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ABSTRACT
We consider partial supersymmetry breaking in A/ = 2 supergravity coupled to a sin-

gle vector and a single hypermultiplet. This breaking pattern is in principle possible if
the quaternion-Kéhler space of the hypermultiplet admits (at least) one pair of commuting
isometries. For this class of manifolds, explicit metrics exist and we analyse a generic electro-
magnetic (dyonic) gauging of the isometries. An example of partial breaking in Minkowski
spacetime has been found long ago by Ferrara, Girardello and Porrati, using the gauging
of two translation isometries on SO(4,1)/SO(4). We demonstrate that no other example of
partial breaking of N' = 2 supergravity in Minkowski spacetime exists. We also examine
partial-breaking vacua in anti-de Sitter spacetime that are much less constrained and exist
generically even for electric gaugings. On SO(4,1)/S0O(4), we construct the partially-broken
solution and its global limit which is the Antoniadis—Partouche-Taylor model.
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1 Introduction

Field theories invariant under global or local N = 2 supersymmetry allow very large classes
of vector, hyper or tensor multiplet interactions characterized by specific sigma-model ge-
ometries. The existence of realizations in which zero or one supersymmetry remains unbro-
ken at the ground state of the theory is then a relatively vast and complicated subject which
cannot be addressed in theories with more supersymmetries in which the class of allowed

matter and gauge couplings is fatally restrictive.



Consider for instance the simplest global ' = 2 Maxwell theory, defined by an arbitrary
prepotential F(z). Since its scalar fields cannot break the SU(2)g symmetry, a spontaneous
breaking to A/ = 1 is clearly impossible.! Antoniadis, Partouche and Taylor [1] (APT) have
however invented many years ago a realization with partial breaking in which the SU(2)g
symmetry is violated by electric and magnetic Fayet-Iliopoulos (FI) terms inducing a non-
linear deformation of the second supersymmetry variation of one gaugino, defining it as the
(single) goldstino. The ingredients of the model are then a non-canonical holomorphic pre-
potential and the FI constants. More recently [2], a similar mechanism has been shown to
exist for a single hypermultiplet on a specific class of hyper-Kdhler manifolds with a (trans-
lational) isometry, using its off-shell single-tensor dual formulation [3].

Local N' = 2 supersymmetry is more involved in several aspects. Firstly, the super-
gravity multiplet includes the graviphoton and electric-magnetic duality in the local super-
Maxwell theory is extended and powerful [4].2 Partial breaking requires the generation of
a massive gravitino N' = 1 multiplet, with two spin one fields in a 6p + 65 (bosonic plus
fermionic degrees of freedom) on-shell content. Fully spontaneous partial breaking requires
then at least one physical Maxwell multiplet (for the second massive spin one state) and
one hypermultiplet for the SU(2)r breaking. The minimal case of one hypermultiplet on
the SO(4,1)/S0O(4) quaternion-Kédhler manifold coupled to a single Maxwell multiplet has
been studied in detail. It was shown that a partial breaking of ' = 2 supersymmetry can
be realised for a generic prepotential, so that the APT model is obtained in an appropriate
rigid globally supersymmetric limit [5]. A necessary ingredient? is the gauging of N' = 2
supergravity along magnetic directions of vector fields, or alternatively a standard electric
gauging in a non-prepotential field basis [8] 4,

A more general analysis was also performed [11, 12] in a class of quaternionic manifolds
of dimension 4(n + 1) that are obtained by the so-called C-map from a special K&hler man-
ifold of dimension 2n, corresponding to the effective supergravity of the perturbative type
II superstring compactified on a Calabi—Yau threefold [13]. The special Kidhler manifold is
associated to the scalars of vector multiplets of the mirror theory, while the extra scalar com-
ponents are the 2n Ramond-Ramond fields and the universal hypermultiplet of the string
dilaton parametrising for n = 0 an SU(2,1)/SU(2) x U(1) space broken to a quaternionic
manifold with four isometries upon inclusion of the perturbative (one-loop) corrections [14—
16]. For n # 0, it was shown that partial breaking can always be realised in either Minkowski
or anti-de Sitter (AdS) vacuum by an appropriate choice of the embedding tensor that de-
fines the directions of the gauging [17, 18], which should have again some non-vanishing

magnetic component. Finally, for the case of the single universal hypermultiplet (n = 0), no

IThis statement holds with an arbitrary number of Maxwell multiplets.

2The APT model does not have charged states and is invariant under electric-magnetic duality, upon a si-
multaneous transformation of the FI electric and magnetic constants.

3To avoid the obstruction described in refs. [6, 7].

4 For earlier work, see [9, 10].



Minkowski N = 1 vacuum was found.

In this work, we perform a general analysis of the N' = 2 partial breaking in supergravity
theories containing a single hypermultiplet with two commuting isometries, gauged by the
graviphoton and an additional vector multiplet. We work in a prepotential frame and use
the embedding-tensor formalism [17], for dyonic gaugings of the graviphoton and of the
vector multiplet along two commuting isometries of the hypermultiplet manifold. Our goal
is to provide a generic treatment for A/ = 1 Minkowski vacua for arbitrary quaternion-
Kéhler manifolds, special-Kdhler metrics and dyonic gaugings. In addition, we would like
to obtain the APT model [1] as an off-shell gravity-decoupling limit. A general quaternionic
manifold of dimension four with two commuting isometries can be parametrised by the
Calderbank-Pedersen (CP) metric [19], where we find a no-go result for N' = 1 Minkowski
vacua for a general special Kdhler manifold of the vector multiplet, which seems to be in
contradiction with the results obtained for the hyperbolic space SO(4,1)/SO(4). We prove
that this contradiction is only apparent because the latter space cannot be written in a CP
form, with its torus symmetry identified within the three-dimensional abelian sub-algebra
of SO(4,1), as a single exception.

The outline of this paper is as follows. In Sec. 2, we present a brief review of the matter-
coupled N = 2 supergravity. We first present the ungauged case exhibiting the electromag-
netic duality transformations in the symplectic formalism (§ 2.1). In passing, we show that a
non-prepotential frame can exclusively arise from a magnetic duality transformation of the
theory defined by the superconformal prepotential F = —iX°X!. We then summarize the
gauging of isometries for the hypermultiplet manifold using the embedding-tensor formal-
ism (§ 2.2); in particular, we exhibit the relation of the scalar potential to the fermion shifts
that provide a convenient way to look for partial supersymmetry breaking A’ = 1 vacua.
In Sec. 3, we make a systematic analysis in the case of one hypermultiplet with two isome-
tries. We present the CP metric (§ 3.1) and compute the fermion shifts upon gauging its
isometries (§ 3.2) proving a no-go theorem for partial breaking in Minkowski space (§ 3.3).
We also show that partial breaking in AdS is generically possible and we give an explicit
example using a standard electric gauging of two shift isometries in the case of the univer-
sal dilaton hypermultiplet in type II superstrings compactified on a Calabi—Yau threefold
(§ 3.4). We then identify an obstruction for bringing the hyperbolic space in CP coordinates
that allows partial breaking in Minkowski space (§ 3.5). In Sec. 4, we return to the general
analysis of the SO(4,1)/S0O(4) which is actually the only quaternionic manifold that does
not admit a CP metric when the two commuting isometries are shifts in the Poincaré coordi-
nates (§ 4.1). We construct explicitly the partial breaking Minkowski vacuum and study its
off-shell gravity-decoupling limit (§ 4.2), as well as non-supersymmetric Minkowski vacua
(§ 4.3). Section 5 contains some concluding remarks. Finally, we include four appendices.

Appendix A contains useful formulae for the gauging of quaternionic manifolds with isome-



tries, App. B elaborates the hyperbolic space in CP coordinates, App. C discusses coordinate
transformations used to derive the CP metric and App. D proves a result on A = 0 vacua of
the SO(4,1)/S0(4) model stated in § 4.3.

2 Matter-coupled N/ = 2 supergravities

2.1 The kinetic terms

The N = 2 target space M describing the scalar-field kinetic terms of a single hypermultiplet

and ny vector multiplets is factorized,
M = MH X Mv, (2.1)

and both metrics only depend of the scalar fields of their respective multiplets, a property
which by supersymmetry extends to all kinetic terms. The hypermultiplet scalar dynamics
is encoded in the four-dimensional quaternion-Kahler metric My with coordinates g% =
(4% 4°9")° .

