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Properties of synchrotron radiation (SR) are addressed in terms of the behaviour of the
radiated wave electric field. Based on this method a simple theory of low frequency far-
field SR is established -~ liable to reach up to X-ray energy ranges in sulficiently high
energy lepton machines; spectral angular distributions and other properties are derived.,
As i direct outcome, it is shown that a (2/)-deviation dipole produces highest brightness
in the low [requency spectral range with a gain of four w.r.t. edge SR and up to several
orders of magnitude w.r.L. body SR from a long dipole. Numerical examples are given,
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1 INTRODUCTION

Low frequency synchrotron radiation (SR) has always been a concern in
many respects, €.2., as to beam diagnostics with visible light in medium
energy machines and up to X-rays in highest energy machines. It is now
also becoming a hotter topic for the sake of quality long-wavelength
radiation production in last generation SR rings such as the SOLEIL
project,’ as well as in existing machines.

Properties of SR can be efficiently addressed in terms of the behav-
iour of the radiated wave electric field. The method has long been used
in the case of weak SR* and proved to be efficient in strong SR studies
as well.*~7 In this paper we establish by this means a simple theory of

* E-mail: fmeot@cea.fr.
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low [requency, lar-field SR and we review sever

The material so developed provides the right umlu~.l \n<|ln\> where
classical theory of SR cannol; it allows precise calculation of SR
intensity and angular distributions,

Asa direct oulcome we show how tow frequency SR propertics cause
A (2/)=deviation dipole to shift the SR peak energy density (o the fow
(requency spectral range — liable to reach up to X-ray energy ranges in
sufficiently high energy lepton machines, entailing a gain of four w.r.(,
edge SR and up to several orders of magnitude w.r,t. body SR from »
long dipole, and confinement of the radiation within /2 /v rms aper-
ture cone. Comparisons with edge and body SR are performed and
numerical examples are given.

20 SR ELECTRIC FIELD

The SR spectral angular energy density is given by”

{')3"’/ R :’“'T’ R i
= 2’| Ew)l, (1)

where 1 is the distance (assumed constant) from the particle trajectory
region o the observer, L(w) the Fourier transform ol the clectric field
E(r) of the radiated wave, w/2a the spectral frequency anc

> solid
N . . . ¥ 4 . o~ -

angle. In the far-licld approximation (r<i”) the electvie field of the

radiated electromagnetic wave wriles (see notations in Figure 1)

By 0T < (1) = Be'y) « B m
dmeoc ()1 = A(1") - He)) '

wilh
t=1t=r(t')/c (3)
and 1= observer time, ("= particle time, //( ) =" /r(1") = observer
direction, ('_,,-'")'(/ = purlu:lc velocity, ,-'*)( = (I,f'f/(l/ L= (:h:u‘ge. £ s

normal to 7 and can be split into the two pol'lrimlion components [,
parallel to the bend plane and . normal to £, and 7.
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FIGURE 1 Reference laboratory [rame and notations used in the text. The particle
rotates with wp=¢/p velocity; its radiation is observed at large distance » (assumed
constant) under arbitrary aiming (¢, ).

3 LOW FREQUENCY SR

Properties of the integral in Eq. (l)can be inferred from propeltles of the
integrand in the Fourier transform E( ) that is, from E( ) (Eq. (2)).
Furthermore in the case of low frequency SR the Fourier transform for
a Ar-long impulse verifies E(w) ~ (1/v27) [y, E(f)e™ d1l .o, which
leads to

w~0?

D'nz

m/A )

independent of the frequency w under observation. This integral can be
calculated in particle time variable ¢’ under the form

Ew)~-— [ E(t )@dz (5)
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with £y = £)) while the (1) dependence can be oblained (rop
E. (3) that also provides, by dilferentiation expanded to order (1 /4%

B+ g 5 )

A - Faan = o YW / hel jyL 2

(l//\l/ = | —d{t) - B(1) >~ ‘l o T R (PR ) V,,",‘, (6)
following notations explicited in Section 3.2 and tigure 1,
3. Frequency Validity Donmain
As stated above the low [requency approximation is valid as long ag
w1, where Avis the total duration of the observed impulse and can
be obtained from Eq. (1) with /= Li2¢, where £ is the magnetic field
extent. In the forward direction (1= 0) this gives

Al = L{1 ++a*/12)) 2y ¢ (7)

where o =wylje=L/p is the total deviation and p is the curvaiur

radius. One therelore gels the validity condition

& 2y /L + 't /12). (8)

As an example consider a 2.5GeV clectron subject (o ams 20/
deviation ina L.=0.2m long dipole (p=2 50 m): the model requires thil

(Eq. (8) with vors 1) w& 2e/a’ L2 % 107 vads™, Le., rather long
wavelengths A= | um; on the other hand, a weaker magnet wiih
p a2 500m, deviation o=2/y (hence, length L =2p/v: such magnet
provides higher low [requency intensity, see Scetion 4) leads to much
higher frequency validity limit w < 37 c/dp=w /2~ 5= 100 rad s
(A= 0.04 um).

