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1 Introduction

For three-dimensional field theories with N/ = 2 supersymmetry, the partition function of
theories on Si x S', with a topological A-twist along S? [1], is reduced to a matrix inte-
gral which depends on background magnetic fluxes n; and fugacities (chemical potentials)
yr (Ar) for the flavor symmetries of the theory [2]. It is explicitly given by a contour integral
of a meromorphic form, where the position of the poles of the meromorphic integrand is
governed by a set of algebraic equations, called the Bethe ansatz equations (BAEs) [3]. The
latter can also be found by extremizing a “Bethe potential” functional. Upon dimensional
reduction on S?, the matrix model can be interpreted as the Witten index

Z(ng, Ap) = Tr(—1)Fe PH 1AL (1.1)

of the N/ = 2 supersymmetric quantum mechanics, where .J; are the generators of the
flavor symmetries.

A recent evaluation of the twisted matrix model for the A" =6 U(N ) x U(N)_; ABJM
theory at large N and fixed Chern-Simons levels k, describing N M2-branes on C*/7Z;, [4],
showed that the index scales as N*/2 and it reads [3]

' > : (1.2)

Here, §aBym, is the topological free energy § = Re log Z of the ABJM theory. We have

E1/2 N3/2

SABIM, = — 3

also denoted the chemical potentials of the bi-fundamental fields A;, B; transforming in the
(N,N) and (N,N) of the two gauge groups, by Ay,, Ap, and their corresponding flavor
magnetic fluxes by ng,, np,. The topological free energy precisely reproduces the entropy
of the magnetically charged BPS black holes in AdSs x S7 [3].

The topologically twisted index is a powerful tool to investigate the properties of three-
dimensional N/ > 2 gauge theories [2, 3]. In this paper, we present the large N limit of
the topologically twisted index for a number of Yang-Mills-Chern-Simons-matter quiver
theories with A/ > 2 supersymmetry. We provide explicit solutions to the BAEs at large N
and compute the topological free energy. In particular, we match the topological free energy
between theories which are related to each other by dualities, including mirror symmetry [5]
and SL(2,7Z) duality [6-8]. Moreover, we consider quiver gauge theories which are thought
to describe the low energy dynamics of a stack of M2-branes probing a CYy singularity.

We start by studying quiver gauge theories that can be realized on M2-branes probing
two asymptotically locally Euclidean (ALE) singularities [9]. These include the ADHM [10]
and the Kronheimer-Nakajima [11] quivers, as well as some of the necklace quiver theories
considered in [12]. We show that the topological free energy of such theories can be written
as that of the ABJM theory times a numerical factor, which depends on the orders of the
ALE singularities and the Chern-Simons level of the ABJM theory.

We then switch to the analysis of theories proposed as dual to the M-theory back-
grounds AdSy X Y7, where Y7 is a homogeneous Sasaki-Einstein manifold. In particular,
we compute the topological free energy for N0 with A' = 3 and V2, Qb with N = 2



supersymmetry [13-19]. One of the features of these geometries compared to AdS; x S*
background is the existence of nontrivial two-cycles in the Sasaki-Einstein manifold, which
are identified with the baryons in the dual quiver gauge theory [20, 21].

The plan of this paper is as follows. In section 2 we review the topologically twisted
index. In particular, the rules for constructing the Bethe potential and the twisted matrix
model at large N, which are derived in [22] are summarized in this section.

In section 3 we discuss quiver gauge theories with N/ = 4 supersymmetry. The solu-
tion to the BAEs of these theories are particularly simple and hence serve as pedagogical
examples before moving on to more complicated models.

In section 4 we focus on N = 3 necklace quiver theories that can be obtained from cer-
tain N = 4 theories by turning on Chern-Simons couplings to some of the gauge groups [6—
8, 12, 23]. We also verify the matching of the topological free energy for theories which
are SL(2,Z) dual to each other. This section is ended with the discussion of the theory
proposed to describe M2-branes on N%10/7Z, [13, 24, 25].

In section 5 we consider quiver Chern-Simons-matter theories with A/ = 2 supersym-
metry. The two models for V2 proposed by [16] and [17] are discussed in this section and
their topological free energy are matched. We then proceed to theories which come from
flavoring the N'= 6 ABJM theory and flavored variations of the three-dimensional N' = 8
Yang-Mills theory [13, 18, 19]. The conclusions and discussion are presented in section 6.

2 The topologically twisted index

We are interested in Yang-Mills-Chern-Simons quiver theories with (anti-)fundamental,
adjoint, and non-chiral bi-fundamental’ matter fields and some number |G| of U(N)(®)
gauge groups. Let us introduce the holomorphic Cartan combinations u = A; + iS0 on
the complexified Cartan subalgebra gc, where A; is a Wilson line on S' and runs over
the maximal torus of the gauge group G, o is the real scalar in the vector multiplet and
runs over the corresponding Cartan subalgebra, and 3 is the radius of S'. We denote the
Chern-Simons coupling by k. Given a weight py of the representation Ry, we use a notation
where 21 = 1) The localized twisted index on the S% x S* background reads [2],

dr  jm wPr/2yp \PrmTntl
Z( Z %Cartan <27TZ'$$ >H 1 " H H <1_$p1y1 '

mely I prenrr
(2.1)

Here, « are the roots of G and |20| denotes the order of the Weyl group.

In this paper, we consider theories of which the R-symmetry can mix with any other
abelian global symmetry such that the R-charges can be chosen to be integral-valued. The
fugacities y; and flavor magnetic fluxes n; are parameterized by the global symmetries of
the theory, subject to the conditions discussed in the next section.

The index is integrated over the zero-mode gauge variables 2 = e’ and summed over
gauge magnetic fluxes m, living in the co-root lattice I'y of G. A U(1) topological symmetry

'For any bi-fundamental field transforming in the (N, N) representations of U(N), x U(N), there exists
another bi-fundamental field transforming in the conjugate representation (N, N).



with fugacity & = e’ and magnetic flux t contributes to the index as
7P — gtem (2.2)

2.1 Review of the large N limit

In this section we briefly review the large N limit of the topologically twisted index which is
derived in [22]. Generalizing the results of [3], we consider the following large N expansion
for the eigenvalue distribution,

uz(a) = iNY%, ¢ Uga) t)+.... (2.3)

In the large N limit, we define a density

1
rt) =+ D ot —ti), (2.4)
which becomes an integrable function in the continuum limit, satisfying

/dt p(t)=1, p(t) > 0 pointwise. (2.5)

The position of the poles of the meromorphic integrand (2.1) is then found by extremiz-
ing a Bethe potential V[p(t),ve(t)]. We will impose the normalization of the density by
introducing a Lagrange multiplier pu.

We work in the M-theory limit where N is large at fixed Chern-Simons level k,. We
require the Chern-Simons levels sum to zero, i.e. Zﬁl ks = 0, and hence the supergravity
scaling N3/2 is recovered. Moreover, we only consider quiver gauge theories with non-chiral
bi-fundamental matter fields. We also demand that the total number of fundamental fields
equals the total number of anti-fundamental fields in the theory. As it was shown in [22],
there are long-range forces(c)ome from the interactions between the eigenvalues. In general,
a

the long-range forces on u, ’ in the Bethe potential cancel out only when

Y (m—Ap) €2z, (2.6)

Ica

where the sum is taken over all bi-fundamental fields with one leg in the node a.? To have
long-range forces cancellation in the index we should impose the following constraint

> (1—np)=2. (2.7)

Ica

20ne should count adjoint fields twice.



