
grating the holomorphic block B of the ungauged theory over certain contours, I'®, in the
u-plane, which are in one-to-one correspondence with the Bethe vacua, 4 of the theory:

B*(v,T) = / du B(u,v,T) . (F.13)
Here and below we work in the rank-one case, for simplicity. The contour Iy, is determined
by the following conditions:

o [t passes through the point 4%, which is a critical point of the twisted superpotential,
W(u), and near this point the contour follows the path of steepest descent of W(u).

e [t is invariant under the shifts u — u 4+ 7.
e It does not cross lines of poles.

A cartoon of the contour I'y, is shown in figure 2(a), and we consider the contribution near
a single Bethe vacua, @. In the limit 7 — 0, the dominant contribution comes from the
neighborhood of the critical point, i, as in figure 2(b), and we may write:"

B*(v, 1) —

\/1 /
7—0 iT UL,

where 4, is the ath solution to the Bethe equation in the region 0 < Re(u) < 1. Here

du exp (i”vv(u, V) — miQ(u, y)> (F.14)

we have used the observation (F.9), and included the extra divergence due to B(r),

99Here and in the following, we omit the background fluxes for flavor symmetries, to avoid clutter. It is
straightforward to include them, using (F.9).
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(a) (b)

Figure 2. On the left, the contour I'y, is shown for finite 7, with towers of poles separated by 7.
As 7 becomes small, the contributions from # and its images are dominant, shown in red. On the
right, we take the 7 — 0 limit, where we may approximate the answer by the contribution from
u = 4. Here the towers of poles have collapsed to form the branch cuts of W(u).

as in (F.11). The saddle-point approximation at the saddle u = 4, becomes exact in this
limit. The 77/2 prefactor in (F.14) cancels, leaving us with:

. WA
B%(v,T) =~ <— 52 >

A similar argument holds for the block with 7 — —7. Then, when we fuse these blocks as

e <2TMW(ua, V) — 1 (ta, y)> . (F.15)

U=u

in (F.1), we see that the divergences in 7 cancel out, and we find the finite result:

a2w>—1

e 2miiaw) — qqe ()=t (F.16)

U=Te,

71-13%)3 (v,—7)B*(v,T) = <8u2

as claimed. The case of a higher-rank gauge group is a staightforward generalization, by
the same saddle-point argument, with the handle-gluing operator given by:

; O*W
= 2mi2(uv) gt F.17
H=e ab Ougduy,’ (£-17)
in the general case. This concludes the proof of (F.1).
F.2 Fibering-operator limit of the holomorphic block
We now turn to the proof of the limit (9.79), namely:
B2 (v, T)m
: g yele
llg% Ba(7) Gap(Wn - (F.18)

Recall that Bg(v, ), is defined in (9.78).
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Ungauged block. The proof of (F.18) for a chiral multiplet with zero flux was given in
section 9.3.2. For non-zero flux, we again note that:

BF (v, m)m = (@ "5;0) = (G5, D)m' BF (v, 7)o, (F.19)

—t 2miv

where q = e*™ e and g = er~ta, and (z;q)m is defined as in (F.3).2 Then, the flux
contribution gives an extra finite piece in the limit (F.18), in addition to (9.85). We find:

2mi(v—t) _2mit 2miv 2mit

i (37, @)’ = (¢ 1 et = (€8¢ T = 12w, (F.20)

reproducing the fractional-flux contribution (4.67). Therefore, we indeed find:

B2(v,7)a

lim % =G (W) - (F.21)
The proof for the Chern-Simons contribution can be shown using the behavior of the Jacobi
theta function under modular transformations, or more simply from their relation to two

chiral multiplets of opposite charges, as noted above.
The contribution from the vector multiplets and gravitational CS term can also be
worked out straightforwardly. It is interesting to consider the Cartan component con-
tribution in detail. Consider the modular transformation properties of the Dedekind

eta function:%2

77(8’7' —l—_ t) _ 6_71-7;(%_8(1)7(1))6%(%_?1(1) \/m ’)’](T) . (F22)
pT T 4q

Using the fact that (1) = q=?4(q; q)ee, we find:
~1
= (0) _i\—1/2 _m
(4 @)oo =, Va (gq,p) (—it)”/“exp < 5 T O(T)> : (F.23)

with géf}} defined as in (4.53).

Gauged blocks. Next, let us consider the holomorphic blocks of a gauge theory. We
again consider G of rank one. We have:

B (V5 T)yr :/ duBg(u,v; 7)o wF :/ duB(t, ;7)o nF (F.24)

@

U ~ _ sT—t
pT+q and 7 = pT+q”

flux, which is allowed since the contour is invariant under shifts &« — 4 + 7 by assumption.

where we identify o = Here, by convention, we work at zero gauge
The contour at finite 7 is shown in figure 3.
As shown in figure 4(a), as 7 — 0, this contour can be deformed to one that passes
through ¢ images of the Bethe vacua at g:
I 1N B
i = “q Joi=0,...,q-1 (F.25)

91Here, we are also setting 7% = 0 to avoid clutter.
92This is valid for p > 0. The transformation for p < 0 can be obtained by sending (p,q,s,t) to
(—=p, —q, —s, —t) on the right-hand-side of (F.22).
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Figure 3. Contour I'y, corresponding to a block By with non trivial (¢,p), at finite 7.
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Figure 4. In the limit 7 — 0, the dominant contributions to the integral over I, come from the
regions around @ and their images. These can be reassembled into a series of ¢ shifted copies of
contours passing through the critical points u =qu =uw,u+1,..., 44+ q — 1.

For the ungauged block, we can use the result above to write:

B(t,7;7)g nr ~ qB(u,v;7) Gy p(u, v)g or asT — 0. (F.26)

Here, the prefactor of ¢ on the right-hand-side correspond to the fact that we have a factor
of 1/,/g in (F.23).9 By a similar argument as above, we find:

T—0

B2 (v;7) = / dii B(it, # F)om ~ /F du B, v 7) Goup (11, )0 (F.27)

@

9This is also modulo a factor of (Qé?;)2, which is a matter of convention — unlike gf,?; itself, the factor

( 5?2,)2 corresponds to properly quantized background CS terms krr = 1 and kg = 2, and thus depends on
our choice of quantization for the gaugino.
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where, in the second equation, we changed variables from @ to u, incurring a factor of ¢~ 1,

which precisely cancels the prefactor in (F.26). Performing the saddle point approximation
about the points (F.25), the factor of 7-1/2 cancels as in (F.15), and we obtain:

q—1
T)ur ~ Z B(ua = j,v57) Ggp(ua — J, V)onr
=0

- (F.28)

= B*(v;7) Z glJvP(uOé? V)n,nF )
n=0
where we used the fact that B(u,v;7) is invariant under u, — uq — j, together with the
relation Gy p(ua — J,V)onr = Gpq(UasV)pjar, to replace the sum over j by a sum over
fractional fluxes. Finally, we divide by the trivial gauged block, obtaining:

B VTnF

lim — - qu,p (s V) = G2 ()0 - (F.29)

70 BO‘ V 7'

This expression for the “on-shell” gauged (q,p) fibering operator, including the sum over
fractional fluxes, agrees nicely with the discussion in section 4. This completes the proof
of (F.18).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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