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1 Introduction

Field theories invariant under global or local N' = 2 supersymmetry allow very large classes
of vector, hyper or tensor multiplet interactions characterized by specific sigma-model
geometries. The existence of realizations in which zero or one supersymmetry remains
unbroken at the ground state of the theory is then a relatively vast and complicated subject
which cannot be addressed in theories with more supersymmetries in which the class of
allowed matter and gauge couplings is fatally restrictive.

Consider for instance the simplest global N/ = 2 Maxwell theory, defined by an ar-
bitrary prepotential F'(z). Since its scalar fields cannot break the SU(2)g symmetry, a
spontaneous breaking to A/ = 1 is clearly impossible.! Antoniadis, Partouche and Tay-
lor [1] (APT) have however invented many years ago a realization with partial breaking in

!This statement holds with an arbitrary number of Maxwell multiplets.



which the SU(2) g symmetry is violated by electric and magnetic Fayet-Iliopoulos (FI) terms
inducing a nonlinear deformation of the second supersymmetry variation of one gaugino,
defining it as the (single) goldstino. The ingredients of the model are then a non-canonical
holomorphic prepotential and the FI constants. More recently [2], a similar mechanism has
been shown to exist for a single hypermultiplet on a specific class of hyper-Kéahler manifolds
with a (translational) isometry, using its off-shell single-tensor dual formulation [3].

Local N' = 2 supersymmetry is more involved in several aspects. Firstly, the super-
gravity multiplet includes the graviphoton and electric-magnetic duality in the local super-
Maxwell theory is extended and powerful [4-6].2 Partial breaking requires the generation
of a massive gravitino N’ = 1 multiplet, with two spin one fields in a 6g + 6p (bosonic plus
fermionic degrees of freedom) on-shell content. Fully spontaneous partial breaking requires
then at least one physical Maxwell multiplet (for the second massive spin one state) and
one hypermultiplet for the SU(2)r breaking. The minimal case of one hypermultiplet on
the SO(4,1)/SO(4) quaternion-Kéahler manifold coupled to a single Maxwell multiplet has
been studied in detail. It was shown that a partial breaking of N' = 2 supersymmetry can
be realised for a generic prepotential, so that the APT model is obtained in an appropriate
rigid globally supersymmetric limit [7]. A necessary ingredient® is the gauging of N = 2
supergravity along magnetic directions of vector fields, or alternatively a standard electric
gauging in a non-prepotential field basis [10].*

A more general analysis was also performed [13, 14] in a class of quaternionic mani-
folds of dimension 4(n + 1) that are obtained by the so-called C-map from a special Kéhler
manifold of dimension 2n, corresponding to the effective supergravity of the perturbative
type II superstring compactified on a Calabi-Yau threefold [15]. The special Kahler man-
ifold is associated to the scalars of vector multiplets of the mirror theory, while the extra
scalar components are the 2n Ramond-Ramond fields and the universal hypermultiplet of
the string dilaton parametrising for n = 0 an SU(2,1)/SU(2) x U(1) space broken to a
quaternionic manifold with four isometries upon inclusion of the perturbative (one-loop)
corrections [16-18]. For n # 0, it was shown that partial breaking can always be re-
alised in either Minkowski or anti-de Sitter (AdS) vacuum by an appropriate choice of the
embedding tensor that defines the directions of the gauging [19-21], which should have
again some non-vanishing magnetic component. Finally, for the case of the single universal
hypermultiplet (n = 0), no Minkowski A/ = 1 vacuum was found.

In this work, we perform a general analysis of the A/ = 2 partial breaking in supergrav-
ity theories containing a single hypermultiplet with two commuting isometries, gauged by
the graviphoton and an additional vector multiplet. We work in a prepotential frame and
use the embedding-tensor formalism [19, 20], for dyonic gaugings of the graviphoton and of
the vector multiplet along two commuting isometries of the hypermultiplet manifold. Our
goal is to provide a generic treatment for N' = 1 Minkowski vacua for arbitrary quaternion-
Kahler manifolds, special-K&hler metrics and dyonic gaugings. In addition, we would like to

2The APT model does not have charged states and is invariant under electric-magnetic duality, upon a
simultaneous transformation of the FI electric and magnetic constants.

3To avoid the obstruction described in refs. [8, 9].

“For earlier work, see [11, 12].



obtain the APT model [1] as an off-shell gravity-decoupling limit. A general quaternionic
manifold of dimension four with two commuting isometries can be parametrised by the
Calderbank-Pedersen (CP) metric [22], where we find a no-go result for A/ = 1 Minkowski
vacua for a general special Kahler manifold of the vector multiplet, which seems to be in
contradiction with the results obtained for the hyperbolic space SO(4,1)/SO(4). We prove
that this contradiction is only apparent because the latter space cannot be written in a CP
form, with its torus symmetry identified within the three-dimensional abelian sub-algebra
of SO(4,1), as a single exception.

The outline of this paper is as follows. In section 2, we present a brief review of the
matter-coupled N/ = 2 supergravity. We first present the ungauged case exhibiting the
electromagnetic duality transformations in the symplectic formalism (section 2.1). In pass-
ing, we show that a non-prepotential frame can exclusively arise from a magnetic duality
transformation of the theory defined by the superconformal prepotential F = —iX0X1,
We then summarize the gauging of isometries for the hypermultiplet manifold using the
embedding-tensor formalism (section 2.2); in particular, we exhibit the relation of the
scalar potential to the fermion shifts that provide a convenient way to look for partial
supersymmetry breaking N’ = 1 vacua. In section 3, we make a systematic analysis in the
case of one hypermultiplet with two isometries. We present the CP metric (section 3.1)
and compute the fermion shifts upon gauging its isometries (section 3.2) proving a no-go
theorem for partial breaking in Minkowski space (section 3.3). We also show that partial
breaking in AdS is generically possible and we give an explicit example using a standard
electric gauging of two shift isometries in the case of the universal dilaton hypermultiplet
in type II superstrings compactified on a Calabi-Yau threefold (section 3.4). We then iden-
tify an obstruction for bringing the hyperbolic space in CP coordinates that allows partial
breaking in Minkowski space (section 3.5). In section 4, we return to the general analysis
of the SO(4,1)/SO(4) which is actually the only quaternionic manifold that does not ad-
mit a CP metric when the two commuting isometries are shifts in the Poincaré coordinates
(section 4.1). We construct explicitly the partial breaking Minkowski vacuum and study its
off-shell gravity-decoupling limit (section 4.2), as well as non-supersymmetric Minkowski
vacua (section 4.3). Section 5 contains some concluding remarks. Finally, we include four
appendices. Appendix A contains useful formulae for the gauging of quaternionic manifolds
with isometries, appendix B elaborates the hyperbolic space in CP coordinates, appendix C
discusses coordinate transformations used to derive the CP metric and appendix D proves
a result on V' = 0 vacua of the SO(4,1)/SO(4) model stated in section 4.3.

2 Matter-coupled N/ = 2 supergravities

2.1 The kinetic terms

The N = 2 target space M describing the scalar-field kinetic terms of a single hypermul-
tiplet and ny vector multiplets is factorized,

M = My x My, (2.1)



and both metrics only depend of the scalar fields of their respective multiplets, a property
which by supersymmetry extends to all kinetic terms. The hypermultiplet scalar dynam-
ics is encoded in the four-dimensional quaternion-Kéahler metric My with coordinates

¢“ = (a",¢*,¢* ¢’ .

Lhyper = ~3,2 " huyw 0,4 0,q" . (2.2)
A generic quaternion-Kéahler manifold for ny; hypermultiplets is Einstein with holonomy
Sp(2ny) x SU(2),° and dimension 4ny. For ny = 1, since Sp(2) x SU(2) ~ SO(4), a
particular characterization is needed: the quaternion-Kéahler metric is Einstein with an
(anti-) selfdual Weyl curvature tensor. As we will see in the next sections, four-dimensional
metrics with these properties have been studied quite extensively when they admit one or
several continuous isometries, which is the case of interest here.