Liyper = — 72 8" huw 0,q"0uq”. (2.2)

A generic quaternion-Kahler manifold for ny hypermultiplets is Einstein with holonomy
Sp(2ny) x SU(2),° and dimension 4ny. For ny = 1, since Sp(2) x SU(2) ~ SO(4), a par-
ticular characterization is needed: the quaternion-Kahler metric is Einstein with an (anti-)
selfdual Weyl curvature tensor. As we will see in the next sections, four-dimensional metrics
with these properties have been studied quite extensively when they admit one or several
continuous isometries, which is the case of interest here.

The N = 2 Maxwell sector is conveniently constructed in the superconformal formula-
tion: it is then defined in terms of a prepotential F(X') of ny + 1 complex scalar fields, with
Weyl weight one. Theindex I =0, ..., ny includes a compensating multiplet. Its component
fields include the propagating graviphoton, while its two gauginos and complex scalar are
used to gauge-fix superconformal symmetries and solve field equations of auxiliary fields in
the Weyl multiplet.” It is a common but unnecessary choice to set I = 0 as the compensator

direction. Superconformal invariance requires that F(X') has Weyl weight two:

F(X) = (O F (%) = (O B2 = =i (O S, a=1m, @9

and f(z%) is an arbitrary function of the zero-weight scalar fields z* = X?/X" in the ny

physical Maxwell multiplets: the Poincaré theory is formulated in terms of the scalars z*.

5We use hypermultiplet scalars and metric with dimension mass’.

®0r G x SU(2), G C Sp(2ny).
"These appear linearly in the lagrangian and then impose constraints.



There is however a subtlety: electric-magnetic duality acts in the Maxwell sector as

Sp(2(ny +1),R) linear transformations of the vector of sections

XI
(1) o

Choosing the section vector V (as a function of a given set of scalar fields) defines a symplectic
frame: electric-magnetic duality would imply that the (ungauged, abelian) theory can be
equivalently formulated in each symplectic frame obtained by the action of Sp(2(ny +1),R)
on V.8 In a prepotential symplectic frame, there exists F(X) such that the sections are

0

I _ 0 ~0.a _ 7
XM= (X, x%"), F=55

F(X), Fy=—iX"2f(z) —2"f)), F.= —iX"f,, (2.5
where f, = 52 f(z). Ina prepotential frame, the symplectic-invariant product i(X'F; — F X

reads
=0

—XX2(f+F) - (@ =2 (fa— f)] = - XXV (2.6)
and Y will appear in the K&hler potential of the Poincaré fields z?. Note that there is an
ambiguity: this quantity vanishes if

F(X') = ayX'X/, F(2) = i[ago + 200002 + agpz°2") 2.7)

with real coefficients aj; and two prepotentials differing by T describe the same theory.

One may wonder if all frames in the symplectic orbit of a prepotential frame admit a pre-
potential, or if there exists orbits which relate prepotential and non-prepotential frames. The
question of the existence of a prepotential frame has been discussed in general in Ref. [20]°,
but the simple case ny = 1, which is of interest here is very simple to solve explicitly.

Consider a symplectic transformation relating sections V and V, assuming that V defines
a prepotential frame with prepotential F (XO, Xl) and Poincaré scalar z = X%/ X!, Assuming
that we identify the compensators in both frames, X0 =X0s p(2,2,R) duality reduces to
S1(2,R) transformations

Xl = T}’I1Xl + myh, f() = b, ?1 = WL3X1 + myFy, (m1m4 — Moymsz = 1), (28)

which are electric-magnetic if m, # 0 or mz # 0. We wish to find a Poincaré scalar z =
X'/ X" and a prepotential F(X!) = —i(X°)2g(Z), which identify sections V as a prepotential

8The symplectic orbit of V.
9Summarized in [21], § 21.2.2, page 474. See also ref. [22].



frame:

X; = X% = XO(myz — imyf,), Z = mz —imyf,
F = —iX%: = XO(m3z — imyf.), - z = myz +imygs,
Fy = —iX°[2(2) — 28] = —iX"[2f(2) — zfz], 28(2) — 28z = 2f(2) — zf-.

(2.9)

The three equations relating f and z with ¢ and z are generated by the Legendre transforma-
tion ) )

myg(z) — %mﬁz = —izZz +myf(z) + %rmzz, (2.10)

which exchanges z and z. Clearly, the terms induced by m; or my are irrelevant: they modify
f(z) or ¢(z) by quadratic terms with imaginary coefficient which do not contribute to the

theory. The only relevant case is then m; = —m; 1 The Legendre transformation implies

m3 8 frr = 1, 2.11)

and it is singular only if f(z) (or g(Z)) is linear. Hence, the symplectic frame with sections
V is a prepotential frame with Poincaré field Z and prepotential F = —i(X?)2g (%) with a
single exception,

F(x)) = —iaX?X?, f(z) = az (« real), (2.12)
for which (with m; = my = 0)
X=X X'=—iamX’, F=—iaX'=-iaX’2, F=-m,'X!, (213)

and
i(X'F; - FX') = —aXoXo(z +2) (2.14)

leading to Kahler potential K = — In(z + z). This simple discussion agrees with the general
argument given in Refs. [20] and [21].1° The conclusion is that in the ny = 1 case, all sym-
plectic orbits connect exclusively prepotential frames, with the single exception of the orbit
of F(X) = —iX°X! which includes non-prepotential frames.

The first example of partial N' = 2 breaking in supergravity [8] was found using precisely
the sections (2.13). An electric gauging of two translation isometries of the hypermultiplet
manifold SO(4,1)/S0(4) ~ Sp(2,2)/SU(2) x SU(2) in this non-prepotential frame leads to
a two-coupling theory with zero potential and N' = 0 for generic values of the couplings,
N =1 when a linear relation is verified by the couplings, and N’ = 2 for zero couplings.

Since the prepotential (2.12) is in the symplectic orbit of the non-prepotential frame (2.13)

0Byt disagrees with statements in Ref. [5] for instance.



and since all other orbits include prepotential frames only, we are always allowed to work in
a prepotential frame with sections (2.5) and to gauge isometries in this frame: since gauging
fixes the electric-magnetic duality symmetry, the theory will then depend on the prepoten-
tial, the gauge couplings and the choice of hypermultiplet manifold.

The kinetic terms of the helicity 0,1 fields!! in Poincaré Maxwell multiplets have a
Kéhler metric with Kahler potential

K=—In [Z(f—l—f)—(z”—za)(fu—fu)}. (2.15)
For instance, for scalar fields (in a prepotential frame), the superconformal lagrangian in-
cludes
e Ly = —g" Ny (DVXI) <DUX]), (2.16)
with
9°N

Nij = —iFy) +iFyy = N =—ix!(F; —Fy)X =i (X'F -X'R), 217)

axlox’

and with a covariant derivative D, X! = (9, — iA,) X! involving the gauge field of the su-

perconformal U(1)g symmetry. Eliminating this auxiliary vector field delivers 12
1 *InN -7
lp. —_N|Z Iz I Iz
¢! Lign, = —N |3 @I N)@ InN) + =2 (ayx ) (a X )} (2.18)

using the homogeneity of the prepotential. The Poincaré theory can then be obtained in field
coordinates X! = X%(1,z%), X° = ¥ 'y(z,z) and sections V = yU = y(Z!(z), F;(z)) once the
dilatation and U(1)r gauge-fixing conditions

N=—x2 — @) =20/+/)-@E-)fa—f) =, y=y (219
have been applied. In terms of z” then,

%K _
W, }C = —lny, y(Z,Z) = eK/Z,
(2.20)

which leads to expression (2.15). The same metric appears in the kinetic terms of the Poincaré

_ 1 " _
e ! Ekin. = _p Sab (aﬂz )(aﬂzb), 8ab =

gauginos A4 However the kinetic terms of gauge fields include further contributions due

to the graviphoton:

1
e Lyuge = 7 MmNy Ely F) = ZRe Ny epo P P, (2.21)

"Propagating or auxiliary.
120mitting fermions.



with ny + 1-dimensional metric

N XKNy Xt

=F —— I,]=0,... . 2.22
NI] U+Z NMNXMXN s /] 0/ sy ( )

Notice that ImN/j; is negative on physical fields.

