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Abstract

-

Predictions for multi-jet rates in deep inelastic scattering (DIS), in the current
fragmentation region, and in e*e” annihilation are derived using the so-called "k, -
clustering” algorithm. The dependence of these rates vs. Q% and yey (the jet resolution
parameter) is studied in detail and presented as an interesting test of perturbative
QCD approaches for HERA and LEP (I and II) experiments.
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1. INTRODUCTION

The comparison of experimental data on multi-jet rates with QCD calculations gives
the possibility to test the existing (leading-order as well as next-to-leading order) perturba-
tive approaches and to measure the strong coupling a,, one of today’s most crucial quantities,
with better accuracy (see {1]}. Theoretical formulae exist for gluon and quark jets whereas
experimentally hadron jets are observed. Therefore this comparison would also allow to gain
information on parton-hadron transition mechanisms.

As analysed in detail in [2], the theoretical accuracy of jet production probabilities
depends significantly on the algorithm adopted for jet identification. In [3] a new algorithm
was proposed for ete” collisions, the so-called "k -clustering” algorithm [3] or ”Durham”
algorithm [2], which allows one to determine if two particles, ¢ and j, belong to the same jet
or not. In accordance with [3] one should calculate the quantity:

2(1 — cos ©y;) - min(E?, E?)
yi'j = Q2 H (1)

where E;, E; are the particle energies and ©,; their angular aperture. Particles 7 and j belong
to one jet only if their relative, scaled transverse momentum y;; is smaller than the value of a
special parameter ye.ut = @3/Q* < 1, the so-called "resolution parameter”. If it is so, this jet
is considered as a new "pseudoparticle”. Then the procedure is repeated for pseudoparticle 17
(with four-momentum p;; = p; + p;) and a third particle &, and so on. Of course, the energies
of the particles considered should not be too small, i.e. E;, E;, Ex > Agep- It was shown
in [2, 4] that algorithm (1) has better theoretical properties than the JADE algorithm [5]
which is the most commonly used method for defining and reconstructing jets via a different,
invariant mass-type variable:

2(1 —cos Q) - E; - E;

Recently, a modified version of the k_-clustering algorithm has been proposed for the
deep inelastic scattering (DIS) case [6], in particular to identify jets in the current fragmen-
tation (CF) region. In the present work we will use this algorithm for QCD calculations of
multi-jet production probabilities in deep inelastic scattering and e*¢™~ annihilation, keeping
in mind the ongoing and future experiments at HERA and LEP-I1, LEP-II.

2. JET DEFINITION AND JET COUNTING

In ete~ annihilation the multi-jet production probabilities for 2 jets (i.e. two quark
jets), 3 jets (i.e. two quark and one gluon jets) and 4 jets (i.e. two quark and two gluon jets)
in the next-to-leading order QCD approach are [3]:

BY =[AQ (3)

+em Q |
RS = 2(0,(Q)) [Q daTo(Q. 9)A,(9), (4)



R = AAQF [ dr(Q )00))
Q 7
+ [, 4aT(Q)A(a) [ daTa(0,d)A,(d)
+ [ Ty (@)@ [ ddTd)0 )] (5)

where @ ~ /s is the scale of the jet production process, Qo = /Yout - @, Ag(Q) and A Q)
are the quark and gluon Sudakov form factors, and I',{@, q) and T',(@, g) the parton splitting

probabilities. These quantities have the following expressions:

84(Q) = exp(= [ daT (@, ), )
8,(@) = exp(= [ dall(Qu) + (g, NG
As(g) = [Ad9)/ (), (8)
Q9 = 222401 2 _ 3 (9
L= 220w 1, (10)
(o) = 22242, )

where N; = 5 is the number of flavours and Cr = (N? —1)/2N, = 4/3 and C4 = N, =3

are the colour factors. We use the leading-order expression for a,:

127
a9 = B3 oN Im /AT (12)

The formulae given in [3] for the above n-jet fractions RS ¢~ (egs. (3)-(5)) hold true
for small values of you, 1-€. Yot <€ 1, and use the fact that in the perturbative expansions
in @, the large logarithmic terms of the form of In’ y,; (with ¢ < j < 2i) exponentiate
and therefore resummation of leading and next-to-leading order logarithms is achieved to
all order in «,. However, if y..: is not small enough, eqs. (9) and (10) produce negative
values of [',(Q, ¢) and T'y(Q, ¢) which in turn can produce Sudakov form factors larger than
unity and/or negative n-jet probabilities. To avoid such a problem, we will restrict ourselves
to the range y.x = 107* + 107% and use only positive values of I';(@,q), [';(Q,q) and
[,(Q,q)+T s(g), setting them equal to zero when negative (i.e. changing I' =T',, ', or I'y+T'5
with I"O(T"), where &(I') = 0if I’ < 0 and ©(T') = 1 if I' > 0). Of course, since y.,, is small
enough, all results with or and without such restriction are practically the same as we will
see in sect. 3. B )