The N = 2 Maxwell sector is conveniently constructed in the superconformal formu-
lation: it is then defined in terms of a prepotential F(X?) of ny + 1 complex scalar fields,
with Weyl weight one. The index I = 0,...,ny includes a compensating multiplet. Its
component fields include the propagating graviphoton, while its two gauginos and complex
scalar are used to gauge-fix superconformal symmetries and solve field equations of aux-
iliary fields in the Weyl multiplet.” It is a common but unnecessary choice to set I = 0
as the compensator direction. Superconformal invariance requires that F/(X!) has Weyl
weight two:

XI

F(xT) = (x9? F(XO

) — (X9 F(1,2%) = —i (X°)® f(z%), a=1,...,ny, (23)
and f(z?) is an arbitrary function of the zero-weight scalar fields 2% = X%/X" in the ny
physical Maxwell multiplets: the Poincaré theory is formulated in terms of the scalars z°.

There is however a subtlety: electric-magnetic duality acts in the Maxwell sector as
Sp(2(ny + 1),R) linear transformations of the vector of sections

1
(1) 21

Choosing the section vector V' (as a function of a given set of scalar fields) defines a
symplectic frame: electric-magnetic duality would imply that the (ungauged, abelian) the-
ory can be equivalently formulated in each symplectic frame obtained by the action of
Sp(2(ny + 1),R) on V.2 In a prepotential symplectic frame, there exists F(X) such that
the sections are

X'= (X% X%, Fr=—-—

|
g
s

Fo= —iX°12f(2) = 2°fa), Fo=—iX"f,, (255)

where f, = % f(2). In a prepotential frame, the symplectic-invariant product i(X'Fj —

I
FrX") reads
00 - . — 00
— XX+ )= (2 =2)(fa— fo)l = —X7X7Y (2.6)
SWe use hypermultiplet scalars and metric with dimension mass®.
50r G x SU(2), G C Sp(2nn).
"These appear linearly in the lagrangian and then impose constraints.
8The symplectic orbit of V.




and )Y will appear in the Kahler potential of the Poincaré fields z*. Note that there is an
ambiguity: this quantity vanishes if

F(x") = apx'X7, F(=%) = ilagy + 2a002" + g2z (2.7)
with real coefficients a7y and two prepotentials differing by F' describe the same theory.

One may wonder if all frames in the symplectic orbit of a prepotential frame ad-
mit a prepotential, or if there exists orbits which relate prepotential and non-prepotential
frames. The question of the existence of a prepotential frame has been discussed in gen-
eral in ref. [23],° but the simple case ny = 1, which is of interest here is very simple to
solve explicitly.

Consider a symplectic transformation relating sections V' and ‘7, assuming that V'
defines a prepotential frame with prepotential F(X°, X!) and Poincaré scalar z = X/ X!
Assuming that we identify the compensators in both frames, X0 = X 0 Sp(2,2,R) duality
reduces to SI(2,R) transformations

X' = m X'+ moFy, Fo = Fy, Fi = msX' +myFy, (mimg —moms = 1),

(2.8)
which are electric-magnetic if mo # 0 or m3 # 0. We wish to find a Poincaré scalar
Z = X'/X% and a prepotential F(X!) = —i(X?)2g(Z), which identify sections V as a
prepotential frame:

)21 :)Z'O”ZV: Xo(mlz—imgfz), :5: mlz—imgfz,
Fy = —iX%; = XO(mgz — imaf.), == Z = myz + imagsz,
Fy = —iX°[29(2) - Zg] = —iX°[2f (2) - =), 29(2) - Zgz = 2f(2) = 2.

(2.9)
The three equations relating f and z with g and Zz are generated by the Legendre transfor-
mation . .

[ e v 2
mag(2) — gz = —izZ +maf(z) + gz, (2.10)

which exchanges z and z. Clearly, the terms induced by m or my are irrelevant: they
modify f(z) or g(Z) by quadratic terms with imaginary coefficient which do not contribute

to the theory. The only relevant case is then mo = —mg ! The Legendre transformation
implies
2 _
my gzz fzo = 1, (2.11)
and it is singular only if f(z) (or g(Z)) is linear. Hence, the symplectic frame with sections

. . . . p ~ c 1T T0N2 X1 .
V is a prepotential frame with Poincaré field z and prepotential F = —i(X")“g (F) with
a single exception,

F(x!) = —iaX°X?!, f(z) =az (cv real), (2.12)

for which (with m; = my4 = 0)

XO=X°  X'=—iameX®,  Fy=—iaX'=—iaX'2,  F =-m;'X', (2.13)

?Summarized in [24], section 21.2.2, page 474. See also ref. [25].



and
i(XTF;— FIX) = —aXoXo(z +72) (2.14)

leading to Kéhler potential L = —In(z+7%). This simple discussion agrees with the general
argument given in refs. [23] and [24].1 The conclusion is that in the ny = 1 case, all
symplectic orbits connect exclusively prepotential frames, with the single exception of the
orbit of F(X) = —iX°X"! which includes non-prepotential frames.

The first example of partial N' = 2 breaking in supergravity [10] was found using
precisely the sections (2.13). An electric gauging of two translation isometries of the hy-
permultiplet manifold SO(4,1)/SO(4) ~ Sp(2,2)/SU(2) x SU(2) in this non-prepotential
frame leads to a two-coupling theory with zero potential and N' = 0 for generic values of
the couplings, N' = 1 when a linear relation is verified by the couplings, and N/ = 2 for
zero couplings.

Since the prepotential (2.12) is in the symplectic orbit of the non-prepotential
frame (2.13) and since all other orbits include prepotential frames only, we are always
allowed to work in a prepotential frame with sections (2.5) and to gauge isometries in this
frame: since gauging fixes the electric-magnetic duality symmetry, the theory will then de-
pend on the prepotential, the gauge couplings and the choice of hypermultiplet manifold.

The kinetic terms of the helicity 0, :l:% fields!! in Poincaré Maxwell multiplets have a
Kahler metric with Kahler potential

K=-[2(f+ )= (=" =2 (fa — fo)] - (2.15)
For instance, for scalar fields (in a prepotential frame), the superconformal lagrangian
includes
e Lin, = —¢"' N1y (DuX") (D, X)), (2.16)
with
_ 2N . _
Nij = —iFpj+iFry = ———, N = —iX!(Fp—Fr)X' =i (XIFI _ XIFI) ,
0X10X
(2.17)
and with a covariant derivative D, X! = (9, — iA,)X! involving the gauge field of the
superconformal U(1)g symmetry. Eliminating this auxiliary vector field delivers!?
1 9*In N —
e L. = =N | (0, In N)(@* In N) + ———— (9, X7) (8“XJ) : (2.18)
4 OX19X

using the homogeneity of the prepotential. The Poincaré theory can then be obtained in
field coordinates X! = X0(1,2%), X° = k~!y(2,%) and sections V = yU = y(Z1(2), F;(2))
once the dilatation and U(1)r gauge-fixing conditions

N=—x2 — @) ' =200+ =" =2 fa— o) =D, y=y (219

9But disagrees with statements in ref. [7] for instance.
"Propagating or auxiliary.

120mitting fermions.



have been applied. In terms of z% then,

0’K € nYy (2.7) = o2
—, =—InY, 2,Z) =e"/7,
0207z Y

(2.20)
which leads to expression (2.15). The same metric appears in the kinetic terms of the

_ 1 _
e ! Liin, = _? 9ab (aﬂza)(auzb)’ Gab =

Poincaré gauginos A\*®. However the kinetic terms of gauge fields include further contribu-
tions due to the graviphoton:

1
e Lynuge = 7 Im Ny Ejy P — gReNU Eppe PV P07 (2.21)

with ny + 1-dimensional metric

—  NigXENj X*
=F
NIJ g+t NMNXMXN 3

I,J=0,...,ny. (2.22)

Notice that ImN7; is negative on physical fields.
In the following, we will explicitly consider the case ny = 1 only.

2.2 Fermion shifts, scalar potential, supersymmetry breaking

In N = 2 supergravity, the scalar potential appears when isometries of the theory are
gauged. With the graviphoton and the gauge field of a vector multiplet (ny = 1), we
can gauge two commuting isometries, as required if partial supersymmetry breaking is
envisaged [13]. This of course implies that two commuting isometries should exist and this
defines a class of scalar manifolds for a single hypermultiplet for which explicit metrics are
available. The problem of partial breaking can then be analytically studied in general.