AL4A5GeY in LEP ina p=1300m, L=0.5m long dipole («vr235/)
dela’ L 10 vad s

(A2 0.02 um); this condition is Tor instance fairly fullilled in the visib/

validity of the model demands that w<

light (A=0.4pm) diagnostic experiments reported in Rel. [6] which
shows excellent consistency with the formalism developed herealter.
3.2 Klectrie ¥ield in Particle 'Time

Following regular notations we take® (Figure 1) #(1/) R plr') =
constant with R (vesp. (1)) = position of the observer (particle) in the
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laboratory frame, and ¢ (resp. ¥) = horizontal (vertical) component of
the observation angle' (¢ is zero in the direction coinciding with
wot’ =0), wp=c/p=rotation frequency with p=constant bending
radius. In the (x, y, z) frame this leads to

i1 = (cospcos ¢, cosysin @, sin ), G = B(coswot’, sinwgt’,0). (9)

Substituting in Eq. (2) one gets the electric field impulse from a (2¢7T7)-
long dipole, as split into the two components introduced in Section 2

& 1] o BBy — a2l — A1
:(IWO"Y ( Ty ¢) i (WO ¢2>3 rect(f’/2T'),

Eo(t ) TEQCH (1 + ,Yzlpz + 'yz(wot’ . (f’) )

(10)

() = quovt  —2vy(wot’ — ¢)

E.(t 5 teot(e 2T
reacr (14 797 172wl — 8]

where rect(x) = 1if —% <x< % and zero elsewhere, allowing for the finite
extent of the magnetic field. By taking such “rect” field model we neglect
possible effects of smooth field fall-off at magnet ends. On the one hand
sharper end field mostly affects the high frequency spectrum domain;’
on the other hand, the “rect” model is justified as long as the edge extent
remains much shorter than the magnet length, as has been shown with
some detail in previous publications.*”’

It can be observed from the equations above taken with ¢ = 0, that the
sign of E,(t') goes with that of the bending radius p (due to the
wy = ¢*/p* dependence), contrary to E(t') (w§ dependence). This plays
an important role in the low frequency range, in possible decrease or
increase of interference effects between neighbouring SR sources, as
shown in Refs. [5,11].

Note that E,(1') is zero at 7/ = ¢/wo £ /1 + ¥?9? /ywy in particle
time; this corresponds to 2w,7; = 2/ deviationin the laboratory frame.
The related half-width 7., of E,(¢) in observer time can be obtained from
Egs. (3), (9) (or by integration of Eq. (6) as well) with ¢ = 0 which (given
that wyt’ < 1) leads to

t=1'(1+ 79"/ 27 + 1" [6p? (11)

angi by taking ¢’ = 7/, which gives 7. = +(1 +v*%*)**/w,, With w.=
3v°¢/2p = critical frequency. It can also be pointed out that E, (') have
shapes similar to E, .(f) as seen by the observer (Figure 2(a)) whose
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FIGURE 2 (a) Typical shapes of the £,(1) and £.(r) SR components as observed in
the direction of the centre of an Lz 20cm-long dipole, under (arbitrary) vertical
aiming =35 (according to Eq. (12) for a 2.5GeV electron on o p=53.6m circular
trajectory, with ¢=10 and observation distance r=10m). (b) The related spectral
angular densitics; the way they change form according to the truncature of £(1) (ic.,
according to the magnet length L) is addressed in Section 4.3 and Figure 8.

expressions are'” (Figure 2)
F(Ozummwyumw»u—4gmﬁuﬂAmmmam
= (1 4+ A242)°[1 +4 sinh?(1/34sinh 2w.0)] (12)
= ((qwoy*)/(meer)) 2y sinh(1/3 Asinh 2@,()

(1 4242 *2[1 + 4 sinh?(1/3Asinh 2@.1)]*

(1)
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(with @, = we/(1 + 721/12)3/2) differing from E,_(¢') essentially by the
squeeze of the central arch that ensues the #(1’) contraction (Eq. (6)).
However these expressions have non-simple dependence on ¢ which
makes calculations easier to handle in ¢’ variable.

The related spectra as obtained by numerical calculation of Egs. (1)
and (2) are shown in Figure 2(b) as expected the o component does
not go to zero with w, due to the truncation of E,(f) (Figure 2(a))
entailing [E,(1)dr#0™ in Eq. (4) whereas [E,(r)dt stays null because
E,.(f) is odd. The left limit value in the spectra can be calculated from
Eqs. (14).

In the classical hypothesis of an infinitely long dipole (that would lead
to the K23/3—, K12/3-1ike o and 7 spectra®) the electric field satisfies
[E, A(f)dt=0. Besides, given that E,(r) is even, [E,(r)dr=0 tells that
the area under the infinitely long negative tails equals that under the
positive arch.

