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Abstract

We consider the asyminetric simple exclusion process on the lattice 29 N T¢ with
periodic b.c. for d 2 3, in the diffusive space-time scaling with parameter ¢. Assume
the initial state is a product of Bernoulli measures with density of order ¢, up to a fixed
reference constant density 8. We prove that the density at time ! is given to first order
by 8 — em(z — ¢~ 1ut,1) with v a uniform velocity depending on 6 and the dynamics
and m(z,1) satisfies the d-dimensional viscous Burgers equation. The diffusion matrix
is given by a variational formula related to the Green-Kubo formula and it is strictly

bigger than the diffusion matrix for the corresponding symimetric exclusion process.
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1 Introduction.

The macroscopic behavior of a large particle system is usually described in terms of the
limiting behavior of some special local observables under a suitable space-time scaling. In
the context of hydrodynamical limit, these observables are the locally consepved quantities
of the dynamics. The system is assumed to be initially distributed according to a probability
measure characterized by a slowly varying Gibbs states. Let ¢ represent the scale separation
between the micro and macro space scales. Looking at the time evolution of the conserved
Jocal observables of the system on times of order ¢~ corresponds to the hyperbolic (Euler)
scaling, while the diffusive (Navier-Stokes) scaling corresponds to times of order €2, Rig-
orous results on the hydrodynamical limit are available for a wide range of models, though
mostly for lattice systems. We refer to [1] and [2] for a review of the known results.

One of the simplest models of interacting vwn:n_,m,mwm..msm is the simple exclusion process
(SEP). It is a particle model on the lattice 2¢ with a hard core interaction which prevents
the presence of more than one particle per site. Particles jump at random from a site to
nearest neighbors according to the following rule: a particle in the site z, independently of
the others, waits for an exponential time, then jumps with probability proportional to p. 2 0
to the site = + ¢ (e being a vector of length 1 on the lattice) provided that the site z + ¢ is
ise stays in = and waits a new exponential time. We denote by n:(t) = 0,1 the

empty; otherw

number of particles in the site z at time ¢ and by £ the generator of the process. The case

pe=p-cforalle (symmetric simple exclusion process) is particularly simple and its diffusive
limit is ruled by the linear heat equation. To certain extent, this model is exactly solvable.

The more interesting case is the non symmetric one, pe # P-e» called asymmetric simple

exclusion process (ASEP). For this system the product measure js still invariant, although

the dynamics is not reversible with respect to it. To understand the macroscopic behavior of

the system, we start with the hyperbolic scaling. Assume that the initial profile is a product

measure with density po(ez) € (0,1) slowly varying from site to site. Then the macroscopic

particle density at time €', p*(z,1) (as a function of the macroscopic position and time),

in the limit ¢ — 0, satisfies (see [1] for references) the inviscid Burgers equation

8ip+6-Volp(1 - p)) =0, (1.1)
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temperature of a fluid. Ty that case the analysis on the diffusive time scaling is made difficult
by the presence of a transport term of order =1, like the macroscopic current in the present
situation. The incompressible approximation. which means to consider density, velocity and
temperature constant up lo terme of order ¢ and look to the equations for the corrections,
has a well defined limit as ¢ goes to 0. It is actually this feature that makes possible to

prove that the incompressible Navier-Stokes cquations are the diffusive scaling limit of the

Boltzinann equation (see [7], [§]). The same sc ling argument can be used 1o obtain the
incompressible Navier-Stokes equations formally from the Newton equations [9].

It should be emphasized that, as proved in Theorein 5.9, the diffusion coellicient (mat rix)
for the asymmetric process is st rictly bigger than the corresponding one for the symmelric
process. i, the process with jump intensities e = (pe + p-)f2. Since the diffusion
corresponding to the symmetric part is due to the stochasticity of the dynamics, to certain
extent the diffusivity nolam_vo:ﬁ::m.,_”o the “deterministic” part is measured by the difference

of the two diffusion coefficients, Thercfore. it is important to prove that this difference is

ictly positive. Our method is certainly far from dealing with purely deterministic systems.

It nevertheless establishes the fact that the asvmmetric part of the dynamics does enhance
the diffusivity.

The strategy of the proof is the following. The main technical tools are a modification
of the entropy method proposed in {10] (see also [11}), the method of Varadhan [12, 13, 14]
for the non gradient systems and some multi-scale analysis. The general philosophy of
the relative entropy method is to choose, as reference measure, the local equilibrium with
parameter slowly varying in space and suitably chosen in such a way to reproduce the correct
density in the limit. In our case the local equilibrium (for the system in the cube of size
:=V with periodic boundary conditions) is just a product nicasure with chemical potential
0+ sX\ex = 7ot ). 00 - 0)M(z.t) = —m(=z.t) and m being the solution of (1.3) with
diffusion matrix to be determined. The specific entropy of this measure, whose density with
respect to global equilibrium, denoted by ¥¢. is of order 2. This fixes the typical size of the

relative entropics. Qur main resull slates that the specific entropy of the non equilibrium

distribution ff relative to v{ satisfies

s 2y =0 (1.4)

=0

o

provided that v is the initial measure. The Jimit (3.4) correctly pins down the chemical

potential A and, together with the entropy inequality, implics a law of large numbers for

the empirical density and its limit satisfies (1.3). As usual, the relative entropy method

requires the smoothness of the solution of the hydrodynamic equation, which. in the case of

Lo . ’
the viscous Burgers equation, 15 assured globally in time.

The above outlines are standard procedures for applying the relative entropy method.

In our case, it encounters significant difficultics because the system is in “wrong scaling.

To overcome these, we are Jead 1o pick up the correct second order correction which can be

achieved by adding to the local Gibbs state a suitable non product correction 2d. with ¢

{o be determined. \We emphasize that such a correction changes the entropy only to orders

higher than 2. Such a correction is added purely for the purpose to prove (1.4).