The scalar potential in supergravity theories has a particular structure. The super-
symmetry variation of all fermions 1/}IA is of the form

S~ Ml 4 (2.23)

where the fermion shift M‘I“j is a function of scalar fields (A runs over all supermultiplets, I
over all fermions in multiplet A, j over all supersymmetries; in A/ = 2 theories fermions are
always in SU(2) doublets and I = i). If the supermultiplet admits an off-shell realization,
as the AV = 2 Maxwell or single-tensor multiplets, the fermion shifts are in general auxiliary
scalar fields. For instance, in a Maxwell N = 2 multiplet with gauginos \’,

SN~ YT ej+-n, Y9 =y’ (2.24)
and Y% is the SU(2) triplet of real (electric) auxiliary fields. For the gravitinos,
(51% ~ %ﬁQ S e+ (2.25)
The scalar potential is then symbolically [26]

V=e Z coeff. x fermion shifts’ x metric x fermion shifts, (2.26)



where the sum is over all fermions and the coefficients are negative for gravitinos and posi-
tive for spin—% fields and depend on the normalization chosen for the fermion fields. Hence,
fermion shifts define the ground state of the theory and a nonzero value of a Spin—% fermion
shift at the ground state indicates the presence of a goldstino, or several goldstinos, and then
indicates spontaneous supersymmetry breaking. Analyzing the structure of the fermion
shifts is fundamental when studying the breaking phases of a supersymmetric theory.

In order to obtain the fermion shifts, we need to specify the gauging applied in the
theory. The gauge generators (associated with gauge field I) and the gauge variations
can be defined by electric-magnetic symplectic vectors O;%,: the embedding tensor ©;¢
specifies a linear combination of the (commuting) isometries &, = £ 0, of the quaternion-
Kahler metric hy,; it defines the coupling constants of the gauged theory. The index [
defines ©;% as a fixed symplectic vector associated with each isometry, but we will rather use

0% = Q1597 (2.27)

and the coupling constants are the numbers ¢/
Consistency of the gauging is guaranteed by the locality constraint on the embedding
tensor [19, 20]

0070, =0, Q= ( 0ﬂg>. (2.28)

The hypermultiplet scalar fields are coordinates ¢" on a (four-dimensional) quaternion-
Kéhler space with metric h,,. For each isometry vector d,¢" = &Y, one can derive an SU(2)
triplet of prepotentials (or moment maps) solving the differential equation

1
Pg = —271%2 (J'I)u UVUE;] 5 xr = 1, 2, 3 (229)
in terms of the triplet of complex structures J*.13 As usual, to describe the hypermultiplet
fermions (hyperinos), we need a vielbein f*4,, which for N = 2 is defined by
flAuQABfJBU = §<Jm)uv(zg Ux)lj + 5 huv e - huv = flAu EijQABf]BU (230)
(¢ and A are respectively SU(2) and Sp(2ny) = Sp(2) doublet indices and hyperinos carry
index A). Then, for given quaternion-Kéhler metric h,,,, complex structures J%, isometries

&Y and prepotentials

P¥ = P?(ie o®)7 = PJ', (2.31)
we obtain the following expressions for the fermion shifts:'4
Gravitinos: St = %GK/QP;jUI 0,4 =57, 5¢L — %,&5@‘%6]. TR
Gauginos: W, = —% e’C/QPéjVaUI O =W, §)A* =k? gO‘BWBZ-jej +-
Hyperinos: Ny = %e’c/zfiBuUI 0% Qpa, SCA=NA+ -, (2.32)
130ur SU(2) conventions are as in [24] — see also appendix A.

1T hese shifts hold for fermions with dimension massZ . Similarly, the scalars and the metrics g,z and huo
are dimensionless. We use Weyl spinors, 1/);, A §A, €' are left-handed, Yui, A*, Ca, € are right-handed.
The SU(2) indices are moved with A = ¢ \; and \; = Mej;.



and of their conjugates (P,;; = PY ):

_ 1 _
Gravitinos: Sij = ;e’C/QPaijUI 0.,
. 1 o
Gauginos: Waij = - e’C/2PaijVaUI 0, (2.33)
Hyperinos: NiA = —% e’C/ijAuUI Eij@la§g~

The embedding tensor always appears in the combination @?VI = k- 1el/2 G?UI. The
notation V, stands for Kahler-covariant derivatives. Since Kéahler transformations act as

K—=K+M2)+Az), y—e@y  ZIz) e Zl(2), (2.34)

the covariant derivatives are

0
Vay=(0a—Ka)y=0, VUl =0, +K)UL,  Ko= 5.k (2.35)
Supersymmetry imposes the identity
. o = 4 .
5V = k2 (—3 S G+ Wk goP Wm) + S NiNA, (2.36)

and the gauging and fermion shifts lead then to the following N' = 2 scalar poten-
tial [24, 27, 28]:

1 - 2
eV = —2 (mN) Y 0,°0, Pr R + V' V0,00, (—4 PR+ b St > :
(2.37)

where

1 _ — z _
~ 5,3 (ImN) W vy 4 goby, VIV, VoVl = (00 +Ka) VI (2.38)
in terms of the Kéhler potential . For later use, we find useful to express the scalar po-
tential (2.37) in terms of the anti-selfdual covariant derivatives k_,,, defined in appendix A:

—T
_ 1 _ o V'v/'erte,’ o

eV = 51 (ImA) 70,90 0 ki ky ™+ % (=4 kgyuky ™ + 2 by €467)
(2.39)

using the identity

1
PPl = — k- k" 2.4

alb KJ4 auv 'Vp ) ( O)

which can be proved using eqs. (A.3).

Supersymmetry breaking is then easily discussed. Firstly, at the ground state defined
by the scalar potential, nonzero shifts of the spin—% fermions indicate the presence of
zero, one or two goldstinos, for a spontaneous breaking into N' = 2, 1 or 0 unbroken
supersymmetry(ies). Secondly, if one or two supersymmetries remain unbroken, the value
of the gravitino shift S¥ indicates the spacetime geometry of the ground state (AdS or



Minkowski). Partial breaking N'=2 — N =1 implies that there should be one (and only
one) spinor €1; for which three conditions must be fulfilled:

<Wzij>61i =0, <NiA>€1i =0, <Sij>€1i - % 6%? (2'41)

and the scalar curvature of AdS spacetime is given by R = 4A, A = —3|u|?. Furthermore,
the second supersymmetry with spinor parameter es should verify either

(W, Yeq; 0 or  (N'p)eg; # 0. (2.42)

In the next sections, we analyze these conditions on a special Kéhler geometry with
arbitrary prepotential F(X!) and a generic quaternion-Kihler geometry for a single
hypermultiplet.

3 The hypermultiplet with isometries and partial breaking

For one hypermultiplet, the four-dimensional quaternion-Kéahler geometry is defined as an
Einstein space with constant Ricci curvature proportional to x? [29]'> and (anti-) selfdual
Weyl curvature. With one or two isometries, metrics for generic quaternion-Kéahler spaces
have been thoroughly discussed. We will use two canonical forms: the Przanowski-Tod
(PT) [30, 31] and the already quoted Calderbank-Pedersen (CP) [22]. Both are defined in
terms of a solution of a differential equation, nonlinear (Toda) for the PT metric for spaces
with one isometry, linear in the CP metric with two commuting isometries. Since we are
interested in the latter case, we first consider the hypermultiplet metric in CP coordinates.

3.1 The CP metric

According to Calderbank and Pedersen [22], a four-dimensional quaternion-Kéhler metric
with two commuting isometries can be written in a set of coordinates p > 0, n, ¢ and ¢
for every solution F'(p,n) of the linear equation

O°F  0°F 3F

_on 3.1
o2 o T 1 (3.1)

with isometries acting as shifts of 1) and ¢. The line element ds? = hy, dg*dq" is

AP (F B - 7 [(F = 2pF,)a — 2pF, 8] + [(F + 2pF,)8 — 2pFa)’

ds? de? + ,
4F2 F? (4p* (F?2 4+ F2) — F?)

