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1 Introduction

In the superconformal formalism of supergravity, which is a very practical and economic
way for an off-shell formulation, the Planck mass m, = k™1 = 2.4 x 10" GeV emerges as
a consequence of the superconformal gauge fixing of a chiral multiplet compensator X0,
Alternatively, we can say that a non vanishing compensator spontaneously breaks super-
conformal to Poincaré local supersymmetry. A particular interesting application is the case
when superconformal matter is present. In this case Callan, Coleman and Jackiw (CCJ) [1]
showed that a traceless energy-momentum tensor can be defined, which is different for spin
0 and % from the canonical one in that non-minimal couplings of gravity to matter are
present. In particular in Poincaré supergravity the stress tensor is not traceless and the
spinor supercurrent is not ~y-traceless. This is only possible if we define a supersymmetric
generalization of the improved stress tensor of CCJ. The supercurrent obeying this property
satisfies a very simple superfield conservation law [2]!

D%, =~ DY, DsY =0, (1.1)

where Y & 0 for conformal matter. The vanishing of Y sets to zero the trace of the energy-
momentum tensor, as well as the y-trace of the supercurrent and the divergence of the
axial current.

At the linearized level it was shown that the supergravity equations in presence of
matter correspond to the superfield equation [3]

K ?Eag + Jaa =0, (1.2)

where E, is the linearized Einstein tensor. Since the latter satisfies a similar conservation
equation [3], which includes the chiral scalar curvature R,

D%Eqs = DoR, (1.3)

it then follows that
R+ kY ~0, (1.4)

and then R =~ 0 for conformal matter. It is the goal of the present investigation to
provide fully non-linear expressions for the former quantities using the superconformal
techniques [4-7], which are explained in [8]. In particular, nonlinearities come from two
sources. One is the X° compensator dependence, and the other is the coupling to matter.
As a by-product we will be able to compute the components of the Einstein multiplet, which
will be promoted to a conformal primary superfield together with the scalar curvature.

We will construct the full non-linear Einstein tensor from field equations of pure su-
pergravity. The latter is constructed as the D-action of the compensating multiplet X°
(see notations in appendix A). The field equation for the R-symmetry gauge field A, gives
the first component of the Einstein tensor multiplet

s
GAH

1'We use ~ for identities valid due to field equations.

[—3X0XG}D - _25/“ (1.5)
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where £,4 and &, are related as in (A.6). This is a real superconformal primary field of
Weyl weight 3. The entire supergravity geometry is encoded in the Einstein tensor &,
the chiral scalar curvature R and the Weyl superfield W,g,. These objects enter in the
superspace formulation of Poincaré supergravity developed in [9-12].

The scalar curvature multiplet R, with chiral and Weyl weights (1, 1), is defined in
terms of the compensating multiplet as [13]

L 50
= FT(X ), (1.6)
where the operation 1" produces a chiral multiplet, and is the local superconformal version
of the rigid supersymmetry operation D?. We will find that the non-linear version of (1.3)
is that the tensor £,4 and R satisfy

. R
0\3
Dagad = (X ) Da <)(0> 5 (17)
where D, is the superconformal version of the superspace covariant derivative D,. This
is the nonlinear generalization of (1.3). The latter is a generalization of the identity in
general relativity on the Einstein tensor

ViGu =0,  G',=—-R. (1.8)

In the absence of matter the Einstein equations for pure supergravity (only the graviton
and the gravitino), become
Eaa =0, R=~0. (1.9)

In the sequel we will argue that a conformal gauge fixing where?
0 -1
X, =r"", (1.10)

allows us to split gravity and matter in the way of CCJ. Using this gauge fixing, the
lowest components of (1.9) just reduce to the values of the old-minimal set of auxiliary
fields [14-16]

As~u~0, (1.11)

where .
Rlg=u=rF°. (1.12)

The equations in (1.9) are the superfield generalizations of the pure Einstein equations
Guw =0, R=0.

When matter is included, the currents are defined similar to (1.5), using the field
equation of the full action for the R-symmetry gauge field A,. Prior to the gauge fixing
the nonlinear expression on the left-hand side of (1.2) is

1 0

3
€ mS:CM:—Z (5N+JN) 5 (113)

2We indicate equations after gauge fixing to Poincaré supergravity by the indication .



where S is the action and C, and J, are as &, real superconformal primary fields of
Weyl weight 3.

We will define the concept of the ‘conformal case’ where the action contains a sum of
pure supergravity and matter couplings that preserve local conformal invariance. In that
case we will find .

D" Eps =0, (Eaa#0), R~=~O0. (1.14)

The paper is organized as follows. In section 2 we present the superconformal setting
and derive the nonlinear form of (1.4) both for conformal and non-conformal matter. In
section 3 the Einstein tensor multiplet is derived and proven to satisfy (1.7). In section 4
we give the supercurrent multiplet in the general case, whether the matter is conformal or
not. Then we specify two superconformal gauges. One of these corresponds to Einstein
frame, and the other to the conformal frame in the sense of [1]. It is only in the latter
that conformal invariance of the matter system relies in the tracelessness of the energy-
momentum tensor and ~y-tracelessness of the supercurrent. In section 5 we define Wz,
using the full superconformal curvature R, (Q). For on-shell pure supergravity this is the
only tensor that specifies the spacetime geometry. In section 6 we give the components of
the superfields that appear in (1.7) and (1.13). Among these components is the Einstein
equation in presence of matter and a cosmological constant. In particular, the curvature
multiplets give an alternative way to study supersymmetric curved backgrounds not looking
to the gravitino variation but rather to the transformation properties of these multiplets.
In this way we show how the AdS; and S® x L solutions are obtained, in agreement
with [17, 18]. The consequences of a negative and positive cosmological constant, which
follow from (1.7), are also discussed. The bosonic part of our results provides a modification
of the improved currents of CCJ, and we provide the full formulae in section 7. Finally,
section 8 gives some concluding remarks.

In appendix A we give our conventions for superspace quantities and in appendix B we
recall some aspects of the superconformal Weyl multiplet. Appendix C separately discusses
the bosonic part of our results, which leads to new improved currents. In appendix D we
give a method that we used in section 6 to obtain components of superfields in terms of
field equations, using invariance of an unspecified action. We obtain there also convenient
forms of the Ward identities for all superconformal symmetries. In appendix E we present
the Poincaré form of the Einstein tensor multiplet.

2 Actions for chiral multiplets and the ‘conformal case’
The actions of chiral multiplets in the superconformal setup are symbolically obtained from
S=[NX,X)|,+ WXy . (2.1)

Here the X! are superconformal chiral multiplets with Weyl weight 1, and the index I is
taken to run over 0,1,...,n where n is the number of physical multiplets. The 0-index is
included to indicate that one of these multiplets is ‘compensating’ for the superconformal
symmetry, such that the physical action will be super-Poincaré invariant. The function N



is real of Weyl and conformal weight (2,0), and W is holomorphic of Weyl and conformal
weights (3,3). The notation for the actions is explained in appendix A: (A.9) and (A.10).
The fields of the Weyl multiplet {e}}, ¥, b,, A} appear hidden in this notation. We repeat
the main ingredients of this multiplet in appendix B.

Pure (Minkowski) supergravity is (with a suitable normalization) obtained for

pure supergravity: N = —SXOXG, o =-3. (2.2)

For separating pure supergravity from the matter part, it is useful to reorganize the

variables X7 in ‘
XZ

= X0

such that only S° has a nonzero Weyl and conformal weights (1,1). This is the multiplet

S0 = xO0, St i=1,...,n, (2.3)

whose first (complex) component represents the two real auxiliary scalar fields of the old
minimal set of auxiliary fields once the superconformal symmetries are gauge-fixed to obtain
the super-Poincaré theory.

The ingredients of the action formula (2.1) are then written as

N(X,X)=258°599(5,5),  W(X)=(S°W(S) (2.4)

where by functions of S, we understand functions of S?, and we could take out a factor
5050 from N and (89)3 from W, since N is a real function of Weyl weight 2, and W is
holomorphic of Weyl weight 3. In view of (2.2) we define the matter coupling function
‘I>M by

®(9,5) = -3+ 30(S,S). (2.5)

We define the concept of ‘conformal case’ for couplings in which in the X-basis the
compensator X appears in the remainder of N and W i.e.

N = -3X°X% 4+ Npaster (X5, XY, W =W(X). (2.6)

This can be expressed as Ng = —3X 0 and Wy = 0. Subindexes of N and W refer to
derivatives w.r.t. the X', while those of ® and W refer to derivatives w.r.t. S (with S°
fixed). E.g.

Ny aN_<a S 9

T2 7 ) 5950%(5. 5) = SO (d — Sip.) . .
30 550 50852)55 (S,8) =5 (® - S'®,) (2.7)

We can therefore express the difference from the conformal case by quantities

_ 1 a0\ _ 1 i — gt
1 1
AW = ——— = - =S'W;. 2.
W= g =W=35 29

The conformal case is therefore

conformal case: AK =AW =0. (2.9)



The ‘conformal case’ thus demands that ®y; should be homogeneous of rank 1 in both S°
and S?, and W homogeneous of rank 3:

Sidy; = S'Pyy = Py, STW; =3W. (2.10)
Differentiating the first set with respect to S and S one gets

S'®y\; =0, S Oy = Doy, SEDy\p15: = 0, SE(I)ME]“ =0, (2.11)

1

which imply that ®y1;7 is homogeneous of degree zero.
The simplest case is the CP" model,

®=-3+355 =-3+3X°X")"1XX", (2.12)
and a cubic superpotential. It corresponds to the conformally coupled scalar of [1].
In general, if there is a variable S' # 0, we can write

o o Xt X7 - gi g7
Oy = (XOXO)IXIX!f <)(1Xl> = Sisty <515~1> : (2.13)

Since this action depends on the multiplets {X 4 } and the Weyl multiplet, the field
equations can be divided in those with respect to the matter multiplets and those with
respect to the Weyl multiplet. The former will be considered here, and the one for the
compensating multiplet will lead to the value of the scalar curvature multiplet R. The field
equations for the Weyl multiplet will define £,,, which will be considered in the next section.

