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are easily generalizable to more complicated observables and processes as well as to higher
orders in the logarithmic accuracy.
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1. Introduction

A well known fact of perturbation theory is the presence of logarithmic terms, sensitive to
the ratio of scales in the problem, whose power grows with the perturbative order. For most
processes of interest at high energy colliders, two powers of such logarithms (L) arise for
every power of the strong coupling constant, and the numerical size of these logarithms can
be of order L ~ 1/ag. This makes fixed order (FO) perturbation theory for such processes
ill behaved, requiring a rearrangement of the perturbative expansion, in which these large
logarithms are resummed to all orders in perturbation theory. Instead of simply counting

the powers of the strong coupling constant, where N"LO refers to a calculation satisfying

O.exact/UN"LO n+1

775 one instead performs a logarithmic resummation, in which N"LL
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implies that In[oe*act /gN"LL]

~ al'L™~" for any m > n. As long as the ratio of scales
in the logarithm is large (L > 1), this reorganization of perturbation theory provides a
sensible expansion.

In this paper we will study the 2-jet cross section at lepton colliders (equivalent con-

siderations apply to the 0-jet cross sections at hadron colliders), that we denote as
(o) 12/0@ 97 o v (@,) < o] (1.1)
v) = — — v .
on - n dq)n n ’

where op denotes the Born cross section and V' (®,,) an observable that goes to zero in the
Born kinematics. The radiation phase space ®,, has the property that in the limit v — 0
each strongly interacting particle is either infinitely soft or it is collinear to either of the
two Born legs (either the directions of the 2-jets in lepton colliders or the beam directions
for hadron colliders). The resummed expression commonly takes the form

S(w)=o0p |1+ a,CV +a2CP + .. |exp[Lgi(asL) + go(asL) +...] . (1.2)

Resummation to order N*LL requires knowledge of the functions g,,(asL) with m < k+ 1
and the coefficients C"™) with m < k— 1. So for example, for NLL resummation one needs
g1(asL) and go(asL), but only the leading order coefficient C(©) = 1.

There are two main approaches to calculate the resummed expressions. The first is
based on deriving a factorization theorem for the specific cross section under consideration,
and then using evolution equations to resum the logarithms of the various ingredients of
the factorization theorem. This approach was started by Collins, Soper and Sterman [1],
where the transverse momentum distribution of the vector boson in W and Z production
was studied. The development of soft-collinear effective theory (SCET) [2-5] has formu-
lated this approach in the framework of effective field theories. In SCET, the interactions
between particles are already factorized at the level of the Lagrangian [4]. As long as
the measurement function can be shown to factorize [6,7], the relevant interactions can
be separated as arising from collinear and soft particles, which do not interact with one
another directly. Once a factorization theorem for a given observable has been derived, the
important property of SCET is that in dimensional regularization each element of the fac-
torization theorem only depends on a single scale through the ratio to the renormalization
scale [2,3]. This means that all logarithmic terms can be obtained from the renormalization
(RG) group evolution of each element in the factorization theorem, resulting in analytic
results for resummed cross sections.

An alternate approach to resummation is based on the branching formalism [8,9], which
is built on the factorization properties of the QCD squared amplitudes. It relies on slicing
the radiation phase space by means of a resolution scale ¢g and then describing the radiation
of particles above and below that scale separately. At lowest order this approach is the
same as what is used in a parton shower, but by not requiring to produce fully exclusive
final states which satisfy momentum conservation, one can systematically improve the
branching formalism to any logarithmic accuracy desired. The logarithmic dependence on
the resolution scale gy cancels for infrared and collinear (IRC) safe observables, leaving only



a power suppressed dependence on ¢g, which allows one to take the limit for gg — 0. The
key difference between the branching formalism and the resummation from factorization
is that in the factorization approach the resummation is obtained by solving a set of
differential equations (RG equations in the case of SCET'), while in the branching formalism
resummation is usually performed through an all order calculation in perturbation theory
using a Monte-Carlo (MC) algorithm. For sufficiently simple observables one can rewrite
the branching formalism in terms of differential equations, reproducing the results from
the factorization approach.

Each of these two approaches has its advantages and disadvantages. The factoriza-
tion approach has the advantage that to perform resummation only requires to obtain
the desired differential RG equations that, in particular using SCET, can be obtained by
computing well defined loop diagrams. On the other hand, the formalism only works for
observables for which a factorization theorem is known. While these factorization theorems
can easily be obtained for the simplest observables, for more complicated observables the
factorization formulae are not known. In fact, the most difficult part to obtain resumma-
tion in SCET is often the derivation of the appropriate factorization theorem. Since the
branching formalism does not rely on a specific factorization theorem, it can be applied
to a rather wide class of observables. In fact, one can show that for any continuously
global, recursively infrared and collinear (rIRC) safe observable [10], resummed results can
be obtained using an appropriate MC algorithm. The downside of the branching formalism
is that going to higher logarithmic accuracy requires a careful definition of the necessary
squared amplitudes and phase space constraints, making extensions to arbitrarily high ac-
curacy less systematic. Besides the formulation of resummation, the two approaches differ
in a number of important aspects. For instance, while in the branching formalism the
uncertainties associated with higher-order terms are estimated by varying the renormal-
ization (and factorization in the hadronic case) and resummation scales, in SCET each of
the ingredients of the factorization theorem has a characteristic scale that can be sepa-
rately varied (commonly done through profile functions [11]) to estimate the perturbative
uncertainty. Another important difference is in the way the two methods are sensitive to
non-perturbative effects. While in the branching formalism this sensitivity comes from
the scale at which the running coupling is evaluated, in a factorized approach one has an
operator definition of the factorization ingredients in the non-perturbative regime.

As was shown in refs [10,12,13], one can reduce the requirements of the accuracy of
the ingredients in the MC algorithm by one order if one has analytic knowledge of the
resummation of any other observable that has the same double logarithmic structure as
the observable one is interested in resumming. In other words, if one wants to resum X(v)
for a given observable v to order N"LL, and one knows the resummmation analytically for
Y (vs), where vy is a different (simpler) observable that has the same double logarithmic
structure as (v), then the ratio ¥(v)/3(vs) can be computed using a MC that only requires
ingredients at N""'LL accuracy. This was used in [10] to construct a completely generic
method capable of computing any IRC safe observable to NLL accuracy. The simplified
observable was chosen such that the branching formalism could be solved analytically. This
approach was later reformulated to NNLL for generic rIRC safe observables in [13,14] and



to even higher orders for specific observables [15].

Both approaches can be applied to obtain high-order resummations for a multitude of
final-state observables for scattering processes in ete™ [13,14,16-23] as well as in hadronic
collisions [15,24-39].

By combining the two approaches with one another one keeps the advantages of each,
while removing the main obstacle. If one can find for any observable v a simplified ob-
servable v with a simple factorization formula, one can use SCET to obtain the analytical
resummation of this simplified observable, while using the branching formalism to relate
this analytical result to the resummed result for the more complicated observable, for which
a factorization formula might be difficult or impossible to obtain. This is in spirit very
similar to the CAESAR/ARES approach, but instead of finding a simplified observable for
which the branching formalism can be solved analytically, one chooses the simplified ob-
servable such that a factorization theorem is easily derived and its resummation performed
in SCET. In fact, there is a large body of observables for which high logarithmic accuracy
is known in SCET (see references above). By combining this with the branching formalism
allows one to obtain results for all related observables to the same level of accuracy.

It is this combination of SCET results with the branching formalism that we will
address in this paper. A major part of this discussion will explain how to deal with UV
divergent phase space regions that are crucial in the SCET approach (since it is the UV
divergences from these regions that give rise to the anomalous dimensions leading to the
RG equations in SCET), but can not be present in a MC approach which has to integrate
over physical regions of phase space. We will explain this combination using the thrust
distribution (using 7 = 1 — T') as an explicit example. Although the ingredients for a
N3LL resummation are currently known [11,16,40-42] (with the sole exception of the four-
loop cusp anomalous dimension), in this paper we limit ourselves to NLL for the sake of
simplicity. However our results are easily generalizable to more complicated observables
of interest as well as to the computation of higher-order corrections. We leave this to a
forthcoming publication [43].

This paper is organized as follows: We review the resummation using the branching
formalism in Section 2 and the SCET approach to resummation in Section 3. The main
part of the paper is contained in Section 4, where we discuss how to combine the two
approaches to obtain a numerical approach to resummation in SCET. Conclusions and an
outlook to future work is presented in Section 5.

2. Review of QCD resummation in the CAESAR/ARES framework

In this section we briefly review how resummation is carried out in the approach of refs. [10,
13]. We begin by discussing the basic setup of the formalism for a general observable v and
to arbitrary order in the resummation, but then restrict ourselves to the specific case of the
thrust distribution when deriving the NLL result in more detail. We consider observables
that vanish in the 2-jet limit, and when considering the thrust distribution we use 7 = 1-1T.

At Born level, the final state consists of two back-to-back particles along the thrust
axis with center of mass energy (). Beyond Born level, further radiation is present and the



final state consists in general of n secondary emissions, k1, ..., ky, and of the primary quark
and antiquark which recoil against these additional emissions. We denote the value of the
observable by V(®p; k1, ..., k), where the Born phase space ®p contains the dependence
on the two Born momenta.

In order to single out the dependence on the Born phase space, we write

E(’U) = 1/d(I)B E(@B;v), (2.1)
OB
and we will work with the expression ¥(®p;v) for most of this paper. This means that the
® 5 phase space integral needs to be performed at the end, and the final result needs to be
divided by the Born cross section op.
In the infrared and collinear limit, ¥(®p; v) receives contributions from either virtual,
or soft and/or collinear real corrections. In the following, we denote by V(®p) the quark
form factor at all orders (see e.g. [44]). Therefore we can write

(@1 0) = V((I)B)Z/H[dkiHM(CDB;kl,...,k:n)|2® V(@pikr,. . k) <o, (2.2)
n=0 i=1

where M is the matrix element for n real emissions (the case with n = 0 reduces to the
Born matrix element), and [dk;] denotes the phase space for the emission k;. Each matrix
element in Eq. (2.2) receives higher-order virtual corrections, while the number of real
emissions is fixed by the index of the sum. The © function represents the measurement
function for the observable under consideration.

2.1 The simplified observable and the transfer function

The general strategy of the CAESAR/ARES approach is to write the cross section for a rIRC
safe observable v into the cross section of a simpler observable v; which has the same
logarithmic structure as v at lowest order!, and a transfer function that accounts for the
difference between the two observables v and vs. The latter is formulated in such a way
that it can be evaluated efficiently using Monte Carlo methods.

As we will discuss in a little while, a good choice for such a simple observable is
Vs = Umax, Where the simple observable is defined by taking a suitably defined maximum
of the observable calculated for independent emissions. We use the following notation

Emax(q)B;U) = Z((1)13’§'L)111:3L)() (23)

from now on. A detailed definition of this observable will follow shortly.

Using some trivial manipulations, one can write

Ymax(Pp;ov)  X(Pp;v)

Emax(q)B; U) Emax((I"B; 57})

max(CbB;U) f(q)B;v) ) (24)

2(®B; ’U) = 2ma,x((I)B; U)
by

IThis last requirement is not, strictly speaking, necessary, although it will lead to important simplifica-
tions in formulating a Monte Carlo solution.



where we introduced the small positive parameter § < 1 that is independent of the observ-
able’s value v. An important comment at this stage is in order. Eq. (2.4) is strictly valid
only for observables that admit a resummed cross section of the type (1.2). This is not
the case for observables which can vanish also in the presence of resolved emissions due to
kinematic cancellations (for instance for the transverse momentum of a color singlet in pp
collisions). In this case Eq. (2.4) takes the form of a convolution between ¥, and F. In
this article we limit ourselves to observables that behave like Eq. (1.2) in the v — 0 limit,
and leave the study of the above observables for a future publication.