(3.2)
where 1 1 L2 dr?
Y+ nde 2 p”+dn

a=,/pdy, f=——", = —0n——. 3.3

G N p (3:3)

The metric determinant is )
4p* (F2 + F2) — F?

16 p*F'8

5For metric guy = £ 2huw as defined in eq. (2.2).

,10,



and positivity requires 4p? (F p2 + Fg) > 2 > 0. The CP metric describes a conformally
anti-selfdual Einstein space'® with scalar curvature normalized to R = —12. It is endowed
with a triplet of SU(2) selfdual 2-forms J* (complex structures) which are covariantly
constant with an SU(2) connection w® [22]:

' 1,5\ dpAd
J:J%‘ax:% (<p2(F3+F3)—4F2) ppAQ ”+om5) o1

dp+ioydn
—0

+% <(pr_iUL0Fn) (Oé+i016)—;F(a—ialﬁ)> A 2, (3.9)

w=w"10" = % (Fndp— <; F+pr> dp77> 01+% (a+io18) o2,
and the identities (A.2), (A.3) are satisfied.

On the metric (3.2), Calderbank and Pedersen [22] write:'" “Any selfdual Einstein
metric of nonzero scalar curvature with two linearly independent commuting Killing fields
arises locally in this way (i.e., in a neighbourhood of any point, it is of the form (3.2) up
to a constant multiple).” We will see that a slight inaccuracy in this statement allows for
an exception which is of fundamental importance in our subject.

The two Killing vectors of the CP metric are by construction & = d, and & = 0.
Using eq. (2.29), the triplets of Killing prepotentials (or moment maps) are

S T P N (3.6)
1_I€2\/EF npa Z_Hg\/ﬁF X . .

The standard vierbein one-forms of the metric (3.2) are

W PG, Ry,
N 2F p’ N 2F p’ (37)
2 (F —2pF,)a —2pF, 5 (F' +2pF,)B —2pF, ’
F\[4p*(F} + F}) — F? F\[4p*(F} + F}) — F?
We will need the corresponding symplectic vielbeins 4, obtained from relations
ds® =, e™e = i QB fiAuijv dg"dq" (3.8)
or
iA 1 0 . x z\tA
f u:—(euaizeuaa) , x=1,2,3, (3.9)

V2

and we have checked that the f4,’s satisfy eq. (2.30). We will use the + sign below.

' An Einstein metric with anti-selfdual Weyl curvature.
YTt is the point (ii) of their main theorem 1.1.
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3.2 Fermion shifts

Consider a generic dyonic gauging of the two isometries, described by:

do 91
. o
o=, 902 , a=1,2, (3.10)
0 —gs3

where the embedding tensor ©7% is compatible with the locality condition (2.28) and go 12,3
are the gauge couplings. We use a prepotential frame and formulas (2.5) apply. The
corresponding Kéhler potential is given in eq. (2.15) for a single z:

K=-mY, Y=2f+) - (=2~ T2). (3.11)

In order to evaluate the fermion shifts given in (2.32), we use the results of section 3.1.
Defining
€= g1+ g2z +igsf: + gom, (3.12)

we find

S = —EGK/Q (90P76" +i ((g1 + goz +igsfs) Ps + goP}) (01)Y)

/2 ; g
e — (—go,o(w + iE(U1)”) (3.13)

w3/pF

for the gravitino shift, and

(92 + ingzz)

i ij

Wi = L k12 @iyl = i o2
K

j elc/2 iA
Ny =— ‘ (pAQO'Q + A30'3) ,
K\/2p F\/4p2(F3 + F?) — F?
Ay = —goF + 2(cF, + gopF,), A3 = ¢F + 2p(—gopF, + ¢F)) (3.14)

1

for the shifts of spin-5 fermions.'®

3.3 Partial breaking in flat space

The first condition for partial breaking is certainly that the ground state does not lead
to two goldstinos. The determinants of W, and N i 4 should vanish at the ground state.
Cancelling the determinant of W,’ requires

ng - g3<fzz> = ZF<(:|:ZE—|— 90 ,O)ICZ> (315)

am»:(ﬁﬂvw» (3.16)

¥ The fermion shifts have dimension mass® (S and W) or mass* (N).

The 4 or T signs are correlated between the various equations. The parameter function v(z) has
~1/2

with zero eigenvector!'?

dimension mass
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and this € is also eigenvector of S¥ with

k3P F

The eigenvalue should vanish for a Minkowski ground state:

g oK/2
(5¥)¢ = <> (gop £ ic)e;. (3.17)

go(p) = Fi(c) #0 (Minkowski) (3.18)
turning condition (3.15) into
g2 +193(f.2) =0 (Minkowski), (3.19)

and then to
(WH) = —(K.SY) (Minkowski). (3.20)

The determinant of N?4 turns out to be proportional to
(0°As)” + A2 = 8 pF(F, + iF,), (3.21)

using the Minkowski conditions (3.18) and (3.15). The conditions for the positivity of the
CP metric, p, F, Fp2 + Fg > 0 and condition (3.18) imply that N4 does not have a zero
eigenvalue. Hence, the partial breaking of N' = 2 supersymmetry in Minkowski spacetime
15 excluded whenever the hypermultiplet can be described in the CP field coordinates and
metric. According to ref. [22], this would be always the case.

There is an apparent contradiction between this conclusion and the known exis-
tence [10] of a partial breaking on the SO(4,1)/SO(4) hypermultiplet in Minkowski space-
time. We will see shortly that for this quaternion-Kéhler space, and only for this space,
there exists a pair of isometries for which the coordinates used by Calderbank and Ped-
ersen [22] do not exist. This is the earlier quoted exception, leading to a statement of
uniqueness for partial breaking with a single multiplet and two gauged isometries.

3.4 Partial breaking in AdS

The obstruction found for partial breaking into Minkowski spacetime does not exist for
AdS ground states. Partial breaking in this case requires at the first place eq. (3.15). With
this condition, the gaugino and gravitino shifts read

K/2
i _ g()\//TE 1 +1
<WZ > < K,3F ICZ :|:1 1 9

. k2
() = <53WF> Fi(e) (;1 ill) + (gop + 10 ((1) ‘f)]

at the ground state. For the unbroken supersymmetry parameter € (the zero eigenvector
of (W),

(3.22)

i M2 - =i
5wu_<2/€\/ﬁ<F(gopila ,-Y;Ufe +? (323)
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and the cosmological constant is

K
_ e 2 2 142
A=-3 <;<;2pF2(90p + el )>- (3.24)

The Minkowski condition (3.18) which cancels A does not apply and the second condition
for partial breaking is that € is also a zero eigenvector of the hyperino shift matrix (3.14):

(pAs) = Fi(As). (3.25)
Solutions to egs. (3.15) and (3.25) would lead to stable AdS ground states.?’

An example. We can realize the above conditions for ' = 1 AdS vacua in a specific
example. We consider for this a CP metric with F, = 0, i.e.
Y Ry _

F = 5P op , o = constant . (3.26)
This metric has extended isometry Heisenberg x U(1) and it describes the scalar mani-
fold of the universal hypermultiplet in type II strings, including the one-loop perturbative
corrections, as obtained in ref. [16]. The case o = 0 is the tree-level SU(2,1)/SU(2) x U(1).

From the expressions of Az and As in eq. (3.14), one obtains:

Ay = go(—F + 2pF),) = go (p3/2 + 2Jp_1/2) ) (3.27)
Az = &(F + 2pF,) = 2&p°/2, (3.28)

and thus the condition (3.25) implies:
Re¢ =0, Im e = +g <g + ‘;) , (3.29)

where we dropped the symbols of expectation values. On the other hand, condition (3.15)
yields

—go+g3lmf,, = tgopIm K, , Rec= —g3Re f.. + gopRe K. . (3.30)

It follows that there are four equations that can be solved for the four expectation values
of p, n and z. Indeed, using the expression of ¢ in eq. (3.12), one obtains:

gon = —g1 — gaRe z + g3 Re f, (3.31)

+gopIm K, =go — g3Im f,., (3.32)

which can be used in the remaining two equations (right part of (3.29) and (3.31)) for
determining z. For instance, for g3 = 0, on finds the solution:

gon = —g1 — g2 Rez, +gop = 2g2Im z,
1 1 (3.33)
= — I = —
ReC, 5 mk, 5Ty’

where the last two equations determine z, using the expression (3.11) for K. Note that par-
tial A/ = 2 supersymmetry breaking in AdS can be realised without introducing magnetic
FI coupling terms (g3 = 0).