For quiver gauge theories which meet the above conditions, the large N Bethe potential
can be written as

|G|

W _ / dtt p(t) ; (Fava(t) + A%) (2.8)

+3 /dt o0 > [va®) = (Ba=m)] =D [val®) + (80 = )]

anti-fund fund
a a

+ /dt P2 D g4+ (0ma(t) + Apa) — 9- (Bvea(t) — Aap))]

bi-funds
(b,a) and (a,b)

N1/2 /dtp |:L12 <€Z (6Uba(t)+A(b,a))> _ Li2 <6'L(6’Uba(t)—A(a7b))> :| ’
bl-funds

(b,a) and (a,b)

where A%) is the chemical potential associated with the topological symmetry of the a-th
gauge group, as described around (2.2). The Bethe potential V [p(t), v, (t)] has to be ex-
tremized as a functional of p(t) and v, (t)’s under the constraint that p(t) is a density.® Here,

e (t) = vp(t) — va(t), (2.9)

and, for the sake of brevity, we shall abbreviate dv(t) := dup,(t) in the following discussion.
We also introduced the cubic polynomial functions

ud _m o,  w? , u? 2
= Z = — —. 2.1
g+(u) R + T 9o (u) 5 Fru+ 3 (2.10)
This formula was derived assuming the bi-fundamental fields fulfill
0 < v+ A(b,a) < 27, =21 < dv — A(a,b) < 0. (2.11)

Moreover, we assume that 0 < A < 27.

When 0v + A, q) = 0 or 27 (0v — Ay, q) = —27 or 0), it is crucial to take into account
the last line of (2.8); see also the discussion around (2.68) of [3]. This gives contribution to
the tails regions where v has exponentially small correction to the large N constant value:

S0(t) = =Agay + e VY00 Su(t) = Ay —e N Yen | (mod 27). (2.12)

An explicit example will be discussed in section 4.1.
The invariance of the superpotential under global symmetries, imposes the following
constraints
Y Aje2riz, Y np=2, withn €Z, (2.13)
IeWw IeWw

3In our notations, A(a,p) is the chemical potential associated to the bi-fundamental field transforming
in the (N, N) representation of U(N), X U(N),. The contribution of an adjoint field is also obtained by
setting a = b in the sum over bi-fundamental fields and dividing it by an explicit factor of two.



where the sum is taken over all the fields in each monomial term W in the superpotential.
As we will see in the upcoming sections, we can always find a solution to the BAEs for

Y Ap=o2r. (2.14)

IeWw
We call this the “marginality condition” of the superpotential. Moreover, in all theories
discussed in this paper (except the V52/Z; theory discussed in section 5.1), we can find
an integral solution to the second equality of (2.13); this ensures that there always exists
a choice of the R-charges that take integral values.* Nevertheless, for the V52/Z;, the
quantisation condition ny € Z can be easily satisfied by considering the theory on a higher
genus Riemann surface ¥, times a circle [26]. We discuss this in detail in section 5.1.

There is also a solution for

> Ar=(W|-1)2r, (2.15)
Iew

where |W| is the number of fields in each term of the superpotential. However, using the
discrete symmetry y; — 1/y; (A; — 2w — Aj) of the index, it can be mapped to (2.14).
Once we find a solution to the BAEs, we plug it back into

|G|
5 |G|n? ) 1 N
s o LU S K GV CRE S R ION D SRR DT
a=1 anti-funds funds
- / dtpt)> > (g — D) (6v(t) + Aga) + (p) — 1) g- (00(t) = Aa))]
bi-funds
(b,a) and (a,b)
- Z n(b-,a)/ dt p(t)Y(p,a) — Z ﬂ(a,b)/ dt p(t)Y(ap) . (2.16)
bi-fund dvR—A(p,q)(mod 27) bi-fund dvRA (q,p) (mod 27)
(bya) a,

to compute the topological free energy, at large N, of three-dimensional A’ > 2 Yang-Mills-
Chern-Simons-matter theories placed on Si x S,

It is also possible to calculate § using the powerful index theorem of [22]. The topo-
logical free energy of any A/ > 2 quiver Chern-Simons-matter-gauge theory which fulfills
the conditions (2.6), (2.7), and (2.14), can be written as

3= _%V(AI) -3 [(nl - AI) 8](;(?;)} : (2.17)

T
I
Here, V is the extremal value of the Bethe potential functional (2.8),

_ ) 2
Van=-iv| = Zan2, (2.18)

where the second equality can be understood as a virial theorem for matrix models (see
appendix B of [27]).

In the following sections we will calculate the topological free energy § by evaluating
the functional (2.16) on the solution to the BAEs, and thus the index theorem serves as
an independent check of our results.

4We thank the referee of JHEP for emphasising this point to us.



3 Quivers with N/ = 4 supersymmetry

In this section, we consider two quiver gauge theories with N = 4 supersymmetry. As
pointed out in [9], each of these theories can be realized in the worldvolume of M2-branes
probing C2/Z,,, x C?/Z,,, for some positive integers n; and ny. We show below that the
topological free energy of such theories can be written as y/nins/k times that of the ABJM
theory with Chern-Simons levels (+k, —k). We also match the index of a pair of theories
which are mirror dual [5] to each other. This serves as a check of the validity of our results.

3.1 The ADHM quiver

We consider U(N) gauge theory with one adjoint and r fundamental hypermultiplets, whose
N = 4 quiver is given by

(x)

(3.1)

where the circular node denotes the U(N) gauge group; the square node denotes the SU(r)
flavor symmetry; the loop around the circular node denotes the adjoint hypermultiplet; and
the line between N and r denotes the fundamental hypermultiplet. The vacuum equations
of the Higgs branch of the theory were used in the construction of the instanton solutions
by Atiyah, Drinfeld, Hitchin and Manin [10]. This quiver gauge theory hence acquires the
name “ADHM quiver”.

In N = 2 notation, this theory contains three adjoint chiral fields: ¢i, ¢2, ¢3, where
¢1,2 come from the N' = 4 adjoint hypermultiplet and ¢3 comes from the N' = 4 vector
multiplet, and fundamental chiral fields @, éf witha =1,...,Nandi=1,...,r. The
superpotential is

W = Qi(63) Q0 + (63)[b1, 02", - (3.2)

The N = 2 quiver diagram is depicted below.

@ (3.3)

The Higgs branch of this gauge theory describes the moduli space of N SU(r) instantons on
C? [10] and the Coulomb branch is isomorphic to the space Sym® (C?/Z,) [28]. This theory
can be realized on the worldvolume of N M2-branes probing C2 x C2/Z, singularity [9].