The choice of @ is dictated by the method of {12] for the non gradient systems, which, in

i

its original form {12, 13), applies only to diffusive and reversible systems. Recently, it was

extended to non reversible systems by [14] who cousidered the asymmetric simple exclusion

process with a mean zero condition, i.e. the average (signed) distance for which a particle

can jump is zcro. ‘This approach, however, can not be applied in our setting because, among

other things, it is dimensionally independent. Our method relies strongly on the multiscale

analysis and the Jogarithmic Sobolev inequality {for the corresponding symmelric process).

It is far more general than [14] but is restricted to d 2 3.

Finally we remark that one should be able to prove (1.4) via standard “one” and “two

blocks™ estimates and the “tightness” (12, 13, 14], using the multi-scale estimates in sect.

5 and 6. This would allow us to treat more general initial states. We choose the relative

entropy mecthod because it is somewhat shorter and it provides an example for which one

can pin down the next order correction to the local Gibbs state. The rest of the paper is

organized as follows. In sect. 2 we state our main result. Sect 3 is devoted to some simple

large deviation bounds for local Gibbs states to be used later. The main part of relative

entropy estimate is in sect. 4. In scct. 5 we identify the diffusion matrix via a variational

formula. Finally the multiscale cstimates are proved in sect. 6.
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Let ¢ be a Jocal Gibbs state characterized by a smooth function £ as

vz exple Y e 20 (2.10)

log Ze = _cm\oxlmMQ@J:L&S = 3 [P(F+eb() - P(3)]. (2.11)

Here and for the rest of this section, all summaltions are for v € Ap. One can easily check

that
s(v) = " L[y log ¥
< AV (e Erefe(exns] - P34 (en)) + P(3)} < const. s
In order to pin down the function &, one nceds to know theentropy hevond order 2. Indeed.

one has the following Lemma where. as in the rest of this paper. J denotes a smooth function

of compact support in R4

Lemma 2.2. Let f be a density satisfying

me s fje)y=0

«—0
Then for any J and any bounded local function F one has
E_m\ - EV][e?! M J(ex)r F} = 0.
If instead of ¢72s([|y) — 0 onc has ¢~ 2s(f1v) < const. then the following bound holds

E! - E¥)jet! M.zmlﬂwﬁ: < const.

In particular, v can be the cquilibrivm measure dug.

Proof: \We use the entropy inequality:

EyXN) £ v e ds(fly) + 77" log EVexp{7\}] (2.12)
for any positive 4 and for any random variable X. Let X =71 ¥, J(er)Fand y = gt
We claim that. for such choices of v and .Y, one has. for any ¢ fixed.

lin 17" log _2._, {1V - E_*.«:: < const.q. (2.13)

To prove this. suppose F measurable w.r.t. the g-algebra of a cube of size {. Let us label

x € A by (2(+ a4+ with lo| € Cand 0 € ALjesr Hence we can write X as
X = Avg (20 + 1) TS J[ef (204 Da + o)raanaseFs (2.14)
o

where Av, = (20 + 1)7¢ Tajgr- Without Joss of generality one can assuine E¥[X] =-0. Now,

by the Jensen inequality (applied to u — log Ele"]),

11 log E¥[explalNTJ] € 77 Ava (20 + 1)* (2.13)
log E¥ |exp amM”.:mﬁwa + 1o+ o} TaeneseF ol - (2.16)

Since v is a product measure. the expectation factors into a product. Therefore. it suffices
to prove that for any ¢ fixed
::wmmuu log EV[exp{§el} — E¥[F) € const.q. (2.17)
Pk
One can check (2.17) easily by expanding the exponential up to second order in €.
To prove the first part of Lemma 2.2, one takes ¢ — 0 and then ¢ — 0. This proves the
upper bound. To obtain ihe lower bound, one simply switches XN to =X,

‘or the second part. one fixes ¢ to be some small constant instead of letting ¢ — 0. This
concludes lemma 2.2. ¥
Corollary 2.3 Let v,{z,1) be the empirical measure
ve(z,0) = €471 3 8(z = ex)(0 — ne(1))-
x

Then, ford 2 3, v(z—¢ ot 1) converges weakly in probability ton(z. 1) solving the cquation

dm(z,1) +MU9®~T:?_$J" MU D, (8.00m)(z,1). (2.18)

at >0 e.e'>0
Proof: From Theorem 2.1 and Lemma 2.2 it is enough to check the convergence with respect
1o the local equilibrium . To prove this claim, recall the entropy bound (16, 11]

pilA) < 182 e=4s(f1v) (2.19)

log(1 + 1/P¥[A])
Let A be the set A= {7]e' L, .Rm.l??I§+Qimalms_i. 1)) > a}. From (2.13) and the
Chebyshev inequality, P¥[A] is bounded by exp{~(a - const.q)7}. Choose ¢ small enough
<o that @ — const.g > a/2. From (2.7), (2.19) and this, bound it follows limc—o P/[A) =0 for

any choice of a provided d > 2. This concludes Covollary 2.3. 8

10
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Proof. By definition,
el fv) = s(f1¥)) = S EIY_ (lex)r F) - et log(Z ) Ze)s

where

e log 2/ 7

i

9% log 2 |exp mMUmAm.l:q+muMuﬁm=.r.Lu

— e og L lexp e Y &ecns )

= e Tog B lexpiet y_¢lenyr i ol
I
To the leading order,

-Tlog 2/Z, = B[S (lex)r b + OE)

By assumption on £ and Lemma 2.2, ¢4 ?log Z]7g = 0 ass — 0. The first term €?

EY, ¢ler)r, F also tends to zero as ¢ — 0 by assumption on I and Lemina 2.2. This

proves Lemma 3.2. 1

4 Entropy estimate.

This section is devoted to the proof of Theorem 2.1. The aim is to get an integral inequality
for the relative entropy in terms of a “large deviations” term and a “variance term”. The
first term will be bounded via Lemma 3.1. The second term is related to the fact that the
current is non gradient. It will be handled with the method developed in (12,13, 14] and in

cect. 5 and 6. This method forces us to modify the local equilibrium by a second order non

product term, which does not affect the relative entropy up to order £? by Lemma 3.2, but

iU ic crucial for the variance term to vanish.