The product of ratios gives the relation between the cross section of the desired ob-
servable 3 (®p;v) and the cross section of the simplified observable Y.« (®p5;v), and it
accounts for the exact behavior of the observable in the presence of radiation. For this
reason it is normally referred to as multiple-emissions functions. For the sake of brevity,
we have dubbed it transfer function

Ymax(Pp;ov)  XN(Pp;v)
Emax((I)B; 1)) 2max(q)B§ 5”) .

F(Pp;v) (2.5)

An important property of this transfer function is that it is IRC and UV finite, and
as long as Yax(Pp;v) has the same LL structure as X(®p;v) (as we are assuming), its
contribution starts at NLL (as will be shown later). The small parameter § was introduced
in order to allow for the transfer function to be easily calculable in a MC framework, as we
will discuss below. The basic idea is that in the second ratio, X(®p5;v)/Emax(Pp; dv), the
denominator removes the unresolved emissions with V' < dv, such that this ratio is IRC
finite. The resulting dependence on the resolution parameter ¢ is cancelled against the first
ratio, which can be calculated analytically once ¥, is known.

The first step in computing a resummed expression for X(®p; v) is to build an explicit
logarithmic counting for the squared matrix elements. To achieve this, one introduces the
n-particle correlated (nPC) squared matrix elements |M (ki, ..., k,)|?, which are defined
recursively as

2 IM(®pika)|* _

| M (kq)|* = M@ | M (kq)[?, (2.6)
~ N 2
1k, )2 = PR 00— ) Pl ) P
~ N 2
G ) = P2 SRR g, )2 P () P

— M (ka, ko) [P M (ke)[* — | M (ka, ke) [P M (o) |? — |M (ky, ke) || M (k)|

These denote the parts of the squared amplitudes with n real emissions that can not
be obtained by multiplying together squared amplitudes with less than n real emissions,
and therefore represent the fully correlated part. With these definitions, the renormalized



squared amplitude for n real emissions can be decomposed as

. 2 = . .
[M(®piky, - ka)® H|M(k‘i)|2+Z‘M(ka,kb))2 1T 1M (k)2
i=1 ‘

2
|MB((I>B)| a>b =1
i#a,b
- 2
+ Y ‘M(kza,kb,kc) [T 1Mk
a>b>c =1
i#a,b,c
- 2 . 2
303 Wk k)| WG k)| TT M CRP (2.7)
a>b  c>d i=1
c,d#a,b i#a,b,c,d

Each of the correlated squared amplitudes admits a perturbative expansion

(M (ka, ... kn)[2 = i (O‘S)"H nPCY) (kq, ... k), (2.8)

27
§=0

where the index j denotes the order of virtual corrections to the squared amplitude with n
real emissions. The rIRC safety of the observables considered here guarantees a hierarchy
between the different blocks in the decomposition (2.7), in the sense that correlated blocks
with n particles generally start contributing at one logarithmic order higher than correlated
blocks with n — 1 particles [10,13].

Having introduced the nPC decomposition of the squared matrix elements allows one
to precisely define the simplified observable V. It is defined to be the maximum value
of the full observable V' calculated on the sum of momenta in each correlated block. In
equations, this becomes

Smax(®p;v) = V(Pp) Z/H[dki] IM(®p:ki,. .. kn)|? O [Vinax (@i k1, .. kn) <]
n=0" i=1

(2.9)
where Vipax(®p; k1, ..., k) is defined through its action on the n-particle correlated blocks
as

/ 1f[1[dki]

- [dks] [[dq1)d(qr — k1 — ... — kmy) -+ [[dgr]d(qr — Kmy 1 — - .. — kn)
/}_[1 /Ch q1 1 /Qk dk +1

2
(C) [Vmax(q)B; ki,..., kn) < 'U} (2.10)

2
M(ki,... . km,)

N ‘M(kmw, e k)

- 2 2 - -
X ‘M(k:l, vy kmy) ) [maX{V(q)B;ql),...,V(@B;qk)} <w

N ‘M(k‘mk+1, k)

where V(CD B;q) denotes the functional form of the observable on a single emission. It is
important that the content of each correlated block is treated inclusively when computing
the relative V so that the above definition is collinear safe and can be extended at all
orders. It is obvious that, in general, the cross section ¥,,«x has no physical meaning, but
it simply defines one ingredient for our resummation approach.



It is worth stressing that one has some freedom in choosing the form of V. Conceptu-
ally, the simplest choice is to set V = V evaluated on the inclusive content of each block. In
general, however, the only important feature is that it shares the same leading logarithms
with the observable we are ultimately interested in. It is therefore very useful to define the
simple observable such that the corresponding ¥,,,x can be used for a whole class of more
complicated observables. This can be achieved, for instance, by using the soft-collinear
approximation of the full observable V = Vi, instead of its full form V. This indeed, be-
sides simplifying further the computation of .y, guarantees that this ingredient can be
directly used for the resummation of all observables that share the same soft-collinear limit
for a single emission, which defines a much broader class than the first definition given
above. For the sake of simplicity, however, we avoid this technical complication in the rest
of this article, and refer the interested reader to refs. [10,13] for more details.

We now continue with the derivation of the master formula. Using Eq. (2.9) together
with Eqs. (2.7) and (2.10), Zpax(®5; v) can be written in terms of the nPCU) blocks. Since
the observable acts separately on each nPC block, the expression in Eq. (2.9) can easily be
shown to exponentiate. To perform a N¥LL resummation for global, rIRC-safe observables,
one needs to include nPCY) blocks with n+j < k+ 1, but additional simplifications might
be made on each nPCY) block. For example, to LL accuracy, only the 1PC©® block is
required, and one only needs to keep the soft-collinear limit of it. Thus, one obtains

14 -
Sk (@i0) = [0V @n) - TT{ [lamiv@ )P0 [7(@uin) <] |
Ti=1
= |Mp(®p)[* e Fr(®rv), (2.11)

where the 1/n! prefactor accounts for n identical gluons in the final state. The LL radiator
function Rpp(®p;v) is the combination of the virtual and real contribution which at this
order simply reads

RLL(<I>B;U):/[dk]\Ms((?)(k)P@[V((I)B;k) >l . (2.12)

The definition of Vi,ax ensures the exponentiation at higher orders as well, such that one
can always write

Smax (P53 v) = [Mp(®p)? 20, e~ F®sv) (2.13)

0

0
max denote constant terms. X

where R(®p;v) is called the radiator function, and ¥ hax

differs from one starting at NNLL order.

Using the expression for Y,.x(®p;v) obtained just above, the first ratio in Eq. (2.5)
can easily be computed, and we give the explicit expression when deriving the results at
NLL accuracy below.

To compute the second ratio in Eq. (2.5) we need to carefully define the notion of
resolved (unresolved) momenta, by demanding that the value Vj,ax evaluated on the set of
momenta is above (below) a resolution scale v

@61) [{kz}] =0 [Vmax((pB; {kz}) > &U]
O [{ki}] = O [Vinan (B 5; {ki}) < 60] . (2.14)



A key point now is to notice that for § — 0 one can neglect the unresolved real emissions in
the observable measurement function as they are much softer and/or more collinear than
any other resolved emission in the final state. rIRC safety then guarantees that

) [V(¢B7 kla R kn) < ?}] @611 [{kla cee 7kl}]
=0 [V(®pikit1,. -, kn) <v] Oy [{k1, ..., ki}] + 0", (2.15)
where p is a positive and real constant, independent of v. This allows one to split the total
momentum ¢ of each nPC block in ¥(®p;v) into a resolved and unresolved component

(depending on whether the value of V(®p;q) is greater or less than dv).
Thus, for each nPC block we use

Jiaw o = [0k 1M (05, (k) + B ()]
dv
= [+ /5 (k) | M (k) 2,
/[dkl][dkg] |M (ky, k)| = /[dkl][dkg] |M (K1, k2)[* [Os0 (K1, k2) + Oy (K1, k)]

ov
- / k][] BT (K, o) 2 + /5 (k] ko] [T (r, ko), (2.16)

and so on. Up to power corrections in the small parameter J, this allows us to separate
Y(®p;v) into a resolved component (where all momenta are resolved) and an unresolved
component,

n

ov 2
S(@pi0) = [Ma(®p)2V(@5) [Z/ Hd’“ qff}:fé;ifk)']

\M(®p;ki,... kn)|?
[dE;) OV (®g;ki,... . ky) <v]| +O(vd?
[Z/MH My@g O Eph k) <]+ 0o
> - |M(®p;k1,. .. k)2
= Ynax(®Pp; dv / dk; OV (®g;k,...,ky) <wv
: >[z o Mo )<l
+O(véP). (2.17)
One therefore finds for the second ratio in Eq. (2.5)
(P p;v) °°/ = |M(®p; k1, ..., k)|
- [dk;] OV (®p;ki,....kn) <v]+ O(vdP).
2max (I)B,(SU nz:o 5UH |MB((I)B)| [ ( B ) ] ( )
(2.18)

2A second comment is in order. Once again, for observables that can vanish because of kinematic
cancellations (a primary example being the transverse momentum of a color singlet in pp collisions), our
choice of the simple observable can have issues when the above cancellations occur. A more appropriate,
and more general, prescription would be to use 6V (g1) as a resolution scale, where ¢1 is the total four
momentum of the hardest correlated block. In this case Eq. (2.4) takes the form of a convolution as
discussed in Refs. [12,39]. We will however proceed with the initial choice in the rest of this article for the
sake of simplicity, since all of the other considerations made here are fully general.



Smax (V) F(v)
[nPCY], ‘ [npc(j)]}é [nPCY], ‘ [npc(j)]}é
LL n+j<l1 - - -
NLL n+j<2 n+j<1|n+5<1 -
NNLL | n+j<3 |n+j<2|[n+j<2| n+j<1
| NFLL [n+j<k+1|n+j<k|n+j<k|n+j<k—1]

Table 1: The order at which the various nPCU) are required for the computation of y,.x(v) and

F(v).

Note that the above discussion holds to any logarithmic accuracy. To go to a given
order in the resummation of X (v) or ¥ ax(v) one needs to rewrite the full matrix element
in terms of the nPCU) blocks, and only keep the blocks that are relevant at the desired
logarithmic order.

For the two ratios required in the transfer function Eq. (2.5), the argument of the
numerator and denominator scale with the observable v. This implies that to compute the
ratio to a given logarithmic accuracy, one needs the numerator and denominator at one
logarithmic order lower [10,13]. To understand this fact better, let us consider the first
ratio in Eq. (2.5) as an example. At NLL order, we can write Xpax(v) = exp[Lyg1 (s Ly) +
g2(asLy)], where L, = In(1/x). We find

Emax ov
ZJ((U)) = exp {L5vgl (OZSL&)) - L'Ugl(O[va) + 92(065.[/51)) — gQ(QSLv)}

= exp {L(; [gl(ava) + ozvagll(ozva)} + .. } ) (2.19)

where we have dropped all terms contributing beyond NLL. One can clearly see that the
result depends only on the LL function g1 (asL,), such that each term is only required to
LL accuracy.

Furthermore, one can perform additional kinematical expansions to simplify the ex-
pressions of the nPC\ blocks, and we decompose each block nPCW) by singling out its
most singular (hence leading) term [nPCU)]., that is obtained by taking the soft and
collinear limit of all emissions, i.e.

nPCU) = [nPCW],. + [nPC(j)]}g. (2.20)

In summary, the ingredients required to a given order in logarithmic counting are sum-
marized in Table 1. In the next section we perform the calculation at NLL for the thrust
event shape.