3.3 Spectral Angular Energy Density

Substituting Egs. (10) into Eq. (5) and introducing the total deviation
angle o =2wyT" one gets the spectral amplitude density in the low fre-
quency approximation (w < 2v?¢/L(1 +v%a?/12), Eq. (8))

- qv? [ af2 —¢
E; = 2
) (@m)eoer LT+ 9297 + 2(a/2 - ¢)?
7(1/'—‘.; + ¢ J
3 qy-
E (w) = 5
& @) P’ { L+ 2242 + (/2 - ¢)*

|
422 2 ()2 + ¢)2]'

Substituting Eq. (13) in Eq. (1) gives the spectral angular energy density

*rwW, ¢4 /2 — ¢
)~ dmege [ [ 4292 + (/2 — )’
" of2+ ¢ r
L+ P9 + 7(a/2 1 9

i
- Such so-called strange electromagnetic waves showing non-zero electric field integrals
are addressed in Refs. [12,13].
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PW, v
Do) 4y

| | :
L+ 242+ 93 (/2— ¢ |+ + 72 (o/2 + ¢
) /

x
(14)

with 09 = O¢pOrh. The parameter yo/2 = yw, T’ can be understood as the
ratio 2¢T"/(2p/~) of the magnetic ficld extent to the eritical trajectory are
length 2/~ that corresponds to the central positive arch in £,(1); many
properties to be derived ahead show asymptotic behaviour related to
that ratio. The distributions are illustrated in Figure 3 in the case of o
2.5GeV electron traversing a (20/v)-deviation dipole, for which the low
frequency approximation (Eq. (8)) is valid as long as A > 2ra’L/24,
e.g., A> | um given L=20cm.

3D graphs similar to those shown in Figure 3 have been producad
clsewhere by numerical means, e,g.,.in SR studies at the LEP mini-
wiggler,® and as to the peaked edge SR, in the course of investigations
on SR from straight sections at ESRF'" and in relation with edge SR
studies in Ref. [15]. These types of patterns have also recently been
subject to experimental recording at LEP*'® and ESRF."!

As stressed above” (Eq. (4)), O°W/0woSt does not depend on the
obscrvation frequency w in the low frequency approximation® (Eq. (%))
and in particular, [E,(r)dt# 0 upon finite dipole length entails non-
zero energy density for w— 0 by contrast to the Iw(f/3 classical model,
which benefits to the low frequency range." Also, as expected from what
precedes OF W,/0wdS) reaches a maximum in the direction ¢=0 for
v =2 (Figure 6(a)) that is, for a 2/ particle deviation when the sole
positive arch in E,(r) is intercepted — this is addressed in Section 4. From
thereon, il yor increases [F,(r)ds decreases since part of the negative
tails in £,(r) is intercepted by the observer, and correlatively the FW,)
Owd) maximum at ¢ =0 leaves the place to the depression between
the two cnd peak pairs as shown in Figure 3(a). Conversely, il ya

" And in agreement with published experimental results, "’

“Such is not the case for the high frequency part of the spectrum which c\:c_uqs
according to the way E(r) is truncated, Le., according to the magnet length L this 18
addressed in Seetion 4.3,

TIn Refs. [5,6] this property was found to cause relatively higher intensily loss than
predicted by the Ky, model, upon interference between short dipoles.
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FIGURE 3 Angular distribution of the radiation emitted by a charge traversing an
o = (20/7)-devintion dipole (Eq. (14) with 5o =20): the graphs are normalised 1o the
maximum ol the o radiation from the eentre of the dipole (upper Eq. (14) with
g=10=0). The end peaks are due to edge SR following Eq. (26) (with 70 = 1) the o
component (1) is zero in observation directions (¢, 1) = (:ta/2.0) that is 1o say,
when observing the dipole ends, and it is peaked in 1/ dircetions on both sides of
both dipole ends namely, at (¢ ) = (E(a/2 4 1/4).0) (Bq. (27)); the end o-peaks tend
to equal amplitude as 4o increases. The 7 component (b) is peaked at dipole ends
in the directions (g, ) = (Fey/2, £ 1/9) (Bq. (25)) it is zero on the ¢ =0 and on the
th=1) axis.

decreases the ¢ = 0 maximum persists, yet loses amplitude correlatively
with the ensuing truncation of the £,(r) positive arch. On the other hand
W, [0w0s) does not strongly depend on ya: & W, [0wdS) is zero on
the 1= 0 axis since EAD]y—0=0 (Eq. (10)), and is-zero on the ¢ =0
axis since JE (1) dt], - 0=0(Eq. (13)), hence the four-lobe shape of the
T spectral angular density (Figure 3(b)).