In the following, we will explicitly consider the case ny = 1 only.

2.2 Fermion shifts, scalar potential, supersymmetry breaking

In N' = 2 supergravity, the scalar potential appears when isometries of the theory are
gauged. With the graviphoton and the gauge field of a vector multiplet (ny = 1), we can
gauge two commuting isometries, as required if partial supersymmetry breaking is envis-
aged [11]. This of course implies that two commuting isometries should exist and this de-
fines a class of scalar manifolds for a single hypermultiplet for which explicit metrics are
available. The problem of partial breaking can then be analytically studied in general.

The scalar potential in supergravity theories has a particular structure. The supersym-
metry variation of all fermions 9! is of the form

Syt~ Mpel 4, (2.23)

where the fermion shift ./\/lf} is a function of scalar fields (A runs over all supermultiplets, I
over all fermions in multiplet A, j over all supersymmetries; in N = 2 theories fermions are
always in SU(2) doublets and I = i). If the supermultiplet admits an off-shell realization,
as the /' = 2 Maxwell or single-tensor multiplets, the fermion shifts are in general auxiliary
scalar fields. For instance, in a Maxwell N = 2 multiplet with gauginos A/,

SA ~Yiei+---, Y =Y, (2.24)
and Y is the SU(2) triplet of real (electric) auxiliary fields. For the gravitinos,
(51/)L ~ %KZ Sl Y€+ (2.25)
The scalar potential is then symbolically [23]
YV =e Z coeff. x fermion shifts’ x metric x fermion shifts, (2.26)

where the sum is over all fermions and the coefficients are negative for gravitinos and posi-
tive for spin—% fields and depend on the normalization chosen for the fermion fields. Hence,
fermion shifts define the ground state of the theory and a nonzero value of a spin-1 fermion

shift at the ground state indicates the presence of a goldstino, or several goldstinos, and then



indicates spontaneous supersymmetry breaking. Analyzing the structure of the fermion
shifts is fundamental when studying the breaking phases of a supersymmetric theory.

In order to obtain the fermion shifts, we need to specify the gauging applied in the theory.
The gauge generators (associated with gauge field I) and the gauge variations can be defined
by electric-magnetic symplectic vectors @;”¢,: the embedding tensor ®;* specifies a linear
combination of the (commuting) isometries ¢, = ¢}, d, of the quaternion-Kahler metric h,,;
it defines the coupling constants of the gauged theory. The index I defines ®@;” as a fixed
symplectic vector associated with each isometry, but we will rather use

Q" = Q¢ (2.27)

and the coupling constants are the numbers g'*.
Consistency of the gauging is guaranteed by the locality constraint on the embedding
tensor [17]
anyI]q.b 0 I
0"0’'0," =0, Q= . (2.28)
-I 0
The hypermultiplet scalar fields are coordinates 4" on a (four-dimensional) quaternion-
Kéhler space with metric h,,. For each isometry vector d,4" = ¢!, one can derive an SU(2)
triplet of prepotentials (or moment maps) solving the differential equation
Px——i(]x)” V.uéo x=1,2,3 (2.29)
a — 2 KZ vVubg s — 1,4 .
in terms of the triplet of complex structures J*.13 As usual, to describe the hypermultiplet

fermions (hyperinos), we need a vielbein f i4,, which for V' = 2 is defined by
. . i ‘ 1 ) . .
fZAuQABf]Bv = E(]x)uv(zs UX)Z] + E hyo ¢l = hyw = fZAu 5ijQABf]Bv (2.30)

(i and A are respectively SU(2) and Sp(2ny) = Sp(2) doublet indices and hyperinos carry
index A). Then, for given quaternion-Kahler metric ,,,, complex structures |*, isometries G
and prepotentials

PJ = PX(ieo®)i = P}, (2.31)

130ur SU(2) conventions are as in [21] - see also App. A.



we obtain the following expressions for the fermion shifts: 14

| y y A
Gravitinos: S = Ee’C/ZP;]UI 0,"=29", Sy, = EKZSI]’)/VG]- 4,
’ 1 i i .
Gauginos: W, = — L2piy ul e, = wi, S = i g"‘ﬁwﬁzjd 4.
Hyperinos: Ni, = %eIC/Zfz‘Bqu O E Qpa, S7A =NAe+---,
(2.32)

and of their conjugates (Py;; = Py ):

— 1
Gravitinos: Sl-] el/2 P, ll o7,

_ 1 _
Gauginos: Wayj = -~ e/ 2p,i VU ©/°, (2.33)
Hyperinos: N4 = —% e’C/ijAuUI €ij®1"¢y -

The embedding tensor always appears in the combination @‘}VI = g 1ek/2 07 U!. The no-

tation V, stands for Kihler-covariant derivatives. Since Kihler transformations act as
K= K+Az)+A3), y—e'l@y  Zl(z) 5 e Zl(z), (2.34)

the covariant derivatives are

v“y = <a“ - }Ca)]/ = 0/ Vﬂcul = (aa + }Ca)ul, }Ca = @}C (235)
Supersymmetry imposes the identity

8 = 35% Sy + W, kg P W 2 NLN A 2.36

7 =2 (=35%5 + WP W, ) + NGNS, (236)

and the gauging and fermion shifts lead then to the following N = 2 scalar potential [21, 24,
25]:

1 _ — 2
ey — -3 (ImA) 1] @Ia@]bp;P,;‘ + VIVIG)Iu@]b <_4 K?-P;Pg -+ 2 Nyw g};g;’) ,  (2.37)
where

2K2 (ImN) M = V'V 4 PV, VI,V VoV = 3y + Ky) V! (2.38)

14These shifts hold for fermions with dimension mass?. Similarly, the scalars and the metrics 84 and hy, are
dimensionless. We use Weyl spinors, 1/;54, AY, T 4 ¢l are left-handed, Yuis AN {4, €; are right-handed. The SU(2)
indices are moved with A7 = ¢/ Ajand A; = A gji

10



in terms of the Kdhler potential K. For later use, we find useful to express the scalar potential

(2.37) in terms of the anti-selfdual covariant derivatives k,,,, defined in App. A:

—I
B 1 _ - V Ve, e o
e by = ~od (ImN) " 0170,  kpyoky M 4 gL (—4 Kok " A 2 E1ED)
(2.39)
using the identity
1
PPy = a [ (2.40)

which can be proved using Egs. (A.3).

Supersymmetry breaking is then easily discussed. Firstly, at the ground state defined by
the scalar potential, nonzero shifts of the spin-% fermions indicate the presence of zero, one or
two goldstinos, for a spontaneous breaking into A = 2, 1 or 0 unbroken supersymmetry(ies).
Secondly, if one or two supersymmetries remain unbroken, the value of the gravitino shift S
indicates the spacetime geometry of the ground state (AdS or Minkowski). Partial breaking
N =2 — N =1 implies that there should be one (and only one) spinor €;; for which three
conditions must be fulfilled:

(W.)ey; =0, (N'a)er =0, (shey = e, (2.41)
and the scalar curvature of AdS spacetime is given by # = 4A, A = —3|u|?. Furthermore,

the second supersymmetry with spinor parameter €, should verify either
(WYep 0 or  (N'p)ey #0. (2.42)

In the next sections, we analyze these conditions on a special Kdhler geometry with arbitrary

prepotential F(X') and a generic quaternion-Kéhler geometry for a single hypermultiplet.

3 The hypermultiplet with isometries and partial breaking

For one hypermultiplet, the four-dimensional quaternion-Kéhler geometry is defined as an
Einstein space with constant Ricci curvature proportional to k% [26]* and (anti-) selfdual
Weyl curvature. With one or two isometries, metrics for generic quaternion-Kéahler spaces
have been thoroughly discussed. We will use two canonical forms: the Przanowski-Tod (PT)
[27, 28] and the already quoted Calderbank-Pedersen (CP) [19]. Both are defined in terms of
a solution of a differential equation, nonlinear (Toda) for the PT metric for spaces with one
isometry, linear in the CP metric with two commuting isometries. Since we are interested in

the latter case, we first consider the hypermultiplet metric in CP coordinates.

