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We consider a flavoured B − L gauge symmetry under which only the third generation fermions 
are charged. Such a symmetry can survive at low energies (∼ TeV) while still allowing for two 
superheavy right-handed neutrinos, consistent with neutrino masses via see-saw and leptogenesis. We 
describe a mechanism for generating Yukawa couplings in this model and also discuss the low-energy 
phenomenology. Interestingly, the new gauge boson could explain the recent hints of lepton universality 
violation at LHCb, with a gauge coupling that remains perturbative up to the Planck scale. Finally, we 
discuss more general U (1) symmetries and show that there exist only two classes of vectorial U (1) that 
are both consistent with leptogenesis and remain phenomenologically viable at low-energies.

© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
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1. Introduction

The Standard Model (SM) with the addition of three right-
handed neutrinos provides a very successful model for explaining 
low-energy observations. Small neutrino masses are naturally gen-
erated via the seesaw mechanism [1] and the observed baryon 
asymmetry is dynamically created through leptogenesis in the 
early universe [2]. This model also possesses an exact B − L global 
symmetry in the limit of vanishing Majorana masses for the right-
handed neutrinos. Thus, following the principle that everything that 
is allowed is compulsory, it is natural to promote such a global sym-
metry to a local one; the Majorana masses would arise in this 
case from the spontaneous breakdown of the gauged B − L sym-
metry [3]. The large right-handed neutrino masses required for 
leptogenesis lead to a very high breaking scale for the B − L sym-
metry. As a consequence, one would not expect to see any effects 
of the B − L gauge interactions at low energies.

The above conclusion is however based on the commonly 
adopted, yet arbitrary, assumption that B − L is generation in-
dependent; such an assumption is also unnecessary since gauge 
anomalies cancel within each generation. Furthermore, the gen-
eration of neutrino masses and viable leptogenesis both require 
only two superheavy right-handed neutrinos [4]. It is therefore in-
teresting to consider the possibility that a flavoured B − L gauge 
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symmetry, under which only the third generation quarks and lep-
tons are charged, could survive at low energies (∼ TeV).

In a recent paper [5], we discussed how such a U (1)(B−L)3 sym-
metry could in fact naturally arise from the breaking of a horizon-
tal SU (3)Q × SU (3)L ×U (1)B−L gauge symmetry at high scales. We 
also pointed out that the resulting low-energy U (1)(B−L)3 gauge 
boson could explain the recent hints of lepton flavour universal-
ity (LFU) violation in rare B decays [6,7]. The flavour structure of 
the U (1)(B−L)3 allows it to naturally evade otherwise fatal bounds 
from FCNCs involving the first two generations. At the same time, 
constraints from LHC searches allow for masses as light as a TeV, 
as opposed to previous models.

The purpose of this letter is to describe this model in detail. We 
discuss how the Yukawa couplings of the three known families of 
quarks and leptons can be generated via the addition of a single 
family of vector-like fermions, with masses of order the U (1)(B−L)3

breaking scale. We also show explicitly that the model can in-
deed explain the observed B-decay anomalies without conflicting 
with existing experimental results, and while remaining perturba-
tive and self-consistent up to the Planck scale.

2. Model

We assume that only the third generation of fermions is 
charged under the local U (1)(B−L)3 , such that the charges read, 
in flavour space,

T q = 1

3

⎛
⎝ 0 0 0

0 0 0
0 0 1

⎞
⎠ , T l =

⎛
⎝ 0 0 0

0 0 0
0 0 −1

⎞
⎠ , (1)
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while being vectorial, i.e. the same for LH and RH fields. The SM 
Higgs H is assumed to be neutral under U (1)(B−L)3 . This symmetry 
does not allow for couplings between the third and the first two 
generations, hence, the Yukawa couplings are

LY f = −q̄L Ŷu H̃uR − q̄L Ŷd HdR − l̄L Ŷe HeR − l̄L Ŷν H̃νR

− q̄ 3
L Yt H̃tR − q̄ 3

L Yb HbR − l̄ 3
L Yτ HτR − l̄ 3

L Yν3 H̃ν 3
R

− 1

2
ν̄c

R M̂νR νR + h.c. , (2)

where H̃ = iσ2 H∗ and we have separated the first and second gen-
eration fields qL uR , dR lL eR νR , with an implicit index that runs 
from 1 to 2 (e.g. dR = (dR1 dR2 )), from the third generation fields 
q 3

L , bR , tR , l3L , τR , ν3
R . Yukawa couplings with an upper wedge Ŷ

are 2 × 2 matrices, whereas those without and with a 3rd family 
subindex are constants. This is best visualized in matrix form:

Yd =
(

Ŷd 0
0 Yb

)
, MνR =

(
M̂νR 0

0 0

)
, (3)

where Yd , MνR are the usual 3 ×3 Yukawa couplings and Majorana 
masses and similar Yukawa expressions hold for up-type quarks 
and leptons.