The field equation with respect to the multiplet X/ is the multiplet starting with

195 1y (‘w) MW o, (2.14)
oXI 2 ox! ox!
The operation 7T is the superconformal version of the superspace operation D?, see ap-
pendix A. For the compensating multiplet, I = 0, this can be written as

0~ %T(No) + W= —% [7(5°) + T(5°AK) — 2(s°)?AaW] (2.15)

The scalar curvature multiplet is defined in (1.6) as the chiral multiplet with Weyl weight 1:
_1,(c0
= 77T <S ) . (2.16)
Therefore, the field equation (2.15) can be written as

R+ (SYO)Z ~0 with Y =-2(S)°AW + ST(S°AK). (2.17)
In the conformal gauge S° = k=1, we have R + k?Y ~ 0. This says that R ~ 0 for the
conformal case. The equation (2.17) is related to the global formulae in [19-24], and is
the nonlinear version of (1.4). Our results are valid for the superspace curved geometry
described by a chiral compensator X°. Other geometries may correspond to different set
of auxiliary fields [17, 18, 21-25].



3 Einstein tensor multiplet

We continue with the superconformal formulation, without any gauge fixing so far, and
study the Einstein multiplet in this setting and its Bianchi identity (1.7). We start from the
field equation of the field A,,, which is the gauge field of the R-symmetry in the conformal

approach, and is the auxiliary field in the super-Poincaré action:?
o - 7 1 _ .
e ' V(X X)]p = iND, X" — Ny, X" + JiNy 07 (3.1)

where

: 1 -
DX = (0, — b, —i4,) X - EWQI : (3.2)

We observe that this expression is invariant under S-supersymmetry using
1
65D, X" = —%m,ﬁ] . 0sf =v2zPy. (3.3)

Therefore, this expression is a superconformal primary, and can be used as first component
of a superconformal multiplet.

We will identify the Einstein tensor multiplet as the multiplet starting from (a multi-
ple of) this expression in the case of pure supergravity (1.5)

Its explicit expression is thus the real vector? [25, (5.5.47)]

&, = 4iX°D, X — 4iX°D, x° 4 2iQ°P,Q° (3.4)
which can be written in the components {X° Q0 F9} as
_= _ = _ = _ _ = =
&y = —84,X0X° — 4iX°9,X* + 200 Py, Q" + 2iv29, (X°0° - x°0°) |
_ =% _= =
X%9,x° = X°0,X°) - (9,X°x°. (3.5)

When we go to flat indices, &, = €4 &, this object has Weyl weight 3 and chiral weight 0.
This will be important for the generalization of (1.3).

But before considering the local generalization, let us check that the flat limit of &,
satisfies (1.3). We identify the superfield with its first component, and write as such a
superfield formula (using the notation in appendix A)

1
L= —1 H 3
Eai 41(’)’ Jac Eulgay (3.6)

c0'a Qo NE <
= —4i570 465" — 2(DyS”)(DgS”) .
One can then check that

D% = (5°)2 Do ((S°)72D25%) = (S°)3 Dy ((S°)'R), (3.7)

3We use the notations as in [8, Ch.17], where the chiral multiplets have components { X', Q' F'}, with
left-handed chiral spinor Qf. We use only chiral multiplets, such that these formulas are a truncation of
(17.19-21) in that book.

4Although it is implicit due to the fact that QF is left-handed, we wrote an explicit Py = %(1 + Yx)
for clarity.



where for the last expression we use the rigid supersymmetry version of (2.16): R =
(89)~1D250,

The result is consistent for a generalization as a superconformal formula as mentioned
in (1.7). Indeed, to define D%&,4 from a vector real superfield, £,4 should have Weyl
weight 3 following the rules in [13], summarized in [26, (B.1)]. We mentioned already that
this is fulfilled with the expression (3.5). Second, to define the superconformal analogue of
D, on a scalar multiplet, the latter should have w + ¢ = 0, where w and c are the Weyl
and chiral weights. Chiral multiplets satisfy w = ¢, and thus the argument of D, could
not be R, which has Weyl weight zero, but can be (SY)"!R. Finally, to match the Weyl
weights of the left and right-hand side, the multiplication with a multiplet of w = ¢ =3
is imposed. Hence we find that (3.7) is possible. To prove that it is indeed fulfilled, we
calculate the supersymmetry transformation of &,:

S08a = —/2iePy (%QO FO 4+ PX0,00 4 200D, X° — z)zf’paszO) the.. (3.8)
We denote this as

0E, = €P1OLE + €PRORE,

SpEa = —V/2i (%QOFG + PXO7, Q0 4 200D, X0 — zXGDaQO) : (3.9)
and by definition the components of Jr&, are the superconformal covariant Dg&,. Then
D Epe = ii('y“)adfdga = —ii (Y*6rEa),, - (3.10)
This leads to
D Eas = V2P, (—QOFO + ;X%pszo) = (X936, ((XO)_QF())a . (3.11)
o

Since (X9)71F is the first component of (1.6), this confirms (1.7) for the superconfor-
mal case.

Finally, let us consider the super-Poincaré expressions. For the pure supergravity case,
we can use the gauge fixing of the extra symmetries in the superconformal algebra as

X =", Q| =0, bulg =0. (3.12)

This implies
Ealy = —8x72A,. (3.13)

Thus in this section, we found the Einstein tensor multiplet as the supercurrent mul-
tiplet for the compensator X as in (3.4), which corresponds to [2, (32)].

4 The supercurrent multiplet

The advantage of the superconformal tensor calculus is that it puts on equal footing the
compensator X° and the physical matter chiral multiplets in the collection {X 4 }, all with
conformal and chiral weight (1,1). Therefore, the A, field equation should read as

SN X)) = - 5

ST Eut ). (4.1)



Since the superpotential contribution [W]r does not involve A,,, we have by definition
Eu+Ju=~0. (4.2)

The expression &, + J, is still a conformal primary of Weyl weight 3. Hence the opera-
tions of the previous section are well defined in the conformal setting. We obtained (1.7)
and therefore

. Y
D" Juo ~ (X°)° Dy <(X0)3> : (4.3)
From (3.1) we thus find
3 . ST . [ PO
= 2(Eu+ ) = INDXT —iNID, X + SiN 021,07 (4.4)

Since this expression is linear in N, after the split (2.5), and before elimination of auxiliary
fields and conformal gauge fixing, we then have

) =0 =
Ju = —4e IW[XOX()@M(S, Sp . (4.5)
From (4.2) we obviously also have
D (Eag + Jaa) ~ 0. (4.6)

Using the identity (1.7), this also implies, see (2.17),

D Jua ~ —(SOPPD((S°)'R)
~ —(S°)*D, (mw — (82T (S%K)) .
In the conformal case, .
D Jpa ~ 0. (4.8)

The expression for J,s from (4.4) can be written in terms of the quantities that we
defined in section 2. We will thus use the variables S?, and translate e.g.

Ny =

O y_(0 S50
ox0" =\ 980 ~ 5998

) N =25 - 5'®;) . (4.9)

Using further ®y; and AK, defined in (2.5) and (2.8) and the real quantity

_ , - . !
AAK = Oy — S' Oy — S" Py + 5" ST Py = <51855 — 1> AK, (4.10)
we have
No = —35%(1 + AK), N; = 35%;
] 5 (4.11)
NO(] = -3+ 3AAK, Noz = _3ﬁAK’ Nij = BQ)M,ij-



We then use x* = Prx’ for the fermionic partner of S?. This gives

A A A . A 1 _ .
D, X' = 5D, X°+ XD, 5% D,S" = 0,S" — —=hux’,
W " a " et (4.12)
QO — X07 Qz — XOXz 4 SZXO )
We therefore find
Jy = =&,
+2X0D0 07,0 + 20X By v X"
+2iX0X0 [2(Py DSt — PaiaDpST) — OntigXvux’] - (4.13)

We will compare two different gauge fixings of dilatational and S-supersymmetry. The
Einstein gauge is obtained by

Einstein gauge: —3x 2= N|g = 3X°X0 (-1 + @M)‘D ,

0= N = 3X° [(—1+ &n)x® + Enix'] o (4.14)
This leads to
XOX’G‘D — k21— 0(S,9) ", X0 =By (1— (S, 8)) . (4.15)
Therefore the supergravity and matter fields in £, in (3.4) get mixed.
Instead, we can consider the following gauge choice
Conformal gauge: XO‘E =k, QO}E =0. (4.16)

In this gauge choice the compensating S-transformations needed to stay in the gauge only
involve the multiplet {X?, Q°, F9} and the Weyl multiplet background. But the multiplets
{S% x% F*} do not enter in the transformations of Q¥ and thus not in the decomposition
rule. Hence, the transformations do not mix the gravity with matter. In this gauge &,
does not depend on matter fields, and we have

Eulg = —8/(214”,
July = 8k 2@\ A, + 2ik 2 [2(P0miDuS" — @miDLS") — PumigX VX’ - (4.17)

We thus find here the generalization of the equations obtained in [1] for conformal matter.
The matter action contains a term R®, such that the coupling is conformal. The bosonic
part of these equations leads to improved currents and a modified Einstein equation with
a matter energy-momentum tensor that contains the gravity part G, ®y and a U(1) part,
such that it is conserved and traceless due to the equations of motions. This is different
from the Einstein gauge, (4.15), where ® decouples from R, but the energy-momentum
tensor is not traceless. These bosonic results are discussed in appendix C.

The references [27, 28] derived the gravitational multiplets directly with the Poincaré
calculus. This corresponds to our conformal gauge and it explains why the transformations
are matter independent. Their formulae agree with ours provided the Poincaré chiral
curvature R is identified with our (zero Weyl and chiral weight) R /X" expression in (6.18).