Turning now to the DIS case, the QCD formulae needed to derive n-jet production
probabilities in the current fragmentation region at the next-to-leading order were obtained
from {6]. In the Breit frame of the incoming hadron and the exchanged vector particle (where
the latter has zero energy and momentum opposite to the incoming hadron momentum), the
k, -clustering algorithm is applied in two steps to define: a "beam jet” {containing the proton
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remnants) relative to the target fragmentation (TF) region and a number of "macro-jets”
relative the current fragmentation (CF) region. Beam jet and macro-jets are identified using
a hard scattering resolution scale E, with Q% > E} > Agep, ie. using the quantity i
given by eq. (1) with E? (instead of Q*) in the denominator and ye,; = 1. In the CF region,
macro-jets are then resolved into single jets using again the variable y;; as for macro-jets, but
with a finer resolution parameter ye.. = @Q3/EZ < 1. What is special about the Breit frame
is that multi-jet probabilities, as derived via the k -clustering algorithm [6] in CF, turn
out to be independent of both z and y, the standard kinematic quantities of DISY. Notice
that in this frame @ is the absolute value of the exchanged vector particle momentum (with
@ = 2z P, where P is the absolute value of the initial hadron momentum). We will consider
the simplest case when E} = Q?, which implies [6] that only the struck quark is responsible
for jet production in the CF region. In [6] formulae are given for the exclusive n-jet structure
functions F™(x,@? yae) which are proportional to the usual inclusive structure function
Fy(z,@?). The ratios F*(z, Q% yeus)/ Fa(z, Q?) have the meaning of probabilities (R2TS) of
n-jet production in the current fragmentation region. These probabilities for 1 jet {i.e. only
one quark jet), 2 jets (i.e. one quark and one gluon jets) and 3 jets (i.e. one quark and two
gluon jets) in the CF region of DIS have the following expressions [6]:

RY™ = A4(Q), (13)

RE™S = 8,(@Q) [ daTy(@9)s(a), (14)

RS =A@ fqdql’q(Q,q)Ag(q))"
+ [ dr(@0A9) [} da'Tyla,d)8,()
+ 7 daPu(Qu0)ula) [} ddT(d)A (), (15)

with the same definitions as in eqs. (3)-(5). Let us emphasize once more that all these
probabilities do not depend on z. This implies that the corresponding structure functions
F™{,Q* Your) have the same z dependence as Fy(x, Q?). Here again we have the problem
of negative values for I',(Q, ¢) and I'y(Q, ¢) and we will solve it in the same way as for ete™
annihilation. '

For details concerning this section, we refer the reader to [2-4, 6]. As a final remark,
let us point out that in the Breit reference system, the CF region of DIS closely reminds the
*e~ final state: there is one outgoing quark with energy Q/2 instead of two [7].

3. JET RATES IN DEEP INELASTIC SCATTERING AND cte-
ANNIHILATION '

The calculated probabilities RPIS of 1, 2 and 3-jet production in the CF region of DIS
at Q% = 10° GeV? are presented in fig. 1 vs. yeus: the solid curves correspond to only positive

values of ['y(Q,q), [,(Q, q) and I',(Q,q)+'s(g) (i.e. with ©-function) and the dashed ones

1) This does not happen using JADE-type algorithms for jet finding.



to the values obtained with egs. (9) and (10}. The differences between the solid and dashed
curves are not large and decrease at very stnall values of y.,;, as expected. The value of A
in eq. (12) is 0.2 GeV. Notice that here and in the following the values of Q% used in our
calculations for DIS are chosen to match the HERA range.

There is some uncertainty in the choice of the A value to be used in our theoretical ap-
proach: in fact this A is not the same as Az;z but an effective parameter which should ensure
the fastest convergence of the theoretical expansions. For example, in the same framework,
previous calculations of the inclusive spectra of secondaries produced in ete™ annihilation
[8, 9] used A = 0.25 GeV for all charged particles and A = 0.15 GeV for charged pions. To
show the dependence of jet production probabilities on A, in fig. 2 these probabilities are
plotted vs. y. for two different values of A, i.e. 0.2 GeV and 0.3 GeV, at Q% = 10* GeV?2,
The differences are small enough. In the following, unless differently specified, we will adopt
the value A = 0.2 GeV in accordance with [10].