15For metric Suv = % 2Ny as defined in Eq. (2.2).

11



3.1 The CP metric

According to Calderbank and Pedersen [19], a four-dimensional quaternion-K&hler metric
with two commuting isometries can be written in a set of coordinates p > 0, #, ¢ and ¢ for

every solution F(p, 7) of the linear equation

PE L PE_oF

20 + a2 = 1 (3.1)
with isometries acting as shifts of ¢ and ¢. The line element ds? = h,, dg"dq® is
2 (p2 4 2 2
, 40 (Fp+P77> —F  [(F—2pF,)a —20F,B]* + [(F + 20F,)B — 20F,a]’
ds” = 1P des + , (3.2)
P (402 (RR+ ) - I?)
where 5 )
dy +nd do” +d
a=pdp, p= %, at = S (3.3)
The metric determinant is 5
4p2 FZ + FZ _ FZ
(2 (5357) - ) .

16 p*F8

and positivity requires 4p? <F3 + F,?) > F2 > 0. The CP metric describes a conformally anti-
selfdual Einstein space!® with scalar curvature normalized to R = —12. It is endowed with
a triplet of SU(2) selfdual 2-forms J* (complex structures) which are covariantly constant
with an SU(2) connection w* [19]:

] = JYio® = %((;;Z(qutﬁi)—i#) dppAzd”+oc/\/3> oy

do + pz(71d17 .

7

+2 ((pr — io1pF,) (a + i1 ) — %F(zx - iaﬁ%)) A

w = wYic® = % <F,7dp— <%F—|—pr> %) o1+ % (« +icnB) oo,

(3.5
and the identities (A.2), (A.3) are satisfied.

On the metric (3.2), Calderbank and Pedersen [19] write: 17 “Any selfdual Einstein metric of
nonzero scalar curvature with two linearly independent commuting Killing fields arises locally in this
way (i.e., in a neighbourhood of any point, it is of the form (3.2) up to a constant multiple).” We will
see that a slight inaccuracy in this statement allows for an exception which is of fundamental

importance in our subject.

16 An Einstein metric with anti-selfdual Weyl curvature.
71t is the point (ii) of their main theorem 1.1.
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The two Killing vectors of the CP metric are by construction §; = d, and ¢» = dy. Using
Eq. (2.29), the triplets of Killing prepotentials (or moment maps) are

1 0 1 0
X _ _ X _
Py = x2 /o F 77P / P; 2o F 1 (3.6)
The standard vierbein one-forms of the metric (3.2) are
2(F2 + F2) — F2 2(F2 L F2) — F2
o \/4p (B+E) - F g, . \/4p (BB +E]) —F g,
2F o’ 2F o’
(3.7)
2 (F —20F,)a — 20F,f8 s (F +20F,)B — 20F,u ‘
P\/4p2(Pg +F2) — P2 P\/4p2(Pg~ +F2) — P2
We will need the corresponding symplectic vielbeins f'4, obtained from relations
ds? = Gy e = HOYY: fiAuijv dg“dg® (3.8)
or
iA 1 0 cox x4
f u:ﬁ(usj:zeusa) , x=1,273, (3.9)
and we have checked that the f'4,’s satisfy Eq. (2.30). We will use the + sign below.
3.2 Fermion shifts
Consider a generic dyonic gauging of the two isometries, described by:
8o &1
0 gz
0" = , a=12, 3.10
I 00 (3.10)
0 — g3

where the embedding tensor ®;? is compatible with the locality condition (2.28) and g 123
are the gauge couplings. We use a prepotential frame and formulas (2.5) apply. The corre-
sponding Kéahler potential is given in Eq. (2.15) for a single z:

K=-InY, V=2(f+f)—(z—2)(f: — f5). (3.11)
In order to evaluate the fermion shifts given in (2.32), we use the results of § 3.1. Defining

¢ =g1+gz+igf:+gon, (3.12)

13



we find

ST = ——et? (20P20" + (1 + 822 + igafe) P3 + g0P}) (1))
ek/2

= T (—s0p 6"+ i(e1)7) (313)

for the gravitino shift, and

.. 1 (g2_|_lg3fzz) .. ..
_ IC/Z ij I K/2
WY = — L 2O PV — iR () - K ST,

, ok/2 i
N'p=-— (pAx + Asz)'
K+\/20 13\/4;)-2(13@2 +F2) — F?
Ay = —goF +2(¢F,; + gopF,), Az = ¢F + 20(—gopF; + cF,) (3.14)

for the shifts of spin—% fermions.!8

3.3 Partial breaking in flat space

The first condition for partial breaking is certainly that the ground state does not lead to two
goldstinos. The determinants of WY and Ni , should vanish at the ground state. Cancelling
the determinant of WZ] requires

ig2 — g3(fzz) = F((£ic + o p)Kz) (3.15)
with zero eigenvector ¥
&i(x) = (T) o), 616
and this €; is also eigenvector of S7 with
L ek/2 N
(s7)e = <K3\/—F> (gop L iC)€;. (3.17)

The eigenvalue should vanish for a Minkowski ground state:
go(p) = Fi(c) #0 (Minkowski) (3.18)
turning condition (3.15) into

9 +ig3(fz) =0 (Minkowski), (3.19)

8The fermion shifts have dimension mass? (S and W) or mass! (N).
9The + or F signs are correlated between the various equations. The parameter function v(x) has dimension
-1/2
mass™ /.
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and then to
<w§f > — </czsff > (Minkowski). (3.20)

The determinant of N’ 4 turns out to be proportional to
(02A2)” + A2 = 8BF(F, £ iF,), (3.21)

using the Minkowski conditions (3.18) and (3.15). The conditions for the positivity of the CP
metric, p, F, FZ" + F,‘;" > 0 and condition (3.18) imply that N ! » does not have a zero eigenvalue.
Hence, the partial breaking of N' = 2 supersymmetry in Minkowski spacetime is excluded whenever
the hypermultiplet can be described in the CP field coordinates and metric. According to Ref. [19],
this would be always the case.

There is an apparent contradiction between this conclusion and the known existence [8]
of a partial breaking on the SO(4,1)/50(4) hypermultiplet in Minkowski spacetime. We
will see shortly that for this quaternion-Kahler space, and only for this space, there exists a
pair of isometries for which the coordinates used by Calderbank and Pedersen [19] do not
exist. This is the earlier quoted exception, leading to a statement of uniqueness for partial
breaking with a single multiplet and two gauged isometries.

3.4 Partial breaking in AdS

The obstruction found for partial breaking into Minkowski spacetime does not exist for AdS
ground states. Partial breaking in this case requires at the first place Eq. (3.15). With this
condition, the gaugino and gravitino shifts read

T go\/P—e’C/?‘,C 1 +1
z K3P A :I:l 1 7

i) ek : 1 +1 (10
(s7) = <W> Fi(c) (il 1>+<80Pi@ (0 1)]

at the ground state. For the unbroken supersymmetry parameter € (the zero eigenvector of
(W),

(3.22)

Syl = em( £0) ) yu@ - (3.23)
lIJH_ 2K\/f7FgOp r)/ll s .

and the cosmological constant is

el ~
A=-3 <K2pF2 (850 + \c\z)> : (3.24)
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The Minkowski condition (3.18) which cancels A does not apply and the second condition
for partial breaking is that € is also a zero eigenvector of the hyperino shift matrix (3.14):

(pAz) = Fi(As). (3.25)

Solutions to Egs. (3.15) and (3.25) would lead to stable AdS ground states. "

An example. We can realize the above conditions for N/ = 1 AdS vacua in a specific exam-

ple. We consider for this a CP metric with F, = 0, i.e.