2.2 Resumming the thrust distribution to NLL accuracy

In this section we compute all ingredients necessary to obtain X(®p;7) for the thrust
distribution to NLL accuracy, using Eq. (2.4). The thrust distribution is an additive

~10 -



observable, which satisfies
V(®psky,....kn)=> 7,  with 7=V(®pik). (2.21)

The first ingredient is the NLL resummation of the simplified observable. To NLL
accuracy one obtains [using the obvious extension of the LL result given in Eq. (2.11)]

Sk (P 7) = [Mp(@p)[* e~ furnl®min), (2.22)

max

with

Rnin(®p;7) = /[dk] [|M<0><k>|2+|M§§><k>2+ / (k) [dk) | M (ka, ki) 2O (k — ko — ks)
% O [V(@B;k) > T:| , (2.23)

where one keeps the full kinematical dependence in the tree level contribution of |M (k;)|?,
but only the soft-collinear limit of the one-loop contribution to |M (k;)|? and of [M©) (kq, ky)|2.
One can evaluate the integrals involving |]\4S(C1 )(k)\2 and \Ms(co (kq, kp)|? in dimensional reg-

ularization, and neglecting NNLL corrections one finds

R (@) = [l MO0 + SO RPEK| 0 [F@sik) > 7] (22

where

2
K = <67 - 7T> Ca— ;. (2.25)

For the computation of the transfer function one only needs to keep the 1PC(® block
in its soft-collinear limit. Therefore, the first ratio in FN(7) can be written as

Sk (PBiOT) R (@pir)—Rip(@pi6r)
T @) = Aw(®pi 7, 07), (2.26)

max
where RpL(®p;v) was given in Eq. (2.12).
To compute the second ratio of the transfer function to NLL accuracy, one uses
Eq. (2.18), which leads to (up to power corrections in ¢)

% iiﬁ /dk M(O
YLL (‘I)B,&T — n! i1

max —

Zn < 7'] . (2.27)

Combining Egs. (2.26) and (2.27), we obtain the final expression for the transfer function

Fain(®p;7) = ALL(®p; 7, 67) > / H [d,]| MO (K
ot

Zn<r] . (2.28)

Egs. (2.22), (2.24), (2.26) and (2.28) provide all the ingredients to calculate ¥(v) to NLL
accuracy.
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The transfer function in Eq. (2.28) can easily be computed using an MC approach.
Using Eq. (2.12) one can write (recall that we choose V = V)

‘W - T/[dk”Ms((?)(k)|25(V<q)B§ k) =7)
ln
/ dky / ;kt)é[ln(V(QJB;k))—ln(T)]- (2.29)

Trading the 1/n! in Eq. (2.28) with an ordering in v;, this allows us to write the transfer

RiL(‘I’B? 7')

function in the form

FNiL(®B;T) = AL (®p; T, 07)

d
1+ / s Rip(®p;m)
ot

dr T dr
+/5 IRLL((I’B771)/5 JRLL((I)BaTQ

T1 T T2

ZTN]

dr
Arn(®p;T,07) + / — A (®p; 7, 71) R (®B; 1) ALL(Pp; 71, 67)
5

@{Zﬂ' < T] , (2.30)

where to obtain the second identity we have used

ArL(®p;71,72) = AL (®p; 71, 7)) ALL(Pp; 77, T2) (2.31)

Since Apy(®p;7,7') and Ry (®p;T) satisfy

d
T?ALL(CI)ByTa ') = Ry (®p;7) ALL(®B; T, T) (2.32)

this strongly resembles the standard parton shower evolution. It is therefore solved using
the usual parton shower algorithm:

1. Start with¢=0and 7o =7

2. Increase i by one

3. Generate 7; randomly according to® App(®p;7i 1, 7)) R 1 (PB; i)
4. If 7; < 07 exit the algorithm, otherwise go back to step 2

If the sum over all generated 7; is less than 7, accept the event, otherwise reject it. The
value of F(7) is equal to the fraction of the accepted events.

. . . A DpiTi—1,0
3This is done by generating a random number r and then solving Apy(®p; 71, 7)) = % =7
iTis

for ;
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2.3 Neglecting subleading effects: the CAESAR formula

The expression for the transfer function obtained in the previous section contains effects
beyond NLL. It is often useful to be able to neglect all subleading effects and hence have
a pure NLL answer. This can be done through a set of simplifications that we briefly
summarize below. We stress that the operations performed in the present section are not,
strictly speaking, necessary, but they can simplify considerably the numerical evaluation
of the transfer function, and allow for an analytic solution in some cases.

There are two important sources of subleading corrections in the treatment presented
in the previous section. First, since the relevant squared amplitudes in the transfer function
1PC© are taken in the soft-collinear limit, it is natural to also approximate the observable
V in the same limit. It is convenient to parametrize the emissions’ momenta as

ki = 2 0p1 + 2o + g (2.33)

where k¢ ; is a space-like four-vector ¢ ; = (0, kt’i), orthogonal to the two reference momenta
p1 and po that are aligned with the thrust axis 7ip

Q. - Q. -
p1 = 5(1,7@), Py = 5(1, —r) . (2.34)
Finally, we introduce the emission’s rapidity 7; with respect to the thrust axis, which is
given by
1. W Q
. —_— ? 1 .
=g In @ with |n;] < In e (2.35)

()

where the boundary for n; is obtained by imposing z;
Using the additivity of thrust one finds

< 1 for any leg £ =1, 2.

‘/Sc(q)B;kla"'vkn) = ZTia with Ty = ‘/SC(q)Bakl) - ]ge_ln” . (236)

The above expression for the observable can be used in the evaluation of both the Sudakov

radiator and the transfer function, neglecting terms beyond NLL order. Starting again
$INLL

maxs we can evaluate the integral (2.24) by parametrizing the phase space [dg] in

from
terms of the transverse momentum ¢; and rapidity 7 of the emission ¢ in the centre-of-mass
frame of the emitting dipole. For the soft-collinear contribution one finds

Jan |1+ 25 | a9 0 Vi 1) > 7
[ [ [ 0t s |

(2.37)

where the sum runs over the two Born emitters. The remaining hard-collinear contribution
can be recast as [10,13]

dke as(ke) [ 45
[l PO V(@i ) > 7] = —ch/ ;>9[Q2> e
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Using the above integrals, one can express Rnpr(Pp;v) as
RniL(®B;7) = —Lgi(asL) — g2(asl), (2.39)

where L = ln% and the expressions of g; have been long known [9] and are summarized in
Appendix A. The derivative of the LL radiator, required in the transfer function, is then
given by

Ry (®p;7) = —asLgi(asL) — g1(asL). (2.40)

The second source of subleading corrections in the formulation of Section 2.2 has to do
with the phase space bounds of the resolved radiation. In particular, we see from Eq. (2.37)
that

) Q 1.1
W cn-t =-In—, 2.41
% <l gE =i (2.41)
where in the last step we used Eq. (2.36). At NLL the upper rapidity bound can be
approximated as

1 1 1.1
lnzln—l—(’)(lnT), (2.42)
T

which is then common to all resolved emissions. In our notation, this operation amounts
to Taylor expanding the functions R} (®p;v;) in the resolved radiation as
T
Rip(®p;7i) = Ro(®p;7) + Ry (®pi7)In— + O (R") (2.43)
7
where all terms in the r.h.s. beyond the first one are logarithmically subleading (each extra
derivative suppresses the contribution by one logarithmic order). Similarly, the first ratio

in the transfer function can be expanded about 7, in order to retain only the actual NLL
terms necessary to cancel the § dependence of the resolved radiation

LL .
Z:max((I)Bﬂ 57-) _ eRLL(CDB;T)—RLL(q’B;fST) ~ e_RLL(q>B;T) ln% . (2.44)
YLL (®p;T)

max

With these simplifications, we can recast the transfer function as

dr;
Farn(@p;7) = §Hn(®5:7) Z nl H/ — Ry (®p;T)

ZTi < T] , (2.45)
i
which can be written as

' B 7\ —RL(®PB;T) Tdn , ' T =Ry (®p;T) 1\ ~RiL(®BiT)
]:NLL(¢B77-) - [(57_) +/57-7'1 LL((I)ByT) <7_1) <g>

ZTZ' < T] . (2.46)

Eq. (2.45) is purely NLL, and does not contain any correction of subleading logarithmic

nature, but still has the same general form as Eq. (2.30). The algorithm to compute it
simplifies considerably:
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1. Start withi=0and 7o =7

2. Increase i by one

3. Generate 7; randomly according to (rj_1/7;) " fL(®87) = ¢ with r € [0,1]
4. If 7, < 47 exit the algorithm, otherwise go back to step 2

If the sum over all generated 7; is less than 7, accept the event, otherwise reject it. The value
of F(v) is equal to the fraction of the accepted events. The form of the transfer function
can be manipulated further in order to make its numerical evaluation more efficient by
getting rid of the O function in Eq. (2.46), as shown in refs. [10,13].

There is a second advantage of using Eq. (2.46) rather than Eq. (2.30). We notice
that the starting equation (2.30) involves the function R’ (and hence the running coupling)
evaluated at scales Q7; that can get as small as Qé7. When § — 0 the above scale hits the
Landau pole of the theory, which requires a prescription to deal with the non-perturbative
region (e.g. a cutoff or a non-perturbative model) if this equation is implemented in a
Monte Carlo method. On the other hand, the final equation (2.46) does not have this issue
since we expanded the arguments of the couplings about Q7 > Aqcp, hence avoiding the
Landau pole as long as the observable 7 is sufficiently large.

For an additive observable such as thrust considered here, further manipulations are
possible to obtain an analytic solution which reads

e~ VERLL(DB;T)

F Op;7) = , 2.47
MR T) = T Ry, (@) 247
which leads to the following NLL formula for the thrust cumulative distribution
—veR ; (®pB;
S(r) = ebn @by baaent) €T (2.48)

L1+ Ry (Pp;7T)]
3. Review of resummation in SCET

SCET [2-5] is an effective field theory of QCD constructed to capture the long distance
physics arising from soft and collinear radiation. To describe these different types of long
distance effects requires two separate types of fields in the effective theory: soft and collinear
fields. All short distance physics is integrated out of the theory, and contributes only via
short distance matching coefficients.

Given that SCET has several degrees of freedom and exhibits a rich gauge structure,
a detailed derivation of it is beyond the scope of this work and we refer the reader to the
original literature [2-5] for details. One important feature, however, is that by defining
the collinear fields in an appropriate way [5], the SCET Lagrangian can be written in a
way that at leading power the collinear and soft degrees of freedom can be completely
separated, giving

Lscer = Ls+ Y Ln, (3.1)
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Figure 1: Feynman rules for the leading-power SCET} Lagrangian and operators: collinear quark
and gluon propagator with label p and residual momentum p,., soft gluon propagator, coupling of
collinear quark and gluon, emission from a soft (Y;,) and collinear (WW,,) Wilson line, respectively.
When cutting a propagator, we replace the denominator a of the propagator with (—27i)d(a).

where the soft Lagrangian is identical to the full QCD Lagrangian. In the following we are
going to use the collinear fermionic Lagrangian which can be written as
- . 1\
‘Cn = 5?1(7/” Dy, +Zmnj_mzmnl)§€n‘ (32)
Here &, denotes a collinear fermion field after a so-called BPS [5] field redefinition, and the
derivatives D,, are covariant with respect to collinear gauge transformations and therefore
only include collinear gluons fields. Note that a single collinear fermion field &,, can be made
invariant under collinear gauge transformations by combining it with a collinear Wilson
line W, to define

X = Wit (3.3)

Operators in SCET are typically constructed out these gauge invariant fields. The Feynman
rules that are obtained from the SCET Lagrangian are given in Fig. 1.