The projections of the spectral angular energy density onto the ¢
and v observation directions are obtained by integration of Eqs. (14)
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so that, on the one hand as concerns the ¢ projection (Figure 4(a)
; ] g

7 (/2 = ¢)?
(1 +72(e/2 = ¢)")?
V()2 + ) 5 (x/2)? — ¢

2

(1 +72(a/2+ o))" ag

12 b
0 W, gy
(l)(JJ(I)(/) 87"2 (@8

! !
X N o
( VIH3 2= 0 U (/24 ) )} (15)
! |
+
\/l +92()2 — ¢)? \/1 422 + &)?

L4202 = ¢)° — /1 +72(0/2+ 9)
Yy

OPW, B g*y
Owdd  8mepe

+2

on the other hand as concerns the « projection (Figure 4(b))

PWo 4™ 7 (a/2)!

Qi Artene /1 + P22 (1 + 9292 + 92 (/2)%) (16)
b}

PWy _ s (/2

— = Y —.

Dwdhp  Amlege (1 + 7292 (1 + 4242 + 42(/2)?)

(a) dw/domega.dphi v.s. gamma.phi
0.4 | id
1
10 20

FIGURE 4(a)
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(b) i dW/domega.dpsi v.s. gamma.psi
- e T =iy T 0 [
0.8 T )
0.6 =
sigma

0.4 T .
0.2 f P |

-15 -10 -5 g 5 - 1D 15

FIGURE 4(b)

FIGURE 4  Projections of the & and 7 spectral angular densitics of Figure 3 onto the
o and ¥ observation directions (Egs. (15) and (16)) with yw=20). The graphs are
normalised to the maximum of the ¥-projected o amplitude issued from the centre of
the dipole (upper Eq. (16) with 1»=10).

Finally integration of the equations above gives the spectral energy
density

dw, ¢ Asmh('yw/Z)
=58
dw 2 6()( f+ 7{y/2
(17)
dw, ¢ 1+ (70/2) .
B e /2 sinh(vyo/2)

In the short dipole limit ya < 1 (i.e., when a small fraction of the
positive arch of the electric field impulse is observed) one gets

. 2
Werosl 49 500 _ 10955 1077 ~Val,
dw 87r2€0 ' (18)

dWw Yo | (] Y
_

= 37
v Yo —~?¢% = 0.408 x 10~

and the partition is (dW,/dw)/(d W /dw)=(3/4)/(1/4). The numerical
values are for ¢ =elementary charge and given in units of J s. The total
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spectral density is the sum and wriles

AW dW, dW, seet ¢y .,
e o 0 T L e = 1633 % 107 o (19
dw dw dw 6m2ene T ( )
In the long dipole imit yev s | (i.e., when the long negative tails in the
observed clectric field impulse have much wider extent than the sole
central positive arch) one gets
dw o ,u --‘| (/-

—In(ya) = 4.898 x 107V In(ya),

dw 2mege
dW, s ‘/_ yey 17
1 ( ) = 4.898 % 1077 In ( ),
dw - 271'2€()(’ " e e
W AW, dW, sl ¢ " ,
P _B% DT 2 g O _pmme e T 2| (o
dw dw dw ey NG Je

with e=cxp(l), and the ratio writes (dW,/dw)/(dW,/dw) = (In(va);/
(In(ya) — 1y (1/2)/(1/2). Equations (20)'show that the spectral enerpy
density is a logarithmically increasing function of o (within the mode|
validity limit w < 24¢/o’ L), i.¢., of the ratio of the magnet length L = po
to the critical arc length 2p/y. In other words, the longer the negutive
tails in the electric ficld impulse (Figure 2(a)), the larger (logaritii-
mically) the energy density in the low frequency range.

3.4 Radiation Opening

The horizontal and vertical rms opening angles for the o component are

, L[ [P (P W, 000 d(vd)\
Dgarms = — = .
J [7 (P W, [0w082) d(7¢)

:lJHW%LHwﬁﬂ
~
) 2 P 1/2
/ I (_[f_m V2 (P Wy ] Owd) d(’y-t/:)) 4
WVaayms = =

Joo (0P W [ 0w0Q) d (i)
$0 | \/] n ’Y”/2

(The ¢ dependence of ), 1s @ lengthy expression of little interest:
hence we just show its ¢»— 0 limit.) The o-opening is therefore a con¢
with rms aperture /1 + (yv/2)2/~v and increases with magnet length
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at given v in the low frequency approximation (Eq. (8)). In the short
dipole limit and under ¢» =0 aiming one gets

oK

. |
Go-rms  ANd Yoy — 1/’Y (22)

as expected.'™ In the long dipole limit (yet within the limit of the low
{requency assumption w < 24¢/’L) one gets
Ao |
(/)ﬁ-rms and U’a-lms = (1/2 (23)
that is, both the horizontal and the vertical openings tend to half the
value of the particle sweep angle « (see Figure 4). As to the = compo-
nent, similar calculations provide identical dependence in ~o and
identical asymptotic behaviour, namely

| o md ¢—0 | o AR
Dr-rms — 5 \ﬂ+ (’7“/2>2’ Yropemy — ; \/1 + (7”/2)2' (24)