1 832,

F—=_= —1/2,
2p %

0 = constant. (3.26)

This metric has extended isometry Heisenberg x U(1) and it describes the scalar manifold

of the universal hypermultiplet in type II strings, including the one-loop perturbative cor-

rections, as obtained in Ref. [14]. The case ¢ = 0 is the tree-level SU(2,1)/SU(2) x U(1).
From the expressions of A, and A3 in Eq. (3.14), one obtains:

Ay = go(—F+20F,) =g <p3/2+2(7p_1/2>, (3.27)
Ay = C(F+2pF,) =287, (3.28)

and thus the condition (3.25) implies:

Rec =0, Imé = +gp (g + %) ) (3.29)

where we dropped the symbols of expectation values. On the other hand, condition (3.15)

yields
—+$pInf, =+5pImk,, Rec= —g3Re f,; = gopRe ;. (3.30)

It follows that there are four equations that can be solved for the four expectation values of

p, 11 and z. Indeed, using the expression of ¢ in Eq. (3.12), one obtains:

gonn = —g1 —$Rez+g3Ref;, (3.31)
tgooImK, = ¢ —gImf,, (3.32)

which can be used in the remaining two equations (right part of (3.29) and (3.31)) for deter-

20Their stability is carefully discussed in the appendix B of Ref. [11]. An early example was given in ref. [10].
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mining z. For instance, for g3 = 0, on finds the solution:

gon = —81—$Rez, g0 = 29 Imz,
1 1 (3.33)
Re’CZ - E, ImICZ — _ZImZ’

where the last two equations determine z, using the expression (3.11) for K. Note that partial
N = 2 supersymmetry breaking in AdS can be realised without introducing magnetic FI
coupling terms (g3 = 0).

3.5 Hyperbolic space and Calderbank-Pedersen coordinates

We now come back to the issue met at the end of § 3.3. To resolve the case, we will show
that the hyperbolic space cannot be described by a CP metric with shift isometries on (¢, ¢)
generated by pairs of elements in the three-dimensional abelian subalgebra of SO(4,1).2! In
other words, CP coordinates do not exist for this case. To proceed, we simply compare the
value of scalar quantities (independent on the choice of coordinates), calculated either in CP
or in PT coordinates.

The Calderbank-Pedersen metric (3.2) has a well-defined pair of isometries and Killing
vectors. Scalar quantities like those appearing in the identity (2.40) can then be calculated

unambiguously,

— —uo _ P —
kluv kl - ’ kluv

—uv — —Uuv 1
K :%, ks ™ = S (3.34)

and the dependence on the quaternion-K&hler space is in the function F(p, 7) only.

Consider now the simplest quaternion-Kéhler space,

sP(i?g';;(z) ~ S%L(LS) ‘ (3:35)
This hyperbolic space admits coordinates in which the line element is
ds? = ” (dbj + dbT + db3 + db3) . (3.36)
This is a conformally-flat space with Ry, = —3 hy,. The corresponding symplectic vierbeins
i _ 1 ia iA___1 _ia iA___1 _ia ia_ L ia
V2 ! V2by 2’ 2 V2by ’ V2'bg (3’37)

where (7,)"4 = (ieoy )™, follow from their definition (2.30). The triplet of SU(2) self-dual

21Gee App. B for a review on Hy coordinates.
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two-forms J* (complex structures)

- b—lz (dbo A dbs + dby A dby) |
0
1

J? = 7 (dbo A dbs +dbs A dby) (3.38)
0

P —% (dbo A dby + dby A dbs)
0

is covariantly constant up to the SU(2) connection w*

Conditions (A.2) and (A.3) are verified. We are interested in the Killing vectors of two trans-
lation isometries acting on b, and b:

& =0y, &y =y, - (3.40)

Their Killing prepotential triplets follow from Eq. (2.29):

1 0 1 !
P = 20 , P, = ~ b 0]. (3.41)
0 0

In these coordinates and for these isometries, we find the following expression for the scalars
appearing in Eq. (2.40):

_ 1 o o 1
ko Ky = b_%' kiwky " =0, ko ko "0 = b_%' (3.42)

The comparison with the generic values (3.34) obtained for the CP metric indicates that for
these isometries, CP coordinates cannot be found. 22

The origin of this obstruction is located in the derivation of the CP metric given in
Ref. [19]. This metric is a consequence of the Joyce description for anti-selfdual confor-
mal metrics with a U(1) x U(1) symmetry [29], the Jones-Tod correspondence for four di-
mensional anti-selfdual spaces with at least one isometry [30], and the use of Przanowski—
Tod (PT) theorem to determine which metrics, among the Joyce metrics, are Einstein spaces
[27, 28, 31]. In short, to identify the Einstein representatives among the conformal structures

with anti-selfdual Weyl tensor, one employs the PT form where the metric is generated by a

22 A similar conclusion, technically more involved though, derives from comparing the inner products of the
two isometries, i.e. {3/} huo-
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function ¥(X, Y, Z) solving the continual Toda equation [27, 28, 31]*

Yyxx+¥Yyy + (GT)ZZ =0. (3.43)
The PT line element is then
a2 = = | Ly +wpru (472 +e¥ (dX? +dy?))
Z2 U !

dw = UxdY AdZ +UydZ AdX + (Ue*),dX AdY, (3.44)

W=2-7%,.

The quaternion-Kéahler metric has one isometry acting on the fourth coordinate ¢ and gen-
erated by dy. The simplest solution is of course

¥ = C = constant, u=1, dw =0, w=dg(X,Y,Z), (3.45)

for which .
ds? = — |d(p +8)? +dZ% + €€ (dX? +dY?) . (3.46)

This is the metric (3.36) with by = Z, b; = €/2X, b, = €“/2Y, b3 = ¢ + g and the isometry of
the PT metric shifts bs.

In order to make contact with the CP metric, we assume the existence, in the PT descrip-
tion, of a second isometry generated by d,. The case of primary interest for us is a shift
isometry acting on by or by. We choose a translation isometry of the Y coordinate.

Assume then that ¢ = Y and that ¥ does not depend on Y. Finding the CP coordinates
is possible using a transformation due to Ward [32]:%4

(X, z;eX2)  — (o, Vi),

2 4

I,

Yxx + <ely> =0 -

- (Vo) + Vi =0,

=

resulting in the CP metric (3.2), with F =, /0" V,. This transformation is clearly incompatible
with a constant ¥. For this hypermultiplet manifold and for this choice of second isometry
with Killing vector dy, CP coordinates p and # do not exist and the argument against partial

breaking proved in the previous section does not hold. The constancy of the Toda potential

23 As usual, indices indicate derivatives.
24Gee App. C for details.
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is at the origin of this exception.

With SO(4,1) isometry, the hyperbolic space has a variety of other inequivalent pairs of
commuting isometries. For these pairs, the corresponding Toda potentials are not constant
and CP coordinates do exist. Some examples of CP coordinates for other isometries of the
hyperbolic space are described in App. B.

4 Partial breaking and the APT model

41 The SO(4,1)/SO(4) model

Ferrara, Girardello and Porrati (FGP) [5, 8] have shown that partial breaking occurs on the
simplest quaternion-Kéhler space for one hypermultiplet, SO(4,1) /SO(4), with two gauged
translation isometries. Explicitly, coordinates (3.36) with

1 e " "
ds? = e (dbj + dbf + db3 +db3) , Liin. = =5 (Kbo)z(ayb )(9¥b"), (4.1)

and Killing vectors
61 =0, , G2 = O, (4.2)

are used for constructing the A/ = 2 supergravity lagrangian. In Ref. [8] they first worked in
the non-prepotential frame described in Sec. 2, Egs. (2.13) and (2.14). Then they reworked the
example in a generic frame with arbitrary prepotential function f(z) [5].