The starting point for resummation in SCET is the derivation of a factorization theo-
rem that expresses the cross section as a combination of contributions arising from three
different singular sectors: hard, soft and collinear. Although such a type of separation is
already performed at the level of the SCET Lagrangian [4], the observable under consid-
eration mixes the various soft and collinear modes in its definition. Therefore, in order to
derive a factorization theorem one must decompose the observable into soft and collinear
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contributions [6, 7], which can be treated separately and then combined to give the final
value of the observable. This allows for a separation between the phase space of the soft
and collinear sectors, and therefore makes the factorization manifest. A clear complication
arises for complex observables, for which the separation between soft and collinear modes
in the measurement function can become quite cumbersome.

We express a generic factorization theorem as

3(0) = Huyno (1) Iy (055 1) @ Ty (0,5 18) © Sy (0,5 1) (3-4)

The hard function H,,,,, only depends on the directions n;, but is independent of the ob-
servable. The jet functions describe the evolution of the radiation collinear to the directions
n;i, and the soft function describes the soft interaction between the two jet functions. The
precise definition of the jet and soft functions, as well as of the convolution ® in Eq. (3.4),
depend on the definition of the observable whose value is required to be less than v in the
integrated cross section ¥ (v).

In this paper we will need two types of observables. The first is the thrust observable we
intend to resum, which is an additive observable for which the total value of the observable
is the sum over the contributions from each particle. The factorization formula for such an
additive observable takes the form [45-47]

2
Z(U) = Hp,n, (:U') [H /dvi In; (i ,u,)] /dvs Sniny (Us§ M) @[U > Z'Ui + Us] . (3-5)
=1 )

The two collinear directions n; and ny are back to back along the thrust axis ¢ such that
ny =n, ng = n with n = (1,1), n = (1, —t) and n-7n = 2. Suppressing the dependence of
the hard and soft function on the directions n and n, we write

£(r) = i) [dra Ju(rui ) [dr Ja(riin) [dr. S(rip ©f > 10+ 70+ 7). - (36)

We will also need an expression for the simple observable used to define ¥« in the
previous section. This is defined by first grouping the various collinear and soft emissions
separately into clusters in an infrared and collinear safe manner, computing the observable
from each cluster and taking the maximum value of those. Such an observable factorizes
in a multiplicative way, such that no convolutions are required

2

Smax(v) = H(p) [H T (o m] S (03 ). (3.7)

i=1

We start by discussing the resummation for the additive observables described by the fac-
torization formula (3.5), and then we comment in more detail on the definition of ¥, in
SCET.

17 -



The soft and jet functions that appear in the above factorization theorems have the
operator definition [46,48-51]

S(1s; ) = N
c

di™
Jn(Tnnu) _/jn(Tnv 7”)7

Tr(0] Y (0)Y,1(0)8(7s — Viott) Y (0) Y5 (0)[0) ,

Ta(rin) = [ G a7, (33)
where
a1 82 = e [ @t (21505 V500
ol 7)™ = L [ 05050~ Vi aa @10, (39

and Y, (z) denotes a soft Wilson line along the n direction. Vg, Vi, and Vi denote the
expression of either thrust V or the simple observable V.« as function of the final state
momenta in the soft and collinear approximations, respectively. For notational simplicity,
from now on we will omit the trace operation as well as the 1/N, prefactor in the color
average of the above expressions, which will be understood in the rest of this article.

3.1 Resummation via Renormalization group equations

Once a factorization theorem has been obtained, one can use the renormalization group
equations to resum the logarithmic dependence in the various contributions to the factorized
cross sections. For this to work, it is crucial that each contribution depends kinematically
on only a single scale p . This ensures that the logarithmic dependence in each contribution
is directly tied to the dependence on the renormalization scale, since it can only occur in
the form In(u/ur). It immediately follows that each contribution is free from logarithmic
dependence if one chooses = pp (the initial condition), and that the logarithms can be
resummed using the RG equations.

Before we discuss this in more detail, we take a short digression and discuss a feature
of SCET that will be important later. In SCET, both the physical phase space and the
observable’s measurement function are expanded out according to the scaling of soft and
collinear modes, since it ensures that each ingredient in the factorization formula depends
on only a single scale?. Written in terms of the invariants ygg = s44/Q? and ygy = 544/Q%
the matrix element squared of the real radiation behaves as 1/(y49Yg¢), such that diver-
gences arise both in the IR (y — 0) or UV (y — oo) limit. To understand the consequences
of this, we investigate the phase space boundary of a single emission, which are given in
full QCD as

QCD : /dng dyge Omin(yqg, Ygg: 1 — Yqg — Ygg) < 7] O[0 < 45 < 1], (3.10)

4An exception is given by some observables which require the introduction of an additional regulator
to handle the rapidity divergences, which are classified as SCET1; problems [52]. In this case soft and jet
functions will generally depend on two scales. This fact does not affect the treatment we present in the rest
of this article, as our final formulation of the resummation in Section 4 equally applies to both cases.
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where y;; denotes both y44 and ygz5. They are shown graphically in Fig 2a). Clearly, neither
of the two Mandelstam variables can exceed the physical bound set by the total energy in
the event 2, and therefore the phase space integration over each variable is bounded from
above.

Yag a) Yag o) Yag °) Yag 9
1 Qcb Soft Collinear 1 Collinear 2

11 14 S 1
&\\ Coll .

0-bin

T 1 Yag T 1 Yag T 1 Yag T 1 Yag

Figure 2: The regions of phase space contributing to the various pieces. In a) we show the phase
space region of full QCD, in b) that of the soft function, and in ¢) and d) the region of the jet
functions.

The phase space boundary of the soft function in SCET is obtained by expanding the
full QCD phase space boundary about the limit y,4, y5, < 1. This gives

Soft : / ya0 dygy OMIn(Yg: Yag) < 71010 < yis], (3.11)

which is shown graphically in Fig 2b). This implies that the larger of the two Mandelstam
variables y44 Or yg4 is unbounded from above, leading to a UV divergence.

The first collinear limit is obtained by taking the limit y4y < ygq ~ 1 (the second is
the same under the replacement y44 <> yg4). This gives

Coll; : /dng dygg O[min(yqg, 1 — ygg) < 7] O[0 < ygq < 1] O[0 < y4q] - (3.12)

The collinear regions are shown by the hatched region in Fig 2 ¢) and d). In this case both
variables are bounded from above, just as in the case of the full theory. However, adding the
soft and collinear regions naively, leads to a double counting of the soft-collinear region [53],
which is handled in SCET by subtracting a 0-bin region from the collinear integrals, which
is nothing but the soft limit of the collinear integral. The soft limit of the first collinear
phase space region (with the obvious replacement to the obtain the soft limit of the second
collinear phase space region) is given by

0 — biny : /dng dygg B0 < yge < 7] O[0 < ygql, (3.13)

such that the integral over yg, is again unbounded from above, leading to a UV divergence.
Diagrammatically, the 0-bin regions are summarized by the gray region in Fig. 2 ¢) and d).

While UV divergences are present in SCET as just discussed, each of the terms in
the factorization formula Eq. (3.5) is IRC finite. Thus all divergences are of UV origin
and are removed by renormalization. The renormalization of the UV divergences leads to
renormalization group equations (RGE) for each component. As already discussed, each
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of the ingredients of the factorization theorem has its own characteristic scales that we
denote by pm, py, and pg for the hard, jet, and soft functions respectively. At these scales
no logarithms are present to any order in perturbation theory. For the thrust observable
considered in this work, the scales are [16,47]

pa = Q, py = QVT, ps = QT . (3.14)

The resummation in SCET is then performed by evolving the hard, soft and jet func-
tions from their characteristic scales to a common renormalization scale u. The evolution
is simply obtained by solving the corresponding RGE. The hard function is always multi-
plicatively renormalized, giving the following evolution equation

2
b F0) = { 2Tl 0 % + 2] | ). (3.15)

The precise form of the RGE for the soft and jet function depends on the observable under
consideration. This dependence arises from the way the observable behaves in the presence
of multiple soft or collinear emissions which make up the soft and jet functions. For
instance, in the case of thrust, each new emission contributes to the observable additively,
which implies the following non-local form for the RGEs [16,46,47, 54, 55]

T 2
(i) = {—musp ] % - 2w[as<u>1} Julri )

+ 2Fcusp[as(ﬂ)] /OTdT/ an (T; M7)- : ij% (7—,; M) ’ (316)
7_2 2
e S(ri) = { gl 0 =8 — sl (i)
_ 4Fcusp[045(,u)] /O dr’ S(T;HB_ : f/(T QN) . (3.17)

Egs. (3.16) and (3.17) are simplified in Laplace space, where the convolutions become
simple products

~ U 2 ~
o 30) = { gl (0] 5 = 2ol | T, (319
- quz -
M@S(U; p) = {QFcusp[as(u)] In 2 275[%(#)]} S(us; p), (3.19)

where J and S denote the Laplace transform of the jet and soft functions, u is the Laplace
variable conjugate to 7, and ug = e 72. Since the cross section ¥(v) is independent
of the renormalization scale, the anomalous dimensions of the various pieces satisfy the
consistency condition

valos ()] = 2yslos ()] + yslas(w)] - (3.20)

An analogous condition, trivially satistfied, holds for the terms in the anomalous dimension
proportional to I'cysp. We write the solution to the RGEs in Egs. (3.15), (3.16) and (3.17)
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H(p) = H(pg) Un(p, pa)

J(mip) = /dT J(rspn) Us(r —7"5 1y pg)

S(Typ) = /dT S(7;us) Us(T — 75 1, ps) (3.21)

where, as discussed above, all logarithms arise from the RG Kernels Up(...;u, pp). This
leads to the final resummed X(7), which takes the form

(1) =H(pm)Un(p, pm) /dTndez In (s 11.7) Ug (T — 7005 1 i)
< [ Aradry (i) U = 7500

X /dTSdTé S(7s; us) Us(Ts — 7o ity pus) O — 7 — Tno — 7] - (3.22)

For an observable that is multiplicatively renormalized, such as ¥,.x(7), one finds the
simpler expression
Emax(7) =H (e Un (s o) Jn (75 1)U (73 12, 1) T (73 1)U (73 1, 17)
x S(7; ps)Us (T3 s i) - (3.23)

The boundary conditions F(...;ur), as well as the anomalous dimensions I'csp and
~vr (for F = H, J,S) have a perturbative expansion

2
Qs Qs
Peamplos ()] = 2001, + [2()] P&+

2 ™
) @, [aw]? @
Yrlos ()] = Tox JE T || E T
as(i) ny | [es()]? L@

The logarithmic accuracy is determined by the perturbative order with which the anoma-
lous dimensions and boundary conditions are determined. For example, to achieve LL
accuracy, one only needs FSRSP, while for NLL accuracy I‘gﬁgp for n < 2 and 71(;1). For
NALL accuracy, one needs Fgﬁgp forn < k+1, ’yl([,n) for n < k and boundary condition
F™) with n < k — 1. The numerical values for F&’fg and ’y}l), which are required for NLL
resummation are given in Appendix A.

SCET and resummation based on factorization theorems in general is extremely pow-
erful. Since higher logarithmic accuracy is achieved simply by computing anomalous di-
mensions and boundary conditions at higher perturbative accuracy, progress in our ability
to perform fixed order calculations directly leads to higher logarithmic resummation, and
some of the highest logarithmic accuracy has been achieved for several observables using
this approach. The main drawback is that only observables for which a factorization theo-
rem is known can be resummed using this approach. Deriving such a factorization theorem
is often quite complicated, and for many observables it is not known.
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| [ Teusplo] [ vrlos] [ Flur) |

LL 1 - -
NLL 2 1 -
NNLL | 3 2 1
INFLL | k41 [ k| k1 |

Table 2: The loop order at which the various pieces ingredients to the RGE need to be computed
to reach a given level in resummation accuracy.