One can observe (Figure 3) that the m component is peaked in, and
confined around four directions obtainable from Eq. (13) by taking
()EW/(’)(/) = 0and OE, /O = 0, namely

11+ (he/2)? U1+ (a2’

Y2+ (/27 Voo =5 \[H g2y

which are increasing functions of the magnet deviation «. For a short
dipole one gets ¢ g, Yrorms — i1/7 and Or-peaks Prepeak — :tl/’yx/i
For a long dipole one gets ¢r.rms, Yr-rms — £0/2 and ¢ peak — Fv/2
(which corresponds to the magnet ends) while ¥, pcak — £ 1/7.

; _
Dr-peak = =+

3.5 Comments on Low Frequency Edge Radiation

Special SR properties such as edge radiation® *'*'* (and in particular
its enhanced low frequency energy density), transition radiation
can be understood in terms of the way the electric field impulse is
truncated from the observer standpoint, which depends on the

horizontal component ¢ of the observation direction (Eq. (10)), as
schemed in Figure 5.

19,20
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FIGURE 5 The shadowed arcas malerialise the various shapes ol the £ (1)
polarisation component of the electric ficld impulse, as radiated over the all-dipole
extent, from the observer viewpoint (according to Eq. (10)). The vertical component ¢
of the observation angle has arbitrary valuc dnd the horizontal component ¢ s,
graph [: towards the body of the dipole; graph 2: y/ T+ 2407 [ upstream [Ffom the exil
direction of the particle - main contribution to the edge radiation, the right negative
tail is no longer scen; graph 3: in the exit direction - only hall the impulse is scen, th
ficld integral is almost zero; graph 4: \/1 o i m~/ y downstream ol the exit direction
second contribution to edge SR, only the left negative tail remains in sight.

In a particular direction close to the particle trajectory incidence
magnet ends the low frequency spectral angular density in the o com
ponent is zero; this is when E, (1) is truncated in the vicinity of ity
symmetry axis in such a way that the area under the positive hall-arch
equals that under the negative tail (graph 3 in Figure 5). The exacl
direction depends on vy that is to say, on the dipole length L =2¢77 or
equivalently on the impulse width 27.=2(1 +~+*/”)*?/w.; it can be
obtained from Eq. (13) by solving E,(w) = 0 for ¢, which gives

| ———
Po-zero = i: \/l + ,YZI’/,Z + ('7“/2)2' (26)
y

Upon =0 aiming one gets ¢y_sero = \/1 + (fy(y/Z)z/y and, lor
large values of v (i.e., long negative (ails) ¢,_,ero — £c/2 and identi-
fies with the particle direction at magnet ends, that is to say, there is no
radiation from magnet ends!

At angles very close to the particle incidence at dipole ends the time
integral [E,(1')dt’ is extremum: maximum towards the body of the
magnet (graph 2 in Figure 5), relative maximum outwards (graph 4 in
Figure 5), while [£,(1')dt’ reaches about } of the (maximum) value
attained when observing in the exit direction of the particle; these arc the
two incidences under which edge SR happens to deliver spectral angular
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encrgy density noticeably stronger than regular SR originating from the
maguncet body. Those angles can be obtained by solving dE(w)/0p = 0
for ¢ (Eq. (13)), which leads to

1
Pe-peak

" ! —_—
=4— \/1 + 22 + ('y(v/2)2 + 20/ 1 4 242 \/l + 422 + (’y(y/2)2
v

h—0 2 >

N i% \/1 + (ya/2)? :|:2\/:(7(v/2) - :J:((y/2i%). (27)

In other words in very long dipoles (ya>>1) the energy density is
peaked in directions +1/v on each side of dipole ends as expected, '
while in shorter magnets the position of the peaks depends on the
magnet length (through y«). The peak amplitudes are obtained from
Eq. (14) with ¥ =0 and, respectively for the low and high amplitude
one, in the long dipole limit, ¢=+(ca/2+ 1/y), ¢==%(c/2—1/7)
(Eq. (27)) which leads to the energy ratio

82 W low-peak & l""-‘q‘r,lnph:peik — (- 1 2‘ 1+ 1 ’
o o v /2) Yee/2

/231

— 1:1. (28)

The low and high peaks tend to reach identical amplitude as o
increases: this is because the energy brought to the low peak by the
negative tail in E(r) tends to match that brought to the high peak by
the positive arch.

The 7 component is zero on the ¢ = 0 and 1/ = 0 axis due to £, lg=0=0
and E |40 = 0 (Eq. (13)). On the other hand the = component is peaked
in the directions (¢r-peak> Wr-peak) defined in Eq. (25).

