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Abstract We derive the general counting rules for a quan-
tum effective field theory (EFT) in d dimensions. The rules
are valid for strongly and weakly coupled theories, and they
predict that all kinetic energy terms are canonically normal-
ized. They determine the energy dependence of scattering
cross sections in the range of validity of the EFT expansion.
We show that the size of the cross sections is controlled by
the A power counting of EFT, not by chiral counting, even
for chiral perturbation theory (xPT). The relation between
A and f is generalized to d dimensions. We show that the
naive dimensional analysis 4 counting is related to /i count-
ing. The EFT counting rules are applied to x PT, low-energy
weak interactions, Standard Model EFT and the non-trivial
case of Higgs EFT.

1 Introduction

Effective field theories (EFT) have a wide application in high-
energy physics, and they are often used to parametrize the
(a priorit unknown) effects of new physics at low energies
in terms of local operators. An EFT is a well-defined quan-
tum field theory, and one can compute radiative corrections
and renormalize the theory without reference to any quantity
outside the EFT. (See, e.g. Ref. [1] for a review and ped-
agogical examples.) EFT have a systematic expansion in a
small parameter, usually called the EFT power counting for-
mula, an example of which is Weinberg’s momentum power
counting formula for chiral perturbation theory (xPT) [2].
A power counting formula called naive dimensional analysis
(NDA) applicable to general EFT has been known for some
time [3]. Recently, there has been renewed interest in EFT
power counting and its application to new physics searches at
the LHC [4-6]. The use of EFT ideas, which have been well
established over several decades, to Higgs boson physics has
caused considerable debate in the literature.
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A generic effective Lagrangian describes many distinct
fields and interactions, which naturally lead to independent
expansions in different parameters such as momenta, cou-
plings, etc. In general, it is not possible to unify all expan-
sions into a single expansion which is valid for all energy
regimes.

In this paper, we start by presenting a pedagogical deriva-
tion of the EFT power counting rules for an arbitrary theory
in d dimensions. The same power counting rules are valid
for weakly and strongly interacting theories. We then show
that the most general power counting rules are linear combi-
nations of:

(a) a counting rule for each coupling constant;

(b) acounting rule for A, the EFT scale;

(c) acounting rule for the total number of fields;

(d) a generalization of Weinberg’s momentum power count-
ing rule which also counts fermion bilinears;

(e) a4m counting rule.

The counting rules are not all linearly independent; and it
is convenient to choose either (c) or (d). Rule (e) provides
a good estimate for amplitudes and Lagrangian coefficients,
and a convenient normalization which makes the distinction
between strong and weak coupling regimes clear. One can
reformulate (e) as an equivalent 7 counting rule using the
EFT loop expansion parameter 7 /(47)%?2, as explained in
Sect. 2.

The NDA power counting rule is the usual A counting rule
for EFT combined with the 47t counting rule, which provides
a systematic way to normalize EFT operators [3]. One is free
to pick any operator normalization by redefining the operator
coefficients; the advantages of using NDA normalization are
discussed in Sect. 3.

The power counting formula in the form given here leads
to the correct normalization for terms in the standard model
(SM) Lagrangian, including the kinetic terms, and it gives a
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homogeneous counting rule for the two terms in the gauge
covariant derivative D = d + igA, where g and A denote
a generic gauge coupling and gauge boson, respectively. We
also find an interesting generalization of the relation A ~
47 f in d = 4 dimensions to d dimensions.

We provide many examples of the use of power counting
rules in Sect. 3. In particular, we discuss the well-known
applications to xPT and the Fermi theory of low-energy
weak interactions. The Fermi theory is an instructive example
of how low-energy measurements, which can be computed
using the EFT, can be used to determine the pattern of oper-
ator coefficients and hence the structure of the underlying
UV theory. The Fermi theory is subtle—the power counting
rules depend on the operator flavor structure. The Fermi the-
ory also demonstrates that “one-scale, one-coupling” power
counting (for a review see [7]) is not valid for the low-energy
limit of spontaneously broken gauge theories. We discuss
the application of the counting rules to the standard model
EFT (SMEFT) and how the renormalization group evolu-
tion obeys NDA normalization. We give a toy example that
illustrates the utility of NDA counting in an explicit match-
ing computation. As a final example, we explain the count-
ing rule for triple-gauge operators and anomalous magnetic
moments.

We apply the counting rules to study scattering cross sec-
tions in Sect. 4, and we show that the size of the cross sec-
tions is given by the usual A counting rule. This result applies
not only to the SMEFT—also known as linear electroweak
EFT—but also to other effective theories such as xPT and
non-linear Higgs electroweak EFT (HEFT).

Application of the power counting rules to HEFT is dis-
cussed in Sect. 5. Conclusions are presented in Sect. 6.