~10 -



5 The superconformal tensor

The Weyl superconformal tensor is a 3-spinor index chiral quantity Wz, [3, 11, 12]. It
is compensator-independent and the multiplet defined by this field contains in its bosonic
components the Weyl tensor and the field strength of the R-symmetry vector. This mul-
tiplet has been given in the superconformal context in [27, 28], but for completeness we
repeat it here using our present conventions.” We start from the full curvature R (Q),
which is (see appendix B)

R (Q) = R, — 2v,0.) (5.1)
and satisfies
Y Ry (Q) = 7 Run(Q) = 0. (5.2)
We define
Wapy = (')’My)aﬁR,uu(Q)'ya (5.3)

where the spinor indices indicate a Pr, projection. By the properties of gamma matrices in 4
dimensions, this is symmetric in (af3), as we now prove. We perform a Fierz transformation

1 1
Wags = 56500 By (@ = 57135 Yo Riar( @) (5.4)

After using (5.2) and v-algebra, this gives

Wa67 = (’Vpo)vﬁRpa(Q)a . (5'5)

Hence this is indeed symmetric in the three spinor indices. Since R, (Q) is invariant under
S-supersymmetry, this is also a superprimary. The @-supersymmetry transformation is

50 P Rap(Q) = (iRZ@V(MCd)%d - iR;b(T)> Pre, (5.6)

where RV is defined in (B.2). Therefore W,y is a superconformal chiral multiplet with
(Weyl, chiral) weight (%, %) Its next component is defined from

1
SWapy = Eécaw, (5.7)

where all the spinor indices are left-chiral. This leads to

Coz,B’yé = _\/5(7ab)a,8 <1RZ(I))V(MCd)(PL70d) - lRab(T)(PL)> 5 . (58)

Using the constraint in (B.1) one proves that this tensor is also traceless.

6 Components of current multiplets

In this section we will obtain information on the components of the conformal current
multiplets &, and J,. They are defined from field equations of the R-symmetry gauge
field in (1.13) and (1.5). These multiplets are real conformal multiplets with a vector
index of Weyl weight 3. The components can be determined from the @Q-supersymmetry
transformations of their lowest components.

®In the framework of new-minimal Poincaré calculus, this multiplet was constructed in [29, 30].

- 11 -



6.1 The real vector multiplet

The dilatation transformation D, the U(1) transformation T', @ and S supersymmetry and
special conformal transformations K for a real vector multiplet with Weyl weight w are
(see [13] and in Poincaré tensor calculus [27, 28])

1
6Ca = wAnCa + 5i67:Z0

1
OPLZ, = |:<’w + 2> AD — ;)i)\T:| P Z,
1
+ -Pr, <iHa - ’VbBba - iﬁca) e+iPp <—wca + r}/abcb) n,
2
§Ho = [(w + D)Ap — 3idg] Ha
—i€Pp (P20 + Aa) +17P; ((w = 2)Z + 1w 2") |
5Bba = [(w =+ 1))\[)] Bba + 2€abcdcc)\§<

1 1. e 1_ c
- §E(DbZa + ’YbAa) + ilRaC(Q)’Y*’YbGC + 5"7 ((1 + w)’bea + Yac Vo2 )

0PRrA, = [(w + 2) AD — zi)\T] PrAg + wPRXK Z4 — Yap Xk 2°

1 : . 1 _
+ 5 |:7bc (DbBca + 1DchCa) - 1Da:| ]DR6 - §PR'7d€Rab(Q)PR7de

1
+ 5P ((Hy = 1By +iPCy) (wdh —7a") m,
6Dq = [(w +2)Ap] D + 2wA% DyCa + 4X k[ Dy C’ — 2eapeaB N
L. = 5 1 c c
+ ?6%@% + € (Rab(T) + ’Y*Rab(T)> Zb - 56 (1'7*7d6d - ﬁc > Rac(Q)

1 1
+ 1wy, (Aa + 2I>Za> + 1774 Yab (A” + 217>Zb> : (6.1)

Since C, is defined as a field equation, see (1.13), it transforms to field equations, and
thus the next components of the multiplet are also combinations of field equations. In
appendix D we explain how we can use general equations for transformations of equations
of motion to identify these further components (based on [31]). This leads to expressions
that do not depend on the particular action, as long as one considers an action that is
invariant under all the symmetries of the superconformal group. The result then depends
on ‘covariantized field equations’

0S 0S 0S

_ —1l_pn _ -1 v _ —1l_pn

O(A), =e¢ Ca5 A0 (€)pa =€ "€ Sova + , O, =e 6“751/% + ,
—
0S 08 dS

—e 12 =e 1= 4 ... el 4. .. .

O(F)=e SEI 0 =e sof T OX)r=e SxT T (6.2)
where the ... make the expression covariant. The expressions for O(A), and O(F); are

covariant without extra terms as can be understood from the general principles in (D.6).
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The result for the components of such real multiplet is

Ca = O(A)a,
20 = 30(1)0 — 7O + =7 (V'O(F); +hic)
H, = 2XTD,0(F); — 4iD, X O(F);,
Bya = 30(e)ap — 1O (e)” + %Eabcdpc@(A)d — Nab <;Q[@(Q)I + F'O(F) + h-C-) ,

Ao = 29"D, 2y — 3V2 (0(Q) D X1 + Q'D,O(F); + hec.) |
Dy = — 2D"D,0(A),) — 2D, Dy O(A)"

3 _ o
-5 <2DaXI®(X) 1 —Q'D,0(Q); - 2F'D,O(F); — h.c.) : (6.3)
We can apply these results first for the pure supergravity action [-3X°X 6} D, and as

defined in (1.5) this leads to the components of the superfield &,. In this case the covariant
field equations of the compensating multiplet are simple:

O(X)o = -300°K%, O, =3PPQ°, O(F)y=—-3F, (6.4)

These {O(F)g, —0(Q)o, O(X)o} form a chiral multiplet of Weyl weight 2, which is —3X" R.
The covariant field equations for the fields of the Weyl multiplet are (see also (3.4)):

O(A), = — 3iX"D, X0 + 3iX°D, X" — %iﬁOPL%Q@ ,
V20(1)a = — 3PLQY(DuX0) + Proas <QODb)_(6 - 2)‘(%”90) +hec.
O(€)ap = 3Nap [FOFO — D.X'DX0 — %QOPLm@ - ;QOPRmO]
+ 6D, X° Dy X° + (DD — Do Dyy) (X°X°)

3= 1 5
+ B |:QOPL (’Y(an) — 2’7@@) Q° + h.C.:| . (6.5)

When we go to conformal gauge (4.16), the remaining objects combine in covariant
Poincaré covariant quantities. With the Poincaré gauges (3.12) the Poincaré supersymme-
try transformations are (and it is now convenient to use again u = xF° as in (1.12))

1 1 .
dm(e) = dg(€) + ds <77 = 5(1%44 — Pru — PLH)6> + 0k <)\Ka = —4€¢a> ,
- 1 ) _
PL¢a = PL¢a + §PL(1A + U)’QDM . (66)
The covariant derivatives

Dy = 8 — Ou1 (w#ab(e, q,z))) — Sa(vy,) (6.7)

~13 -



are now covariant for super-Poincaré. Relevant Poincaré curvatures® and derivatives are
=~ 3 . ]. ab ]. . _
PLR,,(Q) = 2P ( Oy, — §1A[u’y* + TVl (e,9)Yap + 57[u(1A +a) )y,

12
ﬁau = Oqu + &aPL’y . ¢,

~ 1. - ~
DaAb = va14b + 511%7*%7

A 1, 1 1, 1 ~
¢a = §7bRba(Q) 5 YaY cRbc(Q) = _§7bRab(Q) + ﬁVabcRbc(Q) )

. _ . 1_ -
leab = leab - ¢[M’Y[aRb}u](Q) + iw[u’}’u]Rab(Q) )

~ 1- ~ 1- ~
Rap = Riap) = 59" al)c(@) + 5¥(a7 Bi)e(Q)

~ N . ~ 1
R =R+ amR™Q), Gup = Rap — §nabR. (6.8)

Note that the relation between qﬁa and }ARW(Q) is the same as between the superconformal
quantities ¢, and R, (Q). The covariantized field equations are then

kO(X0) = —3iD, A% + R+ 3A%A, ,
V2k0(Q°) = “bRab(Q)
KO(F°) = —3u,
K2O(A), = 6A4,,
1
K2@(’¢)a = _§7abcRbC(Q)
K20 (€)ap = Gap + 6Aq Ay + 31ap (uit — A°A,) . (6.9)

This gives the following components of the real multiplet

k?C, = 6A,,
K22y = —60q
KM, = —6iD, 1,
K2Bap = 3Gap — NapGe® + 184, Ap — 310y AcA° + 31aputi — 3eqpea DEA?
~ 3. )
Kk?PrA, = 2P’ <D[a + 21A[a) Zy — iPRY Vac ZpA°

A d
k2D, = —12DpDP Ay — 18¢4peg APDEA? — 184, 4y A® + 91Dyt — 36 A,u

1.2 1.=b =
— ZlZa'y*fy - Z - 512 YV Za) t iRap(Q)1: 20 (6.10)

The result (6.10) gives all components of the multiplet

4
— . 11
g 5C (6.11)

5Note that due to the torsion, R is not symmetric. However, the covariantized Eab is symmetric.

— 14 —



Its linearized part is the result in [3, (2.13)]. The result is given also in [27, 28] with
different definitions of the components, as usual when comparing conformal and Poincaré
transformations [32, 33]. We explain the relations in detail in appendix E. The result
in (6.10) is more elegant due to the conformal symmetry. See in particular the conformal
form (6.3), which is independent of the choice of auxiliary fields for supergravity.