The above Yukawa structure does not lead to mixing between 
the third generation and the first two, so a mechanism should be 
put in place to ‘fill in the zeros’ in Eq. (3). This is done here by 
introducing scalar fields with U (1)(B−L)3 charge φq(+ 1

3 ), φl(+1), 
χ(+2), which also do the job of breaking the U (1) symmetry, 
and a vector-like fermion for each spin 1/2 representation of the 
SM gauge group, Q L,R , U L,R , D L,R , LL,R , E L,R NR,L , which are neu-
tral under U (1)(B−L)3 .2 However, it should be noted that not all 
vector-like fermions are required to generate the observed masses 
and mixings.

The most general renormalisable Lagrangian then reads, in the 
quark sector and in addition to Eq. (2):

LY Q = −q̄L Y D H D R − Y ′
Dφ∗

q D̄ LbR − MD D̄ D R

− q̄L YU HU R − Y ′
U φ∗

q Ū LtR − MU Ū U R

− Y ′
Q φq q̄ 3

L Q R − Q̄ L HY T
Q dR − Q̄ L H̃ Ỹ T

Q uR

− M Q Q̄ L Q R + h.c. , (4)

where Y Q , Ỹ Q , YU ,D are 2-vectors, and the rest are complex con-
stants. The lepton sector has the same structure but in addition we 
have3,4:

−ν̄c
Rλφφlν

3
R − 1

2
λχχν̄3c

R ν3
R + h.c. , (5)

where λφ is a 2-vector and λχ a complex constant. The vector-
like fermions are assumed to be much heavier than the SM fields 
(M Q ,D ... � 〈H〉) and so can be integrated out. Taking the down 
quark mass matrix as an example, we obtain

(
q̄L1,2 q̄3

L

)
H

⎛
⎝ Ŷd − Y ′

Dφ∗
q

MD
Y D

− Y ′
Q φq

M Q
Y T

Q Yb

⎞
⎠(

dR1,2

bR

)
, (6)

and similarly for up-type quarks, and charged and neutral leptons. 
The mechanics is shown in Fig. 1 diagrammatically.

2 Alternatively, one can introduce four new Higgs doublets which carry 
U (1)(B−L)3 charges ± 1

3 and ±1. However, these can lead to potentially dangerous 
FCNCs.

3 If we do not introduce χ , a higher dimensional operator could generate the 
Majorana mass. Since the mass is suppressed, the third right-handed neutrino could 
be identified with dark matter.

4 For simplicity, we assume vanishing Majorana masses for NL,R .
Fig. 1. Illustration of fermion mass generation.

Neutrinos still get their mass through the usual seesaw mecha-
nism:

1

2

(
l̄cL1,2

l̄3c
L

)
H̃ T Y ∗

ν

1

MνR

Y †
ν H̃

(
lL1,2

l 3
L

)
+ h.c. , (7)

where

1

MνR

�
⎛
⎝

1
M̂νR

− φl

λχχ M̂νR

λφ

−λT
φ

φl

λχχ M̂νR

1
λχχ

⎞
⎠ , (8)

Yν =
⎛
⎝ Ŷν − Y ′

N φ∗
l

MN
Y N

− Y ′
Lφl

ML
Y T

L Yν3

⎞
⎠ . (9)

Given the hierarchy M̂νR � χ , the 1/χ entry in M−1
νR

is much 
larger than the rest, which implies that to get the correct LH neu-
trino mass scale Yν3 , Y N Y ′

Nφl/MN � 10−5.
The final step is to diagonalize the mass matrices obtained via 

the above mechanism; we have a unitary rotation for each field 
f = U f f ′ such that:

U †
dL

YdUdR = diag(md,ms,mb)
√

2/v , (10)

U †
uL Yu UuR = diag(mu,mc,mt)

√
2/v ,

U †
eL YeUeR = diag(me,mμ,mτ )

√
2/v ,

U T
νL

Y ∗
ν M−1

νR
Y †

νUνL = diag(mν1 ,mν2 ,mν3)2/v2 ,

and we recall that U †
uL UdL = V C K M and U †

eL UνL = U P MN S . These 
relations together with those in Eq. (10) comprise the known val-
ues of the flavour structure that the Yukawas generated as in 
Eq. (6) have to reproduce. It is clear, since general 3 × 3 Yukawa 
couplings have been generated, that these conditions can be satis-
fied with unconstrained parameters remaining in the model.