Figure 3 shows the typical shape and the above features of the
angular distribution of low frequency edge radiation in a (20/y)-
deviation dipole. The o-component edge peak amplitude (Figure 3(a)) is
7.8 times larger than the peak energy density issued from the centre of
the body (yet they still are 3.3 times weaker than the enhanced low

frequency radiation from a stand-alone (2/v)-dipole, as shown in
Section 4.4).

B
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4 ENHANCED LOW FREQUENCY ENERGY DENSITY

From what precedes it appears that the low frequency energy density is
maximised upon truncating the £, impulse at +7.. Doing so isolates the
central positive arch of the impulse and maximises the integral j'l:’,,(l)d(
and hence the intensity in the o component, in the low [frequency
spectral range. This is achieved by observing the centre ol a (2/7)-
deviation dipole; as shown below the gain on the spectral angulay
energy density so obtained w.r.t. body SR from a long dipole reaches
orders of magnitude in the low [requency range, this last being deter-
mined by* (Eq. (8) with ya =2), w < 377 ¢/2L =33 ¢/dp=w, 2.

4.1 Parameters of a (2/y)-Dipole

The deviation in the dipole satisfies BL/Bp=2/~. Tuking Bp=pjq~
Ele =~Ey/c (with E = particle energy and £, = rest energy) this lixes the
magnetic field integral, namely (8 in Tesla, L in meter)

BL = 2Ey/c =~ 1/300 (Tm) (for clectrons). (29)

Typically L=~ centimeters and B~kGauss; for instance, taking
L=2.15cm in Eq. (29) entails B=0.155T, independent of particle
energy. In a 2.5GeV machine this means a 0.41 mrad orbit deviation.
The rect(+//2T") field model (Eq. (10)) remains valid as long as the
magnet gap is much smaller than its length. In relation with the low
frequency criterion w< 37°¢/2L which determines the frequency
validity domain, that could be a convenient criterion in order to [ix a
lower limit to L, given the vacuum pipe diameter, so as to preserve the
validity of the analytical formalism developed so far.

4.2 Properties of the Low Frequency Radiation

The spectral angular energy density writes (Eq. (14) with v =2)
(Figure 6)

)

Lalifs (W < we/2) = ¢ 2 -7+ —
Qw2 i meoe \A(1 + 1242 + (122 + y202)>

“Note that, the smaller L, the wider the low frequency approximation range. FFor ill;-
stance, one gels w< l()”‘/L(md/s) A>02%10 “Lm)) al 2.5GeV, w4 x 10
L(rad/s) (A5 107 "L (m)) al 45GeV.
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(@) dW sigma/domgadPhidPsi (Norm )

(b) dW_pi/domgadPhidPsi (Norm.,)

® %
<5 — -4 !
B —— 0
= 1“\0\ 4‘/-1 gamma.Psi
— -
gamma Phi L Ty 4;/‘ &

IFIGURE 6 Angular density O W/0wdPd from a (2/v)-deviation dipole (Eq. (30)).
The graphs are normalised as in Figure 3 in order to allow comparison. (a) o
component, peaked at (¢,%)=(0,0) and at the two weak side lobes in the dircctions

(a9) = (£V2V1 +V2/7. 0)

(Liq. (27) with ya =2); the depressions in between are at (£v2/7,0) (Eq. (26)). (b) 7
component; its intensity is zero along the ¢ and =0 directions; it is peaked in the

four directions (¢, ) = (£2/4V3, £ v2/7V/3) (Eq. (25)).

W, q** 290
,}E(w<<w0/2): 3eoC 2412 212 1 ~202)2
Ow mieoe \ 4(1 + y22) + (2% + v3?)

(30)

By comparing Figures 3(a) and 6(a) it can be observed that the two
weak outward side lobes of the ¢ component edge SR are damped to
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o
2
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almost negligible amplitude (obtainable from Eq. (14) with 4=(
and (after Eq. (27)) & = V2V | + V2/7), while the two inward lobes
merge into a unique central one. The projections write (Egs. (15)
and (16)) (Figure 7)

dw/domega.dphi v.s. gamma.phi
R . - -

0.7 T T T 1
0.6 + :
0.5 T :
0.4} whgme L ]
0.3 + 3
0.2 | s |
0.1} ot 1 ]
i . ; : :
-4 ~3 & -2 0 1 2 3 4

dW/domega.dpsi v.s. gamma.psi
0.5 F 7 T T T r —r—r—y —j- T v

1 i ddicd

1 2 3 4

FIGURE 7 Projections of the o and 7 spectral angular densities [rom a (2,f7')-t|i|)(>.lc
onto the ¢ and ¥ observation dircctions (Eqs. (31)). The graphs arc normalised as 10
Figure 4 (o allow comparison,
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W, ¢y [ (1-99) | (1 + 49
dwdp  8mreoc | (1 4 (1 w«»"»)"‘,l"‘““‘ (14 (1 +4¢)2)"2

] r“([’

,fJ

|
r]—'ygb \/1+ 1+q¢)}}’
]