When one investigates preservation of supersymmetry (four supercharges) in this con-
formal gauge, one should consider the transformations of the fermions in (6.1), using the
combination of the symmetries as in (6.6). Especially the vanishing of 6Py Z, gives the
condition for preservation of supersymmetry when we just take the bosonic part. This is

1 1
P (ma — 7By, — i]DCa) €+ 5l <—3ca + yabcb) (id —@)e=0. (6.12)

This equation can be decomposed to the conditions (2.11) in [17]. E.g. the only terms
proportional to v.p€e lead to ud, = 0, which is the first of (2.11) in [17]. When these are
already zero, the only term without a gamma matrix is H, = 0, which is d,u = 0, which is
the third of (2.11) in [17]. Therefore we now concentrate on terms proportional to PrqPe.
These are 1

0= —552 Bbalpes — 106 Aa + 1240 Ap — 3napAcAC . (6.13)
The imaginary part leads to VA, = 0, which is the second in [17]. This leaves then only

the symmetric part of Bp,, and the equation
0=Bgp= K2 B(ab)|bos —24A,Ap + 6’r]abACAC

1
=3Rqp — §nabR —6A,Ap + 3N AcAC + 3ngpuis . (6.14)

The expression B, agrees with the component obtained in [27, 28]. The difference be-
tween the conformal part /4323(,11)) and this Poincaré expression B, originates from the
S-supersymmetry and depends on the conformal gauge fixing. This difference is trace-
less. The trace of B, or By is proportional to the real part of the last component of
R/X°, which will be discussed in the next subsection.” To obtain the last of (2.11) in [17],
one considers

1 1
0= gBab + EnaandBcd - Rab - 2AaAb + 277abACAc + 3nabua . (615)

To obtain the further condition of vanishing Weyl tensor in [17], one simply looks at the
variation of the fermionic component Wz, (see (5.3), (5.6)) of the superconformal Weyl
multiplet. This gives the vanishing of equation (5.8), which implies the vanishing of the
Weyl tensor and of the A, field strength.

The components of the current J,, are obtained from (6.3) by using the (covariantized)
field equations of the other part of the action: [3X°X%®(S, S)]p. For the conformal case,
this can be written as [®y(X, X)], where the X-dependence does not include X°. In that
case, the gauge conditions are not relevant in that part, and we can directly use (6.3).

"Since this is a conformal chiral multiplet with w = 0, the fermion has no S-supersymmetry transfor-
mations, and the auxiliary fields of the conformal and Poincaré multiplets coincide.
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6.2 The supersymmetric Ward identity

Now that we have the full expressions of the components of &,, we can explicitly check (1.7),
which we write here again as

=& R
D Epe = (X°)%D,, <X0> : (6.16)
Since
T(X%) = {F°, pPRQ°, 09 X"}, (6.17)

the components of the multiplet R/X" are:

R (X0) FO 1 0 FO o

— = = PO —2 PrQ 1

X0~ (X0)2 {(XO)Q’ (X0)2 ( (x0)3 L% (6.18)
1 ¢ %0 FO 0 2 50 0 Fo 50 0

This is a multiplet with Weyl weight 0, which therefore can be a constant without breaking
supersymmetry, a possibility that we shall consider in section 6.4. The superconformal
covariant derivatives are defined in (16.34) and (16.37) of [8]. For convenience we repeat
here the bosonic part:

DCXO

1
lbos = (V“—Qb“—iAa)DaXo—gRXO, DX = el (9, — b, —iA4,) X°. (6.19)

Therefore, the bosonic part of the last component of R/X? has the following real and

imaginary parts
1 1
- E%Ba“ = —6/@38(1‘1, ikV®A, . (6.20)

In order to evaluate the right-hand side of (6.16) we write with (A.6), (6.11) and (6.1):

D = ii(w)ad@dg& _ _%i(ya)a@dca _ %mamfdca _ é (Y*PrZa).. (6.21)
Using (6.3) we find
Y'PRrZ, = —Pry"0(¥)q + 2V2'0(F); = V2 [XT0(Q); + 20/0(F),] , (6.22)

where we used W (S) = 0 from (D.19). Using now the specific case of pure supergravity
with (6.4), we thus have
L o 1 07500 0 0

—v'PRrZ, = —=Pr X" PO —V2F"PrQ)" . 6.23

gV PR N P V2Fopy (6.23)
For the right-hand side of (6.16) we use the fermionic component of (6.18), and the local
version of (A.2), and find indeed the same expression. We thus find that the derived
component of the Einstein tensor multiplet correctly obeys the Einstein Ward Identity.
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6.3 The conformal case

We now restrict ourselves to the ‘conformal case’, AK = AW = 0. This case can also be
characterized by the fact that in the basis of the chiral fields {X'} = {X%, X'}, the action
is completely separated in®

S = [—3X0X0} |+ [Ben(XL XN+ W) (6.24)

where ®); is homogeneous of first order in as well X* as X? and W of third order in X?,
see (2.10). We consider the conformal gauge fixing (4.16) where the transition to the super-
Poincaré theory does not mix the two terms. Also we do not eliminate the auxiliary field
A,, of the Weyl multiplet, which is hidden in the notation in (6.24), such that the splitting
is preserved.

Therefore, FV appears only in the pure supergravity part (first term in (6.24)), and
its field equation is F9 ~ 0. This is, up to invertible redefinitions, the vanishing of the
first component of the chiral scalar curvature R. It implies then the vanishing of all
the components, i.e. the vanishing of (6.17). When we go to the conformal gauge, these
equations reduce, using [8, (16.42)], to

. 5 .. 1.
K T(XO)‘D - {u \foy ¢, —iD" Ay~ SR - AaA“} . (6.25)

The bosonic part of these equations is discussed in detail in section 7. Note that the
fermionic part contains the ~-trace of the Rarita-Schwinger equation.

6.4 Superconformal formulation of AdS, supergravity

It is interesting to observe that AdSy [34, 35] supergravity has a very simple description in
our formalism. This theory corresponds to the case when the superpotential is simply

wW=X3, (6.26)

and no matter multiplets are present. This corresponds to scalar curvature (superconfor-

mal) multiplet R /X" to have only a non-vanishing first component (see (2.17)), which gives

now R ~ —2XY). In particular, the vanishing of the last component, see (6.18), needed

for supersymmetry being unbroken, gives in the conformal gauge (setting the fermions and
A, to vanish)

1 R

Pl A

1
0| = gR-2ua (6.27)

6

last
which vanishes for R = —12uu. If one looks at the Einstein multiplet, the only possible
non vanishing term is in the By, component

K2Bap = 3Gap — NapGe” + 3napu . (6.28)

8To connect to much of the usual literature we often use the variables S rather than X*?, but since the
transformation (2.3) is invertible, this does not change the conclusions of this section.
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However, since only the trace is possibly non vanishing we get
K2nPBy, = -GS + 12u 1, (6.29)

but G.¢ = —R, so we obtain R + 12u as the last component of R/X? (6.27). This must
in fact be the case if the identity D&, = (X9)?D, (%) is satisfied.

The outcome therefore is that in the Minkowski and AdS, backgrounds the Einstein
tensor E,4 ~ 0, but in AdSy is % = (ku,0,0) with constant u. However, notice that the
AdSy background can not be recovered in the linearized approximation [3], because of the

nonlinear nature of equations (6.27), (6.28), (6.29).

6.5 Superconformal formulation of dS4 supergravity

The superconformal approach is also suitable to discuss de Sitter supergravity with a
Volkov-Akulov chiral nilpotent superfield X (X2 = 0). In this case we can take the ®
function still conformal invariant

N _ - _
3= XXV - XX, (6.30)

and the superpotential [36-38]
W(X) = pX (X% + X\(X9)3. (6.31)

For ;1 = 0 we get back to AdS, supergravity. We note that since X? = 0 the Poincaré
and conformal gauges are the same, but the latter is simpler since the potential is given
by (7.22)

= %/54 (1® —9N?) (6.32)

for S = 0. Since p # 0 and FU is as before, the last component of R/X? multiplet is not
vanishing, while the first component would vanish if A = 0. In an analogous way the B,
component of the Einstein tensor would be non vanishing. However, due to the additive
nature of the terms

1
FO ~ /52)\, Fla —ffou,
3
1 2 _
KR |last = =5 Rt — 263 Fp|? = —5F Y2, KR gt = A, (6.33)
(using R ~ 4k~2V) as well the trace part of By, will be
2 3 L 5 2

K Bab ~ _inathast = g’i Nablt 5 (634)

and these formulae show that de Sitter supergravity breaks supersymmetry.
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6.6 Superconformal formulation of S3 x L supergravity

Another solution preserving full supersymmetry, considered in [17], is the product of the
3-sphere and a line, obtained by taking

Ay, = (40, 0,0,0), u=0, Bay, =0, (6.35)
where Ap is a constant. Then it is easy to see from (6.15) that the Ricci tensor is
Roo = Ro; =0, R;j = 2435, (i1=1,2,3). (6.36)

The space is conformally flat, so the Weyl tensor vanishes. In this background the two chiral
multiplets (Weyl and scalar curvature) vanish W5, = R/X° = 0, while the Einstein tensor
has one non-vanishing first component using the basis of Poincaré components of a real
vector multiplet described in appendix E:

EP = (=84,,0,...,0). (6.37)

This space as well as AdS satisfies dead = (X93D, (%) =0.

7 CCJ in supergravity

In this section we consider the bosonic part of the action, which clarifies how our results
modify (covariantize) the equations of CCJ [1].