We will replace ¢y with the density vy defined by

vo= 27 expled (asa)(er, s + %e?:_ :.:

where 7, is the normalization. ¥ is the convolution product on 24, and a(z.1) .w and ¢ are

chosen as follows.,

(4.A) Let Cand k be integers, (=¢
(2(+1), with centers 0 € Aww+:Nl Lol € k. Let (= i - (1'% and consider the cubes
{ width 207", Define &

942 and suppose that A is divided in disjoint cubes of size

Ay, ., and Ay = Uletgk Mro is the region Ay without corridors o

. . . . - s
10 he the normalized charactenstic functions &) = [Al 1r € Ap) w(a) =

and w
’
(2k 4+ 1)771(r € M)
(4.B) afex,t) = Mex = e='ef, 1) with X and v given by Theorem 2.1.
(4.C) Choice ol @. o) = — Trevolda)(ex, )@ * 7, F)(x), where F is a local function
satislying (0) = 0 = 8F [Jylyme, Fu) = E"[F), with v = P'(h).

The choice of & is particularly convenient to handle some boundary terms in sect. 5 and

6, although the use of (M@ is rather arbitrary. The choice of § = (47 is arbitrary too and

will be made clear in the proof of theorem 4.6 in Section 6. The choice of a(z,t) depends

on the need of compensaling a diverging transport term, according to what explained n

sect. 1. Finally @ is the sccond order corrections to ¥ and its choice will also be made clear

below. We note that in the same conditions of Lemma 3.2, with " defined by (4.1), we have

e [(flv) = &(f]v)] = 0 from Lemma 3.2.

To state the main result of this section, we need the following definition.

Let G be a local function supporled in || < so for some inleger So. Suppose

= N

that G salisfies E*2[G} = 0 where pug is the cquilibrium slate defined in (2.1). For any

y € [0,1] we dcfine the “variance” Ve(G,y) by

WG.y) =26+ 1) Y (r:G = adG)) (=L, | 2 (G = adG)) (42)

) lr]<h bey

where { = € — O and jigy is the canonical Gibbs state of (20 + 1)¢ sites with density y,

namely,

pey = Qradlite — vlue-

Here pie denoles the counling measurc on the configurations in A¢ and Q¢ is the normaliza-
L, isdfined by Log = 1/2Le+ £7) with Lo = Tyyee Lo and C; defined

tion. The gencralor
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with ST g(r) = gla) — gle — (). The currents wye, U7, and wl?) are given explicitly by

9 Ne + Nrse
=V + :.Aﬁw. wh, = Ve — Wy, {)] wl® = s = Se[Nelirge — Ie m?+ ] (4.10)

We shall now compute £ log 1. By definition of 0

A4 L log i = €17, log ¢ — €471 L log ¥

= 1Y [ddaler D)@ ) -3 Y alex,)[V] wl® * &
750 r.e>0
— 1Y daalex )L (@ x T, F)a) + o)) = B + B+ B +o(1). (4.11)
Among the three terms in (4.11). B, is the simplest since it is already of order one (recall

ey, = 0) ~ 0(1)). We now compulte 13;. By Taylor expansion,

B, = &7 M_ 1V, aler b))l xwll]

1.¢>0
1
= 7Y (Da)(ent _E*:.?;,T ¢! Y (8deaeT )l »wlel]  (4.12)
1.e>0 re>0

+ anU: ex ) (e :.:: — ¢;) + const.

Here ¢, is some constant and a is proportional 1o the third derivatives of a(z,1). Here and
below by const. we mean any quantity independent of the configuration and a cumulative
constant will be determined at the end of this section using (iii) of Lemma 4.4. Note that
from Lemma 4.3 the expectation of the third term goes lo 0, by a suitable choice of ¢; so we
only have to concentrate on the first two terms.

Ju preparation Lo the use of the “one block™ estimate (Theorem 1.6), we introduce the

quantities

0 = Ersaliea Q2 = (20 = D@ « D), ], (4.13)

where ji = j is the equilibrium measure. We can decompose @ * U as

[l

) 4 Q0 4 T Dol Vem@)s7 4@+ lofd = 67 3 Dee(Temy)l- (414)

(@ *u)s
e'>0 >0

where ¢ .\E is defined by

0l = g+ (1= 2002 Tlete ) - ) = (1 = 200 = 0 (4.15)

and the convolution in (4.14) is on the variable y. If we let (b= (y.4 1 ¢ ))

@ = 5.1:12:5?:1|3|§|:u§|3§t|3 (4.16)

- 2
then QE is nothing but
L4 -
g = g — E"[@liles] (4.17)
One can compute EE casily. 1t is simply
EMfupliies] = (14 (26 + 1) Do) - ek} (4.18)

Lemma 4.5 Suppose J is a smooth function. Then there is constant (g (independent of fi)

such that

Jim g2 ES M.J\.:n.q b:. - Fl Mu@ Jer)y) = Ca=0

«—0

Proof. By definition of © and w in (4.A), up to a constant, the expression inside the
expectation can be written as

(=290 — 1) { S|+ e (e = O) = (w* I)ex) (e — 0]

LS9 w d)ee) = e eallln =0 (4.19)

The replacement of w * J by & * J produces an error
2 BN Y (0 — OV # J(eT) = o J(er)])
x
= ¢EMY (ne — 0)Ave [wo * J(eT) = &a * J(ex))}

Lol 'l € Ag,0) and wolz) = Azol™ "1z € Aze) (recall o defined in

where dq(z)

(4.A)). Hence

o * J(ez) —w* J{ex)| = [Avyen, [ (e(z - y) - J(e(z = o))

- Avgen, W(e(z - y)—J(e(z =)l £ const.e? %180

Hence lerror] € ey, By, -0 — 0 because h.‘._:« -0} = . Finally one can check

the second term in (4.19) vanishes as € — 0. This concludes Lemma 4.3. §
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last terin T3 can be estimated as follows. By definition. the f-derivative has two

terms. syinbolically.

d
-7 M vede + .