3.1.1 A solution to the system of BAEs

Let us denote, respectively, by A, ﬁ, Ay, , 5 the chemical potentials associated to the flavor
symmetries of @, @, ¢1,23, and by n, n, ng, ,, the corresponding fluxes associated with



their flavor symmetries. We denote also by A,, the chemical potential associated with the
topological charge of the gauge group U(N).
The Bethe potential V for this model can be obtained from (2.8) as

ZN3/2 = <Zg+ (Ag,) ) /dtﬂ(t)Q —% [(A—ﬂ) + (ﬁ—ﬂ)} /dt It| p(t)

+A./ﬁw </ﬁp —Q (3.4)

Taking the variational derivative of V with respect to p(t), we obtain the BAE

3
T‘ ~
03 9+(80) = S [(A=m) + (B=m)| + At — . (35)
i=1
We first look for the solution satisfying the marginality condition on the superpoten-
tial, i.e.,
A+A+Ay =21, Ay +Ay + Ay, =27, (3.6)
and
n+n+ny =2, Ny, + g, +ng, =2. (3.7)

For later convenience, let us normalize the chemical potential associated with the
topological charge as follows:

2
—ZA,,. .
x=" (3.8)

Solving (3.5), we get

20— rlg, [t — rxt
2]_[1 1 Ay,

The solution is supported on the interval [¢_,¢,] with {= < 0 < t;, where ¢4 can be

(3.9)

p(t) =

determined from p(t+) = 0:

2u
ty =+——. 3.10
+ (Agpy £X)T ( )

The normalization Ltj dt p(t) =1 fixes

r
= 580 Bn(By 20 (B — ). (3.11)
The solution in the other ranges. Let us consider
A+ A4 Ay, =210, DNy +Dp+ Ay, =21,  where { € Zsg. (3.12)

For ¢ =0 and £ = 3, we have A = A = Ag .5 =0o0r A= A= Ay, , 5 = 2, respectively.
These are singular solutions. For ¢ = 2, the solution can be mapped to the previous one
(i.e. £ =1) by a discrete symmetry

Ar =2 —Ar, p——p, Ap——A,, (3.13)

where the index I labels matter fields in the theory. From now on, we shall consider only
the solution satisfying the marginality condition (2.14).



3.1.2 The index at large N

The topological free energy of the ADHM quiver can be derived from (2.16) as
2 >
3 + Z(n¢i - 1)9;(A¢i)

> /dtp(t)2 - ;t/dttp(t)

5l =1+ G- 1) [ at ] ple). (3.14)

SADHM
N3/2

where t is the magnetic flux conjugate to the variable x defined in (3.8). Plugging the
above solution back into (3.14), we find that

SADHM = \/23ABJM;C : (3.15)

The map of the parameters is as follows,

1 1
AAl = §(A¢3 - X) ) AA2 = §(A¢3 + X) s ABl = A¢1 ) ABz = A¢2 ’
1 1
nap =g =8, nay =g+, e =ng, ng =0 (3.16)

The factor 1/r/k in (3.15) is the ratio between the orbifold order of Sym™ (C? x C2/Z,)
and that of Sym® (C2/Zy); the former is the geometric branch of the ADHM theory and
the latter is that of the ABJM theory with Chern-Simons levels (+k, —k).

3.2 The A,,_1 Kronheimer-Nakajima quiver

We consider a necklace quiver with U(/N)™ gauge group with a bi-fundamental hypermulti-
plet between the adjacent gauge groups and with r flavors of fundamental hypermultiplets
under the n-th gauge group. The N = 4 quiver is depicted below.

/[
@ @ (3.17)

(n circular nodes)

As proposed by Kronheimer and Nakajima [11], the vacuum equations for the Higgs branch
of this theory describes the hyperKéhler quotient of the moduli space of SU(r) instantons
on C?/Z, with SU(r) left unbroken by the monodromy at infinity. We shall henceforth
refer to this quiver as the “Kronheimer-Nakajima quiver”.



The corresponding N = 2 quiver diagram is

SORENNOSE. 029
(n circular nodes)

Let Q4 (with « = 1,...,n) be the bi-fundamental field that goes from node a to node a+1;
Qo be the bi-fundamental field that goes from node o+ 1 to node «; and ¢, be the adjoint
field under node a. Let us also denote by ¢} and ¢¢ the fundamental and anti-fundamental

chiral multiplets under the n-th gauge group (with a = 1,...,N and i = 1,...,r). The
superpotential is

W= Z Tr <Qa¢a+1@va - éa@baQa) + (}7 (qf)n)ba qé, (3‘19)

a=1
where we identify ¢p4+1 = ¢1.

The Higgs branch of this gauge theory describes the moduli space of N SU(r) instantons
on C2?/7Z,, such that the monodromy at infinity preserves SU(r) symmetry [11], and the
Coulomb branch describes the moduli space of N SU(n) instantons on C? /Z, such that the
monodromy at infinity preserves SU(n) symmetry [9, 28-30]. It can be indeed realized on
the worldvolume of N M2-branes probing C2/Z,, x C?/Z, singularity [9]. Note also that 3d
mirror symmetry exchanges the Kronheimer-Nakajima quiver (3.17) with r = 1 and n = 2
and the ADHM quiver (3.1) with r = 2.

3.2.1 A solution to the system of BAEs
Let us denote respectively by Ag,, A@a, Ay, , Ay, Az the chemical potentials associated
to the flavor symmetries of Q,, @a, ¢a, q and ¢, and by ng_, N5, > Noas g Ng the cor-

responding fluxes associated with their flavor symmetries. We also denote by Agff) the
chemical potential associated with the topological charge for gauge group « and by (@) the
associated magnetic flux.

From (2.8), the Bethe potential V for this model is given by

v = [P Y [5:607(0) + g )~ 9- (00 (1) = B, + 9440,
a=1
LAy =)+ (Ag— )] [ dt]t] p(t) + Y Aﬁ,‘?) dttp(t
(8= m) + (Ag=m)] [ atllpte) (Z [aetott

.y ( / dt p(t) — 1) . (3.20)

~10 -



where §v® = v¥*1 — y®. Taking the variational derivatives of V with respect to p(t) and
ov*(t), we obtain the BAEs

0= 2p(t) [ 9 (60(1) + Ag) — g-(50°(1) = D) +94(Ag,)]

- g\t\ [(Ag —7) + (A7 — )] (Z Al ) t—p, (3.21)
0= p(t) g (00°(t) + Ag,) — g (60" (1) = Aga)
+ g (00N (t) — Ag, ) — g (607 (t) + A~a_l)] . a=1,....n.  (3.22)

The superpotential imposes the following constraints on the chemical potentials of the
various fields:

Aq + Aq—l— Ad)n = 27‘(’, AQQ + A¢a+1 + A@a = 271', A@a + A¢a + AQQ = 27. (323)

For notational convenience, we define

Fi=Y A5, F=24,, Am:;ZA;g@, (3.24)
and
Fy=2r—F —Fy. (3.25)
Solving the system of BAEs (3.21), we find that
p(t) = 2 ;ﬁ;i;:Amt . Y= %FI —Ag, - (3.26)

The support [t_,t4] of p(t) is determined by p(t+) = 0. We get
2p

ty =f—-—717—. 3.27
T T (Bt A (3.27)
The normalization fttf dt p(t) = 1 fixes
3r
w= SRR+ A E - A, (3.25)

3.2.2 The index at large N
From (2.16), the topological free energy of this quiver is given by

% _ _n;r /dtp (Zt >/dttp (t) + 2 [(nq— 1)+(n;;—1)] /dttp(t)
— /dtp(t)2 Z [( ng. — 1)g'y (6v*(t) + Aéa) + (ng, — 1)g"(6v*(t) — AQQ)]

=S (g — 1)g (A,) / dt p(1)2 (3.29)
a=1

- 11 -



Plugging the above solution back into (3.29), we find that the topological free energy
depends only on the parameters Fy, F», F3 given by (3.24) and their corresponding conju-
gate charges

2
n = Zn@a s ng =ny,, t=— Zt(a) . (330)
[e% r (0%
Explicitly, we obtain
nr
SKN = m SABIM, ; (3.31)

with the following map of the parameters

1 1
Ay =5F—An), Ap=c(Fs+An), Ap=F, Ap=F,
1 1
ng = §(ﬂ3 —1), g, = 5(“3 +1), B, =M, nB, =Mh2. (3.32)

Notice that, this is completely analogous to that of the ADHM quiver presented in (3.16).