Our objective in this section is to complete the description of the model by showing ex-
plicitly that the N = 2 supergravity theory (at finite x then) admits a stable ground state with
partial breaking which continuously deforms to the APT model in the gravity-decoupling
limit x — 0. This can be seen as deriving off-shell the APT lagrangian as the x — 0 limit of
the SO(4,1)/SO(4) supergravity lagrangian.?®

Using the embedding tensor (3.10), the prepotential frame (2.5) leading to K&hler po-
tential (2.15) and coordinates b" with metric (3.36) for the hypermultiplet, the supergravity
potential reads:

© = -
- m |:(g(2J + ’C‘z) <_}sz + }CZICz) + ‘CZ’:Z + CCZICZ + CCZ}CZ (43)
with ¢ defined as
¢ = —i(81+ &z +igsf2), (4.4)
and ¢; = —ig» + g3f2z. Since hypermultiplet scalars only appear in the prefactor b2, the

ground state of the potential, in order to escape the runaway of by, requires Minkowski

2 Following for instance Ref. [33]. Although the statement exists in the literature, we have not found an explicit
construction with an appropriate use of the concept of prepotential frame.
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geometry, (¥') = 0. In Ref. [8], the authors consider the particular case g1 = g2 =0, f(z) ~ z,
K = —In(z +%) and then ¥ = 0.
Notice that the scalar potential (4.3) vanishes if

(cz) =0 = 83(fzz) = ig2. (4.5)
Since (f.,) is imaginary, (K,z) = (K,Kz) and (¥) = 0.
4.2 N = 1Minkowski vacua

The fermion shifts (2.32) induced by this gauging read

ek/2 K/2

1=~ (0 p +co3)”, Nig == o3+ clp)” 4.6
pET (80> 3) A= T (8003 2) (4.6)
for gravitinos and hyperinos. They verify the relation 26
ke 2 A
S"Sjx = FNANj . 4.7)
For gauginos,
Wzij S W @Iap;jvzul _ _eK/z;cg—Z<U3)ij — K. S (4.8)
0
where we have used
0
0,%,U’ = ( ) . (4.9)
ic,

The conditions for partial breaking are then easily stated. To have a common zero eigenvec-
tor for W/ and N'4, we need a dyonic (electric and magnetic) gauging with g3 # 0 # go
and

(g3fz —igoz) = £g0 +1g1, 23(fzz) = ig2. (4.10)

The first condition (c) = +go leads to a zero eigenvector € of N 4 while the second condition
(cz) = 0 ensures that the same € is a zero eigenvector of WY/ This second condition for partial
breaking also implies (57)é; = 0 and (#) = 0 and then partial breaking can only exist in
Minkowski spacetime. The conditions (4.10) define an A = 1 supersymmetric stable ground
state. In Ref. [8] where g1 = ¢» = fz; = 0, these conditions reduce to g3 = +gp # 0.

Solving the conditions for partial breaking commonly impose, for a given choice of f(z),
particular values or relations on the coupling constants. For instance, a linear f = z, as used
in Ref. [8], has partial breaking only if go = £g3 # 0, g1 = g2 = 0. The conditions may be
impossible to solve: f = z? forces all g; to be zero (but this example is irrelevant since the

26 As matrices, k2S5 = v/2'o3N.
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Kéhler metric .z = 0). For a generic prepotential f(z), one usually finds that two couplings
are determined in terms of the other two.

The spectrum of the partially broken theory includes N’ = 1 supergravity (2g + 2 on-
shell states), a massive N = 1 gravitino multiplet (gravitino, the two spin-one fields, one
fermion, 6g + 6g), a massless chiral multiplet (2g + 2¢) and a chiral multiplet with the scalar
z and mass proportional to the free parameter (frzz), precisely as in the APT model, see
below. The four hypermultiplet scalars are massless (two are Goldstone bosons) and the

mass matrix reduces to z only with

%Z zzz 2 4 1 1
< > <4K4 gaZ ’f ’ > ( )
where ) is defined through the Kdhler potential (3.11):

~InY, yz—i(‘z_z)(zglg:&(”‘f))+2(f+f)>o. (4.12)

Hence, the mass of the scalar z (and of its fermion partner) is given by

Yz g5)3
2 .2 _ 2
m? = x <—ICZZZZ > <16K2 7 | frzz| > (4.13)

A%
$Y*
At the N' = 1 ground state, the value of the hypermultiplet scalar (by) is an arbitrary

since K,z =

parameter. From the gravitino shift matrix?” or from the expression of the scalar potential

however, the mass of the massive gravitino scales as
my ~ (xbo) 1, (4.14)

and the theory has two order parameters, (by) and (f.,.) for the massive gravitino and chiral
(with z) multiplets respectively.

In order to discuss the gravity-decoupling limit x — 0 of the supergravity theory and
make contact with the APT model, we first redefine the hypermultiplet scalars ((by) # 0): %

by = <b0>(1 + Kﬂgo) , b; = Kﬁ<b0> Ei, i=1,23, (4.15)

where ji is a mass scale (and xfi ~ 1s dimensionless). The hypermultiplet kinetic terms

2’Which in a Minkowski ground state is proportional to the mass matrix, S¥ ~ x

,zmi i
3
2
28Thisis a simplistic use of the procedure described in Refs. [15, 16, 34, 35].
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are then
e ‘ﬁz Tu 70
Lyyper = —————5 0uo(9,,0™) (9"D°), (4.16)
2 (1 + Kﬁbo>
and in the limit ¥ — 0, the kinetic metric is the trivial hyper-Kahler h,,, = ﬁzéuv. 29
For the vector multiplet kinetic term, we need as x — 0

e _ = ) —
— 3 K:z(0,2)(0"Z) — —(iFxx — iFax)(9ux) (9'X), (4.17)
where F(x) is the dimension-two prepotential of the rigid A" = 2 theory and x is a dimen-
sion-one scalar. In other words, we need

1 _ 1 — . = o
2 K(z,z) = 3 InYy — —ixFy +ixFx+ g(x) + g(x) (4.18)
and the Kiahler potential of the rigid theory will be le(x, X) = —ixFx + ixFx. Following
Ref. [5], this is obtained from the formal x expansion,

1 o 1 -
f(2) = g +Axiiz + 2 |if?E(z) + 22 (A + D)2 + O(3), (4.19)

and the definition
H@=fﬂ§, (4.20)

with F, = fi I?Z and Fyy = I?ZZ. The arbitrary complex number A will get a precise value later
on.

With the rescaling (4.15) of the hypermultiplet scalars, a corresponding rescaling of the
Killing vectors, or equivalently a (first) rescaling of the coupling constants, is needed:

gi = xji(bo) &i, (4.21)

leading to the scalar potential

e 1 1
V= 2 {_ 2.2 S+ 1cl) + S KK+ ez + o, ? } , (422
<1+Kyb0> H ( ) Kop /Czi( )
where ¢ and ¢, are expressed in terms of g; (instead of g;), ¢ = —i(g1 + $2z) + 3f> and

C; = _ig~2 +g~3fzz'
Before expanding in powers of k, we perform a second redefinition of the gauge cou-
plings,
80 = KfL &0, 81 =KL g1, 2= ki)’ %2, 83 =283- (4.23)

29 We could as well define dimension-one fields with ﬁgu — bt
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The leading terms in the quantities c, c; and K, appearing in the potential (4.22) are then

¢ = [GA — i) kil + O i), o= [—ig +2 (ReA)2s + ig3.Fux| K212 + O (1% %),
K. = —2ReAxfi + O(x*ji%), (4.24)
and, to leading order in «, the potential reads
4

vV :}g [4(Re;\)2§3+(—gz+2§1ReA—2§3ReAImA+§3fxx

XX

1c

1

= s [ Im s MPFLP] - C (4.25)
XX
1 . 2
= g [ i M| M -,
xx
where
m? = —(3 — 2§1Re A + 233 ReA ImA) 12, M? = g3i?,
(4.26)
{ =2Re g ii2, C = ji*g3 + i*[gsA — i >

The scalar potential of a globally supersymmetric theory is not expected to have an irrelevant
additive constant and we cancel {M? — C by choosing

1 .
A==(80+ig1), (4.27)
83

which also implies
¢ = Qokfi+ O(f") = 2+ O(K*f1°). (4.28)

This is the leading term in the first condition (4.10) for partial breaking (related to the grav-
itino and hyperino shift matrices). The shift matrix for canonically normalized (mass? di-

mension) gauginos A' becomes

SAN =Wle +---, ji_ __ K 8083 2 , 4.9
Wx €] + Wx >Im .Fxx 0 . ( )

where K, ¢, and c are given in Egs. (4.24) and (4.28).3°
Up to here, the analysis has been off-shell only. We now expect that the second condition
(4.10) for partial breaking, which indicates that only one gaugino is a goldstino, follows from

the minimum of the potential, which is at 31

23(Frx) =32 +2iRe Ay = o +2i35/35. (4.30)

30The shift matrices x2S" and N’ 4 vanish when x — 0 and hyperinos decouple from the goldstino.
3IMetric positivity requires Im Fyy > 0.
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This vacuum equation is also the leading order term of (c;) = 0, the second condition for
partial breaking (4.10). And for (c;) = 0, the gaugino shift matrix (4.29) has one zero eigen-

value. At the ground state, the vector multiplet metric is

52
2 (Im Fry) = 452,
83

(4.31)

and the deformation parameter of the supersymmetry variation in the goldstino direction is
then
6Agordstin = M* + -+ =G5> + -+ . (4.32)

The coupling constant g3/ is the magnetic FI term at the origin of the partial breaking. The
N = 2 multiplet splits in a massless N = 1 Maxwell, including the goldstino, and a chiral
N =1 multiplet with mass
2 il 2
M = 16?\3 | Frax|® ) (4.33)
as expected from Eq. (4.13).
In conclusion, we have shown that this N = 2 supergravity theory possesses for all val-
ues of x an A/ = 1 ground state which coincides in the limit x — 0 with the APT lagrangian

and its N = 1 vacuum.