B di e>0
IlLe contributions from the second term is negligible by (iii) of Lemma 1.3, The contribution
from the first terin is of the forin
1! M Jdsz, ), F =X
re>0
If one uses the same argument used for the second term, it follows that [E/r — E*2][X] is
bounded. In order to have [E/* — E*#]|.X] negligible, one needs Corollary 4.7 and suitable
subtraction. By Theorem 4.6, one can replace .\ by Y esodels ..:\,Sa.»v. By entropy
incquality (2.12) and Lemma 3.1 (¢ = yig), the second term of the cstimate vanishes in the
limit € — 0 and ( — cc. Finally, lelting v — 0o we conclude that Ty is negligible, provided
that [” satisfies assumption (C) in the definition of .
Combining with previous estimates, one has
T f d-4 d-2 , T
.\o dtE ﬁn £ =29 log q._v < \o dt EX Q=T+ Qe — T2 +const.]+ Qg +const.y+o(1).
(1.27)
We now estimate 1, — 7.

Q=T =23 (Qoa)ea, AN + v (@ n)(r)

r.e>0

By (4.18) we can write '} as

QN = (fipk — 0)* + (20 = 1)(iri = 0) + (07 = ) + O(k™%)
By definition. v, = (1-20)8,. Hence Q=17 = yo+8n Fconst. +O((~%) (recall k = (=¥9),
where

Mo = ¢ Y (Fea) (e 1)(20 = D)o ijrs — (& * n)(2)]s

120

471 Y 8(Bca)(ex, )ik — 0) (4.28)

7,20

0

i

Note that €4 is of the same form as the first term of (4.19), hence fimeo|Elt = E#2][Qy0] =

0. Therefore

T 4 e Py s T
\: At fmm R AL uQ.::mfv < \ _t\m\._bz + Qy + const.] + o(1)

J

21

where 7 is defined by

My =" Y {(Deer@ele — mEz — Vot O))(@ « n)(x) (4.29)
r.0.e'>0 ot
4 e (AN (ex — e ot ) (iira = 0] = €771 3 Mz (lric) + const. + o(1)
re>0 ’ .
with
D:.R.L_& = :b:&&@ﬁ - Mw.vy_ﬁt - QV + MI_&L%A\/XC - va :WOV

In the last step we have again replaced @ * 5 by w * 1 = Tirk and the error goes to 0 by the

same argument used before. By assumption A satisfies equation (2.6) of Theorem 2.1. Let

m(A) = —0(1 — 0)A. Then ;7 can be simplified as

Qare(u) = §.(0.a)[2m(a)(u—0) + e Nu- 0))
e 16, (d.a)(u — 0 + em{a))® + const. (4.31)

Therefore we have the equation

T . T _
\ HE*|(1L7 — 70,) log ) € 7 \c QUEMS" By o (s.) + const.] + Qs + const.y + (1)
0 T.e

where

s e(u) = 6e(Bea)(ex, )(u — 0 4+ em(a)(ex, 1)) (4.32)

Note that 8 —em(a) is not exactly the mean E liek] = 0—prler, 7). One can prove easily

that the replacement of m by i produces only negligible errors.

To summarize, one has
T . . .
\ A BN 4= Lo — €40 dpg (4.33)
0

< \ﬂ dt .\ Fled YT eliien) + const Jdpg + Qg + const.y + o(1)
Y i r.e e -

lere I' is defined by {4.32) with m replaced by fir. We now determine the constant by (iii)

of Lemma 4.4. Note that (4.33)
it is not hard to find that, in case fi = .\.:. (4.33) is

is an incquality but, if one traces the argument through,

an identity with @ and 7 set to zero.
Hence the constani satisfies the equation

\&..;m.\b Y o Toeliize) + congt.}dpz = o(1)
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Let £ =5, a. N+ L,G. Since € L,9, Vo >= 0, (5.9) is proven. §

Lemma 5.5. Let ¢,G €6 and E =T 500, Ve + L,G € G, Definc S4(€) by
$,(8) = 3 addlg) + (9. Co- (5.10)
>0
Then Sy(€) is a bounded lincar functional on G lence Sg defines an dement in GV via
the Ricsz veprescntation theorem, which we still denote by S, The map § 1 g — Sy is a

linear transformation from G 1o GV, Furth¢rmore, § =1 when restricted on G, namdly

S, =g forg € g,
Praof. The ouly thing we need to prove is the boundedness of S,(€). 1t suffices to prove
that for any g fised,
[{g. GYol? < const.(g) M E*[(V, M 7.G)?).
>0 T

tion.

By defi
(9.G)o = L"[g D_7:G].
Sinee both g and G are local functions, we can fruncale the sununation of x al, say, [z} < M.
By Lemma G.1.
E'g ¥ nGP < const.(g) 3 E*[(Vs 3 .G b~ {(3.11)
IrlgM b {rl<M

Now let A/ — oc and use the fact that for all b one has
EF[(Vy Y 7.G)*) = E*((V. 3. .G)’)

for some € > 0. Hence the right side of (5.11} is bounded by const.(g) E*[Ces0(Ve 2 7.G)?).
This proves the boundedness of A |

Let A be the kernel of 8 in G. Then GV is isomorphic to Gl Note that ¢ € N iff -

Vi{g) = 0. Hence one can identify @ with /N

Corollary 5.6. G = G and <, > dcfincs an inner product on G so that €« g,h >=

Vg, h).
This proves Lemma 5.1 and also establishes the structure of G. In consequence of above

discussion we can think of the elements of G, roughly speaking. as sums of a gradient lerm

¥,y ad a fluctuation term C,0.
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We note that up o now we have only used the symmetric part of the generator. In our

model the generator is not symmetric. To delermine the diffusion coefficient. we need to

decompose the clements of G in terms of a gradient and LG. The way to do that is not

straightforward, and the first step is the lemma 5.7 below.

