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are the pseudoscalar meson-quark-quark couplings and the constituent quark masses.
In our study we shall determine the n¢q and 7qq couplings by fitting the radiative
decay widths of n — 7y and x° — 7. To simplify the calculation we shall assume
that the u- and d-quarks are degenerate in masses, i.e. m, = my = m. One can easily
generalize to unequal masses. The s-quark mass is fixed at 500 MeV/c? since we find
that for this problem there is little sensitivity to the s-quark mass. On the other
hand, m is allowed to vary within the reasonable range of 280 < m < 330 MeV/c2.
In Sec. 1I we outline the calculation of P — 47 decay and determine the appro-
priate couplings. The mixing of n’-n is taken into account and the mixing angle of
—20° is used [8]. The bulk of the calculation of (R1) using the box diagram is given
in Sec. III. We also present double differential cross sections with respect to photon
o:onmmﬁ. as a test to distinguish between different models. It is well known that (R1)
is an important input to the calculation of the unitarity lower bound for the decay
n — wfl (£=e, ). This calculation was reported in Ref. [5] with VMD as the dom-
inant mechanism (see also Ref. [9]). In Sec. IV we update the result for the lower
bound of both  — xe# and n — wuji using the box diagram. Finally, we present
our conclusions in Sec. V. An appendix is provided for the reader who wants the
mathematical details of the integrals involved in the calculation reported in Sec. III.

II. THE QUARK TRIANGLE AND P — vy DECAYS

The main purpose of this section is to set out notation and calculate the couplings
Gneq BNd gaqq for use later. Since most of this is well known we shall be brief.
The most general Lorentz and gauge-invariant amplitude for P — v7 is given by

A=Heypel g ki k] (2.1)

where Mp is the mass of the decaying meson and k;, e; (i =1, 2) are, respectively, the
4-momenta and polarization vectors for the photons, and H is the decay form factor.
The width is given by

HM3}
(P —2y)==F . (2.2)

In the quark model, H is obtained by calculating the quark triangle diagram. The
result for one quark species is

2 2
Hy=-— :o X% 9Pw M \ dt 122 m1-v), (2.3)

a—t+t?

where a = mm. Using Egs. (2.2),(2.3) and the experimental value of 7® — v width
of 7.75 &V, iM obtain

Fruu = gxdd = 3.19 £ 0.11 . AMAV

To obtain the nqq couplings, we have to take into account the n-5’ mixing. In the
quark model, the 5 and 1’ are admixtures of octet and single g7 states. The physical

3

states are given by

n = n“u\mna (u@ + dd — 23) — Imuvna (uu + dd + 3)
, sinf
= u% + dd — 253 + uli + dd + s3 2.5
"= T )+ 5). (25)

The most recent fit [8] gives # = —20° and the physical state is given by
n =~ 0.58(uu + dd) — 0.57 53 . (2.6)

We further assume the couplings of the meson to be independent of flavor, i.e. gpuy =
Gndd = Gnes, but m, is taken to be 500 MeV/c?. This assumption appears to be
reasonable and does not contradict any observations. Again using Eqs. (2.2),(2.3)
and the experimental value of I'(n — ) = 0.463 keV [3], we find

Ineg = 1.26 1+ 0.06 . (2.7)

This completes the determination of the parameters of the model. More detailed
values of these couplings for different values of m are given in Table I.

III. THE BOX DIAGRAM
With the determination of g,e 80d gayq in the previous section we are now able to
calculate the contribution of the quark box diagram to (R1). The decay is governed
by the gauge-invariant matrix element given by

T= Ciu € ™ y A“ﬂv
where [10]

™ = Az,2) T K=k ks i

ky -k,
M3

+B(z,,z3) —Ig.w 123 9" — P*P¥ + z, ky P¥ + 2, P* Kk} .(3.2)
where P* is the four-momentum of the  meson and M, denotes its mass. The four-
momenta and polarization vectors of the photons are, respectively, given by k; and

. _ Pk
€ A-”ﬂ NY and T = z»

Before we go into the detailed dynamics of A and B, we wish to advocate that the
double differential cross section with respect to the vro«o: energies will be a good
probe of the physics involved in A and B. To see this explicitly, one examines the
differential cross section which is given by

M? _.