20Their stability is carefully discussed in the appendix B of ref. [13]. An early example was given in
ref. [12].
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3.5 Hyperbolic space and Calderbank-Pedersen coordinates

We now come back to the issue met at the end of section 3.3. To resolve the case, we will
show that the hyperbolic space cannot be described by a CP metric with shift isometries
on (p,1) generated by pairs of elements in the three-dimensional abelian subalgebra of
SO(4,1).2' In other words, CP coordinates do not exist for this case. To proceed, we
simply compare the value of scalar quantities (independent on the choice of coordinates),
calculated either in CP or in PT coordinates.

The Calderbank-Pedersen metric (3.2) has a well-defined pair of isometries and Killing
vectors. Scalar quantities like those appearing in the identity (2.40) can then be calculated
unambiguously,

P>+

_ n L 1
R ky U = Kouy kg = (3.34)

k;uv k;m} = k1, - ,0F2’ - ,OF2’

luv

and the dependence on the quaternion-Kéhler space is in the function F'(p,n) only.
Consider now the simplest quaternion-Kéahler space,

Sp(2,2) SO(4,1)

~ . 3.35
Sp() x Sp(2) ~ SO(4) (3.95)
This hyperbolic space admits coordinates in which the line element is
1
ds? = 2 (dbg + db7 + db3 + db3) . (3.36)
0
This is a conformally-flat space with Ry, = —3 hy,. The corresponding symplectic vierbeins
ia_ 1 ia iA___ 1 _ia ia_ 1 _ia ia_ 1 a
0 \/5[)() 1> 1 ﬁbo 2 > 2 ﬁbo 3 > 3 \/gbo )
(3.37)

where (7,)"4 = (ico,)*, follow from their definition (2.30). The triplet of SU(2) self-dual
two-forms J* (complex structures)

1
Jt = 2 (dbg A dbz + dby A dby) ,
0
1
J? = 72 (dbo A dby + dbg A dby) (3.38)
0
1

J3 = — (dbo A dby + dbg A dbs)
0

is covariantly constant up to the SU(2) connection w®

1 dbg 9 dbg 3 dbl

- =1 3.39
Y o Y T (3.39)

Conditions (A.2) and (A.3) are verified. We are interested in the Killing vectors of two
translation isometries acting on by and bs:

21See appendix B for a review on Hy coordinates.
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Their Killing prepotential triplets follow from eq. (2.29):

1

0
1 1
0]. (3.41)

Pl=—— P =

! I{Qbo ’ 2 KJZbO
0

In these coordinates and for these isometries, we find the following expression for the scalars

appearing in eq. (2.40):

Bk = o Fru by ™ =0, Fki = (342)
0 0
The comparison with the generic values (3.34) obtained for the CP metric indicates that
for these isometries, CP coordinates cannot be found.??

The origin of this obstruction is located in the derivation of the CP metric given in
ref. [22]. This metric is a consequence of the Joyce description for anti-selfdual conformal
metrics with a U(1) x U(1) symmetry [32], the Jones-Tod correspondence for four dimen-
sional anti-selfdual spaces with at least one isometry [33], and the use of Przanowski-
Tod (PT) theorem to determine which metrics, among the Joyce metrics, are Einstein
spaces [30, 31, 34]. In short, to identify the Einstein representatives among the conformal
structures with anti-selfdual Weyl tensor, one employs the PT form where the metric is
generated by a function ¥(X,Y, Z) solving the continual Toda equation [30, 31, 34]%3

Uxx + Uyy + (e¥)zz =0. (3.43)
The PT line element is then
ds? = % %(dw +w)? + U (dZ% +e¥ (dX> +dY?)) |,
dw=UxdY AdZ + Uy dZ AdX + (UeY)zdX AdY, (3.44)
W=2—Z0y,.

The quaternion-Kéahler metric has one isometry acting on the fourth coordinate 1 and
generated by Jy. The simplest solution is of course

¥ = (C = constant, U=1, dw =0, w=dg(X,Y, 2), (3.45)

for which

ds? [d(¥ +9)* +dZ? + e (dX? + dY?)]. (3.46)

72
This is the metric (3.36) with by = Z, by = e“/2X, by = €“/2Y, b3 = ¢+ g and the isometry
of the PT metric shifts bs.

In order to make contact with the CP metric, we assume the existence, in the PT
description, of a second isometry generated by d,. The case of primary interest for us is a
shift isometry acting on b; or by. We choose a translation isometry of the Y coordinate.

22 A similar conclusion, technically more involved though, derives from comparing the inner products of
the two isometries, i.e. £5& hyo-
23 As usual, indices indicate derivatives.
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Assume then that ¢ =Y and that ¥ does not depend on Y. Finding the CP coordi-
nates is possible using a transformation due to Ward [35]:%4

(X, Z; e‘P(X’Z)) = (p,m V(p.n)),
X=V,, 2Z=pV,, ~p*=¢v, (3.47)

Uxx+(e¥),, =0 = ;(pr)p—i—Vm:O,

resulting in the CP metric (3.2), with F' = ,/p'V,. This transformation is clearly incom-
patible with a constant V. For this hypermultiplet manifold and for this choice of second
isometry with Killing vector dy, CP coordinates p and 1 do not exist and the argument
against partial breaking proved in the previous section does not hold. The constancy of
the Toda potential is at the origin of this exception.

With SO(4, 1) isometry, the hyperbolic space has a variety of other inequivalent pairs of
commuting isometries. For these pairs, the corresponding Toda potentials are not constant
and CP coordinates do exist. Some examples of CP coordinates for other isometries of the
hyperbolic space are described in appendix B.

4 Partial breaking and the APT model

4.1 The SO(4,1)/SO(4) model

Ferrara, Girardello and Porrati (FGP) [7, 10] have shown that partial breaking occurs on
the simplest quaternion-Ké&hler space for one hypermultiplet, SO(4,1)/SO(4), with two
gauged translation isometries. Explicitly, coordinates (3.36) with

1 e
2 2 2 2 2 o U U
ds? = 2 (dbZ + db? + db + db3) Liin. = —5——3 ()2 (9ub")(0"0"), (4.1)
and Killing vectors
51 = ab2 y 52 — 8b3 (42)

are used for constructing the N' = 2 supergravity lagrangian. In ref. [10] they first worked
in the non-prepotential frame described in section 2, egs. (2.13) and (2.14). Then they
reworked the example in a generic frame with arbitrary prepotential function f(z) [7].

Our objective in this section is to complete the description of the model by showing
explicitly that the N' = 2 supergravity theory (at finite s then) admits a stable ground
state with partial breaking which continuously deforms to the APT model in the gravity-
decoupling limit k — 0. This can be seen as deriving off-shell the APT lagrangian as the
x — 0 limit of the SO(4,1)/SO(4) supergravity lagrangian.?®

Using the embedding tensor (3.10), the prepotential frame (2.5) leading to Kéhler po-
tential (2.15) and coordinates b* with metric (3.36) for the hypermultiplet, the supergravity

248ee appendix C for details.
ZFollowing for instance ref. [36]. Although the statement exists in the literature, we have not found an
explicit construction with an appropriate use of the concept of prepotential frame.
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potential reads:

K
e _ _
= — | (98 + 16f?) (—Kaz + oK) + [ex? + ek + 2K (4.3)
o/NVzz
with ¢ defined as
c=—i(g1 + 922 +igsfz), (4.4)
and ¢, = —iga + g3 ... Since hypermultiplet scalars only appear in the prefactor by 2 the

ground state of the potential, in order to escape the runaway of by, requires Minkowski
geometry, (V) = 0. In ref. [10], the authors consider the particular case g3 = g = 0,
f(2) ~ 2z, K= —In(z + %) and then V = 0.

Notice that the scalar potential (4.3) vanishes if

(cz) =0 = 93([fz2) = ig2. (4.5)
Since (f,.) is imaginary, (K,z) = (K.Kz) and (V) = 0.