Recall the definition (4.10) of the current w, = wo.. Note that w, € ¢. We introduce

the function

e = (Ven) + 8e(10 = 0)(ne = 6) (5.12)
so that o, € G and {g. wc)o = (g oo forg €G. Note that (5.2) is crucial for the last identity
to hold. Similarly, one can define o7 = (Ven) = & (o = 0)ne — 0) so that {g.u7)e = {g.0)0-

Lemma 5.7. Suppose g € G. Then

(o) = Jim E*[Lg 3 (a- ens) = —(g:wC)o = ~(g.92)o: (5.13)
e
1.(Lg) = —(g,wc)o = —{9:9e)o (5.14)

Proof. Since Lg is a local function, one can fix A/ much larger than the support of g and

replace Lg by Larg with M < €. One can now perform integration by parts and

E*[Cag 3 (2 el = (gLay 2 (- €)ue) + E*lgq 3 msign(y) § O (z-€)nsl,

|lzl<e jzi<e y€dA, |ri<t

where sign(y) = %! depending on which boundary y lies. The choice of sign is not important;

the crucial point is that opposite boundaries have opposite signs. The first term on the

right is just —{g,w])o. Hence it remains to prove the last term is zero. We claim that the

contribution from opposite boundaries cancel exactly and sumn up to zero. To see this let g

depend only on the configuration in A, for some integer s and z € A,. Let ' be the reflection
of z along the axis e. Note that for any &

E*[gnans] = E*[gn20e] (5.15)

unless ¥ = z or T = 2. Hence

2 lg(ns — 1) Tl - el = Erlaln: = 1) (= e + (- )] = E7[gs PO,

26
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Since g € G. {a,.g)u = {we.g)o by (5.14). By definition w, + w; = 2V, and hence
{g.w; + we)o = 0. By Lemma 5.8, t{0.) = & oV (Ven). Thercfore

1.,
m.v;AM ade + h.«\v 2 —,-AMDnﬂa:v - Ahan.,evc

- >0 >0
1 1.,
- Ma\AMDndnc + h-QV = Mf AMUanaQ + N.Qv
>0 >0

Note that this inequalily is precisely the statement that T in (iii) is bounded by 1.

Proof of (A) of (iii). Suppose that Vij = Lo aeer0er + LF with F € G. In general, we
may not have such a decomposition and some approximation is needed. Then

& TV, Lg>»=K M e Ve, Lg> + < LF.LTg>
>0
By (5.9)
L L F, L9 >=—(F.Lg)o=—{LF,g)o
Note that no boundary term arise when performing integrations by parts because g and F
are Jocal functions. Also. by Lemma 5.7, {,(L7g) =€ Ve, L7g >= —{o., ¢)o. Hence
< TV . Lg>»= IAM deere + LF.9)o = (Ven. glo =0
>0
Proof of (B) of (iii). By definition of T
L TV, 00 =K MU Ve, 0, >+ L L,F. 07>
>0
For Lennma 5.4 and (5.13), for all e, L,F, 0] >= —(F,ot)e = t.(LF) =< LF. Ven >,
Here the last identity follows from the isomorphism of @ and GM (Cor. 5.6) and the structure
of G (Lemma 5.4). By Lemma 5.8, € Ve, 07 >= SV (Vo)) =€ 00, Ve ». Hence
<« TV 0 =K MU Gee0n + LRV =& Vo, Vo = beeV' (Ven).
€e'>0

Proof of (iv). The diffusion coeflicient is such that 0] = Lpsg Deer Veyy € L7G; hence by

(A) of (iii}, it is characterized by

& = Y DV TV =0 (5.23)

'>0

for all € and é. Solving (5.23). one has
Do = a.AAq.:XQH_V:: (5.24)

Since T is bounded above by 1, sois @ {(as a quadratic form). Hence D > 1. Finally. one
has to prove the strict inequality holds. Note that D=1l KTV, Ve S= 6.V (Ven).
Since T is bounded by 1, this implies TV, = Ven. Hence by (A) of (iii). Ven L £°G and
this leads to contradiction.

Proof of (v). First of all, we claim that T has a bounded inverse. This follows from
general abstract arguments as follows. Since T ( the adjoint of T w.r.t. < -, >)is
surjective from (ii), T is a Dijection from G to G. The inverse mapping theorem [20] then
assures that -1 is bounded. It is now trivial to check that R = T

Theorem 5.10; For the map T' defined in (iii) of Theorem 5.9 the following variational
formula holds (€ = Lo o Ve + L,g):

< €.T¢ »=supinf {3 Aelac ~ 7o) E'#[(Ven)?) = 2(g, Lah)o

Beh ek " oS

= 23 (Bl Ko + %e(a7, hYol + 2(Ch- K)o + 3 E**[(3eVen + V. 3 rk))} (5.25)

>0 >0

where h and k are local functions. In particular, if £ = Y es00e Vel the second lerm on

the right side of (5.25) is zero. Hence we have the following represeniation of the diffusion

malriz:

T (D" )eweae = V(Ven) ™' sup inf {3 Belac - e ) E*o[(Ven)?]

6e'>0 Beh Yk 2 030

- 2Y [Beloe- ko + velor, hYo) + 2{Lh, K)o + S E*e[(7Ven + Ve 3 ssi (5.26)

e>0 >0
Remark: By the formal relation T = £,L°", we have (D7})eer = <A4~i«_Ad.:,hldn.i?
Hence (5.26) is a way to give a rigorous sense Lo this expression.
Proof. By definition of R, we have the identity € §,T¢ »>=<¢, R »=
& &, (RY),€ >, with (R71), = (R + (R7')°)/2 and (R™")" is the adjoint of R wrt.