3.2 NLL resummation for thrust

In this section we give the result for the thrust distribution at NLL accuracy, repeating the

example of Section 2.

(a) (b)

Figure 3: Diagrams contributing to the one-loop soft function

Figure 4: Diagrams contributing to the one-loop jet functions

We will perform all required calculations at 1-loop order, but will include the 2-loop
cusp anomalous dimension when giving the final result. We parametrize the generic mo-

mentum g as

: 7 + -
e T T . T TR 7" (3.25)
2 2 2 2
and define 1
dk = §dk+d/~c_dd‘2m. (3.26)
In the following we also use
1—e
A2k, 6(k?) = ———(KTET) Ok )0 (k™). 2
LK) = oy (£ K0k )(k) (3.27)
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We start with the computation of the soft function. The diagrams contributing to
the one-loop corrections are reported in Figure 3. The virtual correction is given by a
scaleless integral, and hence vanishes in dimensional regularization, allowing us to set
eir = euv = €. Conversely, the real correction (plus its conjugate) is obtained by cutting
the gluon propagator. Using the Feynman rules given in Fig 1 this gives

d
St (i) = 8(72) + 20203 Cr 1 Q [ 555 (2m)B(0H?) e [min( ) = Q]
o o (AmE [~ dko B
:5(TS)+CF?Q(7—SQ) - 2F217T—)e)[/TSQ(k—)1+€+{k — k")
as (p\* 1—2¢  (4m)° 1
=0(rs) +2CF — (Q> ()7 Ti-dc (3.28)

After renormalizing the coupling in the MS scheme (as(47)¢ — as(p)e?2€) we take the
Laplace transform of the result and expand it in as(p) to obtain

~ g 1 2 U U w2
Sbare(u; :U’) - 75”) |: Q 0 21n2 Q .

+Zm _I 3.9
62 € pu [ 4 (3.29)

where ug = e”72. One can see that this soft function does not contain any logarithms at
the characteristic scale

ps = 210, (3:30)
which corresponds to ug = Q7 in thrust space.

Next, we compute the jet function along the n direction (analogous considerations
apply to Jz), whose one-loop corrections are given by the diagrams of Figure 4. Virtual
corrections are again given by scaleless integrals, so the only non-vanishing contribution is
obtained by cutting through the loop in the diagrams of Figure 4. The sum of the diagrams
(a) and (c) can be obtained by using the SCET Feynman rules reported in Fig. 1. We obtain

(using [~ ~ Q)

a)+(c dktdk~ dd 2]43 1 k~ o
JT(Lb);;é)(Tna >_ 29 2ECFn nQ/dl+/ 271. d—1 LH—Qk— 5(k2)@[k > 0}

S [(Q—Fk~ K1]10@Q > k7)ot — Q)

2\ —1—€ 1 ! l—e ., —1—¢€
_CF—(47T) <Q2> T, F(l—e)/o de (1 —z)' 2!

2\ | . T(2—el(—e)
=Cr —(47r) (Q2) T ! ['(2—29T(1—¢)’

(3.31)

where we have defined x = k= /Q. The calculation of the remaining two diagrams ((b) and
(d) in Figure 4) can be simplified further by noticing that their sum is related to the QCD

wave function [3] as follows
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Pn:@, P,-L:@. (3.32)

The result therefore reads

TOHD ) = g2 Cpm 1 / o / k+dl2€7r%zd fh (U = k")o(k*)Olk™ > 0]
o [(Q—k~ )( 0(Q > k7)ol - 7Q)
o Qg € //JQ ‘ —1—¢ 1 d—2 e e
_CF%(ZI’/T) <Q2> 71 F(l—e)2/0 dzz'™¢(1—2)
o, A\ i l—eT(1—€eI(2—¢)
= Or —(4m) <Q2) T T(B—20T(1—¢) (3.33)

Since the integrals above include a contribution where the momentum k* becomes soft
(and these effects have already been included in the soft function), this soft contribution
needs to be subtracted. In SCET this procedure is called zero-bin subtraction [53], but
in this case is given by scaleless integrals and hence vanishes. Combining Egs. (3.31)
and (3.33) (after the usual MS renormalization), performing the Laplace transform and
expanding the result in a,(u) one finds

3 ;Lz
7 e} 1 7 + 1In 45
Invare(u; ) = 1+ CFS;T“) S+ 4 Qu

2 2
wou W 7T om
21n In - — —
<3+ Q2uo> O%uq + 1

pM»—k

€

One can see that the jet function does not contain any logarithmically enhanced terms at
the characteristic scale

= Q\\}f, (3.35)

which corresponds to ug = Q+/7 in thrust space.
The 1/e divergences are of UV origin, and in Laplace space can be renormalized with

a multiplicative renormalization constant as follows

J =277 Joare (3.36)
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where we defined

Zg=1+Cp asfr“) (—1+21nQu°> ,

s 1 1 1 2
Zy =1+ CpsW) <++1n““>, (3.37)
s €

and Z is the wave-function renormalization

s () 1

Zy=1-C .
¥ F47r €

(3.38)

By imposing the RG invariance for the bare soft and jet functions one can obtain the
RGE of the renormalized ones

dln p T pu

dln Jy (u; 1) as(p) w3

——=2C 1 - 3.39
dlnp S . Q%ug * ’ (3.39)

which agrees with Eq. (3.19), with F&)Sp = 2CF and 751) = —3Cp. One could directly
renormalize Eqs. (3.28), (3.34) in thrust space, which contain plus distributions. In this
case the resulting RGEs take the form reported in Egs. (3.16) and (3.17).

Using only these one-loop results, the solution to the previous RGE reads (where
F=17]15)

Fu; p) = F (u; pp) Us (u; 1, ) (3.40)
where at NLL the initial conditions read
F(u;pp) =1+ 0O(as). (3.41)

and

s T

N ®dy S 3
Uj(u; i, pro) = exp {/ iy 0 0sl1) <l — + >} (3.42)
Hy # 7T IUJ 4

Now Eq. (3.40) can be inverted to thrust space. One can decide to set the scales

5 0 '
Us(U;u,us)=eXp{/ dic —-4CF sl y MS}
us M
Cr

as in Egs. (3.30), (3.35) and perform the Laplace transform or, rather, to first perform
the inverse Laplace transform with symbolic pug and py and then set the scales to ug =
7sQ, g = /T Q directly in thrust space. The difference between the two procedures is
subleading, therefore we choose the latter which yields

s -om{ [ i) 1 ()"
Hs °

1 2\ " —vENs
i) =esp{ [ ep 2 (ol YL (B) ]
g J n
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where ug = 7:Q, py = /7,Q and

nu, iy
nj = —(2), s = 1Nk, 11s) 5 (3.44)
with b a4y ( /)
1 as(p
wnr) = [ Pracp ™ (3.45)
prp M ™

Combining all results together, setting the common renormalization scale to p = puy =
@, such that the hard function contains no logarithmically enhanced terms and to NLL
order can be set to unity, and including the 2-loop cusp anomalous dimension, one obtains

Saun(r) =e { [ ¢ du (4Famplo 0l 2 — sl )}

vTQ M
TQ} e~ VE(2ns+ns)

Q@d
I
X exp / — AT cusplas(p)] In — ,
{TQ % plovs ()] w ) T(1+ (205 +ns))

(3.46)

where the expressions for the anomalous dimensions are reported in Appendix A. After
evaluating the integrals in the exponent, and neglecting terms beyond NLL, one finds

e~ YE(2n;+ns)

EniL(7) = exp {Lgi(asL) + g2(asL)} L(1+ (2n; +ns))

(3.47)

where the functions g; are reported in Appendix A. One can easily show that the above
equation is equivalent to the QCD result of Eq (2.48) by writing

VTQ g
2ny+mns = / 7#40177045(#) ; (3.48)
TQ w ™

which is equal to Rj; (®p;v) given in (2.29)

ln—
Ria@mo) = [ [T an§Pace® M5 nik/Q) - n(r)
) /” 0, ) (5.19
Q k’t T

Before moving on, we report the result for ¥, (7), which enters as an ingredient of the
decomposition that will be used in Section 4. The simple observable used to define X,,,x(7)
is such that its UV divergences can be renormalized in a multiplicative way in thrust space,
that is, the corresponding factorization theorem is multiplicative (see Eq. (3.7)). To the
order we are working, the resulting soft and jet functions are trivially obtained from the
Laplace space results reported above by simply evaluating them directly in thrust space,
ie.

SmaX( )
(7 )

S(u = ug/7; 1)
J(u = o/ T 1) . (3.50)
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This gives

Sk e | ? du (4Tl - .01 |

vTQ H
Q
X exp{/ d—uélf‘cusp[as(u)] lnTQ} . (3.51)
TQ M K

At higher orders the initial conditions in Laplace space are different than they are in
thrust space, such that the Eq. (4.23) is no longer exactly correct. To obtain the correct
expression requires to perform the calculation of S™# and J™#* directly in thrust space
according to the factorization theorem (3.7).

3.3 Neglecting subleading logarithmic effects

The exact definition of the logarithmic order in resummation is somewhat convention de-
pendent, and different prescriptions can be found in the literature. The prescription given
in the previous section in Eq. (3.47) includes in fact various subleading logarithmic terms.
For example, the cusp anomalous dimensions at 2-loop order is only required for the con-
tribution in the first line of Eqs. (3.16) and (3.17), while in the second line it is enough to
include the cusp anomalous dimension at 1-loop order. This implies that, instead of using
the full expression for n = 2n; + 7, in the term e~ 727/I'(1 + 1), one can perform a Taylor
expansion of this result. For example, to NNLL accuracy one has

e—’YEWNNLL e_’YEnNLL UNNLL —_ TINLL d e_ﬂ/ElrlNLL
= + +o. (3.52)
'l +nwwen) T'(1+n9aen) INLL dnner, T'(1 + 7nir)
where
VTQ
o[ as(p)
nNLL = 4 / — [F
TQ l,[/ 27_[_ cusp
VTQ g 2
- | s (i) 1 as(p) 2
TINNLL = 4/7-62 7 [ m 1—\gu)sp + < o I\((:u)sp ' (3‘53)

Also, in general one finds differences depending on how the RG equations are solved.
As already mentioned, performing resummation to a given order in Laplace space and then
inverting the Laplace transform, gives results that differ beyond the order one is working
compared to solving the RG equations directly in thrust space. A second example is that
resumming the thrust distribution do/d7’ (by setting the scales to the characteristic scales
of the distribution) and then computing 3(7) by integrating over 0 < 7/ < 7 yields results
that again differ at higher logarithmic order from those obtained by directly resumming the
distribution (7). For a detailed discussion of differences in logarithmic counting, see [56].

This existence of different conventions needs to be kept in mind in the next section
when comparing the results obtained from an automated SCET resummation with the
analytical results. In particular, a consistent comparison between different approaches can
be only performed up to formally subleading terms.
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4. Automated resummation in SCET

The starting equation for the automated resummation in Section 2 was the separation of
the desired cross section 3(v) into the product of the simplified cross section ¥ ax(v) and
the transfer function F(v) given in Eq. (2.5). The resummation of the simplified observable
was computed analytically, while the transfer function could be obtained numerically. In
this section we derive a similar result, but where all ingredients are defined within SCET.