7.1 Bosonic part of pure supergravity and currents

We first consider the bosonic part of the superconformal version of pure supergravity:
Spos,sc = [-3X°X°] =3 / d*ze[-F'F° — Re X°O0°X"]
_ _ 1 _
=3 / dize [—FOFO + D, X" DX + 6RXOXO , (7.1)
where D,X? is given in (6.19). This leads to the covariant field equations, as defined
in (6.2),
O(€)ap = 3nap [F'F° — D XD X"]
+6D(, X" Dy X + (nayD°De — Dy D)) (X XY,
O(A), = —3iX°D, X" +3iX°D,X°,
_ _ 1
O(X)g = —3D*D,X° = —3D"D,X° + 5RXO,
O(F)y = —3F", (7.2)

where D, is covariant for the linearized symmetries, but D, is the fully conformal covariant
derivative, which makes a difference for

_ _ 1 _
D Dpy (X X)) = (Va0 + 4 f(ap)) (X' X) = (V(aab) — Ry + 677abR> (X9X%, (7.3)

using (B.2). The latter terms produce in ©(e)q, the term G X°XP.
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We now consider these equations in the conformal Poincaré gauge (4.16). Defining
u = kF?, the bosonic part of the pure supergravity action is

1
Sbos,sclg = /d4x ek 2 [2R — 3uu + 3A,A"| . (7.4)

The field equations in (7.2) are
K°0(€)ab = Gap — Lab Lab = —3nqpuil — 6 A4 Ap + 30qp A A°
K204 (A) = 64,, KO(X)o = 34,A% + %R —3iVe4,, O(F)y= —3F". (7.5)
Since D, X O‘E = —iA,k~!, the remaining terms of the Ward identity in (D.19) are
K2 W(P)alg = VPO(€)ap + 6A4° (8, Ay — By As) — 64,V Ay — 30, (uit) = 0. (7.6)
Due to the Bianchi identity (1.8), D’G 4 = 0, we get for Lgy:
VLo = 6A% (0,4 — yAa) — 64,V Ay — 30, (ui) . (7.7)

Adding the matter Lagrangian (without eliminating auxiliary fields), and defining

c 1 v 5Smatter 5Srnatter

oy =€ ey Sova = 26_1€Z€g S (7.8)
the gravitational field equation is
Gabh — Lap + O, = 0, (7.9)
and the conservation equation due to the same Bianchi identity is
VPOS, ~ VPLy,. (7.10)

The right-hand side is given by (7.7). In case of conformal coupling, u ~ 0 and V?A4, ~
(see (C.1)) and
VPO, ~ 6A° (0,4 — OpA,) - (7.11)

This shows the modification of the conservation equation for the conformal case. In that
case, we could also consider the trace condition. Since

Lo® = 6A,A% — 12ui (7.12)

the tracelessness of the improved energy-momentum tensor for the conformal case (u = 0)
follows from
O~ R+6A4,A~0. (7.13)

The above equations are in agreement with section 6.3, where we found that in the con-
formal case we obtain R ~ 0, i.e. T(X?), which in conformal gauge lead to the component
expressions (6.25). The bosonic part is of the latter is

W =kF'~0, VHA, =0, R+6A2~0. (7.14)
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7.2 Bosonic action and improved currents

We can write down the action of the matter-sugra coupled action from [8, (17.19)] with
N =3X"X0(—1+oy(S,5) ., W= (X"W(S). (7.15)

In the conformal case, to which we will first restrict ourselves, the homogeneity of ®y; and
W allow us also to write

1 _ = _
SV = ~XOX0 y oy (X, X)), W=W(X), (7.16)

where the dependence on X and X is restricted to dependence on the X* and their com-
plex conjugates. Therefore, only the first term will lead to a breaking of superconformal
symmetry to super-Poincaré.

The bosonic part of the action is then

S= / d*z /g [;RXOXO +3D,X°DrX0 — 3FOF0
- %R Oni(X, X) + 30m45(X, X) (D X'D'X7 + F'FY)
+ F'Wi(X) + F'W3(X) |,
D,X'= (9, —iA)X". (7.17)

The first line is the pure supergravity action. The second and third line do not depend on
X0, They are separately conformal invariant and this will not be broken in the conformal
gauge. The first equation in (7.14) is obvious from this form of the action.

After fixing the gauge X" = X0 = k! and taking into account that X* = X08% =
x~1S%, the action becomes

1 - v iy oj G - g
S :/d4x ?ﬁ—g (K72 (R + 642 — 6®n;59" DpS' D, S7 — RO\(S,5)) — 2674V(S,5)]
(7.18)

where here and below ®y is considered as function of S* and S?. The term —R®y; completes
the conformal coupling and gauge invariant coupling and the covariant derivatives are

D,S'= (9, —iA,)S",  D,S" = (0, +iA4,)S". (7.19)

The F' have been integrated out, and produced a potential

V(8,8) = 5 (@a1ig) Wi(S)Wi(S). (7.20)

which is homogeneous of second degree in S and in S.

We will below also consider a potential that is not conformal in order to allow mass
terms. In that case W is not homogeneous of third order in S, but there is still the
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conformal W(X) = (X°)3W(X*?/X") as in (2.4).° The third line of (7.17) is then

F'Wi + he. =(X%? [FO(3AW) + F'W;i(S)] + hee.,  3AW =3W(S) — S‘W;(S).
(7.21)

The elimination of the auxiliary F-terms then leads to a potential (in conformal gauge)
that is a generalization of (7.20):

V(S,8) = = (Pms) ' Wi(S)W3(S) — [3AW?) . (7.22)

1
3
In the Einstein gauge, (4.14), we get

p 1
Ve = mV_ (7.23)
This is in agreement with the direct calculation of the potential of Poincaré supergravity
using Kahler geometry.
The simplest kinetic terms appear for @y = S%S?, and corresponds thus to Dy = 045
This is the CP™ model.
Now we proceed as CCJ, namely we write the trace of the Einstein equations and the
scalar field equations (working with A,, off-shell). The Einstein equations coming from the
Lagrangian (7.18) plus the CCJ improvement term have the following form

1 1
R = 5 Rgyu + 64,4, — 39,47 - <RW - 2ng) Oy + (Vb — 9 V?) Oy

~ 3017 (DS Dy + DuS'D,S" — g DAS'DNST) + gk 2V (87,57)) 0. (7.24)

Taking the trace, g 53‘2,, = 0, using the homogeneity of 1, one gets
— (R+6A2) + ROy — 3 (Pyi7D*57 + @\p; D?S') + 4672V (S, 57) ~ 0. (7.25)

Now we can use the S’ and S? field equations in the last term, which are

3D,D"S" ~ ~RS"+ k™ *(Pn4p) "' V; (7.26)
RS+ k7% (Pny5) Vi (7.27)
where the covariant derivatives are U(1) and general covariant:

D,D"S" = (0, — 1A,/ —g(0" —iAM)S". (7.28)

L
e

In view of the normalisation of the kinetic terms of the scalar fields, the physical fields in the conformal

gauge are X' rather than S¢ then setting S° = kX' in our formulae we see that the superpotential
W = k*W(xX), of dimension 3 gets dimensionful coefficients respectively of dimension 3,2,1 for the
constant, linear and quadratic terms in X, while the cubic term remains dimensionless.
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Multiplying (7.26) by ®y; and (7.27) ®uz, we find
30\ ; D, DS = %R Py + K25V,
30D, D'S" ~ %R dyp 4+ 128 (7.29)
Inserting these in (7.25) we find
—(R+6A%) =~k AV, AV =4V(5",5") - SV; - SV;. (7.30)
This means that we find the last of (7.14)
R+6A7,~0, (7.31)

if AV vanishes, that is if V(5% 5%) is homogeneous of degree 4 in S* and %, i.e. if the
holomorphic superpotential is homogeneous of degree of 3.
We can find the modified ©f,, from (7.24)

Ry — %guyR + 64,4, — 39, AL~ —05, (7.32)
which can be written as
¢, = — 3y (DMS"Dl,S'j +D,S'D,S - gWD’\SiD,\S’j) + (V. — guV?) Dy
— G®y + gk 2V (S, S, (7.33)
with the property that
Q5 ~ R®y — 3By;D?S* — 30y; DS + 472V (S, 57) =~ 0, (7.34)

consistent with (7.32) and (7.31). The divergence of ©F,, gives (7.11), so that bringing the
A terms on the right-hand side we have

G ~ =05, — 64, A, + 3g,, A (7.35)
Taking the divergence we have
vte;, +6A"(0,A, — 0,A,) =0, (7.36)

since V#G,, = 0. To understand how the last equation follows, we obtain that the diver-
gence of the matter part of the energy momentum tensor in (7.33) cancels the A terms and
the %R&,CI) um of the =G, 0" ® s term, while the improvement term cancels the —R,,, 0/ ®
part of the —G,,,0V® ) term.

The expression (7.33) is thus the improved energy-momentum tensor of CCJ that is
improved by two types of covariantization. First, the derivatives are covariant for the
U(1) R-symmetry. Furthermore there is the term G, ®y, which could be included in a

conformal covariant derivatives:0

1
D(MDV)(I>M = (Vu&, + 4f(MV)) Py = (v“&/ — R#y + 6gw,> R, (737)

Y4 0 = —Ruy + g, R is given in [8, (15.25)].
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which thus covariantizes the CCJ term
(PuD.) — 9w D?) Om = (Vudy — g V?) @ — G @i - (7.38)
The second of (7.14) fixes the equation of motion of A,. Let us take as in (4.13)
Jy, = 4ik~*(dy:D,S" — O\ DS (7.39)

In the difference between the equations (7.29) in the conformal case the homogeneity prop-
erties of the potential imply the cancelation of the terms depending on V and

Vi, = ik~ 2Dy D?S" — &y D2S") ~ 0. (7.40)
The equation of motion for A, is
8A, ~ K2, (7.41)
in agreement with (1.2) using (3.13) and gives

1 (379 i Gig &
A g gy (TS~ §0,) (7.42)

and implying
2VHA, = VI ~ 0. (7.43)

This is the second of (7.14).

7.3 Deformation of a conformal potential and no-scale models

We first discuss a particular deviation from conformal symmetry with just one complex
scalar S, and we take the choices

1
Py =55, W=+ S)3. (7.44)
In this case we find that conformal invariance is broken by
Mg =3W — SWs = 3AW (7.45)

and the potential (7.22) becomes

1

V(8,8 =5

WsWg (—|A*+1) . (7.46)

This potential interpolates from V positive to V negative, where A = 0 corresponds to the
conformal case. On the other hand for |A| = 1 the potential identically vanishes and this
gives the single field example of no-scale supergravity [39] .
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7.4 CCJ and the equivalence principle

In this subsection we discuss the equivalence principle following CCJ for conformally cou-
pled gravity with a potential that breaks conformal invariance by a mass term. By inserting
equation (7.30) in (7.26), we obtain the matter field equation in the Einstein gauge

. 1 .
(D,D" + A, AM)S" ~ EH—Q (AVS' +2(Quiy) V) - (7.47)

These equations are equivalent, up to field redefinition, to the standard supergravity for-
mulation of [40]. We consider minimal kinetic couplings and the mass m being generated
from an holomorphic superpotential of the form

- 1 y
By = 025150, W(S) = %SZS’ + SIS, (7.48)

Since AV is at least quadratic in S, it means that the mass is not affected by gravitational
interactions, while the interaction strengths are. Looking at the form of the supergravity
potential (7.22), we have at the quadratic order

1 -
V= ngSZSZ + higher order terms, (7.49)

so that the mass is not affected by the gravitational modification related to AV, while
higher interaction terms are. As anticipated by CCJ, conformally coupled supergravity is
then in agreement with the equivalence principle.