PWe gy | 1

N N i T
\/1”1_%/)2 \/1 1+7¢}

PW, ¢y 1

Ow 2wzeocm(2+721ﬂz)’

PWe _ Y 50 1

dwdy ~ 2mleye (1 +422)2(2 + 422)

The spectral energy density writes (Eq. (17))

2
dWo 4 fsinh(1) = 3.053 x 10°¥ (Js),
dw 2\/—7r2€oc (32)
AW,

= 27r250 (\/—Asmh(l) = ) —=1207x10°Y (Js)
where the numerical values hold for g=elementary charge. One
therefore gets the partition (d W, /dw)/(dW,/dw)=2.53.
The rms openings and 7-peak directions are (Egs. (21), (24) and (25)
with ya=2)
$a-rms = Yorms = Ororms = Yrarms = \/_2‘/'%

33
(bvr-peak = iz/")’\/g’ ww-peuk = :i:\/i/’}’\/g ( )

These properties stay unchanged at constant ~y, that is, at constant
deviation 2/ or equivalently at constant field integral BL (Figure 8(a)).
The spectral angular energy density in the low frequency range
decreases when the dipole deviation departs from 2/ (Figure 8(b)), its
projections (Egs. (31)) decrease as well, whether the deviation decreases
(this is because the positive arch of the electric field impulse received
by the observer is truncated within 47.) or whether the deviation
Increases (this is because part of the negative tails are introduced in the
electric field impulse received by the observer during a time ¢> 27,
which is detrimental to JE,dt and hence to low frequency radiation);

B
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(a) dw/domega.dphi .dpsi
1E+6 ) | NG b | | S € T _— T T
(arbitrary units)
L =
2.15 mm

1E+5 E
| X dipol
| 1E+4} ong dipole ., ]
|
4. L=2.15 cm
; 1E+3} | E
‘ or{\ega‘ (ke‘v) v

A Y ) i
1B+3g-4  1B-3  1E-2  1E-1  1E+0  1E+1  1Ee»

(b) aw/domega.dphi . dpsi
1E+6 —— T — — .
(arbitrary units)
‘ 1E+5 L = 2.15 em (pa=2)
3 E
l L = 4 cm (yu=x4)
I‘ % L = 0.5 em (y¢=0.5)
1E+4 —i
|
1E+3} 1
omega (keV)
‘_ sdal o dasl PR Adddaial
[ s iI—4 1E-3 1E-2 1E-1 1E+0 1x¥+1

FIGURE § Energy density in the forward direction (d=1:=0). as obtamed [rom
numerical caleulation of Eqs. (1) and (2) (constant over frequency range as stated in
Eq. (8)). (a) the graph compares the K},,-likc speetrum from a 2.5GeV eleetron in field
B=155T (p=54m), and the o-spectrum from a (2/y)-dipole with field integral
BL=1/300Tm, in two cases: the dipole is either a (2p/v)-long piece of the former,
with length L= 17300 B=2.15mm (Eq. (29)), or the dipole length is ten times longer
with ten times weaker field; both these (2/7)-dipoles provide identical and maximum
energy density (Eq. (30)) in the low frequency range (w < w\/2), more than 100 (imes
that from the long dipole if w< 1.2eV (A>1pm) (Eq. (37)). (b) starting from (2/)
deviation (L=2.15cm), the field integral is varied by changing L at constant [ the
graph shows that & W,/0wdR,— ¢ in the low [requency region (Eq. (30)) decreases
when BL departs from 1/300°T m (Eq. (29)).
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the latter effect is accompanied by an increase of the radiation opening
with an overall effect of about constant integrated power per unit of
magnet length.

4.3 Comparison with Classical SR Model

The properties of low frequency SR in a finite extent magnetic field as
described above sensibly depart from what the classical theory of low
frequency SR from an infinitely long dipole provides. Let us write the
latter under the form (after Ref. [8])

2 2.7 2 2/3 2/3
OW, 3¢y TR (W 005 1092 ( 2"
Owo)  8miege 21/3 We We

82W7r7 372 F(1/3)2 2,2 W e (34)
AW~ 16m3ege  22/3 We

_ 264 x 10-720n (L)
=2.64 x v (v¥)

We

and with y-independent vertical rms opening angles®
Yo = 0.7560(wo/w)'®,  rr=1.0143wo/w)'  (35)

much larger than 1/y and increasing with decreasing observation
frequency w.

On the other hand, taking Eq. (30) with ¢ =0 gives the o spectral
angular energy density from a (2/v)-dipole in the low frequency
approximation in the forward direction (the 7 density is zero in the
forward direction)

W, 2.2 2
: — 27 e S W T s (3]
Wiy meoc (24 42y2)’ (2+~2)°
Comparing Egs. (36) and (34) leads to the energy ratio in the bend
plane (v = 0)
P W, W,
Ao Classical ) (')u)(')SZ’ If.""vl—(“PHh‘ (‘_”
3Ir2/3) fwY¥?
=T g ¢

possibly highly in favour of the (2/7)-dipole. Namely, taking p = 5m, w =
1.88x 10" rads™" (A=1pm) in Eq. (34), one gets, for E=2.5GeV,
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wiw.~ 1.8 x107* and the ensuing ratio O W,/0wdLclasscar: W,/
OwO 2/7)-dipote = 1 : 140 (Figure 8(a)).