4.2 N =1 Minkowski vacua

The fermion shifts (2.32) induced by this gauging read

k2 . . ek/2 ”
S = —— (golo + co3)" N'y = o3 +cly)’ 4.6
3ho (9012 3) A= T (90 03 2) (4.6)
for gravitinos and hyperinos. They verify the relation?®
L 2
S*Sy = EN;le‘. (4.7)
For gauginos,
Wil = —g~1ek2@,0piiy, Ul = —e’</2§—2(ag)ij — K. S, (4.8)
K00
where we have used
0
0%, U! = ( ) . (4.9)
ic,

The conditions for partial breaking are then easily stated. To have a common zero eigenvec-
tor for W% and N’ 4, we need a dyonic (electric and magnetic) gauging with g3 # 0 # go and

(93f: —ig2z) = £g0 +ig1, 93(f22) = igo. (4.10)

The first condition (c) = 4-gg leads to a zero eigenvector € of N4 while the second condition
(c;) = 0 ensures that the same € is a zero eigenvector of W . This second condition for
partial breaking also implies (S%)€; = 0 and (V) = 0 and then partial breaking can only ex-
ist in Minkowski spacetime. The conditions (4.10) define an N/ = 1 supersymmetric stable
ground state. In ref. [10] where g1 = g2 = f., = 0, these conditions reduce to g3 = +gg # 0.

26 As matrices, K25 = v/2o3N.
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Solving the conditions for partial breaking commonly impose, for a given choice of
f(2), particular values or relations on the coupling constants. For instance, a linear f = z,
as used in ref. [10], has partial breaking only if go = £g3 # 0, g1 = g2 = 0. The conditions
may be impossible to solve: f = z? forces all g; to be zero (but this example is irrelevant
since the Kéhler metric K,z = 0). For a generic prepotential f(z), one usually finds that
two couplings are determined in terms of the other two.

The spectrum of the partially broken theory includes NV = 1 supergravity (2 + 2p
on-shell states), a massive N’ = 1 gravitino multiplet (gravitino, the two spin-one fields,
one fermion, 6g + 6p), a massless chiral multiplet (2p + 2p) and a chiral multiplet with
the scalar z and mass proportional to the free parameter (f,..), precisely as in the APT
model, see below. The four hypermultiplet scalars are massless (two are Goldstone bosons)
and the mass matrix reduces to z only with

4K4 g3 03
where Y is defined through the Kéhler potential (3.11):

iz = 2)(201 + g2(2 + 2)) Py

K=-hY, Y= J f+f)>0. (4.12)
3
Hence, the mass of the scalar z (and of its fermion partner) is given by
V.- g6y3
2 2/ Vaz 3 2
_ — 4.13
m, K <ICZZ> <16 /{296%(2) |fzzz| ( )
. 4g2
since IC,z = g%%'

At the N/ =1 ground state, the value of the hypermultiplet scalar (by) is an arbitrary
parameter. From the gravitino shift matrix®” or from the expression of the scalar potential
however, the mass of the massive gravitino scales as

ma ~ (Kkbo) 1, (4.14)

and the theory has two order parameters, (bg) and (f..,) for the massive gravitino and
chiral (with z) multiplets respectively.

In order to discuss the gravity-decoupling limit x — 0 of the supergravity theory and
make contact with the APT model, we first redefine the hypermultiplet scalars ({by) # 0):28

bo = (bo)(1 + Kfibo) bi = Kfi(bo) bi , i=1,2,3, (4.15)
where i is a mass scale (and kfi ~ MLP is dimensionless). The hypermultiplet kinetic terms
are then

€ [L2 TuN (Quiv
£hyper NG 6u’U(8,ub )(a b )’ (416)
P (1 + /iﬂbo)

and in the limit x — 0, the kinetic metric is the trivial hyper-Kéhler h,, = [L25m}.29

2

2TWhich in a Minkowski ground state is proportional to the mass matrix, S% ~ k=~ mY.
2

*8This is a simplistic use of the procedure described in refs. [17, 18, 37, 38].
29We could as well define dimension-one fields with b — b“.
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For the vector multiplet kinetic term, we need as Kk — 0

e
K2

K2(0,2)(0"2)  —  —(iFmr — iFae)(0,2)(0"F), (4.17)

where F(z) is the dimension-two prepotential of the rigid ' = 2 theory and x is a dimen-
sion-one scalar. In other words, we need

1 1 o .= e
e K(z,z) = 3 Iny — —iTFy +ixFz + g(z) + g(7) (4.18)

and the Kahler potential of the rigid theory will be I/C\(x,f) = —ixF, + ixFz. Following
ref. [7], this is obtained from the formal x expansion,

() = i F iz K2 [z'[ﬂﬁ(z) + i[ﬂ(x + )\)zﬂ +O(B), (4.19)

and the definition

Flz) =i F <Z> , (4.20)

with F, = ﬂF\ L and Fp, = F -. The arbitrary complex number A will get a precise value
later on.

With the rescaling (4.15) of the hypermultiplet scalars, a corresponding rescaling of
the Killing vectors, or equivalently a (first) rescaling of the coupling constants, is needed:

gi = Kfi(bo) i , (4.21)

leading to the scalar potential
K

e 1 " 1 »
V=p' 2 [— 3. (98 + Ic\z) + W(g&lczlchr lc. + clcz\Q)} . (4.22)
(1 + /‘i,ubo) H W2z
where ¢ and ¢, are expressed in terms of g; (instead of g;), ¢ = —i(g1 + g22) + g3f. and

c; = —ig2 + g3fzz-
Before expanding in powers of k, we perform a second redefinition of the gauge
couplings,

go = Kfi o, g1 = ki1, g2 = (kf1)* G2, g3 =03 (4.23)
The leading terms in the quantities ¢, ¢, and K, appearing in the potential (4.22) are then

c = [G3\ — ig1] ki + O(K*i?), . = [—igs + 2 (Re N)Gs + ig3F s | K21i° + O(K*[?),
K. = —2Re\rji + O(k*i?), (4.24)

and, to leading order in k, the potential reads

~4 2

V= ﬁi |:4(Re)\)2/g\(2]+ ’—’g\2+2/g\1Re)\—2§3R€AImA+§3fxx :| -C
_ 1 2 2 27 2
~ 2Im Fpy [¢% 4 [m® + MPFy|?] = C (4.25)
B R P By
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where

m? = —(Go — 2g1Re A + 2G3 ReA Im\) 2, M? = G3ji?, (126
¢ = 2Re \go ji2, C = ji'g + i'gs\ — ig1|*. ’

The scalar potential of a globally supersymmetric theory is not expected to have an irrel-
evant additive constant and we cancel (M? — C by choosing

r . .
A= —(g0+1iq1), (4.27)
93
which also implies
¢ = gori+ O(K° i) = go + O(K*i%). (4.28)

This is the leading term in the first condition (4.10) for partial breaking (related to the
gravitino and hyperino shift matrices). The shift matrix for canonically normalized (mass%
dimension) gauginos A’ becomes

~2 /\2/\_1
i ij ij H 49593 —c. 0
W e + , W 5T ]__M< 0 cz>’ (4.29)

where K., ¢, and ¢ are given in eqs. (4.24) and (4.28).30
Up to here, the analysis has been off-shell only. We now expect that the second
condition (4.10) for partial breaking, which indicates that only one gaugino is a goldstino,

follows from the minimum of the potential, which is at3!

93(Fuz) = G2 + 2i Re AGo = G + 21 92 /95 (4.30)

This vacuum equation is also the leading order term of (c,) = 0, the second condition for
partial breaking (4.10). And for (c,) = 0, the gaugino shift matrix (4.29) has one zero
eigenvalue. At the ground state, the vector multiplet metric is

=2

2 (Im F,) = 49

(4.31)
93
and the deformation parameter of the supersymmetry variation in the goldstino direction
is then
6 Agoldstino = M? + - = G3 i + -+ . (4.32)

The coupling constant g3fi? is the magnetic FI term at the origin of the partial breaking.
The N = 2 multiplet splits in a massless N = 1 Maxwell, including the goldstino, and a
chiral A/ = 1 multiplet with mass

2 gsu 2
M: = <16§3‘fmm‘ >, (4.33)
as expected from eq. (4.13).