To simplify the discussion, we consider here a factorizable observable (such as thrust)
and perform a similar decomposition at the level of the individual soft and jet functions.
The SCET factorization theorem (3.5) for the thrust event shape that can be recast as
(note that we drop the ®p dependence from now on)

X(r) = H/drn Z’Jn(rn,u) /dTﬁ E&ﬁ(rﬁ,u) /de Yo(ts, 1) O > 7 + 70 +75),  (4.1)

where we expressed the soft and jet functions as (with F' = S, J,,, J5)

Frr ) = Sl (o) = ). (4.2)

Next, we define
Ep(re, p) = X8, W) Fr(te, 7, 1) - (4.3)
with

LR (6T, 1) Sr(re, 1)
ST (r ) TpT(OTs )

fF(TF777M):

This allows us to write

() = Sunar) [ A Fl (s o10) [ A F (e 710) [ A Fir ) O > 74 74 7],
(4.5)

where we defined Fj, = dFy/drp with F' = S, J,,, J5.

The goal is to compute each of the transfer functions through a MC algorithm defined
uniquely in terms of either soft or collinear fields, in a way that is similar to Section 2.
We will show in Section 4.2 that in the framework of SCET one can compute each of the
transfer functions F;(7,, 7, 1) and Fg(7s, 7, i) through a separate MC. This ensures that
all observable dependence is restricted to the numerical MC algorithm.

The computation of Egs. (4.4) via MC methods requires that each can be obtained in
4 dimensions by recursively computing real emissions. This relies on two important facts:
First, the transfer function has to be determined entirely through the real radiation, and
second, each contribution needs to be finite in 4 dimensions. The first fact is trivially
satisfied, since in the ratios ¥ (7)/35*(d7) the purely virtual corrections cancel exactly.
The second requirement deserves some closer investigation.

The IRC divergences cancel quite trivially in the ratio ¥p(7)/X5*(07), since the nu-
merator and denominator include the same unresolved real radiation (for rIRC safe observ-
ables). However, as we discussed in Section 3.1 and contrary to full QCD, in the standard
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formulation of SCET real radiation is UV divergent. The resulting UV divergences of the
real radiation appear both in the soft and in the jet functions and they cancel entirely
only in their combination to give the physical cross section. The existence of the above
divergences is a feature of the effective theory formulation in which the UV bounds of the
theory are completely integrated out into Wilson coefficients. This guarantees that each of
the soft and jet functions only depends on a single characteristic scale, which allows for the
resummation of the dominant logarithmic terms via RG equations. In the usual formula-
tion of SCET the UV divergences from the real radiation are regulated using dimensional
regularization, and they constitute a crucial contribution to the anomalous dimensions
which resummation is based on. However, the presence of the additional UV divergences
prohibits a MC formulation of the problem that requires the phase-space integrals of the
real radiation to be computable in 4 dimensions.

We solve this problem by introducing an explicit UV regulator for real phase space
integrals into SCET. In this formulation of SCET, the UV divergences from virtual dia-
grams are regulated in dimensional regularization, just as before, while those from the real
radiation are regulated with an alternative regulator, which can be chosen to be either a
physical cutoff or an analytic regulator. This will give rise to a different RG structure in
SCET, resulting in different logarithmic structures for the soft and jet functions individ-
ually. However, when soft and jet functions are combined into physical observables, one
reproduces the same result as in the standard SCET formulation. By introducing such a
regulator, we make sure that the UV divergences in the real radiation are now regulated in 4
dimensions, hence allowing for a formulation of the resummation through a MC algorithm.

In Section 4.1 we discuss the standard resummation in SCET in the presence of this new
UV regulator for real-emission phase space integrals. We perform an explicit computation
of the relevant soft and jet functions at one loop, and we show how the resummation
can be performed through RG evolution. In Section 4.2 we show how to formulate a MC
solution to the corresponding RG equations. We briefly comment on the extension to other
observables in the conclusions, while the detailed generalization will be treated in a future
publication. An alternative interpretation of the results presented in this section in the
context of SCET is reported in Appendix C, where we comment on the structure of the
theory when a IRC regulator 7 is included.

4.1 SCET with a UV regulator for real radiation

In this section we perform the calculation of the one-loop soft and jet functions by using
an additional UV regulator for the phase-space integrals of the real radiation. This can be
compared directly with Section 3.2, where the same calculations were performed without
the additional UV regulator. The infrared and collinear divergences, as well as the UV
divergences of the virtual corrections, are regularized by conventional dimensional regular-
ization as before. One has some freedom in choosing the form of the UV regulator. In
what follows we employ a cutoff A on the light-cone components of the emissions’ momenta
which is assumed to be larger than any other scale in the problem, which implies

A>Q. (4.6)
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This mimics what happens in the full theory where the upper bound is set by the center-
of-mass energy of the reaction. As a cross check, we have performed the calculations shown
below using the exponential regulator proposed in Ref. [57], and found analogous results.

As we will see, introducing this new regulator moves UV divergences between the soft
and the jet functions, but of course does not affect the result after soft and jet functions
have been combined into the total cross section. Since the UV divergences determine the
RG equations, and therefore the logarithmic structure, this also implies that logarithmic
contributions are moved between the soft and the jet functions. That is of course not a
problem, since the separation into the logarithms of contributions from the various ingre-
dients of the factorization theorem is to some extent arbitrary. Even in standard SCET
one can move contributions between the different ingredients by changing the choice of the
common renormalization scale p.

4.1.1 The soft and jet functions at one loop

Consider the soft function of the factorization theorem given in Eq. (3.5) or Eq. (3.7). As
before, the virtual contribution (plus its conjugate) is given by

Ak 1 1 1
2m)d n-kn-kk?

\Y _
Siv(ri ) = ~293Cen -y [ 5(r,) = 0. (4.7)
This integral is scaleless and therefore vanishes, hence setting eyy = €R.

The real contribution to the soft function is obtained by cutting the gluon propagator
and imposing that the contribution to thrust from the real emission is smaller than 7.
This gives (remember that we impose k™, k= < A)

% ddk‘
Sbare(Ts; 122 A) = 5(7-5) + 295 C(F n- TLQ

s 9 (4w Ak ~
= 8(r) + Cr = Q(rQ) ™ w? ())U =+ {k —>k+}}

I'(1—e o (k™)
2€ —€ €
=0(7s) +2CF % (g) (ry) 1 [(Ts)—e _ (g) FE;LW_) 3 % (4.8)

After renormalization, we take the Laplace transform and expand in as(p). We obtain

1 1
() [2+2<1nQ+1n“> Lo @t 2%
T

Sbare(u; 122 A) -

A Q) € A u u
_ 2 % 9 B 2 M
—i—( 4+ln A+4lnA1nQ+21 Q)}
asw) [L 2 p 2 Quo o T
- [62 lA In A u +21n ATl (4.9)

From the above expression one can see that the soft function does not contain any loga-
rithmically enhanced terms at the characteristic scales

s = Ag = =2 (4.10)
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Next, we consider the jet function along the direction n*. The virtual contribution is
again scaleless (also for the zero-bin subtraction) and thus vanishes, so the only non-zero
contribution is obtained from the real radiation. The collinear diagrams are unaffected by
the extra UV regulator, since their integrals are cut off by the scale (). Thus, we find the
same result as in Eq. (3.34), which we repeat here for convenience

11
T e (u; ) =

€2 € 4

3 pu
1 7+n 1 2 2 T
(k) +4622u()—|-<3—|-21n525>1n525+4—7r6
0 0
(4.11)

However, unlike in common dimensional regularization, in the zero-bin subtraction corre-
sponding to the diagrams (a) and (c) of Figure 4 (obtained by taking the limit k < 1) the
k= component is cut off by A, hence giving

(0—bin) . . % dktdk—dd- Qk/l 110~ 9 _
anare (Tnv /'L7A) - 2gs Crn - nQ/dl+/ 271' d—1 F—ki(s(k )@[k > 0]
x 6(1= (" O[A > E7)6(IF — 7,Q)

1 A dk—
_ s € 26 —1 € €
= Cr Um0 g [

_ % € LZ ‘ —1—¢ 1
=—-Cp - (4m) <QA> T, Ta—9o (4.12)

Putting everything together and renormalizing the strong coupling, we obtain the following
result for the one-loop jet function in Laplace space

- asw)[3 1 .Q 3 pu 1 ,Q
cu,A) =1 ——-In—+4+-In——=-In"*— 4.1
anare(uvua ) +CF = |:4€ p n A + 9 nQ 9 n A ( 3)
Q Q UuQ 3 Uuo T

Qi 1@ 3y 7T
A Q A uw 4 u 4 6

2 2
s (1) [3_11 Q. i <3 nQ>_11n2§+1—”

T |4e € Q2 uyg 6

—21n

=1+Cp

The jet function does not contain any logarithmically enhanced terms at the characteristic
scales

_Qvm
m==r

By combining the soft function Eq. (4.9) and two jet functions (Eq. (4.13) plus the

Aj=Q. (4.14)

analogous contribution for the direction 7#) one sees that the dependence on the cutoff A
cancels, and that the result coincides with the usual SCET result obtained in pure dimen-
sional regularization. The new regularization scheme that we have introduced, therefore,
only changes the expression of the soft and jet function while leaving their combination in
the physical cross section unchanged.

One can now proceed to write the RG equations for the soft and jet function. Since
there are now two scales characterizing the UV structure of the theory, one needs to write
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two separate evolution equations for each subprocess, the first of which describes the evolu-
tion in the dimensional regularization scale y and the second one describes the dependence
on the UV cutoff A. This is in spirit similar to what happens in SCETy; problems [52]
where a rapidity regulator is introduced to regularize the additional UV divergence of the
real radiation [53,57-61]. In fact, the same conclusions that follow would apply in that

case. One finds for the soft and jet functions®
dIn S (u; 1, A) as(p) , p dIn S(u; p, A o, @)
——————— =4CF In = — 7 ,
dlnp T A dln A /quA 7r

In Jy, (w; o, A A s In Jy, (u; o, A g ! S(W
dinJn(usp, A) _ (3 CFa(u) d1n Jy (u; p, ):/ dimFa(u)
dlnp s dln A

(4.15)

where the lower bound of the A RGE arises from the fact that the corresponding anomalous
dimension vanishes at this scale, which occurs at

[ A
= /-—ur, with FF=5,J. (4.16)
Ap

From the system of equations (4.15) one can easily see that the A dependence cancels in
the combination of the soft and two jet functions at a given pu.

One can now solve the RG equations by evolving the jet and soft functions simulta-
neously from their characteristic scales in g and A to a common scale. Since the order of
taking the derivatives with respect to In u and In A commutes, this evolution is independent
of the path chosen in the 2-dimensional ;1 — A plane. We can therefore write the evolution
kernels relating the soft and jet functions at the characteristic scales up and Ap to the
common scales 1 and A as

U (u; 1, A, s Ap) = U (s o s A) U (w5 A, Aps ) (4.17)
with
W), as(p), W
Ug”’ (u; p, ps; A) = exp { » - In NE (4.18)
/ /
(7( )(u A, Ag;p —exp{ / dA / d,u 4CFp as(u)} , (4.19)
As Vs M 7T
- “ A (!
U (u; 1, pugs A) = GXP{ du ( +21In Q) Crs fru)} , (4.20)
- dA/ dy/ S
U™ (u; A, Ag; ) = exp / / Eoocp” 1) , (4.21)
Ay Al Ay I T

From Eq. (4.20) we observe that the evolution of the jet function now starts at NLL.
All double logarithms are entirely contained in the soft function, contrary to the case of

®We have renormalized the A anomalous dimension by using the fact that the derivatives in p and A
commute.
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standard SCET, where both the soft and jet function contained double logarithmic terms
when evolved to the hard scale. However, as shown in Appendix B once the soft and
jet functions are combined into a physical cross section, the logarithmic terms in the two
formulations of SCET agree to all orders in perturbation theory, and one reproduces again
the result given in Eq. (3.46). The logarithmic structure of the soft and jet radiation in
this formulation of SCET reproduce exactly the physical structure in full QCD, allowing
us to establish a one-to-one correspondence between the two formulations. Notably, this
makes it possible to formulate the resummation in SCET via a Monte-Carlo approach, as
it will be described in the next section.