43 N = 0 Minkowski vacua

The scalar potential (4.3) can also be written

1 _ _
ety = W {2 (85 + |c|*) Re fzz + V0e|* —ec, Vs — cczyz] ) (4.34)

Non-supersymmetric vacua will then follow by solving
0.h=0h=h=0, h(z,z) =2 (g§ + [c[*) Re fuz + Vlez|* — e Vs — ce. )., (4.35)

supplemented by stability conditions and the existence of two goldstinos. Since / is real,
Eqgs. (4.35) give three conditions for the two real components of z. Hence, for a given f(z)
one expects at least one non-trivial condition on the gauge coupling constants: once (z) is
fixed by 9;h = 0, the number (¥') must vanish to avoid runaway in by.

Since ¢;; = ¢3 f2zz, with the definition (3.11) of ), it is immediate that (f.,;) = 0 solves
d.h = 0. We have already observed that (c;) = 0leads to h = 0. Hence, (fz:z) = (c;) = 01s
a solution of conditions (4.35). Since (c;) = 0 also implies that the gaugino shift matrix has
a zero eigenvector, the determinant of (N'4) should be nonzero in an ' = 0 ground state:

g0 # £(c). (4.36)
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This happens in the FGP model [8] with f(z) = z, &1 = g2 = 0 and then ¢ = g3: all (z) are
stable ground states since ¥ = 0, the generic ground state has A/ = 0 and partial breaking
occurs when gop = +g¢3. Hence we may think that partial-breaking solutions are surrounded

(in the parameter space of the solutions of a model) by ' = 0 solutions. However, assuming

fz) = fot+fiz+fo?", for2 €C, (4.37)

leads to the scalar potential

y— C ¢ _ (83 +]41*)Refs +|As[*Refy — RefiRe(A142)
~ a2 = 7 ,
K45 (Ref1)? — 4Refy Refr 438)
A1 =g1tigsf, Ay =g +2igsfr =ic,.

Parameters should be such that the constant C vanishes to avoid a runaway in by. The choice
c; = 0 with g3/, # 0leads to N = 0 ground states for arbitrary (z) but the supplementary
condition for an N = 1 vacuum is never verified.

Working out conditions (4.35) leads to two distinct classes of Minkowski vacua:

i. All solutions with (f;,;) # 0 and (k) = 0 are N' = 1 vacua already described in
Egs. (4.10).32

ii. Solutions with (f;;,) = 0 and (h) = 0 are generically N' = 0 vacua.

Stability of the A/ = 0 ground states is provided in terms of the mass matrix for the six real
scalars b, and z. The non-trivial second derivatives of the potential are (¥%z) which vanishes
with (f.z) = 0 and (¥;,) which is controlled by the fourth derivative of f. The vacuum is
then unstable except if (f(") = 0 for all n > 3 and this leads us naturally to the choice (4.37).

5 Outlook

In summary, our motivation was to classify spontaneous (partial) supersymmetry breaking
in the minimal case of N/ = 2 supergravity, containing one hypermultiplet and one vector
multiplet. The former could describe the universal dilaton of type II superstrings compact-
ified on a Calabi-Yau threefold, while the latter should gauge together with the N/ = 2
graviphoton two commuting isometries of the hypermultiplet quaternion-Kdhler manifold,
which is necessary in order to obtain a massive N = 1 spin-3/2 multiplet.

The analysis can be done in a general way, since a four-dimensional quaternionic man-
ifold with a two-torus isometry can be put in the Calderbank-Pedersen metric form [19].

To our surprise, using this approach we found a no-go theorem on the existence of N' = 1

32For a proof, see App. D.

26



Minkowski vacua, which would also hold for any number of abelian vector multiplets. This
result seems in conflict with the well-known example of the hyperbolic space SO (4,1)/S0O (4)
[5]. However, we proved that the hyperbolic space cannot be written in a Calderbank-
Pedersen form, where its torus symmetry lies within the three-dimensional abelian subal-
gebra of SO(4,1). We furthermore showed that it is easy to obtain N = 1 vacua of partially
broken supersymmetry in AdS space.

Finally, we revisited the hyperbolic space for gaugings within the three-dimensional Abe-
lian subalgebra of SO(4, 1), while for the scalars of the vector sector we considered a generic
holomorphic prepotential. We worked out the details for a generic gauging leading to a su-
pergravity theory with potential (4.3) and possessing N’ = 1 or A/ = 0 Minkowski vacua for
all values of «. For the ' = 1 vacua, we also worked out their off-shell gravity-decoupling
limit, and obtained the APT lagrangian [1].

Some open questions remain to be answered, which are outside of our present scope.
Regarding the gauged isometries, on the one hand, one may consider gauging isometries
of the special-Kdhler manifold of vector multiplets, or (part of) the SU(2)g R-symmetry
with the compensating hypermultiplet. On the other hand, one may study the effect of
more hypermultiplets, for which however explicit and general metrics for quaternion-Kéahler
spaces with isometries are not available.
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A Four-dimensional quaternionic manifolds with isometries

Consider a four-dimensional quaternionic space, described by an Einstein metric with anti-

selfdual Weyl curvature

1
nyrw + E Exyuo W, =0, Ryp = —3hyy, (A1)
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normalized with R = —12. This space is endowed with a triplet of SU(2) self-dual complex

structures [\, which are covariantly constant modulo an SU(2) one-form connection w*
Voli + €YV wifi, =0. (A2)
The complex structures [;;, are normalized to satisfy:
U909, ==0"ay—e¥ (1), . ()" Uy =hwg™ = 6,6, +8," - (A3)

Assume that the quaternionic space has some isometries generated by ¢, = ¢}d,. As a

consequence of the Bianchi identity for the Riemann tensor, condition (A.1) leads to
in terms of the (anti)-selfdual covariant derivatives

k;ﬁl?} = P;:E;wrvwéur 7
1 1 1 (A.5)
pEwr — 5 (5;’; + 5 swwr> , PARES 5 (8961 — 8167 .

These (anti)-selfdual covariant derivatives obey the following identities

+ ki, ki

bru awv)

Lo (k;tmki

% hyw k;‘: . kzt , k;‘: . kzt — hrwhuvk;l:mk:t

bwov bwo ’
(A.6)
e (kt:ltmlewv B lerukbzltwv) =0, W Rt k;tmk;wv =0

valid for any four-dimensional metric.3

B The hyperbolic space and its Calderbank-Pedersen coordinates

B.1 The hyperbolic space in global and Poincaré coordinates

The SO(4,1) isometry algebra of the hyperbolic space Hy obtained as SO(4,1)/SO(4) in-
cludes six compact SO(4) generators X, and four noncompact SO(4,1)/SO(4) generators
Y, = X5, with 7755 = —1 = —1,,,. It has a three-dimensional abelian subalgebra related to

noncompactness. In the standard notation or the SO(4, 1) algebra,34
[Xia + Xis, Xja + Xjs] = — (144 +1755) X = 0, i,j=1,23. (B.1)

The commuting r; = Xj4 + Y; form a vector of SO(3) C SO(4).