«,>>. Hence we have the variational formula

< &(RM)E>= sup P<bu> - < (R Tu> ) (5.27)
neg:
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Ilence
E"2u(gn = gasr)] = MU £ [Tap - (Vou)]
9m>A:b_‘
Here
.\,:., = 4l|h?:+_ VI_A.Qs - .Q:+_v, AOMV

is bounded by

By definition, T,

M E*a[{Tas)) = m:_,.:?l.ftzlhr:tvL@:lm:t: < const.g®"ME .ﬂ_@:lc._iﬁ

beAtn+))

We have used the spectral gap of the symmetric simple exclusion in the last inequality.

Step 2. By definition of g, and gus. E##[(gn — gos1)?} = Ef (2 [0 gnl Fusr]]. Here
Erel s B|JF ] = ¥ [AB|Fnsa) — m_;ﬁ.ﬁ.ﬁl;h.im_ﬁ_t_. Clearly,

\M:n—m:b—h:“%:_.ﬂ:.:: m \.\.:n—Q:“QL.

From the local limit theorent and its expansion ((3.11) of [17]) one has g, = ¢ + O(g™").

Hence

19a) € O(g7) + E"*(g(gn): 4 )]
Note that our assumplions (i} and (i) are the same as (3.4) with iz replaced by m. From
(3.5) one has log E*#lexp{q"¢}] < const. With the same argument, E#2[g(fig): g(7gn)] =

const.g” 9. Illence

S Erl(Tas)?) < const.¢?" 2" (6.6)

bEAnH)

Step 2. Finally, let &, = 3" Tus. One can check from Step 2 that the bound (6.3) holds
for d > 3. This concludes Lemma 6.1. §

Once Lemma 6.1 is established, Theorem 5.2 can be proved as in {12, 13]. The only
difference is that the function &, in [13] vanishes for all but finitely many b . We have,
however, the decay bound (6.3) at our disposal. Hence we can follow exactly the same
argument given in {12, 13]. In the following, we sketch a proof which is essentially the same
as in [12, 13].

Proof of Theorem 5.2, From the variational principle, there exists a function u such that

! . 1 . _
um:,._:g..:; < Avpen B ol(r q)u) - M><__,_m1v:24.~=v~_ + 6 (6.7)

33

where 6 is a small positive constant and f, = (- (/4. By Lemma 6.1

S E*((r.g)u] = SOE*e[y $o(rr9)Vsv) (6.8)
b 4

z

Since Eur[dy(r.9)?) = E*{{®,,0(0))). s $u(1,g) converges slrongly to an A.:.._:S.: b, in
Lo(ptg) and $yis translationally covariant in b, in the sense that @4(1:77) = ®+,(1)- Therefore,

the tail of the summation on x in (6.8) is not important. Furthermore. it follows from the

Schwartz inequality, (6.7) and the translational covariance of @ that

H i
L pro(Vilg. )] < — Aupgt B2l Vo = ) + Y E(@f)+ 8 <Y £ (9] 46 (69)

>0 >0

As a corollary, we also have

\»c_o_&m_;:dt;u_ < const. Y E*#[@l]. (6.10)

>0

Suppose for the moment that @, is measurable w.r.t. the o-algebra F1) generated by

T:__Q_ < s} with s a fixed integer independent on . Then, from {he translational covariance

of ¥, one has the identity

mtn_eé.gvﬂ:«ii_ = m:;*ekiﬂ.ﬁﬁ.:x::. (6.11)
Averaging (6.11) over ly| € &, and summing over e > 0,

Avpet, E*o(@s(n)Viu(n)] = Yo B2 (@) V()]

>0

Here it = Avy,c¢, Tyt Let £ = V. One can check that

E*o[(0)) € AviugtE"#{(Vou)’] (6.12)
t converges (up to subsequences) weakly to an

Hlence E*#[(£0)?] is uniformly bounded and i

element £, in La(pp) such that

Jim Avieq, E*o[@y(n)Vsu(m)] = 2 E*#[®3(n)]s

t—eo >0
timinf AvygE°2[(¥s0)’) 2 3 E2I(E))
e >0
34




9¢

'O 1oAO NS JD})e sastues 10119 9]} IULS

payusn( st uorpoeIigns ¢ (PNg J &q vw.u.m_aﬁ T yum (p'e) mucw_...um (6D ey} awnssE ULd an

D woyj (¢ = ©ob)(d)o wiay Jedul| © Furpoenqns £q ‘dsowRYMN] 0 = (959 ey os 00

suyapal ued dm 3IUSY “9ap "1'M JURISUOD © S A&:.EO Jei) ojoN MUY § 1280 wins a1}

soyewt ,_(1 +¥) 10y oy, J Kyisuap yim :+.w< uL 3jeys sqGLY fedtuoued 3y st dap 13|

A.:aq .+n¢v~w_a_><nleA~ .+—. %Vv _
—Hg\.:_‘%
einiﬁqv:tﬂw = (@i¥) EOYZ.. oy [b dns = (d) 40
o=¢

.«;V\A:;:bbv _+J\~w>< N\. :+3\~N
Sq papunog st j) udy],
¢ = (1+9¢} yo pouonpuod Iqnd Yoea uo dns ayy Surye) £q 2a0qR WOL} §] PUROQG UED 3

‘o 2{YPILJ 2Y) 0] snoBojeur a1y pue (¢1°9) uontsoduwioddp ayy JunodY ojut Suyey

*s10plIiod aly} woljy wc_m:m SUuLIa} :ﬂmv—:dOﬁ— ptloae 0) sem

S} Ul u3soyd uadq sey T W[renydy § uohdg ut uaal3 ™ jo uorHuyap Y YiLm JUIYSISUO

st 3¢ pue a81e] ) 1o} (v dpisut Appns sl 97z Jo pioddns 2y aInsua f{in st} ‘uondunj