4.2 Monte-Carlo resummation of the transfer functions at NLL

Using the decomposition in Eqgs. (4.1) and (4.4), we first consider the soft transfer function.
We start from the definition of the thrust soft function as the following expectation value

5(7—57 M) = Z ‘(k’YnYﬁ|0>|25(TS - Vsoft(pn?pﬁ))ﬂ (4‘22)

Ik)
where |k) denotes a generic state with a fixed number of soft particles, e.g. |k) = |k1)
for a single real emission, |k) = |k1, k2) for two real emissions and so on. In Eq. (4.22),

Visoft (Pn, P) denotes the expression of thrust in the soft limit, and p,, (ps) denotes the sum
of the momenta of the soft particles in the n (7) hemisphere. Our goal is to use Eq. (4.22)
such that the soft transfer function Fg(7, 7s, ) required in Eq. (4.5) can be computed via
a MC algorithm.

The first ingredient to evaluate Eq. (4.3) for the soft function is ¥**. To the order we
are working, the result for ™2 hoth for soft (jet) function is trivially obtained from the
Laplace space results reported in the previous section by simply evaluating the soft (jet)
function with the A regulator directly in thrust space, i.e.

STE(u, A) = g(u = ug/T; 1, A)

ST, A) = J(u = uo/Ti 1, A) - (4.23)

At higher orders the initial conditions in Laplace space are different than they are in thrust
space, such that the Eq. (4.23) is no longer exactly correct. To obtain the correct expression
requires to perform the calculation of S™?* and J™?* directly in thrust space according to
the factorization theorem (3.7) with the additional UV regulator A. Eq. (4.23) leads to

Zg}ax’NLL(T) _ ZY;&X,NLL(7—7 W= Q, A= Q)

d dA T d

Qdp i Q VTAG qy

= exp —AT cusp | s )] In } exp / — / — AT cusp s ¢
{/7- p[ )] Q . A . P[ ]

(4.24)
We now consider the soft transfer function of Eq. (4.4), defined as

Z?aX’LL (o7, ) E%L (Tsy )

'FELL(TS’T”U’): max,LL max,LL :
NG (T, ) XG0T, 1)

(4.25)
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The first ingredient is the ratio 3§**(d7, u)/X§*(7, 1), which is obtained using Eq. (4.24).
Since the leading logarithms cancel in the ratio of the X¥**(d7) and ¥¢**(7), one needs
the resummed expression only to LL, which is given by Eq. (4.24) where only the one-loop
cusp anomalous dimension is considered.

The second ratio ¥g(75)/E8**(07) can be now computed numerically, as it is both IRC
and UV finite. Indeed, the UV finiteness is guaranteed by the presence of the cutoff A in
the real radiation, while the IRC finiteness is due to the rIRC safety of the observable that
ensures that the radiation below the resolution scale §7 cancels out completely in the ratio.
To achieve this, we introduce the decomposition for the squared amplitude in Eq. (4.22),
similar to what was done in Section 2

| Mg (k1)[? = | (k1] Ya Y2 |0) [,
| M (K1, ka)|? = [(k1, ka| Yn Yal0)[* — [ M (k)| Ms (k2) [,
| M (ky, ko, k3)[* = |(ky, ko, ks|YaYal0)|* — | Mg (ky, ko) |*[Ms(ks) [ — |Mag(ks, ki) [*| M (ko)|?
— | M (ka, k3)|*[Ms (k1) [ — [ Mg (k1) [*| Ms (k) |*| M (k3)[?,
(4.26)

We recall that the reason for the above decomposition is that squared amplitudes Mg with n
correlated real emissions start contributing at N ~1LL to the evolution of the soft function
for all rIRC safe observables. Using SCET with a UV regulator for the real emissions, as
discussed in Section 4.1, these are now in clear correspondence with the QCD counterparts
discussed in Section 2. Just as before, each of the squared amplitudes in the r.h.s. of
Eq. (4.26) admits a perturbative expansion in powers of a,; due to virtual corrections

\Ms(kr,. .. k) = i(w)nﬂnPCg)(kl,...,kn). (4.27)

2
Jj=0

The notation nPCg in Eq. (4.26) denotes the soft n-particle correlated blocks. In order to
(0)

compute the transfer function to NLL accuracy, we only require the 1IPCg” block, or in
other words the squared amplitude |Mg(k1)|? at tree level.

Putting all this together one finds

e (§r)

.FNLL(T& 7Q ZmaX Z n' H/ dk ‘MS ‘ 9[7—5 > ‘/SOft(kl’ T ’kn)] ’ (428)

which can be evaluated with the same MC algorithm described in Section 2.2.
Next we consider the jet function. As for the soft function, the expression for ¥X7*(7)
is immediately obtained from the results of Section 4.1.1 [see Eq. (4.23)]

Q q s
L) = X5 (e = QA = Q) = exp {/fQ :20 “ 75“) } : (4.29)

The computation of the jet transfer function is trivial at NLL order. As we have seen in
Section 4.1.1, the jet function is only single logarithmic once the additional UV regulator
A has been introduced, since the only kinematic region of phase space giving rise to large
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logarithms is of hard-collinear origin. Given that the collinear sensitivity is the same in
Y 7(v) and ¥7**(v), the resulting logarithmic dependence due to the phase space bounds
cancels in their ratio, and the only logarithmic sensitivity in the jet transfer function
comes from the running coupling constant. This implies that each additional emission is
suppressed by an additional power of ag, such that only a finite number of emissions need
to be taken into account at a given order N¥LL. In particular, to NLL accuracy, the jet
transfer function does not contribute for the reasons stated above, and one has the trivial
result

FY (7, 7,Q) = O[r, > 0]. (4.30)

We can now combine the result for the two jet functions just computed with the NLL
soft function as in Eq. (4.1) obtaining

) —exp{ | z Yt gl (] 0 5 pesp { 5 o S T du “ AT e [as<u>]}

@ dj O‘S(N)}
X exp{/fQ . 3CFr /d’]’s FaL (1, 7,Q) O > 7]

= Ynmax (1) F3 (7, 7,Q) | (4.31)

where we have performed the trivial integrations over 7,, and 7;. We note that the prefactor
given by the product ¥, = Y&FXTEM can be directly computed in the standard
SCET without the need for the A regulator, whose dependence will completely cancel in
the product of the three terms.

Using the same steps as in Section 2, one can neglect terms that only contribute to
order NNLL and higher, such that one can write the above result in a way that allows for

a simpler MC implementation. To this end, we define
Rig(r) =7 [ 4K PO = Vior ()

ln—
- [ [ 1 9240r 25 (/) — 1 — ()

™

fQ
_ / Aty o s tF) (4.32)
Q kt s

where we have evaluated the scale of the running coupling constant at k; = Vk+tk—. This is
the only available choice in the soft function differential in the two light-cone components,
since it is the only possible scale which is invariant under a rescaling of the directions of
the Wilson lines. fSNLL (1,7,Q) becomes

Zn<r

dTZ

n=

which can be solved with the following MC procedure:
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1. Start with i =0 and vy = 7

2. Increase i by one

3. Generate 7; randomly according to (Ti_l/n)*R’LL(q’Bﬁ) =r, with r € [0, 1]
4. If 7, < 47 exit the algorithm, otherwise go back to step 2

If the sum over all generated 7; are less than 7, accept the event, otherwise reject it. The
value of ]:gLL(T, 7,Q) is equal to the fraction of the accepted events.

One can compare the result obtained in Eq. (4.31) using the MC algorithm above
to determine the transfer function F§“l(7,7,Q) to the analytical expression, given in
Eq. (3.46). We show this comparison in Figure. 5, where we observe a perfect agreement
between the two predictions.

1 T T 1
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0.7 9 0.7
~ 06 O o6l
[= [
2 o5p F o5f
Nooat 2, o4l
w
0.3 9 0.3
0.2 9 0.2
Monte Carlo  + Monte Carlo
0.1 [ ) 1 0.1 [ )
Analytic Analytic
0 . 0 .
© 1.01 © 1.01
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= =
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Figure 5: The left figure shows the thrust cross section at NLL obtained with the Monte-Carlo
algorithm given in the text (crosses in the plot). The analytic result is reported as a solid line
for comparison. The right plot reports the comparison between numerical and analytical solutions
for the soft transfer function at the same order. The numerical results have been obtained with
In(0) = —20.

Although the extension to the general case is beyond the scope of this article, we do
want to mention that it is possible to apply the above method to a more complicated
observable than thrust. In general, if one is able to find an SCET Lagrangian for the
simple observable and define ¥max which by definition contains the same LL as the full
observable v, then the resummation for v can be obtained by means of a transfer function
that is defined in terms of the fields of the same Lagrangian, and can be computed via
Monte Carlo methods.

5. Conclusions and Outlook

In this work we have shown how to formulate a numerical approach to resummation in
SCET using the example of NLL resummation of the thrust distribution. This was achieved
by combining the automated CAESAR/ARES approach to resummation with the factorization
of the long distance degrees of freedom in SCET.
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In SCET, resummation is obtained by first factorizing the required cross section such
that a process independent hard function (H) multiplies the convolution over jet (J) and
soft (S) functions

S(r)=HJ®J®S. (5.1)

The jet and soft functions describe the long distance physics of the process and therefore
contain all observable dependence. Each of the factorization ingredients depend on only
a single scale, and logarithms can be resummed by solving RG equations for each of the
factorization ingredients separately. This general approach makes resummation relatively
straightforward once the appropriate factorization formula has been obtained, and simply
requires the computation of anomalous dimensions at a given order in perturbation theory.

In the numerical approach introduced in this paper, we identify a simplified observable,
which has the same leading logarithmic structure as the thrust distribution, and for which a
factorization theorem can be built in SCET. This simplified (max) observable is constructed
such that it has a very simple multiplicative factorization theorem, which is just the product
of the same hard function (H) multiplied by jet (J™**) and soft (S™**) functions

Emax(,r) — H Jmax Jmax Smax . (5'2)

Due to this simple multiplicative form of the factorization theorem, resummation is achieved
in a straightforward manner by solving multiplicative renormalization group equations. The
ratio between the full and simplified jet and soft functions defines a transfer function

F

= [Frmax ’

Fr (5.3)

where F' = J,S. The main result of this work was to show how to compute this transfer
function by performing the phase space integration over real emission diagrams to all orders
in perturbation theory. To NLL accuracy, this was shown to result in a rather simple
expression, which can be numerically implemented into a straightforward MC algorithm.

In order to compute the phase space integrals numerically, we needed to ensure that
they are finite in 4 dimensions. This is not the case in regular SCET, where the multipole
expansion of the phase space limits of the soft function (and the 0-bin of the jet functions)
leads to UV divergences in the real integration. In order to overcome this, we introduced
an additional regulator to control the UV divergences in the soft real phase space integra-
tions. While this modifies the UV structure of the theory, and requires to perform the RG
evolution in two different variables, we showed that the results obtained in SCET with and
without this extra regulator are in fact equivalent.

While we have focused for simplicity only on the NLL resummation of the thrust
distribution, our results are very general and are readily extended to higher orders in
resummation accuracy and to more general observables as long as one can find a simple
observable that has the same LL as the full observable, and it is factorizable in SCET.