3BThey follow from SO(4) group theory.
34The same would hold for X;5 — X;s.
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We can describe Hy in global coordinates. In this set of coordinates the SO(4) acts linearly
and the line element takes the form

ds? = %dx”z , x" = (x1,x2,x3,x4) . (B.2)
(1 —x%x?)
Its ten isometry generators are:
Generators of SO(4) : Xw = x%0, —x"0,,
Generators of SO(4,1)/S0(4) : Y, = ﬂau — % x"x°9,, ©

where 0, = agu . The three-dimensional abelian subalgebra is generated by

r=Xu+Y1, rr = Xos + Yo, r3 = X34 + V3. (B.4)

In these coordinates, the SO(4) generators act as simple linear variations but the action of the
commuting r; is more involved. The curvature is directly related to the SO(4, 1)-invariant
quantity 1 — x“x?, and these coordinates are then convenient for describing the (flat or rigid)
gravity-decoupling limit.

An alternative coordinate system is the Poincaré patch b" = (b, by, by, b3). The metric
takes the form (3.36)
_ db} + db? + db3 + db3

2
ds bg

(B.5)

In these coordinates, the generators of the three-dimensional abelian subalgebra act as trans-
lations of b':

d
The two sets of coordinates are related by
4 — xly 4 i
by = i b = a i=1,2,3. (B.7)

4(1 + x*) + xtx’ 4(1+ x*) + xta’
B.2 Calderbank-Pedersen coordinates

The isometry algebra SO(4,1) admits a variety of pairs of commuting generators and for
each pair, according to Ref. [19], there should exist CP coordinates p, 77, ¢, . Examples of
(inequivalent) pairs are:

i. A pair of isometries in the three-dimensional abelian subalgebra, for instance r; and r».

ii. The Cartan subalgebra of SO(4), chosen as the compact generators Xj, and X34, or a
compact and a non compact SO(4,1) generator, like X5 and Yy = Xys.
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iii. A compact generator of SO(4) and one of the 7;’s, for instance Xp3 and r;.

In each case, there are equivalent choices obtained by either SO(4) or SO(3) rotations. The
case (iii) is only one example of pairing one SO(4) generator with any generator in the
SO(2,1) algebra commuting with it.

We have shown in §3.5 that CP coordinates do not exist for the case (i). We here show

how CP coordinates can be derived for cases (ii) and (iii).

Case (ii) - the Cartan algebra of SO(4) This is easily analyzed in coordinates where the
SO(4) has a linear action, i.e. coordinates (B.2). The commuting (compact) Killing vectors

are rotations in planes (12) and (34)
C1 = xzaxl — x18x2 P Cz = X4ax3 - x38x4 . (BS)

We next identify ¢;, with the Killing vectors of the CP metric or with linear combinations
of them, and use the identity (3.34) for recognizing the change of coordinates. There are

actually several possibilities and we focus on two cases, following Ref. [19].

e The identification (dy,dy) = (¢1,¢2) leads to

2 _n+1—ip 2 2
:17—1—ip' r‘%:x1+x%, r2:x§+xi,

Fon) = 5 (Vo + (e 17 = o 1),

(r1 +irp)
(B.9)

¢ Choosing instead (d,,dy) = (&1 + &2, &1 — §2), we obtain

1
p =2rrs, n:r%—rg, F(p,;y):ﬁ<\/p2+172—1>. (B.10)

Choosing instead ¢1 = Xi2, {2 = Y4 = X45 and using coordinates b*, the Killing vectors are
€1 = Dby 0y, — b1 0y,, 8o = —body, — b1 9y, — b dp, — b3 9y, . (B.11)

Working as above we obtain:

f12 0 01 12
by +r>+b3 y—— bobsz 22
r2+b3 2+ b3’ ter

21/4;7
VO (B4 (1= p2 =)t —22)

p=r
(B.12)

F= t:\/(p+1)2+172|\/(p—1)2+172|.
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In any case, since CP coordinates exist, gauging these isometries does not lead to partial
breaking.

Case (iii) — 4 and X33 This case is more easily analyzed in coordinates b* where r; is a
translation of b':

¢1=0p,, 8o = b3dp, — b20p, . (B.13)

We again consider two cases:

o With (9y,9y) = (&1,G2), we obtain

r bo n
- = P = (B.14)
A A N )
where 72 = b% + b%,
e The choice (dy,dy) = (2,¢1) leads to
p=r, n=by, Flon)=—=. (B.15)

va

Again, CP coordinates exist and these isometries do not induce partial breaking.

Finally, for completeness and out of curiosity, we present the CP form of the sphere
SO(5)/SO(4) (which cannot describe a hypermultiplet), where all pairs of commuting isome-
tries are equivalent to X and X34. In coordinates where

4dxtdx*

ds? = ————
S v

Cl = xzaxl - xlaxz ’ CZ = x4aX3 - -xSaX4 7 (B16)

we again consider two choices of identification [19]:
e Now (dy,9y) = (1,02) leads to

2_nt1l-ip
C=1—ip’

1 . .
F(P'W):ﬁ<\/92+(17+1)2+\/p2+(;7—1)2>, (B.17)

2.2 2 2 .2 2
rT=Xx7+ x5, ry = X3+ xj .

(r1 +irp)

e For (dy,9y) = ({1 + G2,81 — §2) we obtain

1 /
p:21’11’2, 17:1’%—1’%, Fu)ﬂﬂ:ﬁ( p2—|—172—|—1>. (B.18)
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C Ward transformation

Assume that we have a solution V(p, 7) of the equation

1
0 (0Vo), + Vi =0, €1

where indices denote derivatives with respect to 77 or p. A further derivative with respect to
p leads to

0’F 9*F 3F .
and F(p, 1) generates via Eq. (3.2) a quaternion-K&hler metric in Calderbank-Pedersen coor-

dinates. Coordinates (p, 77) can be traded for (X, Z) by a double Legendre transformation:

V(o,n) —Xn—2ZInp = —K(X,Z2). (C.3)
This implies firstly
pV, =227, vV, =X, n =Ky, 2Inp = Kjz. (C4)
Secondly
Z 1 Z p X X
2 (Pvp)pr TR EVP’?’ w0 Vo, o Vins (C.5)
and 2 d 5 d
@ _ Pk P — Pk T — Kxx, T~ Kxz. (C.6)

ox 2 X% 9z T 279X o7

ox!
1, i

derivatives of V and K. Using then Eq. (C.1), the relevant equation appears to be

As usua = 5; for each set of coordinates delivers the relations between the second

2

Kxx + % Kz7 =0 (C7)

as the “Legendre partner” of Eq. (C.1). Define finally
(L v_lo_lux
T(X,Z)—ln<4p>, el =0 =g (C.8)

The relations induced by the Legendre transformation and Eq. (C.7) lead to Toda equation
for ¥:

Yyx - (e‘l’) =0 (C.9)

This procedure has been elaborated by Ward in Ref. [32] and used in the derivation of the
CP metric [19]. It allows in particular to find CP coordinates for a quaternion-Kahler metric

with two isometries expressed in PT coordinates, for a given Toda solution Y.
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The case where Y is a constant is clearly excluded.

D A proof

In § 43 on N = 0 vacua of the SO(4,1)/S0O(4) model, we claim that all solutions of 0;h =
h = 0 with f.,, # 0are N' = 1 vacua. 35 We give here a proof of this statement.
Recall that, for a given prepotential function f(z),

V=2(f+f)-G-2(f-T:), c=-ig+@)+gf g#0 O
Starting with
ho= (B+IcP) (fa +Faz) + Vlesl? ey — @0,
h = fon [g% +cc+g3czY —g3c Vet (z— E)CEE] (D.2)
= fuez| (0 +T)(g0 )+ [V + (2= 2)(c — 7]
and assuming f... # 0, one finds the factorization:
€ (@h) frox T4 T (02 for  —gah =0T [ V4 (2-D)(-D)]. (D3

This quantity should vanish for a solution of d,h = h = 0. The solutions are either c, = 0 or
23V + (z—2z)(c —¢) = 0 and in both cases 0, h = 0 requires ¢ = £go.

e If c; = 0and ¢ = £go the vacuum has N = 1 supersymmetry: the two conditions for
partial breaking (4.10) are fulfilled.

e If c; # 0, the vacuum state would be at g3 + (z —Z)(c —¢) = 0and ¢ = +gp = C.
Then ) = e X = 0, which is excluded.

Hence, Minkowski N = 0 vacua with f,,, # 0 do not exist.
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