The factor y/nr/k in (3.15) is the ratio between the product of the orbifold orders
in Sym”™(C?/Z,, x C?/Z,) and that of Sym™ (C?/Z;), where the former is the geometric
branch of the Kronheimer-Nakajima theory and the latter is that of the ABJM theory with
Chern-Simons levels (+k, —k).

Mirror symmetry [5]. The Kronheimer-Nakajima quiver (3.17) withr =1 and n = 2 is
mirror dual to the ADHM quiver (3.1) with » = 2. From (3.15) and (3.31), the topological
free energy of the two theories are indeed equal:

SKN = §ADHM 5 (3.33)

r=1,n= r=
4 Quivers with N/ = 3 supersymmetry

A crucial difference between the theories considered in this section and those with A/ = 4
supersymmetry is that the solution to the BAEs of the former are divided into several
regions and the final result of the topological free energy comes from the sum of the
contributions of each region. Such a feature of the solution was already present in the
ABJM theory and was discussed extensively in [3]. In subsection 4.1.1, we deal with the
necklace quiver with alternating Chern-Simons levels and present the Bethe potential, the
BAEs and the procedure to solve them in detail. The solutions for the other models in the
following subsections can be derived in a similar fashion.

In subsections 4.1 and 4.2, we focus on theories whose geometric branch is a symmetric
power of a product of two ALE singularities [12, 31]. Similarly to the preceding section,
the topological free energy of such theories can be written as a numerical factor times
the topological free energy of the ABJM theory, where the numerical factor equals to the
square root of the ratio between the product of the orders of such singularities and the
level of the ABJM theory. Moreover, in a certain special case where the quiver is SL(2,7Z)
dual to a quiver with N' = 4 supersymmetry [7, 8, 23, 31], we match the topological free
energy of two theories.
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4.1 The affine As,,_1 quiver with alternating CS levels

We are interested in the necklace quiver with n = 2m nodes, each with U(/N) gauge group,
and alternating Chern-Simons levels:

b — +k if ais odd (4.1)
—k if a is even

The N = 2 quiver diagram is depicted below.

»
()

‘0 @' (4.2)

o¥s

Let Q4 be the bi-fundamental field that goes from node « to node o + 1; @a be the bi-
fundamental field that goes from node a + 1 to node «; and ¢, be the adjoint field under
node «. The superpotential can be written as

W = az:l Tr <Qa¢a+1@a - Qa¢aQa> + 5 az:l Tr (¢2&_1 — ¢2a) . (4'3)
After integrating out the massive adjoint fields, we have the superpotential
1 N -
W = E Z(_l) Tr (QaQa—i—lQa—i—lQa) s (44)
a=1
where we identify
Qn-‘rl = Qn, @n—H = @n . (45)

4.1.1 A solution to the system of BAEs

Let us denote respectively by Ag, ﬁa the chemical potentials associated to the flavor
symmetries of @), and Qn, and by ng, Ny the fluxes associated with the flavor symmetries

of Q, and @a.
From (2.8), the Bethe potential V can be written as

WL:S/Q = k/dttp(t) Z Sv2e(t) + /dt p(t)? Z [g+ (6v™(t) + &a) — g- (6v*(t) — Aa)]
a=1 a=1

_ Ni/2 /dtp(t) Z {LiQ <6i(5v2“—1(t)+52a1)) ~ Li, (ei(t?an_l(t)Azal))

=1

+ Liy (ei(&’"“@)Mza)) — Liy (ei(évz“(t)—ma)) } —u ( / dt p(t) — 1) : (4.6)

Q

t
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where dv®(t) = v**1(t) — v*(t) and hence,

zn: Sv(t) = 0. (4.7)
a=1

Without loss of generality, we set the chemical potentials associated with topological sym-
metries to zero. The subleading terms in (4.6) can be obtained by considering the node
2c0 — 1 (with @ = 1,...,m), where the fields with chemical potentials Ega,l, Nog_o are
incoming to that node and those with chemical potentials Ao,_1, ﬁga_g are outgoing of
that node. This explains the signs of such terms in (4.6). These terms can be neglected
when we compute the value of the Bethe potential, since Lis does not have divergences;
however, they play an important role when we deal with the derivatives of V because
Lij (e) diverges as u — 0.

Taking the variational derivatives of V with respect to p(t) and setting it to zero,
we obtain

0=~kt <Z 5v2a1(t)> + 2p(t) [g+ (6v*(t) + Ea) — g (6v*(t) — Aa)} — 1. (4.8)
a=1

When jv® % —A, and dv® % A, for all a, setting the variational derivatives of V with
respect to dv*(t) to zero yields

0= (1) 1kt + p(t) [g; (5v(t) + Aq) — g (5v*(t) — Ay)
+g" (52}0‘_1(15) —Aa1) — 4 (51}0‘_1(25) + &a,l)} , a=1,...,n. (4.9)

However, in the following, we also need to consider the cases in which §v2*~1(t) ~ —Ao_1
and that in which 6v2*~(t) ~ Age_1, foralla =1,...,m.

e In the former case, taking 002 1(t) = —Aga_1 + exp(—NY2Y5,_1) and setting to
zero the variational derivatives of V with respect to 6v2*~1(¢) and §v?“(¢) yields

0 = Yaa-1(t) + kt + p(t) [9#(0) — g (= Doam1 = Dza)
+ g (0v**73(t) — Aoa—2) — gy (S0**2(t) + 32a—2)] ,
0= —Yoq_1(t) — kt + p(t) [g; (302 (t) + Do) — g (50%(t) — Aoy

+g" (= Asac1 — Doa1) — gﬁr(O)} : (4.10)

e In the latter case, taking Jv2*1(t) = Agy_1 — exp(—Nl/QYga,l) and setting to zero
the variational derivatives of V with respect to dv2*~1(¢) and §v>*(t) yields

0= ~Yoa-1(8) + Kt + p(t) [y (Bza-1 + Boart) — g (0)
+ g (00272 () — Aoa-a) — gl (0% 72(t) + Azas)
0= You_1(t) — kt + p(t) [g; (0022 (t) 4+ Agg) — g (50%(t) — Agy)

+92(0) = g (Dot + Boa1)] - (4.11)

— 14 —



We also impose the condition that the sum of the chemical potential for each term in the
superpotential (4.4) is 27,

A+ Aas1 + Mg+ Apyr =27, (4.12)

For later convenience, we define the following notations
m m _
Fy :mZAQO" FQZmZAga_l, F35=A1+Aq. (4.13)
a=1 a=1

Let us now proceed to solve the BAEs. First, we solve (4.8)—(4.9) and obtain

_ mkt[F1F3 — F>(21 — F3)] + 27
 mE21 — F) (21 — Fy — Fy) (Fy + Fy)

(Fy + Fy) F3 [ — mkt(2m — F5 — F)]
mkt [F1F3 — F2(27T - Fg)] + 27T/L
(F1 + Fy) (2 — F3) [,u + mkt(F3 — Fg)]
mkt [F1F3 — F2(27[' - Fg)] + 27T,U,

p

S = Aoy 1 — e <t <ts. (4.14)