8 Summary and conclusions

The Einstein equations for matter-coupled supergravity in terms of the conformal tensor
calculus have been obtained. We paid special attention to what we called ‘the conformal
case’. This is the supergravity coupling of N’ = 1 rigid supersymmetric models of chiral
multiplets with conformal symmetry. In this case the Kahler couplings imply that there is
a U(1) isometry group (the R-symmetry).!!

It has been relevant to consider the difference between two gauge choices for dilata-
tions, which correspond to Einstein gauge and ‘conformal gauge’. Going to the Einstein
gauge the scalar fields parametrize a Kihler o-model with Kihler potential K(S,S) =
—3log(—®(S,S)/3). The conformal case is characterized by a homogeneity of ®(S,S) + 3
of order 1 both in S and S, and of the superpotential W (.S), which should be homogenous
order 3. However, in this gauge the conformal properties of the currents are not evident.

A conformal gauge preserves the separation between the pure supergravity part, where
the superconformal symmetry is broken in order to get super-Poincaré gravity, and the
matter part with preserved conformal symmetry. This separation is maintained by not
eliminating the auxiliary gauge field A, of the U(1) R-symmetry. The matter part has
then still Kihler couplings, where now the Kihler potential is ®(.9,.5). The results pro-
vide a supersymmetric generalization of the properties of scalar fields coupled to gravity

"1n the simplest case of the o-model (2.12) there is an additional SU(N) symmetry, which is not present
in the other models satisfying the conformal restriction (2.10).

— 95—



with improvement terms in CCJ [1]. Two sort of bosonic improvement terms emerge,
one that couples the scalar fields to the scalar curvature R, the other that couples the
scalar fields to an R-current. Both are part of the superconformal covariant derivatives
that covariantize the (rigid conformal) CCJ improvement terms. Therefore, the improved
energy-momentum tensor that is traceless for superconformal matter contains also U(1)
corrections. This also implies an improvement term in the U(1) current. These are part
of the supercurrent, which becomes y-traceless in the superconformal case [2] for which
the compensator equation becomes the chiral superfield equation R ~ 0 in (2.17). We
clarified the bosonic aspects separately in section 7, which provides the improved currents
for conformal Kéhler couplings.

We have given explicit formulae, in the superconformal approach, for the three basic
multiplets that specify the superspace geometry of NV = 1 supersymmetry. These multiplets
play a key role in the construction of higher curvature invariants and they have found
applications to classify counterterms [41, 42]. More recently they were also relevant in
cosmology to provide a generalization of the Starobinsky model as well as for nonlinear
realizations for local supersymmetry in the framework of N’ = 1 supergravity [36, 43-46].
The latter is a particular way for implementing the super-Brout-Englert-Higgs effect and
to find de Sitter vacua in cosmological scenarios. It is likely that our results will find new
applications along this area of research.

Our results can also be relevant in exploring the interplay between different super-
gravity backgrounds, in the study of rigid supersymmetry in curved space. The simplest
examples, preserving four supersymmetries were discussed in subsection 6.4 and 6.6 and
correspond to the conformally flat spaces AdSy and S x L. Similar arguments in section 6.5
show that the d.S background is not supersymmetric. Another related topic is the applica-
tion of localization techniques in supersymmetric quantum field theories [17, 18, 47, 48].
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A From components to superspace

We translate components in superspace notation as in [8, appendix 14.A]. Thus e.g. the
supersymmetry transformations of any quantity X is

§ X|g—o = € Pr(DaX)o—0 + € Pr(DsX)g—o - (A1)

The full 4-component spinor index is thus split in () where the a part refers to the
left-projected spinor, and & to the right-projected spinor.
These notations for the chiral multiplet S = {Z, Ppy, F'} imply (omitting the § = 0
projection each time)
1 _ 1

DoS = —(PrY)a, D4S = —(PrX)a , D’S =F. A2

We introduce here the notation D?, which corresponds to
D?=—-DP.D, D? = —DPgD, (A.3)

where the bar in the right-hand sides is the Majorana bar. In 2-component notations these
correspond to

D?=—-D°D,=D,D*,  D?=—-D%D4 = DgD* (A.4)

It acts e.g. as
D*0P),_, =4. (A.5)

We use also the operation T on a multiplet which leads to a chiral multiplet. On the
antichiral multiplet 7'(S) is defined if S has Weyl weight 1, and its first component is then
F. Tts definition on other multiplets is defined in [26] following the pioneering work in [13].
In flat space T = D?.

We also use bispinor notation V4 for vectors V), using the rule

1. : ;
Vg = Zl’yng#, Vi = 2iVoa (). (A.6)
In particular, this implies
1, 1. _ _ _ _ ) 1
Oniy = ngdau = —5i (DaDa + DaDa) , DoDi + DaDg = 2i0a = —gfygdau. (A.7)

A Fierzing leads e.g. to
1 - o
1aaXPrYux = =(DaS)(DaS) (A.8)

For D and F-type actions we use the notation (for a real multiplet C' whose last
component is D and a chiral multiplet

[C]D:;/d4xe[D—|—...], [X]F:/d4x62ReF+..., (A.9)

where the extra terms are determined by conformal invariance, and contain the fields of the
Weyl multiplet {ez, Yy, by, Ap}. Inrigid supersymmetry in flat space, they correspond to
the superspace expressions (identifying superfields by their first components)

[Clp = / d*zd*eC = / d*z D*D?C, (X = / d*zd?0 X+h.c. = / d*z DX +h.c..
(A.10)
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B Weyl multiplet and constraints

A priori the superconformal algebra is gauged by adding a gauge field for every generator
in the algebra. Constraints on some curvatures are imposed

0= R,,(P"),
0= FYNR#V(Q) )
0= e RV (M™) —iR,“(T), (B.1)

where R0 (M ) is the covariantized curvature of Lorentz transformations. These deter-
mine the gauge fields of local Lorentz rotations (wuab), S-supersymmetry (¢,) and special
conformal symmetry (f,®)

1- 1-
w#ab _ 2eu[aa[uey}b} - eu[aeb}aeucayegc + 2eu[a€b]ubu + 5¢lu,}/[a,¢}b] + Zwa,yuwb7

1 v 1 a
bu = _57 R,:LV(Q) + E'Y;ﬂ bRt’lb(Q) )

1 3. 1 @
R:W(Q) = 2D[,u1/}u] =2 (8[/,L + ib[,u - ilA[p/Y* + Zw[y bq/ab) 1/11/] )

a 1 covy a 1 a cov 1.~ a
fu :_E(R/ ' + (R )"‘ZlRu (1),

24H
cov a a 7 a 7 a 1 a,
(R/ ),LLV b= 2D[uwu] b w[,ﬂ b¢l/] + 1/}[”7[ Rl/}b}(Q> + 5¢[u7u]R b(Q) )
(R/COV) _ CZ(R/COV)MG, , (R/COV)MG — (R/COV)MyabelI; 7 (B2)

in terms of the independent fields {e*?, v, b,, A,}, which are the gauge fields of trans-
lations, @-supersymmetry, dilatations and T-symmetry, the U(1) R-symmetry in the su-
perconformal algebra. In (B.2) D, is the covariantization w.r.t. Lorentz transformations,
dilatations, and T-symmetry, while we use D, for the fully covariant derivative w.r.t. all
superconformal symmetries.

The field b, can often be omitted since it is the only independent field that transforms
under special conformal transformations, which thus implies that it does not appear in
the actions.

The Bianchi identity for the curvature R, (P?) is

efulup (D) = RiZ (M), R (D) = Regi (M) . (B.3)
Notice that by this relation the third constraint (B.1) gives the equality
Ry (D) = ~iR,u(T). (B.4)

The constraints (B.1) are not SUSY invariant and therefore modify the algebra. The SUSY
transformations of the dependent gauge fields are changed with respect to the transforma-
tion that follows from the gauge algebra. The modified variations are

(e, = —5ER(Q),
a6 =~ (16 Bon(T) + Rup(T) ) €

Sa(e) [ = —%mprba(Q) . (B.5)
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C Bosonic improved currents

In this section we review the main aspects of CCJ [1], and clarify the modifications due to
the presence of the U(1) symmetry. These modifications are automatically generated from
the superfield equations. One main ingredient is the chiral scalar curvature superfield R,
which vanishes on shell for the conformal case. The bosonic part of this equation are the
two complex equations

1 .
ER + A A +iVFA, = 0. (C.1)
C.1 Review of bosonic conformal currents

In general for a given Lagrangian £ one has the energy momentum tensor 7}, by coupling
to gravity and varying with respect to gt”. In this way, T}, is symmetric and conserved.
For example, a neutral scalar field with quartic self-interaction

1
L = —50u00"0 = Np", (C2)

has a canonical energy-momentum tensor
Ty = au‘;oau@ + g;WEM ) (C.3)

which is symmetric and conserved, but not traceless. If the action has dilatational and
special conformal symmetry, an improved energy-momentum tensor that is also traceless
can be defined [1].12 This is the case for (C.2), where

c 1
@uu = T/w - g(auau - gm/D)QOz 5 (C4)

has the property that ©¢,# ~ 0 on the equations of motions [y ~ 4\p? and has the same
charge as T},,.
A conventional gravitation theory is described by an action

S = /d%\/fg [;H_QR—i-ﬁM} , (C.5)

k= mp, where L)/ is the matter Lagrangian, everything except gravity. If we vary with

respect to g"¥, we will find
1
Ryy = SR = G = 52T . (C.6)

If we want the source of the gravity to be a traceless ©,,, and thus to have a conformal
and Weyl invariance, we have to replace k=2 — k™2 — %@2 and consider

1/ ., 1 1,
S= /d4x\/—g [2 (m — 6g02> R— ig“ OupOup — Aot . (C.7)

12A summary can be found on the webpage of [8], see
http://itf.fys.kuleuven.be/supergravity /index.php?id=15&type=ExtraCh15.html.
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The explicit k-dependent term obviously is not conformal, but the other terms define a
local conformal invariant action. This leads to a field equation for the graviton:

_ . 1 1
QGHV ~ uy ’ G)MV - TMV - é(v,ual/ - g/ﬂ,vpap)(p2 + ESOZG,UJ/ . (CS)

These formulations can be obtained from a conformal action, containing apart from the
physical field ¢ also a compensating scalar ¢g. both have then Weyl weight 1, and one
considers the conformal-invariant action with negative kinetic term for the compensator:

1 1
S =/d4\/§ [—woﬂcwo + stD% + Aot

1
/d \f[ 000t o — fﬁucpﬁ“go—k 12(90 R+ Aot . (C.9)

The Einstein gauge means that we take a gauge choice for dilatation that fixes the constant
in front of R to be (2x?)7L, i.e.