T _>+ m_ T?ls:ll

dz,dz, Nma au M2

= _m |2 Tn_ﬁ - A EU_ . (3.3)
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4(P-Q)*

Y3 (146a+20a—6a(1+4a?)L)
limAﬁwmewvuv (1426a—12a(1 +avh_ muv
P.(p_—
+..|ww|w.wlm.w|+:7=|uaﬁ|§§m ?v_ , (4.1)
where
a=
s
E = 1-4a
_ 1, 148
and L = W&: 15" (4.2)

In general, the A and B form factors have dependence on z, and z; as calculated
in the previous section. We found that it is accurate to approximate them as constant
by calculating their average values over the entire physical domain of z; and z;. This
should be an accurate approximation. The unitarity bounds for the widths of (R2)
for the quark-box mechanism thus calculated are

T(n — x° up)

>4.310.7 peV (4.3a)
Box

and I'(n — 7°¢¢)

> 2.9+ 0.5 eV (4.3b)
Box

for m =300 MeV/c?. Table II displays the results for 280 < m < 330 MeV/c?. This
is to be compared with the VMD model which are given below [12]

I'(n — 7° ufE)ymp > 2.4 £ 0.8 peV (4.4a)

and I'(n = #°e€)vmp > 3.5+ 0.8 peV . (4.4b)

It is interesting to note that the ° €€ mode is only sensitive to the term involving
B. The rest of the amplitude is helicity suppresed. On the other hand, the #° uji mode
involves interference between A and B and hence is more sensitive to the dynamics
involved. This interference is sufficient to overcome the phase space suppression [12]
and we obtain I'(x%ufi) > I'(x%€). With these enhancements, the measurements of
these semileptonic decays should be within reach of the proposed “n-factories” [13].

V. CONCLUSIONS

We have studied the decay (R1) within the context of a naive quark model. The
model is predictive with regard to this decay and gives a value of the decay width in
agreement with the current experimental value. The calculation using VMD is about
a factor of two lower than experiment. Interestingly, if one replaces the quark in our
model by a nucleon (N) loop and the couplings by x NN and nN N, the contribution
is an order of magnitude too small to account for the data. This arises from the fact
the structure form factors A and B behave as @_I. for large M, where M is the mass
of the fermion in the loop. Replacing quark masses by nucleon mass suppresses A
and B by two orders of magnitude. On the other hand, x NN and NN couplings
are larger than their quark counterparts by only an order of magnitude. As a result,
the nucleon box diagram is not important for (R1).

Although our calculation gives a larger branching ratio than ChPT, given the
uncertainties involved they should be interpreted as being consistent with each other.
This is seen by examining Table I. Since the experiments involved are very difficult
and the statistics are not high, one cannot definitely say that ChPT and VMD models
are disfavored by experiments. However, a persistent high value for the rate of (R1)
would be difficult to accommodate in ChPT/VMD models. We cannot overemphasize
the importance of precision measurement of (R1) in future experiments.

We have also examined the model dependence of the form factors A and B. In
order to be able to distinguish between models one needs to measure the z, and
z; dependence of these quantities. In particular, the form factor A has different
behaviors in z, and z3 for the quark model versus the VMD model. On the other
hand, the difference is small for the form factor B, other than overall normalization.
These studies would require high statistics measurements. These can certainly be
performed at n-factory investigations. In our view, a study of the decay n — wyy
will add invaluably to our understanding of low-energy hadron dynamics and will be
an important test of chiral perturbation theory as well as the concept of duality in
hadron physics.

This research is supported partially by the Natural Sciences and Engineering
Research Council of Canada.
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(d9-d‘0) fa'y-d § +(y'd0) fata-d t+
('9-d *23°0),5a (*-dT—o0)} + C3-d 0), fa} - (4-d‘0),2a %] ) v— = Lin
4+ {|@ 9-d 1 O-d ‘0), a0+ O-dT—pd?) +
(d “9-d ‘00, 5@ - ("9-d*O-d ‘0,5a -] udwd +
[(d 9= O-d 0}, 2a(O-dv—(d ¥+ D) +
(d “9-d '0),5@ — (9-d “O0-d 0), 50 | (ad bHabud )} +
[(d 19-d O~ *0), 2 (O-d—od ) + (4-'0-'0), faz-] B+
[(d 19-d *6-d'0),2a (cd—1-d2)eD} + (4-6-'0), SO} +
(d 900, 5a'y-d § - (d'6-d'0),5a(ed-0-d) t+
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We also define the functions Ji;), J(i5), Js J, J by

J4(ay,a3) = :M...“é.i..:.i

J(ai,8) = M.U..:..;.:..i

J*(ar,82) = M..“..?.C?..?:Sv+a.._..m..:sv

Jane) = ,M,‘g...k..?.sr (A6)
i3

where the sums all go from 1 to 2. K;), K;;), Nw. K, and K are defined similarly, but they
have three arguments so their sums go from 1 to 3.