As to the openings, the (2/v)-dipole SR is confined in a cone with
V/2/~ rms aperture (Eq. (33)) independent of w, while that of the long
dipole is much wider, namely, y¢ &~ y/2 ~ mrad x  in the bend plane
and (Eq. (35) with the numerical values above) yiz~ 10 proportional
to yw'”? in the vertical plane.

Figure 8(a) more generally compares the spectral angular energy
density in the forward direction ($=1=0), over the all-effective
spectral range of the radiation (obtained by numerical computation). [
can be checked that the (2/+)-dipole energy density in the low frequency
range does not depend on its length contrary to what occurs at hiph
frequency (the shorter the (2/7)-dipole, the wider the spectrum extent).
In particular an adequately short (2/v)-dipole appears to deliver high
frequency spectral energy density asymptotically comparable to that
from a long dipole.

Another way to compare long and short dipole radiation within 1he
low frequency approximation (Eq. (8)) is as follows. The peak o spectral
angular energy density for both is obtained from Eq. (14) taken [or
1 =0, namely

2
PW, ¢ af2—¢ . af2+ ¢ (38)
wiQ  Ameoc || 42 (af2 — ¢)F 14 2(af2+ )| -

The peak energy density from the long dipole body ensues by sub-
stituting ¢» =0 and taking ya>> 1 in Eq. (38), and the peak (2/)-dipole
energy density is obtained by substituting ¢ =0 and v« =2, which
we write

W, vy 1 PW, Gy
QWO |1 ong-dipole B ;3?0;(7@/2)2 a AwdR (2/)-dipole ~ Arege
(39)
Their ratio writes
Pw, 0w,
OO | ong-dipole OO | (2/9)_dipole (40)

_ (wrﬁ)zi}l: 1 : (ya/4)?
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and diverges with increasing ya (the Long-dipole body SR tends to
zero). For instance, for yo ~20 (e.g., 22 cm long dipole with magnetic
field 0.155 T at 2.5 GeV, validity range (Eq. (8)) A > o?L/24~10"°m)
the ratio is 1:100; for ya~ 50 (e.g., 50 cm long dipole with magnetic
field 0.155T at 45GeV, A>>0.04 x 10™°m) a 1 : 150 ratio comes out.

4.4 Comparison with Edge SR

The gain in o energy density from a (2/v)-dipole w.r.t edge radiation
can be estimated from the shape of the observed electric field impulse,
as follows. In the case of the (2/9)-dipole the full positive arch of the
o impulse is received by the observer. In the case of the peak edge radia-
tion (in the direction 1/ from the magnet end — graph 2 in Figure 5) the
observer receives in addition a part of the negative tail of that impulse.
Following the Fourier transform approximation of Eq. (4) the energy
density ratio [Edge : (2/y)-dipole] is the square of the ratio of the electric
field integrals, that is to say, 1 :4 if the edge radiation is issued [rom an
infinitely long dipole, a bit more if the dipole is not very long (since in
suich case, the negative tail of the edge electric field impulse is truncated —
just like in Figure 5, and hence the area under E,(z) is a little more
than half the area under the sole positive arch).

This can be checked analytically. The ratio of the edge radiation
peak energy density (Eq. (28)) to the (2/v)-dipole peak energy density
(Eq. (39)) writes

PW,| W,
0w Edge " wdf (2/~)-dipole 41)

25%, o
- <1+~—) 472 14,
7o'

Instead, for not too large ya value one gets slightly increased edge SR.
For instance, with a =20/ deviation one gets (1 4 (1/10))?:4~1:3.3.

3 CONCLUSION

A simple theory of low frequency, far-field synchrotron radiation is
established on the basis of the approximation of the radiated electric
field Fourier transform by its time integral.
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Special properties of low frequency SR are pointed out, and inter-
preted in terms of the shape and truncation of the electric field impulse,
Ttisin particular shown that the spectral angular encrgy density takes its
maximum at low frequency rather than in the w, critical frequency
region as in the case of a long dipole. The method allows detailed
comparison between edge and dipole body radiation.

As an application it is shown that a short, (2/v)-deviation dipole
causes the low frequency spectral angular energy density to be maxi-
mised, confined within a v/2/v rms aperture conc, entailing a gain of up
to four w.r.t. edge SR and up to several orders of magnitude w.r.t. body
SR from a long dipole, and making it a highly recommeundable cand;-
date as a long-wavelength radiation source. Properties of the (2/~)-
dipole are derived and illustrated with numerical examples.
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