In conclusion, we have shown that this N' = 2 supergravity theory possesses for all

values of k an N/ = 1 ground state which coincides in the limit x — 0 with the APT
lagrangian and its A/ = 1 vacuum.

39The shift matrices k25" and N*4 vanish when x — 0 and hyperinos decouple from the goldstino.
3 Metric positivity requires Im Fy, > 0.
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4.3 N = 0 Minkowski vacua
The scalar potential (4.3) can also be written

-1

e V= 95 + |cl*) Re for + Vlez|* — .Yz — 2. Y| - (4.34)

1
—— 2
/€4 b%/ngyQ |: (
Non-supersymmetric vacua will then follow by solving

O.:h=0:h=h=0,  h(z,%) =2(g5+ |c|*) Re for + V|c:|* —Cc. Vs — &Y., (4.35)

supplemented by stability conditions and the existence of two goldstinos. Since h is real,
egs. (4.35) give three conditions for the two real components of z. Hence, for a given f(z)
one expects at least one non-trivial condition on the gauge coupling constants: once (z) is
fixed by 0,h = 0, the number (V) must vanish to avoid runaway in bo.

Since ¢,, = g3 [, with the definition (3.11) of )V, it is immediate that (f,..) = 0 solves
0.h = 0. We have already observed that (c,) = 0 leads to h = 0. Hence, (f,..) = (c,) = 01is
a solution of conditions (4.35). Since (c,) = 0 also implies that the gaugino shift matrix has
a zero eigenvector, the determinant of (N?4) should be nonzero in an N’ = 0 ground state:

g0 # £{c). (4.36)

This happens in the FGP model [10] with f(z) = z, g1 = g2 = 0 and then ¢ = g3: all
(z) are stable ground states since V = 0, the generic ground state has A/ = 0 and partial
breaking occurs when gy = +g3. Hence we may think that partial-breaking solutions are
surrounded (in the parameter space of the solutions of a model) by A/ = 0 solutions.
However, assuming

fR)=fo+ frz+ f22%, fo12€C, (4.37)
leads to the scalar potential
v C CZ@&umWMﬁ+mﬁMﬁ—Mﬁmmﬂg
KABG (Ref1)? — 4Refo Re s T (4.38)
A1 = g1 +igs3fi, Az = ga+ 2igsfa =ic,.

Parameters should be such that the constant C vanishes to avoid a runaway in bg. The
choice ¢, = 0 with gsfo # 0 leads to N' = 0 ground states for arbitrary (z) but the
supplementary condition for an A" = 1 vacuum is never verified.

Working out conditions (4.35) leads to two distinct classes of Minkowski vacua:

i. All solutions with (f,..) # 0 and (h) = 0 are N' = 1 vacua already described in
eqs. (4.10).32

ii. Solutions with (f,..) = 0 and (h) = 0 are generically N' = 0 vacua.

Stability of the N/ = 0 ground states is provided in terms of the mass matrix for the six
real scalars b, and z. The non-trivial second derivatives of the potential are (V.z) which
vanishes with (f...) = 0 and (V,,) which is controlled by the fourth derivative of f. The
vacuum is then unstable except if (f(") = 0 for all n > 3 and this leads us naturally to the
choice (4.37).

32For a proof, see appendix D.
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5 Outlook

In summary, our motivation was to classify spontaneous (partial) supersymmetry breaking
in the minimal case of A/ = 2 supergravity, containing one hypermultiplet and one vector
multiplet. The former could describe the universal dilaton of type II superstrings com-
pactified on a Calabi-Yau threefold, while the latter should gauge together with the N' = 2
graviphoton two commuting isometries of the hypermultiplet quaternion-Kéhler manifold,
which is necessary in order to obtain a massive N' = 1 spin-3/2 multiplet.

The analysis can be done in a general way, since a four-dimensional quaternionic man-
ifold with a two-torus isometry can be put in the Calderbank-Pedersen metric form [22].
To our surprise, using this approach we found a no-go theorem on the existence of
N = 1 Minkowski vacua, which would also hold for any number of abelian vector mul-
tiplets. This result seems in conflict with the well-known example of the hyperbolic space
SO(4,1)/SO(4) [7]. However, we proved that the hyperbolic space cannot be written in
a Calderbank-Pedersen form, where its torus symmetry lies within the three-dimensional
abelian subalgebra of SO(4,1). We furthermore showed that it is easy to obtain NV = 1
vacua of partially broken supersymmetry in AdS space.

Finally, we revisited the hyperbolic space for gaugings within the three-dimensional
Abelian subalgebra of SO(4, 1), while for the scalars of the vector sector we considered a
generic holomorphic prepotential. We worked out the details for a generic gauging leading
to a supergravity theory with potential (4.3) and possessing N' =1 or /' = 0 Minkowski
vacua for all values of k. For the N = 1 vacua, we also worked out their off-shell gravity-
decoupling limit, and obtained the APT lagrangian [1].

Some open questions remain to be answered, which are outside of our present scope.
Regarding the gauged isometries, on the one hand, one may consider gauging isometries
of the special-Kéhler manifold of vector multiplets, or (part of) the SU(2)r R-symmetry
with the compensating hypermultiplet. On the other hand, one may study the effect of
more hypermultiplets, for which however explicit and general metrics for quaternion-Kéhler
spaces with isometries are not available.
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A Four-dimensional quaternionic manifolds with isometries

Consider a four-dimensional quaternionic space, described by an Einstein metric with anti-
selfdual Weyl curvature

1
Wacyrw + 5 Exyuvw Wuvrw = O; Ruv = -3 huv ) (Al)

normalized with R = —12. This space is endowed with a triplet of SU(2) self-dual complex

structures J*

v, which are covariantly constant modulo an SU(2) one-form connection w®”

Vdyy +e*wlJ:, =0. (A.2)
The complex structures J;j, are normalized to satisfy:

(IO (J9)," = =0" 6= (J7)," , (J7)," (J*)y = huw 9" =05 0 +e™ - (A3)

w

Assume that the quaternionic space has some isometries generated by &, = £/0,. As a
consequence of the Bianchi identity for the Riemann tensor, condition (A.1) leads to

Vukt,, = 2P & (A.4)

auv
in terms of the (anti)-selfdual covariant derivatives

ki

auv

1
par =g (o

- Pqﬁwrvwgar )
1

wr wr,_} wer ST SW
isw ), Oper -*2(51;5@ 9,04) .

These (anti)-selfdual covariant derivatives obey the following identities

1
h* (k(:ztrukl:)liuv + kliliuk(:ztwv) = 5 hrw kt:zt : kl:)t ) kt:zt ’ kl:)t = hrwhuvkl:le"ukl:;twv ) (A 6)
R (ki ok, — kikaws) =0, AR kE k=0

valid for any four-dimensional metric.??

B The hyperbolic space and its Calderbank-Pedersen coordinates

B.1 The hyperbolic space in global and Poincaré coordinates

The SO(4,1) isometry algebra of the hyperbolic space Hy obtained as SO(4,1)/SO(4)
includes six compact SO(4) generators X, and four noncompact SO(4, 1)/SO(4) generators
Y, = Xus, with 155 = —1 = —ny,. It has a three-dimensional abelian subalgebra related
to noncompactness. In the standard notation or the SO(4, 1) algebra,*

[(Xia + Xis, Xju + X5 = —(naa + 155) X35 = 0, 1,7 =1,2,3. (B.1)

The commuting r; = X;4 + Y; form a vector of SO(3) C SO(4).

33They follow from SO(4) group theory.
#The same would hold for X4 — Xis.

— 24 —



We can describe Hy in global coordinates. In this set of coordinates the SO(4) acts
linearly and the line element takes the form

4dz"dx"
2 _ u _
ds® = 0wz " = (x1, 9, T3, 74) . (B.2)
Its ten isometry generators are:
Generators of SO(4) : Xuo =20, — 2%0, ,
44 zvz? 1 (B.3)
Generators of SO(4,1)/SO(4) : Y, = %&L —5 242’0y,

where 0, = %. The three-dimensional abelian subalgebra is generated by
r1 =X+ Y1, ro = Xoa + Y2, r3 = X34+ Y3. (B.4)

In these coordinates, the SO(4) generators act as simple linear variations but the action
of the commuting r; is more involved. The curvature is directly related to the SO(4, 1)-
invariant quantity 1 — z”x", and these coordinates are then convenient for describing the
(flat or rigid) gravity-decoupling limit.