If we call V#* the finite contributions to the g#¥ and P*P¥ terms in the integrals of U},
and define A and B by

[ ]
S V¥ =Ag™ +BP*PYIM] . (A7)
=1

then comparing (A.1) to the definitions (A.5) and (A.6) gives, after a bit of algebra,

A = -4[20Q) +}9°(I(k1,Q) + J(k2,Q)) + (P-Q-P)(J(P.Q) + J(P,P - Q)
+1Q*(2P-k, - P?)(K(P, P-ky, P-Q) + K(P, ,,Q))
+1Q*(2P-ka— P*)(K (P, P—k3, P-Q) + K(P,k3,Q))
+1(4P-ky P-ky— P2Q?)(K (P, ky, P-k3) + K(P, k3, P-k1))
~4(J(k1,Q) + J(k2,Q)) _ _ _
2(P?- P-Q)(K(P, P-k\, P-Q) + K(P, P-k3, P-Q) + K(P,ky, P—k3) + K(P, k3, P-k;)
+K(P,k1,Q) + K(P,k2,Q)) (A8)

and
B = —AM;[(2P*~2P-Q4Q*)(K(P, P-ky, P-Q) + K(P, P~k3, P-Q))

3
+2(P*-P-Q) |- 3" (Kiy(ky, P, P=k3) + K(iy(ka, P, Pky))
=2

3 3
+Y° Y (Kgjy(k, P, P-k3) + K(ij)(ka, P, P=k1))
=2 =2

+K(P, P-ky, P-Q) + K(P, P=k3, P—Q) + K(33)(k1,Q, P) + K(33)(k2,Q, 3_

~(4P*-4P-Q+Q*)(K(P, P-k1, P-Q) + K(P, P-k;, P-Q))
+Q*(K(3y(k1,@, P) + K(3y(k2, Q. P)] - (A.9)
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We wish to write A and B as integrals of Feynman parameters, as in (A.5). It is easy to

perform the first Feynman parameter integration in the cases where one of the 4-vectors in
the expression is null. By using

K(P, P-k;, P-Q)
K(P, P-ki, P-Q)
K(P, P-ki, P-Q)
K(P, P-k;, P-Q)

aAw.k...Qv
lhﬂa_vAmv-km.ov + hﬂﬂmv.k-ov

Nﬂ:—vA%w.#...Ov - whﬂ‘:AMv.k:Qv + K(P, F..-Qv
K(P.k;,Q) (A10)

We can ensure that k; or k; appears as an argument in every K-type function. We get

A = ﬂ.m _NuA '.,ql\.v\e. .;.m?ATma::&v

! 1-z —2(1-z,-z3) }o(1-22y)
d \ d
+\= “h Y A p—z(1-z)—ay(1-y)++2(1-z1~23)zy t nztoy
1

1
X A\THA_IRVIQQCIS+NAH.+§VHQ T pz(1-z) + (1-a)zy + wﬁ_uilnlevv

fo-nz 1

+Hazr—z2) + wn.w.ﬁ_l.!wnnve A\THA 1-2-y)— (1-222)y(1-z-p)
1

" pay(1—z—y) - (1-2z,)z( Ta..Sv +(z1023)

Al-z1-z1) , (p-z(1=z)+(1-a)ey+2z,2(1-z—y)
Famaroy A p-(1-2)—oy(1-p)+2zrtza)zy v ta o)

Ta_ns \TETTSATE.ET?S
+wu_a+:|él»n»v< tn A p—z(1—-z—y— (1-2z3)y(1-z—y) v +(=n Ian:

(A.11)
and
i ! 1-z 20z +4(1-z1—23)z? 1
B = -\ \ d \ dy |- A
ant Jo “ b e— 2z,z+0y p—z(1-z)-oy(1-y)+2(z1+z3)zy
) .
- ‘Tsﬁlav+ilévse+nn_i—IHISV t (@ o)
+2.ls.ls»¥u+<x 1-z—-y) A 1
2ny+(1-a-2z3)z  \p—(1-222)2(1-2z—y)-y(1-z-y)
1
N i_uﬁ_iT?&u.i_unnsv ia....a:_ o (A12)
2 2 2
where a = lﬁnw = “'.m. and o= 1“]» = —(1-a—-2(z1+z3)). These are the double

"
integrals referred to in the discussion after Eqs. (3.6).
From (3.2), (3.6), (A.7) and the definition of V* one sees that

1 E»H-NN
A = =) 3Q} e | — A+ 1——B| and
M Qa Qaeaﬁ 99 A k—.&n Ak—.kwvu
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Figure captions

1. The radiative decay n — x%y7. Vector meson dominance (VMD) model is depicted in

(a) and ap-meson mechanism is given in (b).

2. The quark-box diagram mechanism for the decay n — x%yy.
3. Dependence of the form factor mr.ﬂm on z3 for fixed values of z,. The solid line is for

quark box mechanism and the dash line denotes VMD.

4. The dependence of the form factor —B on z; for fixed values of z,. The solid line is

for quark box mechanism and the dash line denotes VMD.

5. The decay of  — x£f (£=e or p) via the two-photon intermediate state.
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