5,02a = Aga —

This solution is valid in the interval [t-,¢~] where the end points are determined from
502 N t) = —Aga_1 602 (ts) = Agqy foralla=1,...,m. (4.15)

Explicitly, they are
H H

te = ——— ts = . 4.16
< kmFy’ Z 7 km(2r — F — F3) (4.16)
Next, we focus on the regions [te,t] and [ts,ts], where §v2~1(t) = —Agy_y for t €
[te,t<] and 60207 H(t) = Agy_q for t € [ts,ts].
For the interval [t«,t<], we solve (4.8) and (4.10) and obtain
. M+m(F3—F3)kt
p mEF3 (F1+F2—F3) (27T—F1—F2)
sv2e—t = _KZa—l s o2 = F3 — F1 — Fy + Ao, e <t <tc, (4.17)
Tyt w+ mktFy
Yoa—1=—
m(F3 — F1 — Fg)
where we determine the end point t« by the condition p(t«) = 0:
o

lw = —————~ 4.18

For the interval [t-,ts], we solve (4.8) and (4.11) and obtain

B w— mktFy
P mF (Fi+ Fo— Fy) 2n — F — By)
dv2l = Ay, 002 = —F) — Fy + Agq ts <t <ts, (4.19)
o — mkt(27r - F1 - Fg)
Yoo-1 =

m(27r — F1 — F2 — Fg)
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where we determine the end point ¢ by the condition p(ts) = 0:

I

ts = ——. 4.2

To summarize, the above solution is divided into three regions, namely the left tail
[t<,t<], the inner interval [t,t~] and the right tail [t~,ts]. These are depicted in the
following diagram:

I ] ] ]
i T T 1

l< l< t> l>
p= 0 5,0204—1 = —Kga_l Yo 5U2a_1 = A20471 Va p= 0

Finally, the normalization fttj dt p(t) =1 fixes

p=mn/2kF1Fy (F3 — Fy) (21 — F3 — F). (4.21)

4.1.2 The index at large N

From (2.16), the topological free energy of this theory is given by

5
N3/2

n7r2 " ~
_ —/dtp(t)2{3 n [(ﬁa — 1) (00* + D) + (na — 1)g(6v° — Aa)} }

a=1

) e / o dtp(t) Yaa1(t) = Y na / dt p(t) Yaa—1(t).
ov2o—lx—Agn_q a=1 ov

a—1 2a_le2a—1
(4.22)

The result depends only on the parameters Fj, Fy, F3 and their corresponding flavor
magnetic fluxes

m m
n=m E n2q , no=m E Nn2a—1 , ng =ny +ni, (4.23)
a=1 a=1

and can be written as
§ = mEABIM; - (4.24)
The map of the parameters is as follows,

AA1:F17 AA2:F27 A31:F3_F27 A32:271__F‘1_F137

ng, =ng, N4, = Ng, np, =nz —ng, ng, =2—n; —ng. (4.25)
Recall that the geometric branch of the moduli space of this theory is Sym® (C?/Z,, x

C?/Zm)/Zy, whereas that of the ABJM theory is Sym® (C*/Z). The square root of the
relative orbifold orders of these two spaces explains the prefactor m in (4.24).
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4.2 The affine A, 1 quiver with two adjacent CS levels of opposite signs

We are interested in the necklace quiver with n nodes, each with U(N) gauge group, and
the Chern-Simons levels:

+k fa=1
ko=19q -k ifa=2 (4.26)

0 otherwise

The N = 2 quiver diagram of this theory is

A, A
OO
@ “’ (4.27)

by
o

In the notation of the preceding subsection, the superpotential can be written as
" ~ = k
W= 3" Tr (Qabari@a — QudaQa) + 3 Tr (6] — 63) - (4.28)
a=1
After integrating out the massive adjoint fields ¢; and ¢, we have the superpotential
1 T ~ ~ ~ ~ 1 T ~\2 ~ \2
W= = Tr (1920201 — 1G10nQn ) + 57 T [(QQQZ) - (@uQ0) ]
n—1 _ _
+ Z Tr (Qa‘ba—&-l@a - Qa+1¢a+1@a+1) 5 (4.29)
a=2

4.2.1 A solution to the system of BAEs

Let us denote respectively by Ag, ﬁa, Ay, the chemical potentials associated to the flavor
symmetries of @, @a, ¢a, and by ng, Na, ne, the corresponding fluxes associated with
their flavor symmetries. We also denote by A,(ﬁf ) the chemical potential associated with the
topological charge corresponding to node a and (%) the corresponding magnetic flux.

The superpotential (4.29) implies the following constraints

Aa:W—Aa foralla=1,....,n
A¢ :...:A¢n:71'. (430)

3

The Bethe potential for this particular model can be derived from formula (2.8). The
procedure of solving the BAEs is similar to that presented in section 4.1.1. The solution
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can be separated into three regions, namely the left tail [t«,t], the inner interval [t ]
and the right tail [¢ts,ts], where

te st Ov'(te) =—A1,  ts st dvi(ts) = Ag. (4.31)

The end points t« and ts are the values where p = 0 on the left and the right tails,
respectively. Schematically:

I ] ] ]
T T 1

te te ts ts
p=0 svl = —A4 svt = Ay p=0

It turns out that the solution depends on the following parameters:

1 « 1 = 1 «
= - () — _ - (a)
F A1+ko;Am L R=— <;AQ) kaz_lem . (4.32)
The solution is as follows. In the left tail [t«,t-], we have
) (n = 1) [+ (x — Fy)kt
P i —F — (n— VB [r — Fi — (n— 1))
(51}1 = —81
(4.33)
W =AMy +[r—F1 —(n—1)F], V2<a<n
§ o (= D)Fokt

T—F—(n-1)F"
In the inner interval [t-,¢s], we have
_ [(n=1)(F1—F2)] kt—np
P AP+ (n—1)Fy] [Fi +(n—1) Fy—n]
un=E—(n—1) Fl[u+(w+5)kt]—Fz[u—{(n—l)w—z}kt]}+(n—1)[Ff+(n—1)F§]kt
(n=1)(F1—Fy)kt—np

ovt =

[Fi+(n—1)F>] [p+ (7 —F1) ki
[(n=1)F1—(n—1)F] kt—npu

v = +A,, V2<a<n, (4.34)

where 2= 15", A In the right tail [¢ts,ts] we have
(n—1) (Fikt — p)

P R+ (n— DB [F+ (n— )F — (n—1)n]
52)1 = Al
1 (4.35)
W = Dot —— 1= F1 = (n— 1))
y, = H—(n—1)(m — Fp)kt
TR+ -DE-(n-r
The transition points are at
Iz Iz p o
tg = ——— te = —-"— ts = ts = —— . (4.36
ST k(r-F)’ ST kR T T kn—D(r—F)’ > kR (4.36)
Finally, the normalization fttj dt p(t) =1 fixes
1=1/2(n—DkF Fy(rm — F)(r — F). (4.37)
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4.2.2 The index at large N

The topological free energy of this theory can be derived from (2.16). We find that the
topological free energy of this quiver theory depends only on the parameters Fy, Fb given
by (4.32) and their corresponding conjugate charges

1 @& 1 - 1 @
n1:n1+%2ta, = K;na) k;ta] . (4.38)

a=1

The topological free energy can be written as,
§=vn—1FaBjm- (4.39)
The map of the parameters is as follows,

AAlelu AA2:F27 ABlzﬂ-_Flu ABQZF_F27

ng, =ng, n4, = Ny, ng, =1—ng, ng, =1—ng. (4.40)

Indeed, for n = 2, this theory becomes the ABJM theory and (4.39) reduces to §apim, as
expected. Recall that the geometric branch of the moduli space of this theory is Sym® (C? x
C?/Zn_1)/Zy, whereas that of the ABJM theory is Sym” (C*/Z;,). The square root of the
relative orbifold orders of these two spaces explains the prefactor v/n — 1 in (4.39).