[edo] ¥ 51 H UG * py) UEY) e st jve — x| ‘faepunoq 1) woij asueysip 3} el

(ons (JV UL YRy st ‘g = § [243[ 381y A 10} 0 1280 28esaa® BY) (G1°9) Jo SYY AU U]
w5 10} ) = (59 pue o= :_“.o ‘uorpuyap Ag

. o=v

(c19) [t = (il L)l 92ty e ><N D) mw

15}

se fi 1oa0 a8e1aae ) owc;Eouov A0U URD I\ vzt >Blay = E: EIETI AN

:.ﬁ@v T~ = TWE'O_:.@ = A:,v?rww

uonypuny ) (59 £q aouaQ .:+...w< D (¥ eyl yans (1+s'0)®

L4
LA} (5 70) (oRa Ju) TjRIy sUs oY) W aqtyedwios a1e suotsoduiedop ISy jel) annbar
sn 49 @V = (ol Lpweu (bt &q Lysuap syt ajoudp pue (s'0) &q pojpqe[ aqnd> 24

2q Tﬂ/‘. 10 rjoje| Jeod apetu aq [|Im pue o.u:.v___u.:_cu 10} apewl sty +7+ P _:—U:Oﬁ_x.v aif}

J0 MO AT, LI = 1 F wpreplT UMW where i = 8 (5 0) NG aqnaqns 1ppeo [ plie

¢t

1+ s 4z+p)T 9215 JO 30GRIGNS JULO[SIP OJUL ¥ QNI AN} SPIAP “u ™" T = ¥ (L0 10 pe=i) =4

JeI[) [[€I2Y "UOLDUNJ {€I0] ¥ SL O pue paxYy W i 2)BYS SqQUE Jodtuou) ayy st Yilp d10ym
(e19) (M@ Miay, 3 = vip[[(9)70 ~ Oh] ¢ e\w =(n
waqoad anfeauadia ) sy 13pIsUO) g w0y fo foouq
1 92 X+ (r-3)0 SR QUETI TN

-jon uotjounj 1597 e ul wcmww:_& ﬂﬁ— *uw>0k_ 2q ue) pue 1alsead pnw st punoqg RERAe | ol [,

‘punog saddn ay) jo jooid 1o 2)19(cl1od> 0} Padut da fjo-jid

ayj soptaoad siyp paxy ¢ < L sue 10] 0 e 5 se { +  ‘enbour zpenpg Al WoL]
- ﬁ -
.FA:&.\V:Q:NNVE..;..H - TID&%T:M Wiy = g5
¢+ U+ () gy — h — — [Magjeld By 3 [0k .E:me

DUl T?&. ut v—ﬁm.:ammn!‘: st Aqve alafm Aia + Tva o@ 193] ‘osed —wuv:vw ayy 10
T...K. M O—a,—_wkﬂmmmpp_ st ae ety —vw_v_./o._b— ¢ walody [ 10j punoq sddn 21 SapnUoNy Sty T
0<?

0(5)'6) = OJN *A8)° 6_n..NN Y= (A6 dlend

1Ry} YOO uwd AUQ

. x = F PENE] : |4 z o< 5390
[ (9% HW A+ cv\...l/u_u:m\.m - {{o* HW A+ PNOHE)V e NT;Q dns
)

S| S:T:L dns wiy|

- pue A 3 1) oUusse ued om

2ouap ‘¥ SurBueys oy Oy — o — 9 fq H ade[dar ues auo o gupsnlpe {q Waed[)
“paquasap sl wioj a1y Jo suoipuny {q pajewixordde aq
ued *} ‘g 6 walosy ], TH: wory PN = 93°,\ suotjipuod .,.,_:E:ZES 3y saystjes 9 uay,
(534 xtr) = q 10§ °y°L = 9 duyap “Spstaaid aopy 9L FLPA + U7 \70 wio] atfy jo uohpun)
£q pareunxoidde [[am 2q ued *3 yeyy st {e1 ‘g1] wouy yrewar Loy ayg, LI QAR UL R

jo st uw dotf1atm twouy jott op am .:cxm_ st U] NeaMm LA ARG | e~ 9 1] ues M ./.:x:_._

< ]

9+ (3 N_:m- = 30600 Klowd 5 ((4*0¥ALnT | anf

Q< ¢ sue o} jey) v.u.,c:_ SnIf) aaet d\y




Case 1. s 2 1. From the logarithmic Sobolev inequality for symmelric simple exclusion [19].
Avie De(h) 2 const.{£) 2 s(h?|1,), (6.16)

where € = (****2, Hence by the entropy inequality (2.12).

. | s .
UE* < const. 7 :nm 220l + 1) _cm\ktumz_v_@_ - QQM....: . (6.17)
Q = q(s + 1)22200 + N Av ) GO(HY) (6.18)

From the Jensen inequality, the average over o can be moved to the front of the log in (6.17).

Therefore, U+ is bounded by
U < (20 4 1)77 T Av, log E'r[exp{ge(20 + 1G] - gGyTY (6.19)

where & = (s 4+ 1200+ 1)1##+D20 + 1)7¢ < 4(s +1)73CHC.

We claim that (6.19) is bounded above by

U < const.g?e (™% < const(s + )P0 .S.mS

This implies the bound

MQrtv < ao:mp.M (s + SSNMMN_?NAQTQ < const.e? (71, (6.21)
=1

=1
provided that d > 3. Note that it is the fluctuation {~¢ that helps the convergence. Note

also the choice of { = {9+ to have the last factor (7.