Here, for definiteness, we adopt a well-motivated simplifying 
ansatz regarding the free parameters in the unitary matrices; de-
tails about how to obtain this structure can be found in Ap-
pendix A. Firstly, we take M Q � MU ,D and ML � ME , which is 
a limit in which rotations of the third generation RH charged 
fermions are highly suppressed. As for the mixing induced by U , D
and E in the LH third family fields, we allow for the generation 
of two additional angles, θl,q , beyond those present in V C K M and 
U P MN S . For phenomenological reasons, we assume both of these 
angles correspond to a 2 − 3 family rotation. These assumptions 
made explicit read:

UeL = R23(θl), UνL = R23(θl)U P MN S ,

UdL = R23(θq), UuL = R23(θq)V †
C K M , (11)

where Rij(α) is a rotation in the i j sector by an angle α. The 
connection of these rotation matrices to the model parameters in 
Eq. (4) is deferred to Appendix A.

Finally, the new gauge boson, Z BL3, interacts with SM fields ac-
cording to

LZ BL3 = 1
Zμ

BL3

(
∂2 + M2

)
Z BL3,μ − g Zμ

BL3 Jμ , (12)

2
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where

Jμ =
∑

f

f̄ U †
f T f U f γμ f , (13)

with T f as given in Eq. (1) and unitary rotations as in Eq. (11).

3. Low energy phenomenology

The most significant low-energy consequences of this model are 
in flavour observables, particularly FCNC processes mediated by the 
Z BL3. While the Z BL3 may also be directly produced at the LHC, 
the suppressed couplings to first and second generation quarks 
mean that the bounds are significantly weaker than in generic Z ′
models. We discuss these constraints in detail below, focusing on 
Z BL3 masses � TeV. In this mass range, effects in other low-energy 
observables such as neutrino scattering and (g − 2)μ are safely be-
low existing bounds. Lastly, there will be Z − Z BL3 kinetic mixing 
via the Lagrangian term ε F̃ F BL3, where ε is a free parameter. For 
M ∼ TeV, the constraints are relatively weak, ε � 0.4 [8].

3.1. Semi-leptonic B decays

There has recently been significant interest in hints of LFU vio-
lation in semi-leptonic B decays, as observed by LHCb [6,7]. Mea-
surements of the ratios

R(∗)
K = 

(
B → K (∗)μ+μ−)


(

B → K (∗)e+e−) , (14)

show a consistent departure from the SM prediction, which is un-
der excellent theoretical control [9]. In fact, global fits to the data 
suggest significant tension with the SM at around the 4σ level 
[10–15].

The relevant effective Hamiltonian involving charged leptons 
that will receive contributions from Z BL3 is defined as

Heff = −4G F√
2

Vtb V ∗
ts

(
Cl

9O
l
9 + Cl

10O
l
10

)
, (15)

with

Ol
9 = α

4π

(
s̄γμ bL

)(
l̄γμl

)
, (16)

Ol
10 = α

4π

(
s̄γμ bL

)(
l̄γμγ 5l

)
. (17)

It is well-known that a significantly improved fit to the data can be 
obtained by an additional contribution to the Wilson coefficients 
C9 and C10. In our model,5 integrating out the Z BL3 yields the 
effective Lagrangian

L = − g2sθq cθq s2
θl

3M2
(s̄γ ρbL)(μ̄γρμL) , (18)

which results in a contribution

δCμ
9 = −δCμ

10 = − π

α
√

2G F Vtb V ∗
ts

g2sθq cθq s2
θl

3M2
. (19)

The best fit-region to the data (assuming δCμ
9 = −δCμ

10) is given by 
δCμ

9 ∈ [−0.81 − 0.48] ([−1.00, −0.34]) at 1(2)σ [17]. In order to 
explain the LFU anomalies we therefore require θq < 0 (for small 
θq). Unlike in other models (e.g. [5]), this precludes the simple pos-
sibility that the rotation in the down sector is given by the CKM, 
i.e. UdL �= V C K M . The best-fit region is shown in Fig. 2.