Let us also comment on the number of the parameters which appears in the topological
free energy of this model. It can be seen from (4.39) that the topological free energy depends
only on two parameters, F; and Fy (or n; and ng), instead of three, despite the fact that
the geometric branch is associated with Calabi-Yau four-fold C2 x C2?/Z,,_1. Indeed, in the
N = 3 description of the quiver, only U(1)? (one mesonic and one topological symmetry)
is manifest (see appendix C of [31]). An extra mesonic symmetry that exchanges the
holomorphic variables on C? and those on C?/Zy is not present in the quiver description
of this theory.

SL(2,Z) duality. The affine A,,_; quiver (4.27) with n gauge nodes and k = 1 is SL(2, Z)
dual to the A,_o Kronheimer-Nakajima quiver (3.17) with n — 1 gauge nodes and r =
1. This duality can be seen from the Type IIB brane configuration as follows [6-8, 32].
The configuration of the Kronheimer-Nakajima quiver involves N D3-branes wrapping
R(l]:iQ x S¢ (where the subscripts indicate the direction in R%?); n—1 NS5-branes wrapping
Réfz X R%&g located at different positions along the circular 2 direction; and r = 1 D5-
branes wrapping Ré:iZ X R§,4,5 located along the circular 2% direction within one of the
NS5-brane intervals. Applying an SL(2,7Z) action on such a configuration, we can obtain
a similar configuration except that the D5-brane becomes a (1, 1) 5-brane. This is in fact
the configuration for quiver (4.27) with n gauge nodes and k£ = 1. Indeed, in this case we
can match the topological free energies (4.39) and (3.31), as expected from the duality.

4.3 The N%1.0/7, theory

In this section we focus on the holographic dual of M-theory on AdS4 x N%%0/7Z,. [33-35].
N0 is a homogeneous Sasakian of dimension seven and defined as the coset SU(3)/U(1).
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The manifold has the isometry SU(3) x SU(2). The latter SU(2) is identified with the
R-symmetry. The description of the dual field theory was discussed in [13-15]. This theory
has AN/ = 3 supersymmetry and contains G = U(N),x x U(N)_; gauge group with two
bi-fundamental hypermultiplets and r flavors of fundamental hypermultiplets under one of
the gauge groups. The N' = 3 quiver is depicted as follows:

—
(4.41)

Note that for £k = 0, this theory becomes the Kronheimer-Nakajima quiver (3.17)
with n = 2.
In NV = 2 notation, the quiver diagram for this theory is

(4.42)

where the bi-fundamental chiral fields (A;, By) come from one of the A' = 3 hypermultiplet
indicated in blue, and the bi-fundamental chiral fields (As, By) come from the other N' = 3
hypermultiplet indicated in red. The superpotential is given by

k k -
W =Tr <A1¢232 — Bop1 Ay — Ao B1 — B1op1 Az + §¢% - §¢% + Q¢1Q) . (4.43)

Note that the bi-fundamental fields Aq, As, B1, By can be mapped to those in the
Kronheimer-Nakajima quiver (3.18) with n = 2 as follows

Al Qi, A Qa,  Bi e Qa, Byt Q. (4.44)
Integrating out the massive adjoint fields ¢ 2 in (4.43), we obtain the superpotential
W ="Tr [(¢94;B; - q7)" — (¢/Bi4;)"] . (4.45)
4.3.1 A solution to the system of BAEs

The Bethe potential for this particular model can be derived from formula (2.8). The
procedure of solving the BAEs is similar to that presented in sections 3.2.1 and 4.1.1. In
the following we present an explicit solution to the corresponding BAEs.

For brevity, let us write

A=Ay, Ay =Ay,, A3z = Ap,, Ay =Ap,,

ng=ny,, g =ny,, ng =ng, , ny =ng,. (4.46)
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We look for a solution to the BAEs such that
Ag+Az=m, A+ Ay =, Ag+Ag=m, (4.47)
and
ng+ng=1, mt+n =1, no+ng=1. (4.48)

The solution can be separated into three regions, namely the left tail [t«, <], the inner
interval [t<,t<] and the right tail [t~,ts], where

t< s.t. 5U(t<) = *Ag, t> s.t. (s'l}(t>) = Al . (449)

Then we define t« and ts as the values where p = 0 and those bound the left and right
tails. Schematically:

te te ts ts
pZO 5U:—A3 (5U:A1 p:0

The solution is as follows. In the left tail we have
B uw+ ktAs — gr\tl
P = R (A + Ag)(Ay — Ay)

A v kAL — i+ Erl e <t<tc. (4.50)
7 Ay —Ag
In the inner interval we have
2+ kt(Az — Ay) — wrlt|
At A (At A te <t<ts, (4.51)
P (1 — Zr|t]) (A1 — Az) + kt (A1 As + AgAg)
2u + kt(As — Ay) — mrlt]
and 0v’ > 0. In the right tail we have
_ p—ktAy = gt
O AT+ A (B~ AY) ﬂ ts <t <ts. (4.52)
Su— A, . v — ktAg — p+ Sr(t]
Ay — Aq
The transition points are at
I S PR N TR
mr + 2kAs3’ mr 4+ 2kAy’ mr 4+ 2kAy’ mr + 2kAq
(4.53)

Finally, the normalization fixes
1 [72 — (A3 — Ay)?] [7(2k + 1) — 2kA3] [7(2k + 1) — 2kA4] (2kA3 + 1) (2kA4 + 77)
F=35\ 2,2 [2kA3AL + mr(Ag + Ay) — (k+7)(A2 + A2)] + 72 (2k3 + 4k2r + 4kr? + 13)
(4.54)

For k = 0, this expression indeed reduces to (3.28) with
P = 2mc, Fy =c(A3 — Ay —7), Fy =21 —c(Ag — Ay + ),
Ap =21+ c(As — Ay +7), (4.55)
and ¢ = 1/(2 x 121/3). Note that F| + Fy + F3 = 2, as required.
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4.3.2 The index at large N

The topological free energy of this theory can be computed from (2.16). The expression
for the topological free energy is fairly long, so we will just give the formule for k = 1,
r =1 and

A3=A4:A, Ny =14 =mn. (456)

In this case, the topological free energy reads

ON3/2 7(m—2A) [4(r—A)A+197%] n+ (8A* —20m A3 — 672 A%+ 3773 A+ 337?)
3 [4(m—A)A+1172)3/2 '

(4.57)

5 Quivers with N/ = 2 supersymmetry

Let us now consider quiver gauge theories with N' = 2 supersymmetry. We first discuss
non-toric theories associated with the Sasaki-Einstein seven manifold V>2. There are two
known models in this cases, one proposed by [16] and the other by [17]. We show that the
topological free energy of these models can be matched with each other. We then move on
to discuss flavored toric theories [18]. The procedure in solving the BAEs for these theories
is similar to that for N' = 3 theories discussed in the preceding section.