Pl =@ +6r77. (C.10)
We obtain the action'3
_ 1 Oupdtp
S=[d"g |z R— - T L\ C.11
/ 21+ %/@'2(;72 4 ( )

The Einstein equation is of the form (C.6), but 7},, is not traceless, and the action (C.11)
does not seem to have a conformal part. The generalization to many real fields is the coset
SO(1,n)/SO(n), which is a subcoset of SU(1,7n)/SU(n), appearing in the related Kéahler
couplings to be discussed below.

Conformal gauge means that we put

9o = 6r2. (C.12)
Then the action is of the conformal form (C.7) with traceless energy-momentum tensor as
n (C.8).
For general scalar couplings, the action has special conformal symmetry if the trans-
formation under dilatations is of the form of a closed homothetic Killing vector [49]

5’ = kh(y), Vikh =w (5} , (C.13)

where w is called the Weyl weight, and the covariant derivative uses the connection related
to the metric defined by the kinetic terms of the scalars. The Lagrangian should have
weight 4 counting spacetime derivatives as weight 1. Therefore for a sigma model, the
weight of the scalars should be 1. Usually we consider scalars that transform as de’ = ¢,
and the condition for special conformal symmetry reduces to

" =0. (C.14)

13 A parametrization that is similar to the main part of the paper is using the variable s with ¢ = gs.

In this parametrization the Lagrangian is

1 o2 —2
2" R 6 (1—s2)2

(9 sOts —2\2 84
+ A(6r77) =72
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C.2 Conformal Kihler couplings: conformal gauge

The condition (C.14) is satisfied for Kithler models with scalars S® and S if the Kihler
metric g;; satisfies
gigkS" =0, (C.15)

which is the requirement that the Kéhler potential is homogeneous of degree 1 in S (and
the same in S), up to a Kéhler transformation.
Such conformal Kihler models have automatically also a U(1) Killing vector!'4

68" =1iS'Ap, 85" = —iS'\r. (C.16)
We consider from [40]

L=r2/—g —é@ R+3A,A" —&;;D,S'D"S7| | D,S" = (0, —1A4,)S", (C.17)
where A, is the gauge field of the symmetry (C.16), and we take a Kéhler potential ® (S, S)
that satisfies the above requirements:

3AK =5'®;, —®-3=0. (C.18)

The field equation for the metric is

1 1 ) __ 1 L.
—6<I>GW+7 (V(,ﬁy—ng) <I>+3AuAy—§gﬂuA,,A/’—<I>ij— <D(M51DV)SJ—2D,,S’DPSZ> ~0.

6 2
(C.19)

Splitting ® in ® = —3 + 3®y;, where ®y; is homogeneous of degree 1 in S and S, we can
write this as

Gy + 64,4, = 39, AP A, ~ O, = Dugig (2D(,5'D,)S7 — g, D*S'DAS7)
— (VuOy = g0) @ur + G @ (C.20)
This improved stress tensor satisfies
5} ~ 0. (C.21)

Note that the trace of the left-hand side is proportional R 4 6A,A". Its vanishing corre-
sponds thus to the real part of the second equation in (C.1). The A, field equation

—20A, +1(9;0"S" — ®;0"5") ~ 0, (C.22)
can be written as

8A,~ Ju,  Jy=4i(®y;D"S' — &\ DHST)
= 4i (P\0"S" — Pri:0MS") + 8A, D - (C.23)

MMathematically defined by the complex structure as ki = J* j kIjD.
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This leads to
VFEA, =~ V'], =0,

which corresponds to the imaginary part of (C.1).

(C.24)

Thus we see that the improved energy-momentum tensor and improved U(1) currents

get a modification w.r.t. the quantities in CCJ, related to the R-symmetry. The form of the

improved quantities (C.20) and (C.23) is very similar to (C.8), where the matter current

has each time a part proportional to the gravity current.

C.3 Conformal Kahler couplings: Einstein gauge

The bosonic part of the matter-sugra coupled action (without superpotential and F! = 0)

was given in (7.17). Using the S-variables with the split X? = X°S* this is
4 1050 050 Lainy &
S = [ d'e3y=g | s RX"X(1 - &) — X' X0y ;DS D, S
+(1 — p)D*XOD, X0 — (XOQMiDMSiD“X’() + h.c.)] .

The elimination of A4, gives (already assumed that X° will be real)
H2(1 - )

Thus the action after this step becomes

A Pi;0,S" — P, S?)

1 _= _ = . __
S = / d*z3y/—g [GRXOXO(l — ®y) — XXy 450,501 57

+(1 = &Mm)0, X0 X0 — (X ®p;0,5'0" X + h.c.)
1 0 0 ] i _a ar\2
I @M)X X° (2mi0uS" — @aiz0uS")7 | -

In Einstein gauge, we put (and X° = X0)

Ii_l

0v0/1 _ _ 2 0 _
XX (1 (I)M) =K - 8NX - 2(1_(I)M)3/2(

P 0,S" + Paip0,S7)
and this brings the action in the form

1
S = /d4x 3V —g [6}%_2 —

/€72

- LK GF
T @Mq)M”a“S oS

K i 7\2
_m ((IDMZONS + <I>M58MS )
(0,8 — By, ST

4(1_(I)M)2 MiVp M2V

This gives the well-known Kahler couplings since

1 Dy Dpp Py R
_ 4 — 2 |tp M<j Mi*Mj i aJ
S /dgj\/igli [QR 3<1—<I>M+(1—<I>M)2>8“Sa S]

= /d4a: V—gr 2 [;R — 0;05 (=3log(1 — ®n)) 8u5i8“gj] ,
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which gives

1 L
S = / dz /—gr? [QR — Ki;0,5'0"S7| , K= -3log(l—®y)), Kij=090;K.
(C.31)

The matter part is clearly not conformal.
If we include the potential contributions in (7.17) and eliminate auxiliary fields F* we
get (see W;(X) = (X)2W;(9))

—2

C e Wi(S)(Pui) TWH(S) | L (C32)

_ 4_—21_.,ui’7_
S—/dx\/ gK [2}3 K705 0,5 50— on)

and we will create also quartic terms in the Lagrangian. This is the conformal invariant
Wess-Zumino model coupled to supergravity [50], which in the rigid limit is the supersym-
metric p? theory. Note that in the conformal gauge we did not eliminate A, and got to
a Kahler model, while in the Einstein gauge we have to eliminate A, to obtain Kahler
kinetic terms.

Since K = —3log(1 —®yp) then &y = 1 — e /3 and the first condition on ®y in (2.10)
becomes

KiSt = Ky = 3(eM3 —1). (C.33)
This gives the condition on the function K to be conformal invariant.

D Components of superfields from field equations

We first derive a general result on transformations of field equations in a symbolic form
(DeWitt notation). The invariance of the action is the statement

%
- 0S8
0S8 = (6¢")S; =0, S, = —, (D.1)
Ot
where ¢’ are all the independent fields. For the case that we treat in the bulk of the paper,
these are!” -
(i) = {e’“, Yo b Ay, X1, Q0 FLXT QI Ff} . (D.2)
This implies for the transformation of the field equation
5 5 5
0S; = 0P Sii = — (6/S;) — — (07) S; = —— (647) S; . D.3
(b]] 5¢1(¢ .7) 5¢z(¢) J 6¢7,(¢]) J ( )

This gives an easier way of deriving the transformation of a field equation in terms of
other field equations determined only from the transformation rules without the need of
the explicit action.

15\We have chosen the inverse frame field as basic field such that its field equation gives directly the
Einstein tensor.
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A second ingredient is covariance. Field equations in general are not yet covariant, but
can be ‘covariantized’. That means that there is for every field ¢’ a covariant expression
©(¢); [31] such that the following two sets of equations are equivalent

S;i~0 and O(¢); = 0. (D.4)

As a first step in the construction, one has should consider a coordinate scalar. We
indicate this as T;. E.g. for a vector A* one defines

0S8

T(A)g = ek, S(A) = 50

(D.5)

This is in general not yet covariant, but it is proven in [31] that there exists a covariant

expression of the form'6

©; =T, — BYHA"Tj + O(B.B,), (D.6)

where the sum over A concerns all standard gauge transformations, Bﬁ‘ are the associ-
ated gauge fields. The contribution H comes from fields that transform into spacetime
derivatives of other fields

-
Agr mi — M
e HpM = 20,07 (D.7)
For this paper, only Q-supersymmetry transformations of fields in (D.2) depend on deriva-
tives of fields, and thus the A refers only to the spinor index « of supersymmetry with
B;? — 1y (see the remark on the use of the spinor index at the end of this section).
For fermions we use the notation where upper spinor indices a (we make here no dif-
ference between chiral and antichiral) refer to the components of the (Majorana) conjugate

spinor as explained in [8, section 3.2.2]. This implies that for a spinor y

5
e_l—S

O, = 8xa+"'

(D.8)
refers to the derivative w.r.t. ¥ and this is thus a spinor quantity. On the other hand

— — —
0§ _ 08 ppo _ 08

_< © pBa _ paf
o v v [ e (D.9)

is ©, the Majorana conjugate spinor of ©.