5 For other Z ′ explanations of the anomaly see [16].
Fig. 2. Best-fit region to the LFU anomalies at 1σ (solid lines) and 2σ (dashed lines). 
The shaded regions are excluded by existing measurements at 95% CL. We have 
fixed θl = π/2.

Note that the above Wilson coefficients also contribute to the 
fully leptonic decay Bs → μμ, however the best-fit region is con-
sistent with the existing measurements. SU (2)L gauge invariance 
also ensures that there is a similar contribution to the decays B →
K (∗)νν̄ , although this results in only sub-dominant constraints on 
the parameter space.

3.2. Meson mixing

The strongest constraints on this model come from contribu-
tions to the mass difference in D0 − D̄0 and, in particular, Bs − B̄s

mixing. The relevant effective Lagrangian is

L = −
g2s2

θq
c2
θq

18M2
(s̄γ μbL)

2 − g2c2
D

18M2
(ūγ μcL)

2 , (20)

where:

cD ≡ (
V ub cθq − V us sθq

) (
V ∗

cb cθq − V ∗
cs sθq

)
. (21)

This leads to

C Bs ≡ �mBs

�mSM
Bs

= 1 + 4π2c(M)

G2
F m2

W Vtb V ∗
ts η̂B S(

m2
t

m2
W

)

g2s2
θq

c2
θq

18M2
, (22)

and

�mN P
D = 2

3
f 2

D B DmD c(M)
g2c2

D

18M2
. (23)

The factor c(M) ≈ 0.8 includes the NLO running [18,19] down to 
the meson mass scale. For the Bs system, the SM prediction is 
given in terms of the Inami–Lim function S(m2

t /m2
W ) ≈ 2.30 [20], 

and η̂B � 0.84 accounts for NLO QCD corrections [21,22]. Mea-
surements of the mass difference result in the stringent constraint 
0.899 < C Bs < 1.252 at 95% CL [23].

In the case of D0 − D̄0 mixing, the SM prediction suffers from 
significant uncertainties [24] and we simply require that the con-
tribution in Eq. (23) not exceed the measured value, 0.04 < �mD <

0.62 at 95% CL [25]. We use the lattice values f D = 207.4 MeV [26]
and B D = 0.757 [27].

The strong bounds from, in particular, Bs − B̄s mixing can be 
clearly seen in Fig. 2. Nevertheless, for a sufficiently small mixing 
angle, |θq| � 0.15, the LFU anomalies can be explained while re-
maining consistent with the current bounds. Note that, for a given 



646 R. Alonso et al. / Physics Letters B 774 (2017) 643–648
value of θl , this upper limit on the mixing angle is determined 
solely by the ratio of the U (1)(B−L)3 charges in the quark and 
lepton sectors. Finally, decreasing the mixing angle in the lepton 
sector reduces the contribution to δCμ

9 , meaning a smaller |θq| is 
required in order to simultaneously satisfy the bounds from meson 
mixing.

3.3. Lepton flavour violation

Depending on the mixing angle in the lepton sector, the Z BL3
may also mediate lepton flavour violating processes. In particular 
the decay τ → 3μ, which is tightly constrained by experiment: 
BR(τ → 3μ) < 2.1 × 10−8 at 90% CL [28]. The effective Lagrangian

LLFV = g2

M2
s3
θl

cθl τ̄ γ ρμL μ̄γρμL , (24)

results in a branching ratio

BR(τ → 3μ) = m5
τ

1536π3τ

2g4

M4
s6
θl

c2
θl

. (25)

The experimental bounds can be trivially satisfied for θl ≈ π/2, 
but already disfavour maximal mixing (θl ≈ π/4) if one wishes to 
simultaneously explain the anomalies. The Z BL3 can also mediate 
the LFV decay B → K (∗)τμ, although the branching ratio lies well 
below current experimental bounds [29].

3.4. Collider searches

The fact that the Z BL3 only couples to third generation quarks 
(in the flavour basis), ensures that its production cross section at 
the LHC is significantly suppressed compared to a generic Z ′ with 
flavour universal couplings. After rotating to the mass basis there 
will be couplings to, in particular, the second generation quarks. 
However, constraints from Bs − B̄s mixing already require that the 
mixing angle θq is relatively small, such that bb̄ → Z BL3 remains 
the dominant production channel. The LHC bounds are then effec-
tively independent of θq in the relevant region of parameter space. 
Furthermore, regions of parameter space which can explain the 
LFU anomalies will have a sizeable branching ratio to muons, mak-
ing this the most promising search channel. Alternatively, in the 
event of negligible mixing in the charged lepton sector, tt̄ , bb̄ and 
τ τ̄ resonance searches can be used, but yield significantly weaker 
bounds.