2 Master formula in d dimensions

This section presents a pedagogical discussion of EFT power
counting rules. Many of the results are known. This section
establishes notation, makes clear the connection between dif-
ferent counting rules, and summarizes results which will be
used in the later discussion. The results are given in d dimen-
sions; the extension of the d = 4 results to arbitrary dimen-
sion is new, and the d dependence of the relation between A
and f is non-trivial.

In d spacetime dimensions, the mass dimensions of
generic scalar ¢, gauge boson A, and fermion v fields and
of generic gauge g, Yukawa y, and quartic scalar A coupling
constants are

d-—2
[¢]=T,
4—d
[g]=—2 ,

=22 =it
2

4-d

[}’]ZT,
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The couplings g, y, and A denote generic gauge, Yukawa and
quartic scalar coupling constants in the dimension < d terms
of the EFT Lagrangian. Cubic scalar couplings, and scalar
and fermion mass terms also can be included, as in Ref. [4].
The generalization to include these additional couplings is
discussed below. The scalar fields ¢ include both Goldstone
boson and non-Goldstone boson fields. We will assume that
the kinetic terms in the Lagrangian are canonically normal-
ized, and that a general interaction term has the form

aNp.i¢N¢,iANA.i w-Nz//,iANA,i (4JT)N4ﬂ,igNg,in_v.i)\'N)»,i , )

where N, ; counts the number of factors of each type a
appearing in the vertex i, and we have included factors of
47 in the normalization to allow us to count 4 factors aris-
ing from loops. Since higher-dimension operators are sup-
pressed by inverse powers of A, Nx < 0 for operators with
dimension > d.

The powers in Eq. (2) are not all independent, but they
satisfy the constraint that terms in the Lagrangian have mass
dimension d in d spacetime dimensions,

d-2 d-—1
d=N,,;+ T(N(/J,i + Na,i) + TNI/I,I' + Nai

4-d
+T(Ng,i + Ny,i + ZNA.,i)' (3)

If we define the total number of fields at a vertex by
Nri=Ngi~+ Nai+ Ny, “4)
then Eq. (3) can be written as

1 d-—2
0=|Np,;+ §N¢,i -2+ T(NF,i —2)+ Na,i

4—d
“FT(NgJ + Ny +2N,.0), (5)

which will be useful later.

Now consider an arbitrary connected EFT diagram with
insertions of vertices of the type Eq. (2). The diagram will
generate an amplitude of the same form as in Eq. (2), and we
can determine the powers of the different factors.

The number of external fields are given by

N¢ = ZNd”i — 2[¢, (6a)
i

Ny = ZNW’i — 21y, (6b)
i

Npo=D Nai—2Ix. (6¢)

1

where the sum is over all vertices, and I y, 4 are the number
of internal lines of each type, since each internal line results
from the contraction of two fields.
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The dependence of the overall diagram on each coupling
constant is

Ny = ZNg,i’ (Rg) (7a)
Ny=> Nyi, (R (7b)
Ni=> Nuio (R (70)

where R,y ; denote these relations. These equations are
obvious, because coupling constants appear only in the Feyn-
man rules of vertices, since all propagators have been nor-
malized to unity and do not bring in factors of the coupling,
nor do the loop integrals.

The A dependence of the amplitude is

Npo =D Npi. (Rp) ®)

This equation follows trivially because loop integrals do not
generate powers of A if one uses a mass-independent regu-
lator such as dimensional regularization.

The 47 factors are given by

d
Niy = ZN471,1' - EL’ (Rax) 9)
i

where L is the number of loops, since each loop in d dimen-
sions has an overall factor of (477)~9/2.
The overall power of momentum p is

Np=> Npj—2ly—2I5— I, +dL, (10)

1

since each internal scalar or gauge propagator is of order
1/p?, each fermion propagator is of order 1/p, and a loop
integral is of order pY. For p counting, light particle masses
are treated as mass insertions. Otherwise, Eq. (10) gives the
maximum power of p, and one can get lower powers with
some p — m, or equivalently, one has to count the sum of
powers of p and m, supplementing Eq. (2) by an additional
m-counting factor.
In addition, there is one graph theory identity

V-I+L=1, Y

which holds for a connected graph. Here V is the total number
of vertices, I = I + Iy + 14 is the total number of internal
lines, and L is the number of loops, and the r.h.s. is the Euler
character x = 1 for a connected graph.

In summary, we have 10 relations Eq. (6a)—(11). Using
Eqgs. (6a)—(6¢) to eliminate Iy y, 4 leaves 7 relations that do

not depend on the number of internal lines. Five relations are
Rg v, A4r- Eliminating I in Egs. (6a)—(6¢) and (11) gives
the field counting rule

Np—Z:Z(NF,i—Z)—ZL, (RF) (12)

where N ; is defined in Eq. (4). The final relation, obtained
from Eqs. (10) and (11), is

Ny=2=> (Nyi=2)+Wd=2L, (R (13)
i
where
_ Ny . Ny i
Ny=Np+ =5 Nei=Npit+ == (14)

Equation (13) is a generalization of Weinberg’s power count-
ing formula for xPT [2] to Ny, # 0. It also gives the power
counting rule for baryon  PT [8,9] with Ny, = 2. N, will be
used extensively in the xPT discussion later in this article.
N, is related to the chiral dimension defined in Refs. [5,6],
and it is discussed after Eq. (36).