The statement that ©; is covariant means that its transformation contains no space-
time derivatives of the transformation parameter € and gauge fields appear only hidden in
covariant derivatives or covariant curvatures. There are thus in general in (D.6) correction
terms with higher orders of the gauge field (and still proportional to other field equations).
However, our goal is to calculate 0©;, and the transformation of these extra terms will
leave always at least one explicit gauge field. The transformation of the higher order terms

16The proof assumes that transformation laws of fields §¢° contain at most first order spacetime deriva-
tives.
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leads always to terms with at least one explicit gauge field, and thus they will not be rel-
evant to calculate §©;. The first correction term in (D.6) is relevant if the gauge field Bﬁ‘
transforms in a non-gauge field.!” In our case this is only the case when we calculate the
transformation under S-supersymmetry, since

S(Mbu = —yun- (D.10)

For @ supersymmetry in the A/ = 1 superconformal theory, there are no such terms (there
would be for N' > 1) and the transformation of ©; can be obtained from (D.3):

_>
96(e)¢’
(5(6)@1 - - T(ﬁz @j, (Dll)
cov
where ‘cov’ refers to a covariantization of all spacetime derivatives and omission of terms
with undifferentiated gauge fields.
The correction term in (D.6) is also important when we consider a covariant derivative

on ©% We then should write

Da®i = <DaTi - ;RquAi#jej> 9 (D12)
cov
where the derivative to 9,¢" does not act on the Rﬁy. A relevant case that we need below
is the calculation of D*©(e)pq, i.e. where the field ¢* above is €%, see (6.2). The correction
terms thus originate from transformations of fields that are proportional to d,e"*. These
appear only inside the spin connection wu“b. In fact, taking into account that we need the
derivative w.r.t. the inverse frame field, we have

C(L"PCd(e) 1 sle . d] ule ,d] nle sd]
c c v ¢ . D.1
o 6hég ey + epae!el) + gy ety (D.13)

Covariant derivatives with spin connection appear in the Q-transformations of 1, and Fj.
Thus (D.12) leads to

1 6% OOF!
D* =D'T — -R° v L p F D.14
06l = DT(0hn ~ 3Rk (5 o)+ z0(F) ) . (D14
where § refers to a supersymmetry transformation dropping €. Using
_ 1 - 1
6Py = —-wp Yed + ... OFT = ——w, yPrypq + ... D.1
wp 4wp ’Yd—’_ ) 4\/5("}/) 77d+ bl ( 5)
and (D.13) we obtain
a a 14 a a a
DO(e)pa = DT (€)pa + gRau(Q) (_557 b+ 6p’}"ub + ebp’)/” ) O(y)”
1 _
= gt @ (57 2" ) Q'O(F); (D.16)

"Non-gauge field refers here to the ‘standard gauge transformations’, which does not include the frame
field ej,. See [8, section 11.3] for more details.
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Due to the constraints (B.1) the last line vanishes, and the first line simplifies to
1.
DO(e)pa = DT(e)ra + 1 Roa(@)O()" - (D.17)

With the above methods we easily prove that independent of the choice of invariant
action

{&(F)r, —6(Y)1, ©(X)r} (D.18)

forms a chiral multiplet of Weyl weight 2. On the other hand, the fields of the Weyl
multiplet appear in the transformation laws of the chiral multiplet, such that the multiplet
that starts from ©(A) involves also the other fields, leading to the result in (6.3). To obtain
this result, one also needs to use the explicit expressions of the Ward identities (D.1) for
the local symmetries, which are the vanishing of'®

Cov. get: W(P)y = DO(e)uy + O(A) Rap(T) + S O(v) Ruy(Q)
+ [0(X) Do X1 + 6(2) Do + O(F) Do Fy + hec.] ,
Lorentz: /(Mo = O(€)q + 1 [1'70()1 +hc]
Dilatations: W (D) = O(e)* + [XI@(X)[ + %QI@(Q)I +20(F) F; + h.c.] ,
Spec.conf.: W(K), = O(b),
T-symmetry: W(T) = — D°O(A), +1i [XIG(X)I - %ﬁf@(g)l —2Fle(F), — h.c.] ,
Q-susy: W(Q) =DO(¢)q
— \}i [Qfe(X); + (-PX"+ FIYo(Q); + PQ'O(F); +h.c] ,
S-susy: W(S) =7.0()* + V2 [X'0(Q); + hc.] . (D.19)

These are all straightforwardly obtained from (D.1) by replacing S; with ©; and covari-
antizing (dropping explicit gauge fields) apart from the one for covariant general coordinate
transformations, since this one involves (D.17).1Y Using the transformations under covari-
ant general coordinate transformations, which are for the different types of fields

5cgct€g = - €5Da§b s

5Cgct¢u :‘Sa(Rau(Q) + %ﬁ%) ’ 5cgctAu = ‘faRau (T) s

Oeget X1 =Dy X1, 6egetQ = €D | et FT = €D, F'. (D.20)
Therefore

W(P)q =DT(e)ap + O(A)"Rap(T) + O(1)" Ra(Q)
+ [0(X) Do X1 + O(2) Do + O(F) Do Fy + hec.] (D.21)

which due to (D.17) leads to the expression of W (P) in (D.19).

BV (K), = 0 is the statement mentioned after (B.2) that b, does not appear in the action. This is
already assumed in the other equations.
90ne could expect the same for the Q-susy Ward identity, but these extra terms vanish by (B.1).
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E The Poincaré multiplet

In (6.10) we presented the Einstein tensor multiplet &, in conformal gauge with the com-
ponents defined by the conformal transformations (6.1). The components in [27, 28] have
been defined differently, using the Poincaré transformations defined from the conformal
transformations by (6.6). A first step to compare the transformations, is to consider the
components of the multiplet with Weyl weight 0:

CO = Co(XOX0)~w/2 (E.1)

In the case of interest, w = 3. This is a known procedure, known for multiplets without
external indices by [32, 33]. The multiplet (X°X0)=3/2 is in the conformal gauge®

C=1, (=0, H=23a,
B.=—34,, A=0, D= g(ua — A,A%) (E.2)
This leads to
c=c,, 20=2,, HQ=H,+3uC,, B, =By —34Ca,
PrA% = PgrA, + SPR(a +id)Z,,
DY =D, + g(uﬂ — AyA®)C, + g(u’l-la + @ Ha) + 3A" By, + ;igw”%za : (E.3)

These still transform according to (6.1), now with w = 0. However, more S-supersymmetry
terms were absorbed in [27, 28] in redefinitions of the components. The first case is in the
transformation of PpZY. According to (6.1) with (6.6) this is for Poincaré supersymmetry

1 . . 1 . _
§PL 20 :§PL (17-[2 — B, — 1@02) €+ §1PL7abeO (A —q)e,

1 1
:§PL (i’Hg — 71’ (Bga + 6mep A°A. — 6AbAa) — iZDCg) €— iiPL%beoae

1 1
P (mg — 4P (BE) - izbcg) € = 5iPLAC e (E.4)
where in the second line we used C0 = 64,, and we define then
Bl = BY, 4 6na,A°A, — 64 Ay = Byy + 61gp AA. — 244, A, (E.5)

of which the bosonic symmetric part is the expression (6.14).
Similarly, A, is defined in the transformation of H2. The conformal covariant derivative
of Z,, which appears there in (6.1) contains the S-covariantization

D,PLZ0 = ... — iy CP, . (E.6)

Furthermore, the A,-dependent terms in OHO = .. A 17 Py 2% with inPp, = %EPRA+. ..
are also absorbed in the definition of the A in [27, 28]. Therefore we have from these

two sources 1
PrAL = PrAl — PrivyC™,, + iiPRA'YabeO . (E.7)

20Tn this appendix, to compare with [27, 28], we put & = 1.
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The D, component appears in the transformation of PrA, with an uncontracted right
chiral susy parameter, see (6.1). In [27, 28] all similar terms are absorbed in the definition
of D,. These come from the S, K-supersymmetry terms and the transformation of the
redefinition terms Pr(AY — A?). All together they give

3 - - 1. - .
D} = D + 2qpca(D°A°)CY + 2B, " A, + §CaAbAb +1Z% B — Eizb%%b(;w (E.8)

In summary, the redefinitions that bring components of multiplets following the super-
conformal transformation laws into the ones following the Poincaré transformation laws
of [27, 28] are (using C, = 6A4,, Z, = —6¢, and the value of the antisymmetric part of Byp)

AH, = 1814, ,
ABba = _24AaAb + 677ba146“4C )

3 : 1. .
APrA, = §PR(Q + IA)Za + §1PR'YC'Yabe A° + 1PR’Yb'7ach A°,
3 — .
AD, = o (uHo + G Ha) + 27 Aquil + 18A4,A° Ay + 18e4peq(DPA) AY + BEP A, + 2B}, AP
1. - 1. - 1.
= 12" Za + G120 20 + 52 Va2, (E.9)

where e.g. AH, = HL — H,, with HY = HO and the other P-components are defined
in (E.5), (E.7), (E.8). Therefore, the result (6.10) is in terms of the fields in [27, 28]:

Cy =64,
2, =~ 6oa,
HY = — 6i(D, + 3iA,)a,
BY = 3Gap — 1apGe® — 640 Ap + 30ap AcA® + 3napuii — 3epaca DAL,
PrAY = 2PpA? (ﬁ[a + giA[a) Zy+ ;PR(E +id)Z, + %iPRA%bzb,
DY = — 12Dy D" A,y + BYY A, + 2B}, A® — uuA,
- éigb%wbza] + iiz_b%ﬂ/abczc +iRu(Q)7. 2. (E.10)
The components in (E.10) agree with the results of [27, 28].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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