In Fig. 3 we show the bounds from the latest ATLAS di-muon 
search with 36 fb−1 at 

√
s = 13 TeV [30]. The production cross-

section was calculated at NLO in the 5-flavour scheme using
MadGraph-2.5.4 [31]. The current limits only provide mean-
ingful constraints for Z BL3 masses � 2 TeV. Hence, unlike many 
previous models, one can comfortably account for the LFU anoma-
lies with a U (1)(B−L)3 gauge coupling that remains perturbative up 
to the Planck scale.

3.5. Heavy fermions

The vector-like fermions that generate the quark and lepton 
mass matrices may also have observable low-energy consequences. 
In particular, they will modify the couplings of the SM fermions to 
the usual Z boson. Integrating out the heavy fermion leads to the 
effective operator involving the first two families of leptons

l̄L H
Y E Y †

E

M2
E

iγ μ(DμH†)lL . (26)

LEP measurements strongly constrain such operators, which induce 
lepton universality violation in the couplings of the Z boson and 
lead to bounds [32]:
Fig. 3. Same as Fig. 2, but shown in the M–g plane. The dotted line shows the 
value of the coupling that runs to a Landau pole at the Planck scale. We have fixed 
θq = −0.1.

v2|Y E |2
2M2

E

c2
θl

< 1.0 × 10−3 , (27)

v2|Y E |2
2M2

E

s2
θl

< 6.1 × 10−4 . (28)

There are similar bounds on |Y D |2/M2
D from modifications of the 

Zb̄b coupling [33]. Let us stress here that the effects induced by 
fermions are not in general correlated with either Z BL3 couplings 
or SM masses and mixings, the latter depending on the combina-
tion of parameters Y E Y ′

Eφl/ME . In particular a small Y E (Y D ) such 
that the bound in Eq. (27) is satisfied while E (D) being relatively 
light is a possibility.

In this sense these heavy fermions could potentially be within 
LHC reach. Current searches are sensitive to vector-like quarks with 
masses of order 1 TeV [34–36].

4. Outlook

As we pointed out in our previous paper [5], SU (3)Q ×
SU (3)L × U (1)B−L is the largest anomaly-free local symmetry that 
can be added within the SM + 3νR . Furthermore any anomaly-
free, vector-like local U(1) symmetry is one of the subgroups 
of SU (3)Q × SU (3)L × U (1)B−L . If we adopt two requirements: 
(i) at least two right-handed neutrinos should have super-heavy 
Majorana masses for leptogenesis; and (ii) we have sufficient sup-
pression of K 0 − K̄ 0 and D0 − D̄0 oscillations, we end up with only 
two classes of vectorial U (1)’s at the TeV scale:

T Q = diag

(
1

9
+ a,

1

9
+ a,

1

9
− 2a

)
, T L = diag(0,0,−1), (29)

and

T Q = diag(a,a,−2a), T L = diag(0,1,−1) . (30)

The flavoured B − L we have considered in this letter is a spe-
cial case of the first class (a = −1/9).6 It is also the unique choice 
which minimises the LHC constraints, thus allowing the U (1)(B−L)3

gauge coupling to remain perturbative up to the Planck scale, 
while simultaneously explaining the LFU anomalies. This fact also 

6 The second class of models was considered as an explanation for the LFU 
anomalies in [16]. For a discussion of other models motivated by anomaly cancella-
tion see Ref. [37].
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encourages us to consider another fascinating unification frame-
work, that is, S O (10)1 × S O (10)2 × S O (10)3. Here, quarks and 
leptons in the ith generation belong to the individual S O (10)i GUT. 
We then assume a breaking near the Planck scale (S O (10))3 →
GS M × U (1)(B−L)3 , with GS M the gauge group in the SM.