An alternative coordinate system is the Poincaré patch b* = (bg, b1, b2, b3). The metric
takes the form (3.36)

o _ dbg + db + db3 + db3
b '

In these coordinates, the generators of the three-dimensional abelian subalgebra act as

ds (B.5)

translations of b':

0
The two sets of coordinates are related by
4 — Ut 4 7
by = T b = ° i=1,2,3. (B.7)

4(1 + x4) + zug’ 4(1 + x) + augy’

B.2 Calderbank-Pedersen coordinates
The isometry algebra SO(4,1) admits a variety of pairs of commuting generators and for

each pair, according to ref. [22], there should exist CP coordinates p, 1, ¢, 1. Examples of
(inequivalent) pairs are:

i. A pair of isometries in the three-dimensional abelian subalgebra, for instance rq
and 7s.

ii. The Cartan subalgebra of SO(4), chosen as the compact generators X5 and Xsq4, or
a compact and a non compact SO(4, 1) generator, like X2 and Yy = Xy5.

iii. A compact generator of SO(4) and one of the 7;’s, for instance Xo3 and 7.

In each case, there are equivalent choices obtained by either SO(4) or SO(3) rotations.
The case (iii) is only one example of pairing one SO(4) generator with any generator in the
SO(2,1) algebra commuting with it.

We have shown in section 3.5 that CP coordinates do not exist for the case (i). We
here show how CP coordinates can be derived for cases (ii) and (iii).
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Case (ii) — the Cartan algebra of SO(4). This is easily analyzed in coordinates
where the SO(4) has a linear action, i.e. coordinates (B.2). The commuting (compact)
Killing vectors are rotations in planes (12) and (34)

§1 = 20y, — 210y, , §2 = 24035 — 130y, . (B.8)

We next identify &; o with the Killing vectors of the CP metric or with linear combinations
of them, and use the identity (3.34) for recognizing the change of coordinates. There are
actually several possibilities and we focus on two cases, following ref. [22].

e The identification (0,,0y) = (£1,&2) leads to

. +1—i
(4 = THLZ0 e o,
n-t-ip (B.9)
1 , , :
F(pn =7< PP+ m+1)? —Vp*+ 77—12)-
) NG VP2 (12 =+ (- 1)

e Choosing instead (0,,0y) = (&1 + &2,&1 — &2), we obtain

p=2rry, n=ri—r3,  F(p,n)

_ 2\1/3 (\/W— 1) . (B.10)

Choosing instead £ = X192, &2 = Yy = X445 and using coordinates b, the Killing vectors are
& = by 8,,1 —b 8,,2 , & = —by 81)0 —b 8b1 — by 6b2 — b3 8b3 . (B.ll)

Working as above we obtain:

A (R B R . =07+ 03,
P 0 1T T T TR

iy (B.12)

VP (4 (L= g2 =)t =2t

In any case, since CP coordinates exist, gauging these isometries does not lead to partial

F= t=V(+12+2V(p—12+n>.

breaking.

Case (iii) — 71 and Xa23. This case is more easily analyzed in coordinates b* where 71
is a translation of b':
§1="0b, ; §o = b30p, — 020y, . (B.13)

We again consider two cases:
e With (0,,0y) = (&1, &2), we obtain

T bo

b +r2’ (p:m)

_ S (B.14)
bg + 12 p(p? +n?)

p

where 72 = b3 + b3.

— 26 —



e The choice (0y,0y) = (&2,&1) leads to

p=r, n:b07 F(pan)zi (B15)

N3

Again, CP coordinates exist and these isometries do not induce partial breaking.

Finally, for completeness and out of curiosity, we present the CP form of the sphere
SO(5)/SO(4) (which cannot describe a hypermultiplet), where all pairs of commuting
isometries are equivalent to X9 and X34. In coordinates where

4 dx¥da™

ds? = —— ——
s (14—.73”:13”)27

fl - 3328351 - l‘lam s {2 = 56'48$3 — x38m4 s (B.16)

we again consider two choices of identification [22]:

e Now (0, 0y) = (&1, &2) leads to

2 ntl—ip
(r1 +irg) = a1
1 , :
Flom =5 (VT o+ 102 + VP —1)7), (B.17)
T%::v%—i-x%, T%Zl‘%—}—iﬂi.

o For (0,,0y) = (&1 + &,&1 — &2) we obtain

1
— — 2 2 — 2 2
p=2rr2, =17 -73, F(PW)—*( PP+ +1)- (B.18)
1 2 2\/]5‘

C Ward transformation

Assume that we have a solution V(p,n) of the equation
1
P (PVp), + Vim =0, (C.1)

where indices denote derivatives with respect to 1 or p. A further derivative with respect
to p leads to
O’F  0°F  3F
o o "4

and F(p,n) generates via eq. (3.2) a quaternion-Kéahler metric in Calderbank-Pedersen

with F(p,n) =/p'Vp, (C.2)

coordinates. Coordinates (p,n) can be traded for (X, Z) by a double Legendre transfor-
mation:

Vip,n) —Xn—2ZInp=-K(X,Z). (C.3)

This implies firstly

pV, =227, V, =X, n= Kx, 2Inp=Ky. (C4)
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Secondly

0z 1 0z p 0X 0X
(pr = ) (p p)pa 6777 = 9P 87/) = Vons 8777 = Vim, (C.5)
and 5 9 P P
aj)ﬂ( = g X7, 872 = g 77 67)77( = Kxx, 872 =Kxz. (C.6)

As usual, 27‘”; = 5; for each set of coordinates delivers the relations between the second

derivatives of V' and K. Using then eq. (C.1), the relevant equation appears to be

2

Kxx + pz Kzz=0 (C.7)

as the “Legendre partner” of eq. (C.1). Define finally
Ly o 1
U(X,Z)=In ) e’ =—p°=-e"7, (C.8)

The relations induced by the Legendre transformation and eq. (C.7) lead to Toda equation
for U:

Uxx + (e\II)ZZ = 0. (Cg)

This procedure has been elaborated by Ward in ref. [35] and used in the derivation of the
CP metric [22]. It allows in particular to find CP coordinates for a quaternion-Kéhler
metric with two isometries expressed in PT coordinates, for a given Toda solution W.

The case where V¥ is a constant is clearly excluded.

D A proof

In section 4.3 on N = 0 vacua of the SO(4,1)/SO(4) model, we claim that all solutions of
0.h=h =0 with f... # 0 are N =1 vacua.>® We give here a proof of this statement.
Recall that, for a given prepotential function f(z),

Y=2(f+f)-(z=2)(f:—fz), c=—ilg+g2)+gf, g#0. (D.1)
Starting with
h= (g5 +1c]?) (foz + fzz) + Vlea|* — .Yz — &)z,
O:h = fzzz [98 +cc+g3czY —gscVs+ (2—5)052} (D.2)
= [fzzz [(go +¢)(go —¢) +¢cz[g3Y + (2 —Z)(c — E)]}
and assuming f... # 0, one finds the factorization:
Co(Doh) fors L 485 (05h) Fore ' —gsh = Cx [gg YVt (z—3)(c— a} . (D.3)

This quantity should vanish for a solution of d,h = h = 0. The solutions are either ¢, =0
or g3Y + (2 —z)(c —¢) = 0 and in both cases 9, h = 0 requires ¢ = £go.

3%In order to avoid cluttering in the formulas, we systematically omit (...) in this appendix.
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e If c, = 0 and ¢ = £gg the vacuum has N' = 1 supersymmetry: the two conditions for
partial breaking (4.10) are fulfilled.

e If ¢, # 0, the vacuum state would be at g3 + (2 —Z)(c —¢) = 0 and ¢ = +gyp = C.
Then Y = e X = 0, which is excluded.

Hence, Minkowski N = 0 vacua with f,., # 0 do not exist.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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