5.1 The V52/7,; theory

In this subsection, we focus on field theories dual to AdSy x V52 /Z;, where V°2 is a
homogeneous Sasaki-Einstein seven-manifold known as a Stiefel manifold. The latter can
be described as the coset V2 = SO(5)/SO(3), whose supergravity solution [33] possesses
an SO(5) x U(1)r isometry. There are two known descriptions of such field theories; one
proposed by Martelli and Sparks [16] and the other proposed by Jafferis [17]. In the
following, we refer to these theories as Model I and Model II, respectively. Below we
analyse the solutions to the BAEs in detail and show the equality between the topological
free energy of two theories.

5.1.1 Model I

The description for Model I was first presented in [16]. The quiver diagram is de-
picted below.

A
D2

é1
O o
N,

with the superpotential

W =Tt [¢] + ¢3 + ¢1(A1B2 + A2B1) + ¢a(B2A; + B1Ay)] . (5.2)
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A solution to the BAEs. Let us use the shorthand notation as in (4.46). We look for
a solution to BAEs, such that

A¢i+A1—|—A4:27T, A@—I—AQ—FA:;:QW, A(b.:f, (53)
and
2
n¢i—|—n1+n4:2, n¢i+n2+n3:2, n@:g. (5.4)

Observe that ng, does not satisfy the quantisation condition ng, € Z. However, this
problem can be cured easily by considering the twisted partition function on a Riemann
surface X, of genus g times S [26]. In this case, the flux constraints becomes

2

n¢i+n1+u4:2(1—g), n¢i—|—n2—i—n3:2(1—g), Ny, 3(1—9). (5.5)

By choosing (1 — g) to be an integer multiple of 3, there always exists an integer solution
to the above constraints. As was pointed out in [26], the BAEs for the partition function
on X4 x Sq (with g > 1) is the same as that for g = 0. We can therefore solve the BAEs
in the usual way.

The inner interval [t,t~] is given by

t< s.t. 5U(t<) = —A37 t> S.t. 5U(t>) = Al . (56)

Outside the inner interval, we find that dv(t) = v(t)—v(t) is frozen to the constant boundary
value —Agz (A1) and it defines the left (right) tail. Schematically:

] ]
T 1

l<« te > I
p:() 57):—A3 (5U:A1 p:()

The solution is as follows. The transition points are at

f f

1
l = =77 e = =77, s = — > ts = —p—~ - (5.7)
kA3 kA4 k‘(%—Ag) k(%—Azl)
In the left tail we have
p= M+kA3t
ST (As-A ) (A - A
3 (A3 4+3)(_4km3_) te <t <t-. (5.8)
Sv = —As, }%:74/;

Ay — As
In the inner interval we have
. 2M+k(A3+A4—4§)t
CE (5 - @Ay’
(As+ Ay —4) p— 2k (As+ Ag)t+ (A3 + A ¢
2p+k (Ag+ Ay — 4Vt

te <t<ts (5.9)

ov=—
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and dv’ > 0. In the right tail we have
m— kAlt
(A3 — Ag+4T) (Ay — Ay)
—kt (Ag - 7) — U
A, — As

p:
s <t <ts. (5.10)
ov = Al s Y1 =

Finally, the normalization fixes

= \/k <4;T—A3> Ay <4;T—A4> As, (5.11)

0<Agy < —. (5.12)

with

The solution satisfies
/ dt p(t) Su(t) = 0. (5.13)

We should take the solution to the BAEs and plug it back into the index. For higher
genus g, formula (2.16) receives a simple modification, as discussed in [26], as follows.

|G|
S |G|
N3/2 - 3 (1-g /dt/’ Z" /dttp (5.14)
1
+2/dtyt|p(t) Z fa—1+9)+ Y (ng—1+g)
anti-funds funds
—/dtp(t)2 > [y —149) g4 (00(t)+Aga) +(n —1+9) g~ (v(t)—Apy)]
bi-funds
(b,a) and (a,b)
- (ba) dt p(t)Y(p,a)— M(a,b) dt p(t)Y(ap) »
bgu;ld SUAR—A(p,q0) (mod 2m) bi_%%d SURA (4 p) (mod 27)
(b,a) (a,b)

Doing the integration, we obtain the following expression for the topological free energy,

1/2 A73/2
3:_2(1_9) - {(M_A?)) B <2?jr_A4> 1114
VU =29 A3 (5 - A1) A ’

+ A [(2;—&,) <4;—A4> 1“_3 2§3 <A3+A4— 8;)} } (5.15)

We check that the topological free energy indeed satisfies the index theorem for this model

on X, x St:
3z(1—g){—iv(m) Y (- 8‘;(5)”, (5.16)

V(A7) = ZuN3/2. (5.17)

with
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5.1.2 Model II

The description for Model II was first presented in [17]. The quiver diagram is de-
picted below.

Q
e Y
@ (5.18)
We start from the superpotential
k .
W ="Tr ¢ ¢3 [@1@2]4—2% (P +e5+93) @ - (5.19)

j=1
The SO(5) symmetry of V52 can be made manifest by using the following variables [31]:

1 1
X) = —— (o1 +ips),  Xo=——(p1 —ipy),  Xs=ips. 5.20
1 ﬂ(cm ©2) 2 \/5(801 ©2) 3 =13 (5.20)

In terms of these new variables, the superpotential can be rewritten as

k
W =Trq X3[X1, Xo] + ) ¢;(X1Xa + Xo X1 — X3)¢ 5 . (5.21)
j=1

A solution to the BAEs. The superpotential enforces

47 ~ 2T 21
AXl + AXQ == ?, qu + Aq]- - ?, AX3 - ?, (522)
and

ny, +nx, =< Mg, + g, = Ny, = —. (5.23)

3’ 3’
As in the previous subsection, the quantisation conditions n; € Z can be satisfied by
considering the twisted partition function on ¥, x S 1. The flux constraints are modified

to be

4 ~ 2 2
Ny, +nx, :§(1—9)7 Ng; + Mg, :g(l_g>7 Nxs :§<1_g)' (5.24)

Here we choose (1 — g) to be an integer multiple of 3. The solution to the BAEs are
given below.
Setting to zero the variations with respect to p(t), we find that the density is given by

= ZE |t 4+ tA,,

p(t) = 35— . (5.25)
2? (4? - AXl) Ax,
The support [t—,t4] of p(t) is determined by p(t+) = 0. We obtain
o
ty =F5—F7——. 5.26
RS, o
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Requiring that fttf dt p(t) = 1, we have

dr A A MQ_AQ
| A x;[m n o

The topological free energy may then be found using (5.14). We obtain
(1—g)N3/2

¢ R - Ax) Ax, [(B)” - 2]
o i (5-se) (2 )
2 } : (5.28)

It can also be checked that this topological free energy satisfies (5.16).

[SURIN )

5=

Matching with Model I. By taking

2 2
AXIZAg, Am:k‘<3ﬂ——A4> s nx, = ns, t:k‘|:3(1—g)—1‘14:| y (5.29)

we see that eq. (5.28) reduces to eq. (5.15).