We now prove (6.20). Our stratggy is as follows. Since & is small, in fact € < 244, one

can expand the expouential of (6.19) provided (20 + DG s of order 1. Assuming
this, one gets (6.20) by expanding the exponential up to the second order in &. Note that

he first order term cancels due to the subtraction of eﬁ.wi:?v, We now prove that £ =

(20 + 1Y GG is of order 1. As in the proof of Lemma 3.1 it is enough to consider the -

special case GE() = SM:.‘\;N&:amﬂmm:mmamAu;:.:E_m ﬁm_._mqam:.oam:o:mnm_@r_um
state dv, by the grand canonical Gibbs state (namely the product state), it follows from the
local central limit theorem that exp[qé€?] is integrable and £ is of order 1 (see the proof of
Lemma 3.1). To extend this result to du,, let

No= D) ) V=R S (=)

uvm>.~.‘#:|>.’._
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Clearly, (20{ + :.53.»:«: —p) = aXN + Y with a = Em + 1220 4+ 1) and 3 =
[2(¢ - SD&NEQ. +1)79%. Note that X and Y’ are independent random variables (w.r.t.

dps) and the densitics g(r) and h(y) of X and Y respectively are given by the local central

limit theorem [19. 18] as

_ .1 r. .._ %.f-A:
== exp ‘mm:Io: W wy) = ,\mﬂazdﬁzio: %:.3.3

Therefore, the density of X w.r.l. dv, is simply

g(r) =

where o is the variance of 17 — p w.r.t. dpg.

the marginal densily of X conditioned on a.X + Y = 0. Since a and g are bounded by a

constant depending only on { {and independent of £ and ¢), one can prove easily from (6.22)

that exp[const.(()X?] is integrable w.r.t. dv, for some const(() depending on ( only. This

provides the bound one needs to complete the proof of (6.20).

Case 2, s=0. From the regular perturbation theory [20], 4! is bounded by

U < e2¢? \ JVAG. 7o )dpx + const {)O(e?).
We can now average over o Lo have an upper bound on U

Together with the bound on UG+ for ¢ = 1 in (6.21), we conclude Theorem 4.6 by

averaging w.r.t.J. 1

Acknowledgements: We thank S, Olia and H. Spohn for very helpful discussions. We

also thank J. Lebowitz and IHES, where part of this work was done, for the kind hospitality.

—

References

[1] H. Spohn, Large Scale Dynamics of I
(1991).

(2} A. De Masi and E. Presutti, “Mathematical Methods for Hydrodynamic Limits™,

Springer-Verlag, Berlin, Lect. Notes Math., 1501, (1991).

(3] A. De Masi, E. Presutti and E. Scacciatelli, “The weakly asymmetric simple exclusion”,

Ann. Instit. l. Poincaré A, 25, 1-38, (1989).

1d R. S. R. Varadhan, “Hydrodynamics and large deviations for

, Commun. Pure Appl. Maih,42, 115-137, (1989).

[3) 3. Fritz. On {he diffusive nature of entropy flow m infinite syslems: remarks to a paper
by Guo-Papanicolau-Varadhan. Commun. Math. Phys. 133 331-352 {1990).

nieracting Parlicles, Springer-Verlag New York

[4] C. Kipnis, S. Olla as

simple exclusion process”

38




IO, MIN “ssol(]
MWOPEY BT SASAY [IHOUIYB]Y HAIPOJY Jo spoyppy tuouug gl pue pooy IN (e}
-uotpeaedosd
ur b sduueusp ryeseneyf 31} 1oj Spenbaut aofoqog swuppreSory, ‘ney o 108 [61]
(ere1) uijlagf 198unidg $3)quiava wopuvs juapuadapu fo swng 'a013d A A (s1]
(2661) ‘FET-60T SV $AYd YDy "uRWUMO) ¢ wnuiqinba wou ut spo
-potu nepue]-3nqzuLy) [euotsuallp-auo Jo suoyenjon| g, ‘nel [, H pue Suey) D) |

(8S61) "6C-1€ ‘BT "$Ayd "ypojy "wioy *_SUO(IRIINUL J0QHBIOU 1$21LIU M WIS ¥
e 10} JUI[ UOLSHRIP deaui] UON], ‘ueypeley *S Y ‘g pue nejoxueded *) 'O on Ui\ [91]

-uoryeredard ug ‘e "I, H ‘ueypriey Y S U (¢1]

“(g661) ‘SHs1aatU IO

MaN ‘SISO, T suotRIUL aFuel HOYS ()i seg aar)3eq 2y Joj | uosnyic, Y 1 I i
(2661) "6L9-£TY OV YV

qddy aung “ununuo) * ssadord votsniaxa afduts 2y uf 10[03 JO UOBTYI. Pisend r (e1)

(0661) ‘ojody Tduwsg upndiuef, ol urt [ su
-t 10qUBIOU JSOIRAU [} WYsSS @ 0] JLUL] UOISHIPP Ieautjuoy,, ‘ueypedey ¢

(1661) ¢ o810U yeam iln wasis
ueluoj[Rf] ¥ Joj restweuipoapsf], ‘ney L H pue ueyprlvy 'S Y S ellO S (tn)

(1661) "08-€9 2T “sfiyd Wl
S0y S|apowt :_%:x\_.m.::_w.::u Jjo mu_:_m:.f.—vo:yf pue Adonjyua aanepayf, ‘ne "L 1| ?:

‘uogjeredord ut ‘eaiefy Y pue oysodss i 6]
(1661) “HrE-£TE "e9 :&:E JIG f SUORALIOD [RULIO]
[ suofjenbo dtjouty jo sy [eoUUELSP PU, 240U (] ‘3s[OD) sopleg] ) 8

(GR6T) ‘F1CI-6STT1 Ty Yoy Jddy ung unwuo)) ¢ wotjenba uueuizyjog] ayy jo sy
1G] pur soqolS-lotiey Jtssoadwoduy, *2INoq] [ puv opsodsy Y 1sely ol Y Al

‘(ee61)
pidoxd “aef IOHERAIISUOD € ([1n [2powt nepuerp-Sinqzuty) jo Siigqeiseid]y "ney CLH