With A = 0.2 GeV and ©-function for I';, Ty and T'y+T, the probabilities RP!S for 1,
2 and 3 jets at Q? = 107 GeV? and Q? = 10* GeV? are presented in fig. 3 vs. Yy and in fig.
4 vs. Q% at Yeur = 0.001 and yew = 0.01. When we go to smaller values of y, at fixed Q2,
the single-jet probability decreases and the multi-jet probabilities increase up to a maximum
(whose position, as Q? increases, moves towards smaller gy, values) and then decrease. This
seems to be quite natural because, at very small y.,;, any particle with sufficient energy will
be considered as a separate jet. These multi-jet probabilities slightly decrease with increasing
Q? at fixed values of y.,: (fig. 4), while RP'S increases. At y,.; = 0.01, there is a gap between
the single-jet and multi-jet probabilities, RP’S being in fact significantly higher (fig. 4). This
gap disappears as Ycus goes down to 0.001 as a consequence of what already observed in fig.
3, i.e. the lower is Y.y, the higher is the multiplicity of identified jets. Finally let us note
that if we fix the value of e,, the jet production probabilities become Q*-independent.

For e*e™ annihilation the probabilities R&'¢™ of 2, 3 and 4-jet production at LEP-I
energy (Q® = 8-10% GeV?), are presented in fig. 5 as functions of y... As in fig. 1, the solid
curves, corresponding to only positive values of T')(@, ¢), I';(Q, q) and T4(Q,q)+T,(@Q, g).
and the dashed ones, corresponding to the values obtained with egs. (9) and (10), are very
close.

The dependence of the RS'<™ probabilities on A is also small as it appears in fig. 6
where these are shown at LEP-1II energy (Q? = 4-10* GeV?), as functions of yu; for A = 0.2
GeV and A = 0.3 GeV.

With the same options as in DIS for Ty, 'y, [, 4T and A, the Rf:e- probabilities of
2, 3 and 4 jets in e*e” annihilation as functions of y.,; (at fixed Q?) and of Q? (at fixed
Yeut) are presented in figs. 7 and 8, respectively. In both figures, the qualitative behaviour of
the curves is similar to the DIS case (figs. 3 and 4). We can see in fig. 7 that RS ©~ (which
closely reminds RP’® in fig. 3, i.c. the minimal jet-configuration in the CF region of DIS)
decreases as Y. decreases at fixed @2, while R§+ ¢ and Rj+e- (like R‘? IS and R2™S in fig. 3)
increase until they reach a maximum whose position is again Q?-dependent. If we consider
R vs. Q7 at fixed values of yeu (fig. 8), we can see that at small values of y.y (your =
0.001) the 2 and 3-jet probabilities increase with>@? and the 4-jet probability decreases. At
a larger value of yeut (yewr = 0.01) only the 2-jet probability increases with @? and jumps
to a much higher level. Again, at fixed values of a,, we obtain jet production probabilities
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which do not depend on Q2.

To summarize our results on ete™, we present in table 1 the probabilities for 2, 3
and 4 jets corresponding to some typical values of Q? and y.u. The trends are as follows:
if we fix the value of the product yew Q? (= Q2), when the energy increases the 2-jet
probability decreases and the 4-jet probability increases, while the 3-jet probability shows
an intermediate behaviour (increasing at large y..: and decreasing at small ye,;). If we fix
the value of y..i, the 2 and 3-jet probabilities increase with increasing energies, but the 4-jet
probability decreases.

Finally, the jet production rates in DIS (CF region) and e*e~ annihilation (full phase-
space) are compared in figs. 9 and 10 as functions of Q? at y.,; = 0.01 and y., = 0.001,
respectively. As already observed (figs. 4 and 8), at fixed ye.: RP? and RS\ (n = 1, 2,
3) evolve vs. Q7 in a similar way. However, for each (RD!S, RE\$") pair of curves in figs. 9
and 10, there is a significant difference in level. In fact, for the same Q? and y..; values, eqgs.

(3)-(5) and (13}-(15) simply give:

B = (RPYY, (16)
RS’ = 2RP' - RD'S, (17)
Ri+e— — (RZI’?IS)2 + 2R{JIS . R3DIS_ (18)

This is of course what expected if the CF region of DIS in the Breit frame should
actually correspond to one hemisphere of ete~ annihilation. Notice that the CF region of
DIS may provide a cleaner environment for accurate jet measurements, due to the absence
of combinatorial effects.