5.2 The flavored ABJM theory
Let us consider the flavored ABJM models studied in [18, 19]

(5.30)

with the superpotential

W ="Tr (A1B1A2B2 - AlBQAQBl)

Nal N2 np1 Np2
+Tr Y aP g 3 dP 487 + 3 0BRY + 30,07 | L (5.31)

j=1 j=1 j=1 =1
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We adopt the notation as in (4.46) and denote by

Nai =Dy,  Au=0x, Au=0gw, Ayu= AIOR (5.32)
and similarly for n,; and ny;. The marginality of the superpotential implies
Ap+ Ay + Ay = 27, Ao+ Aga + Ay = 27,
As + Ay + Abl =27, Ay + Apy + Abg =27, (5.33)
and
n1+nal+ﬁa1:27 n2+na2+ﬁa2:27
no + Ny + Hbl =2, ng + Ny + Hbg =2. (5.34)

5.2.1 A solution to the system of BAEs

The large N expression for the Bethe potential, using (2.8), can be written as
= [ Y eas (o) £ A + [ deep(t) (A2 - AD)
iN3/2 a ¢ m m
2
1 *
-5 /dt |t| p(t) Zf(inf)év(t) — Z} (’rlm'Ai + nbiAi+2)]
e 3 [iLi (e“év(t)ﬂa))] - dt p(t) — 1 (5.35)
N1/2 p a 2 12 p ) .

where we introduced the notations

Z;: > Za: > (5.36)

f=al,a2:+ a=3,4:4+
f=b1,b2:— a=1,2:—
The solution for kK = 0 and ng1 = nNgz = n, np1 = npz = 0. As pointed out

n this theory is dual to 4 X Q" n- e manifo 57 18 define the coset
in [18], this theory is dual to AdS Q“l/Z Th 'fldQ“l’ defined by th

SU(2) x SU(2) x SU(2)

5.37
U(1) x U(1) ’ ( )
and has the isometry
SU(2) x SU(2) x SU(2) x U(1). (5.38)
Using the symmetries of the quiver, we set for simplicity
A1:A2:7T—A3:7T—A4=A. (539)

Let A,, be the following linear combination of the topological chemical potentials of
the two gauge groups:

Ay =AD A2 (5.40)
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Solving the BAEs equations, we obtain the following general solution

nw [t| + 24, t — 2
_ g 7
T (u—Apt)
nw [t] + 20, t — 2u’

on the support [t_,t;]. We determine ¢4 from dv(ty) = —(m — A),

1 p
b=t ty = ————
+ nm + A,

The normalization fttj dt p(t) =1 fixes

!n A%n’

T
H= VnL/3 n2772—A72n.

The solution satisfies,

2n2m3

5.2.2 The index at large IV

The matrix model for the topological free energy functional in this case reads

Nf/gz /dtp [ +3 —lgiév()j:Aa)]

1

2

*Z naznz+nbzul+2)/dt |t|p( f—}—A)/dttp
i=1

—Zna/ dtp ,

R e Ay

[\

where we have used the behavior
5U(t) =¢&a <Aa B 67N1/2YG(t)) ) €a = (17 17 _17 _1) 9

in the tails. For the theory dual to AdS, x QY11/Z,, we find

9 N3/2

§=—3 [ t—i-N) 3 —5wlA,n? )+Afn—3772n2 (A%l—

3/ (3n2n2 — A2))3/?
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(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)

2772712)} .
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5.3 U(NN) gauge theory with adjoints and fundamentals

In this section, we consider the following flavored toric quiver gauge theory [18]

?1,2,3
(5.48)
with the superpotential
1 1 2 3
W =Tr{ 1 (62, 65] +Zq§ 613, )+Zq§ e +Zq] Vosg” v (5.49)
7=1 7=1
The marginality condition on the superpotential (5.49) implies that
3 ~
Z A@. =27, Aq(i) + Aq(i) + A@. =27, (5.50)
; j j
and
Zn@.:Q, noo 06 +ng =2, (5.51)
, 5 9y

Let A,, and t be the chemical potential and the background flux for the topological sym-
metry associated with the U(N) gauge group.

The solution. On the support of p(t), the solution is

2(u+tAy) —[t|A

p(t) = = , 5.52
(t) A (5.52)
where we defined
3 3
=12, A=> nsA,,. (5.53)
/=1 =1
Let us denote by [t_,t] the support of p(t). We determine ¢4 from the condition p(t+) =0
and obtain
2
A F2A,,
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The normalization fttj dt p(t) = 1 fixes the Lagrange multiplier p,

= \/2AA (A —2An) (A+2A,). (5.55)

Using the same methods presented earlier, we obtain the following expression for the topo-
logical free energy,

_ (=2
32 | A - n (A" +4A2
g:_Ng \/A (A -2A,,) (A +2A,) ﬁ+(2 ) —fZSAm . (5.56)
2A A (A —4A$n) AT —4A2,
where

3 n 3
= A@ ;W= g, (5.57)

i—1 9 i=1

When n; = ng = 0, and ng = r, the moduli space reduces to C? x C?/Z, and eq. (5.56)
becomes the topological free energy of the ADHM quiver [see eq. (3.15)]. This is consistent
with the fact that this theory is dual to AdSy x S7/Z,.

6 Discussion and conclusions

In this paper, we study the topologically twisted index at large N and fixed Chern-Simons
levels for a number of three-dimensional N > 2 gauge theories with known M-theory
duals. Using the localization method, the index can be written as a contour integral of a
meromorphic form, whose position of the poles is governed by a set of algebraic equations,
dubbed as the Bethe ansatz equations (BAEs). For each theory, we present explicitly the
solution to the system of BAEs. The topological free energy, which is the real part of the
logarithm of the twisted index, is then computed from such a solution.

In [22], it has been shown that the Bethe potential for any N' > 2 theory is exactly the
free energy of the same theory on the three-sphere, up to a normalization. Our findings
for the Bethe potential of theories with N = 2 supersymmetry are indeed in agreement
with the previously reported results for the S free energy [36-38]. Moreover, in the other
cases our results give a prediction for the S® free energy that has not appeared before
in the literature. We would like to emphasize that for all the models considered in this
paper, the topological free energy, which was obtained by evaluating the functional (2.16)
on the solution to the BAEs, is consistent with the robust index theorem (2.17) which is
derived in [22].

Our solutions have a certain important feature that is worth pointing out here. For
theories whose all Chern-Simons levels are zero, the density of eigenvalue distribution is
supported on one interval and the dv’s are frozen throughout that interval; whereas for
quiver gauge theories having nonzero Chern-Simons levels, the solution to the BAEs is
separated into several intervals, each of which contributes nontrivially to the topological
free energy.
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For gauge theories with A/ = 4 and N/ = 3 supersymmetry, whose geometric moduli
space is a symmetric product of two ALE singularities, we find that their topological free
energy can be written as that of the ABJM theory times a numerical factor, which is equal
to the square root of the ratio between the product of the orders of the singularities and
the Chern-Simons coupling of the ABJM theory.

Along the way, we perform nontrivial checks of various dualities, including mirror sym-
metry between the ADHM quiver and the Kronheimer-Nakajima quiver, SL(2,7Z) duality
between N = 3 theory and the Kronheimer-Nakajima quiver, and duality between two
models that are dual to M-theory on AdS, x V>2/Z,.

We also calculate the topological free energy for theories associated with homogeneous
Sasaki-Einstein seven-manifolds N%19 V52 and Q%!! which are appealing in the context
of the AdS/CFT correspondence. A natural future direction is to generalize the result
of [3], where it was shown that the topological free energy of the ABJM theory reproduces
the entropy of magnetically charged static BPS black holes in AdSy x S7. In particular, it
would be of great interest to compare the topological free energy of theories in this paper
with the entropy of supersymmetric asymptotically AdS, black holes in four-dimensional
N = 2 gauged supergravity [39-41].
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