Emax

Using the general definition of given in this article, this is an almost trivial task

for most observables. In the approach discussed in this paper, the degrees of freedom
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required, and hence the effective Lagrangian, are determined by the simple observable
which can be resummed analytically through a factorization theorem. The required transfer
function, that relates the simple observable to the desired observable, can then be computed
numerically using the Feynman rules of the above Lagrangian. Moreover, owing to the fact
that the UV limit is now separately regularized, SCET problems can be formulated exactly
on the same footing as SCET ones.

Higher-logarithmic accuracy can be obtained in a relatively straightforward manner
by keeping subleading terms in the expansions performed in this work. Furthermore,
the numerical approach to resummation in SCET applies even to observables for which a
factorization theorem is not known. This opens the door to a systematic resummation for
a wide class of observables by combining the analytical power of SCET with numerical MC
integrations, which can be automated in an algorithmic way. The details of the general
formulation are discussed in a forthcoming paper [43].
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A. Sudakov radiator for Thrust at NLL

In this appendix we report the analytic expressions for the radiator used in the text. The
NLL radiator is generally expressed as

2
R(v) = ~Lg(asL) = ga(osL) = = 3 (Lot (@) + g (aul)) . (A1)
(=1

where L = In %, and the g; functions read (we define A = asfyL):

(1)
o TS (2(1 = A)In (1= A) — (1 —20) In (1 — 2))) A
g1 (asL) = =5 o , (A.2)
(2) (1)
0 T, n@—2)) -2l (1-x) AP ma -
9o (OZSL) - 871'2502 + 27I'B0
. IOl (812102 (1 — \) +2B:21n (1 — X)) (A.3)
87 o°
@ (=230 (Biln (1 -2 +26)
cusp 87’[',803 .
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The coefficients of the QCD beta function are given by

lch—an 17CA—5CAnf—3Can
R — A4
Bo o B = Y (A.4)
while the anomalous dimensions appearing in the g; functions read
67 w2 10 1 3

B. Equivalence of SCET with and without additional UV regulator

The resummation of the large logarithms in the Laplace transform of the cross section in
standard SCET is given by

Enen(w) = 8 (us ps) 2 (u; pg) Us (us s ns) U3 (us s o) (B.1)
with
> Hms
Us (u; HH, HS’ = €Xp {/ Cusp as] In ? - 275[015]}
s
UJ (u; HH, NJ = €xp {/ <2F0usp [as] In 5 = 27J[a8]> } ) (B2)
75 Ky
with

s=2Q, mz\/“TJQ, pr=Q. (B.3)
u u

Here we have chosen the common renormalization scale to be p = pg, such that we need
to include the RG evolution of the jet function from gy to py (given by the first line) and
the RG evolution of the soft function from pg to py (given by the second line). Taking
the inverse Laplace transform and dropping the matching coefficients, one reproduces the
result given in Eq. (3.46).

In SCET with an explicit regulator for the UV divergences in real radiation one finds

ZNLL( ) SA(U MS?AS) JA(U MJ?A]) US(u ,UH,AH,,LLS,AS) (U /’LH)AHvquA])'
(B.4)

with up being the same as in Eq. (B.3) and
u
= Q. Aj=An=Q. (B:5)

In the evolution Kernels U}A) (u; gy, Ay oy Ap) one has to evolve both g and A from
their characteristic scale to the corresponding hard scale. Since the derivatives in A and g
commute, one can choose any path in this 2-dimensional evolution, and we choose here to
first evolve in A from Ap to Ay holding u fixed at pp, and then evolve in p from pup to

i holding A fixed at Ay. This allows us to write

Us (u; i, Mty s, As) = U (s iz, puss M) U (u; Mg, A )
Uy (s oy Mg oy, Ag) = O (s g, s M) (B.6)

-39 —



where we have used that Ay = Ap, such that one does not need any A evolution for the
jet function, and we have defined

HH dpt

Uéﬂ) (u; HH, 1S, AH) = €xp {/ |:4Fcusp[as} In & - 27:6‘ {as]:| } s
fis

- A gA \/7us d
Ué‘A) (u§ AH7 AS; ,UH) = €xXp {/ / 'u cusp [045] 5 (B-7)

" du [—279[%1}} , (B3)

Uﬁu) (w; pmr, pys Air) = exp {/ L
i,

The two anomalous dimensions v and «/; are different from the usual SCET ones
starting from their NLO expression. However, they satisfy v + 27, = vs + 2. The inte-
7(A)

gration over A’ in the A evolution kernels U, can be performed analytically by changing

the order of integration. For this, we write

[ [ g [ gy [

2
wap A
KF

/FW e Hi A (B.9)

WZAp

This gives for the U éA) evolution kernel, using Ay = puy and pug = Ag

i VEHES
UéA) (u; A, As; ) = exp {/ #411‘3“31’ [s] In M/{igs }

ps
|
= exp {/ —M4Fcusp [as] In 'quLS }
ps M K
pH g
= exp {/ —'ulﬂ‘cusp[as] 1 MHQLS}
ps M
HH q 2
X exp { / AT cuplars] In - } (B.10)
wy M HHMPS

Putting this together with the U g‘ ) one finds for the combined soft evolution factor

~ HH d
US(U; HH, AHa s, AS) = exp {/ ?H [4Fcusp[as] In lﬁTS - 2’){31[&5]] }
s

tE g 2
X exp {/ —’uzﬂ’cusp[as] In NZ} (B.11)
K wy

where we have used in the last line u?] = pgpzr- This combined evolution factor therefore
contains the complete evolution due to the cusp anomalous dimension, which is usually
split between the soft and the jet evolution kernels, as well as the non-cusp part of the soft
evolution. The evolution factor of the jet function only contains the non-cusp part of the
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collinear evolution which reads

B iy /
Ur(u; porr, A, pg, Ay) = exp / " [—29)[ad]] ¢ (B.12)
o

J

from which it is easy to see that the product of Egs. (B.11) and (B.12) fulfills the following
equality

Us(us g, Mg s As)UF (s pupr, Mg, g, Ay) = Us (0 i, ) U (us g, i), (B.13)

which shows that the physical combination of the evolution factors is identical to the
standard SCET one at all orders.

C. RGE of the thrust soft function with a IRC resolution scale

In this appendix we wish to comment more on the logarithmic structure of the decompo-
sition (4.5) for the resummed cross section. It is instructive to consider the soft function
as a case study, although the same conclusions apply to the two jet functions. We express
the soft function as in Eq. (4.3), namely

S(1s; ) = dECfT(:s)

NGO, 1) s (7s, 1)
S (7. ) S (om0

Es(7s, p) = (T, 1) Fs(7s, 7, p) = ZF*(7, ) (C.1)
In this paper we have shown how ¥¢%* is computed analytically, while the transfer function
Fg is obtained via MC methods. The latter task requires the introduction of an explicit UV
regulator in the theory, which led to the results in Section 4.2. The goal of this appendix
is to study how the decomposition (C.1) modifies the soft function’s RGE if it were used
in the standard SCET formulation, i.e. without the A cutoff. This is a useful exercise to
understand from a different viewpoint the method proposed in this article.

We start by simplifying, without lost of generality, Eq. (C.1) by getting rid of the
Y3 (7, ) factor and recast it as

Eis*(Tsa :u)

S(Ts; M) = Zglax(fsﬂ M)m .
S ’

(C.2)
The full soft function for thrust in momentum space fulfills the non-local RGE [see Egs. (3.16)
and (3.17)]

72 2
o 3) = { 2wl - — 25l )]} ()

— Alcusplavs ()] / " ST ) = S )

/ )]
0 Ts — Ts

(C.3)
where the precise observable dependence (in particular its additive nature) is reflected in

the second term in the right-hand-side of the above equation, that essentially shows how an
extra real emission modifies the existing value of the observable (i.e. in an additive way).
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Now we study how the RGE is modified by the introduction of the IR resolution scale
d7s. We first consider the contribution ¥¢**(d7, 1), which fulfills the following local RG
equation in momentum space [see Eqs. (3.19) and (4.23)]

d¥g (0T, pn) 57Q .
W = 4FcuSp[Oés(,Uf)] 111 7 2’)/3[0[50[)] ES (57" /'L) , (C4)

which can be easily solved by setting the initial conditions at u = 67Q.
Next we consider the remaining ratio ¥y (7s, 1) /X§** (07, 1) which, by means of Egs. (C.3)
and (C.4), fulfills the non-local RGE

d  ¥(7s, 1) Yo (Ts, 1) Ts
_ = 4Fcus S 1 <
dp Bg™ (o7, p) - XG(oT, 1) plastiling,
B M /TS dT/ E/S(Tsa M) - 2/5(7/7 ,LL) ) (05)
g, 1) Jo Ts— 1

Since by definition the resolution scale is small (67 < 7), one can write

/ " Zs(ms ) = X (' )
0

Ts — T’

T du
— [ st B0 = 0]

" du oT m
- / U [ () — Sh(rs — s )] +/ % [Zis (7 1) = i (733 1)
5 0

= [ [ — B~ ws)] + O7), (©6)

where the power suppressed O(d7) corrections can be ignored in the limit § — 0. The
remaining integral can be split as

Ts du Ts ™ du
/5 — [Zs(ri 1) = Ts(ms — i p)] = In =35 (7 ) —/ —Y(rs —usp).  (C.7)

r U ors U
By plugging the above expression into Eq. (C.5) we obtain

d  X(7s, 1) T du X (s — us )

— oo = 4l cus s T Temax/ s N ¢ .
" S5 (o, ) plas(v) /ar u XG0, 1) (©8)

Thus, the decomposition of (C.1) allowed us to separate the initial evolution equation into
a local piece (C.4) and a non-local piece (C.8). The precise definition of the non-local
piece depends on the form of the observable, and the result given here holds for an additive
observable. The decomposition of Eq. (C.1) allows to separate the RGE into a local piece,
which is independent of the definition of the observable and can therefore easily be solved
analytically, and a purely non-local piece, which contains all the observable dependence.

While we have discussed how to compute the non-local piece via a MC algorithm, for
an additive observable it can easily be calculated analytically, as we now show. We take
the Laplace transform £ of the ratio defined as

2(9(7-87”) _ 1 uts 77(8)
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and one finds the RG equation

11 (u, 1)
ptl St N (%)
dln L 4FCUSP [as (M)]F(O7 57—8“)1_1 (uv :u) ) (ClO)
where we used the result
Ofu> 6]\  [>, e Ug

with ug = e”72. The above anomalous dimension can be easily obtained from an explicit
calculation of the soft function by fixing the thrust value to 75, while requiring that it be
larger than 67. The solution to Eq. (C.10) reads

ug \ M(10)
) (u, 1) = T (u, o) ()" (C.12)
where
mdy! /
) = [ AT cmplon (). (C.13)
Ho H

The solution in momentum space can be obtained by performing the inverse Laplace trans-
form which, at NLL, yields

Yo(rsp) 1 (ﬁg)W(u,uo)eWi(%W
EF(Or ) TaQ \OT ()

This can be combined with the solution to Eq. (C.4) to obtain the full NLL result (at this
order we set vs = 0)

(C.14)

~dp! OTQY 1 /7 \(mo) e VENHHO)
S(1s; ) = exp {/ AT cusp (s (1)) In } (—) - C.15
7 o 0 Tt 20 G Moty )
By writing the logarithm in the exponential function as In 5;9 =1In T:T,Q +1In i—: we obtain
oy Q) 1 e En(imo)
S(te;p) = exp{/ — AT cusp (s (1)) In } , C.16
(7i10 wo W S T Yo L'(n(p, po)) (€19

which reproduces the NLL result for the thrust soft function with py = 75Q.
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