4. CONCLUSION

In the present work, using the k -clustering algorithm for jet identification, multi-jet
rate predictions are derived for deep inelastic scattering (DIS) in the current fragmentation
region, in a range of )? easily explorable at HERA. Analogous results are obtained for ete~
annihilation at LEP-I and LEP-1I energies. A detailed study of these rates vs. Q2 and yeus
is presented as a guideline for future tests of perturbative QCD. How well these theoretical
predictions will be tested experimentally will be crucial to improve our knowledge of the
strong coupling a,.

Concerning the DIS case, it would be very interesting if the formulae of [6], giving
multi-jet fractions in the current fragmentation region, t:quld be extended also to the target
fragmentation region, thus providing a complete picture of jet production in DIS final states.
In this case, detailed comparisons of full multi-hadron events in ep and ete~ collisions could
be achievable. It would be very interesting to check in particular whether the "universality
properties” of ep, ete™ (and, moreover, pp or Pp) interactions, observed at low energy 113,
still hold true for the new generation of high-energy machines, namely HERA, LEP-I and 11
(and Tevatron). In this respect it is worthwhile to recall that the effective energy for hadron



and jet production in a full DIS event, (Q?)¥%, to be compared with the equivalent energy
in ete”, (QN)M_ = (QHete- = (8)ete-, is in fact:

Q)5 = [(g+ ¢ lp1s # (@%)prs # (W?)prs

where ¢ = p; —p} (p1 and p| being the four-momenta of incoming and outgoing leptons) is the
standard four-momenturn transfer from the leptonic to the hadronic vertex, ¢"*¢ = p, — p,
(pz and p} being the four-momenta of incoming and outgoing protons) is the effective four-
momentum transfer at the hadron vertex once the "leading” proton effect is duly taken
into account, and (@?)prs = —¢* and (W?)prs = (pz + q)* are the standard DIS variables.
Needless to say that full tracking coverage, via the detection of leading protons in very
forward region (as foreseen in the ZEUS experiment at HERA [12]), will be crucial to this
end.
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Table 1

Probabilities of 2, 3 and 4-jet production in ete~ annihilation.

Q' (GeV) [ yew [[RET [RS< [RT T

104 0.01 0.683 | 0.253 | 0.060
10° 0.001 [ 0.341 | 0.342 | 0.206
104 0.001 || 0.240 | 0.312 | 0.243

10° 0.0001 || 0.068 | 0.154 { 0.202
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Figure captions

: Probabilities vs. y.u: of 1, 2 and 3-jet production in the current fragmentation region

of DIS at @ = 10® GeV?, using for T'y, Ty and [';+'; only positive values (solid
curves} and the values obtained with egs. (9) and (10) (dashed curves).

: Probabilities vs. y.u; 0f 1,2 an_d 3-jet production in the current fragmentation region

of DIS at Q% = 10* GeV?, for A = 0.2 GeV (solid curves) and A = 0.3 GeV (dashed

curves). :

: Probabilities vs. y..: of 1, 2 and 3-jet production in the current fragmentation region

of DIS at Q2 = 10* GeV? (solid curves) and Q? = 10® GeV? (dashed curves).

: Probabilities vs. Q2 of 1, 2 and 3-jet production in the current fragmentation region

of DIS at ye.: = 0.001 (solid curves) and y..s = 0.01 (dashed curves).

: Probabilities vs. ye,: of 2, 3 and 4-jet production in e*e™ annihilation at Q% = §-10*

GeV?, using for ['y, I'; and I';+['; only positive values (solid curves) and the values
obtained with eqs. (9) and (10) (dashed curves).

: Probabilities vs. yey of 2, 3 and 4-jet production in e* e~ annihilation at Q? = 8-10°

GeV?, for A = 0.2 GeV (solid curves) and A = 0.3 GeV (dashed curves).

: Probabilities vs. ., of 2, 3 and 4-jet production in e*e~ annihilation at Q% = 8-10°

GeV? (solid curves) and Q% = 4-10* GeV? (dashed curves).

: Probabilities vs. Q? of 2, 3 and 4-jet production in ete~ annihilation at y... = 0.001

(solid curves) and ye,: = 0.01 (dashed curves).

: Probabilities vs. Q% of 1, 2 and 3-jet production in the current fragmentation region

of DIS (solid curves) and of 2, 3 and 4-jet production in ete™ annihilation (dashed
curves) at ye.r = 0.01. _

Probabilities vs. Q% of 1, 2 and 3-jet production in the current fragmentation region
of DIS (solid curves) and of 2, 3 and 4-jet production in e*e~ annihilation (dashed
curves) at Yy, = 0.001.
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