Finally, if one considers chiral U (1) symmetries there are many 
more possibilities consistent with anomaly cancellation. Let us 
briefly comment on one particularly interesting case: flavoured 
U (1)5ness in GUTs. This is the unique chiral U (1) local symme-
try that satisfies the two conditions above and is consistent with 
SU (5). Here, the U (1)5ness charges of the quarks and leptons in 
the third generation are �L(−3), dc

R(−3), qL(+1), uc
R(+1), ec

R(+1)

and νc
R(+5). Since the first and second generations have vanishing 

U (1)5ness charges, this symmetry is not equivalent to U (1)(B−L)3 . 
The low-energy phenomenology will be similar to that discussed 
in Section 3.

5. Note added

During the completion of this work, Ref. [38] appeared on the 
arXiv and considers a similar explanation for the anomalies.
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Appendix A. Formulae for the rotation to the mass basis

Here we detail the connection between the model parameters 
and the SM fermion masses and mixings, together with the explicit 
conditions to reproduce the ansatz in Eq. (11).

One can take Ŷd = Vd
Ldiag (yd , ys) (Vd

R)† in full generality and, 
after expanding in ε ∼ φq/(MYb), Ŷd/Yb , one has yb = Yb + O(ε)

and mixing matrices:

UdL =
⎛
⎝ Vd

L − Y ′
Dφ∗

q
MD Yb

Y D
Y ′∗

D φq

M∗
D Y ∗

b
Y †

D Vd
L 1

⎞
⎠ +O(ε2) ,

UdR =
⎛
⎝ Vd

R − Y ′∗
Q φ∗

q

M∗
Q Y ∗

b
Y ∗

Q
Y ′

Q φq

M Q Yb
Y T

Q Vd
R 1

⎞
⎠ +O(ε2) . (A.1)

In particular, note that for M Q � MD,U RH third generation quark 
mixing is even further suppressed. The above relations translate 
to up-type quarks with the obvious substitutions. The Cabibbo–
Kobayashi–Maskawa matrix reads:

V C K M = (U u
L )†U d

L

=
⎛
⎝

(
Vu

L

)† Vd
L

(
Vu

L

)†
(

Y ′
U φ∗

q
MU Yt

YU − Y ′
Dφ∗

q
MD Yb

Y D

)
(

Y ′∗
D φq

M∗
D Y ∗

b
Y †

D − Y ′∗
U φq

M∗
U Y ∗

t
Y †

U

)
Vd

L 1

⎞
⎠

+O(ε2) . (A.2)

This implies a (B − L)3 current for down-type LH quarks:

U †
dL

T qUdL = 1

3

⎛
⎝ 0

Y ′
Dφ∗

q
MD Yb

Vd†
L Y D

Y ′∗
D φq

M∗
D Y ∗

b
Y †

D Vd
L 1

⎞
⎠ +O

(
ε2

)
, (A.3)
with T q as in Eq. (1). Analogous relations hold for LH up-type and 
up and down-type RH quarks. The ansatz in Eq. (11) can then be 
obtained choosing (Vd

L)
†λD = (0, λD)T so that θq is confined to the 

2 − 3 sector, the mixing matrix UuL can be found by inverting 
Eq. (A.2) and finally for the RH quarks the limit M Q � MD,U yields 
U †

(d,u)R
T qU (d,u)R � T q .

In the charged lepton sector we have

(
l̄L l̄3L

)
H

⎛
⎝ Ŷe − Y ′

E φl
ME

Y E

− Y ′
Lφ

∗
l

ML
Y T

L Yτ

⎞
⎠

(
eR

τR

)
. (A.4)

If one assumes Ŷe = diag(ye , Yμ) and λE = (0, λE )T , and expands 
in ε � 1 with ε ∼ Ŷe/Yτ , Y ′

L Y Lφ
∗
l /ML Yτ , (but note that we do not 

expand in Y ′
E Y Eφl/ME Yτ ) the diagonalisation yields:

y2
τ = Y 2

τ +
∣∣∣∣ Y ′

EφlY E

ME

∣∣∣∣
2

+O(ε2) (A.5)

U e
L =

⎛
⎝ 1 0 0

0 cθl sθl

0 −s
θ

†
l

cθl

⎞
⎠ +O(ε), (A.6)

with tan(θl) = −Y ′
E Y Eφl/(ME Yτ ), whereas UeR = 1 + O(ε) and 

yμ, ye are order ε .
Finally the neutrino mass matrix has all entries of the same or-

der and it is not simple to give the unitary matrix UνL for arbitrary 
3 × 3 matrices Yν , MνR . Nevertheless the number of parameters is 
large enough that we can assume an UνL as in Eq. (11) which al-
ready incorporates U P MN S .
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