The linear combination

d-—2
T(NF —2) + (Ny —2)+ Na
4—d

+ T(Ng+N)r+2N)\)=Oy (15)
is equivalent to Eq. (3), i.e. the Lagrangian term induced by
loop graphs also has mass dimension d if all the interaction
Lagrangian terms have mass dimension d. Only 6 of the 7
relations are linearly independent because of this constraint,
which becomes

(NF —2)+(Ny —2) 4+ Np =0, (16)

ind=4.

Of the seven relations R;, i = g, y, A, A,4n, F, x, the
first four are independent of the number of loops L in the EFT
graph. However, by replacing R4z by Rj, = R4z —(d/4)RF,

d d d
Nay — Z (Nr—2)= Z (N4n,i — —Nri+ _) (R‘/HT)

i 4 2
(17

and R, by R/, = R, + [(d — 2)/2IRp,

(v —d) =3 (v —d). &) (18)

i
where
N =Ny N A2 (19)
X,i — "Dl 2 P Fii,
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one obtains two alternative relations which are independent
of the number of loops. Thus, of the seven relations Ry, Ry,
R), Rp, RF, ij, and R;( , only one relation R depends on
the number of loops. As before, only six of the seven relations
are independent because of the constraint Eq. (3).

Any 47 counting rule that is independent of the number
of loops must satisfy R)j_. For the rule to be self-consistent,
one must obtain the same 47 counting for an operator inde-
pendently of the way it is generated. This implies that the
individual terms of Eq. (17) must vanish, or be a linear combi-
nation of the other independent conserved quantities, namely
the couplings and A. Requiring that they vanish implies

Ny = ; (Nr —2), (20)
which is tantamount to the statement that each field scales
with a factor of (47)9/4 and that the overall Lagrangian
scales with (47[)_d/ 2. The more general case where indi-
vidual terms in the sum in Eq. (17) are a linear combination
of conserved quantities is equivalent to the additional free-
dom to rescale couplings and A by factors of 47r while still
satisfying Eq. (17). We can take advantage of this freedom
to use, instead of Eq. (20),

Niz = g (Np —2) — g (Ng + Ny +2N,), (21)
which is the 47 scaling rule of NDA [3] in d dimensions.
This choice of scaling gives canonical gauge boson kinetic
terms. Combined with the usual EFT power counting in A
dictated by dimensional analysis, Eq. (21) gives the NDA
master formula.

The NDA master formula in d dimensions is that each
operator in the Lagrangian is normalized according to

N, N, N,
S I I I I S W I GOt e
4m)92 | A Ad=2)/2 Ad—2)/2 Ad—D/2

2 N y Ny A Ny,
x |:(4n)d/4A(4—d)/2] |:(4n)d/4A(4—d)/2] |:(4n)d/2A(4—d)]

(22)
times coefficients of order unity. In d = 4, this formula
reduces to

A TV Tamg ™ T4 AV

1672 | A A A
4 Ny N Ny a M

« any [i] g[l] A (23)
A3/2 4 47 1672

which is the NDA rule in the form given in Ref. [10,11].
From the master formula Eq. (22), it follows that the
kinetic energy terms are of order

VI, 0u8), X (24)

@ Springer

where X ,,, is a generic field-strength tensor, and the gauge,
Yukawa, and scalar interaction terms in d = 4 become
gvAy, yUye, gt (25)
times factors of order unity, which are the conventional nor-
malizations.

The NDA rule Eq. (22) also works if the coupling constant
is absorbed into the gauge field, A’ = gA. In this case, the
counting rule is A’/ A for the new gauge field, and the kinetic
term is normalized to

1

— X, XM

e (26)

times a coefficient of order unity.
Finally, a generic four-fermion operator arises with a sup-
pression by two powers of the EFT scale A,

(4m)*

I RAAA4

27)

independent of the Lorentz contraction performed to con-
struct the operator and with no assumptions as regards how
the operator originates from integrating out heavier particles.

The power counting rule in Egs. (22) and (23) is actually
an inequality [3]. The reason is that certain operators can
have small coefficients, and this does not affect the overall
power counting. However, one cannot have large coefficients,
because otherwise loop graphs involving these operators will
generate large coefficients in other operators as well. A trivial
example is dimension-six operators in the Fermi theory of
weak interaction. One can have AB = 1 baryon number
violating operators with coefficients much smaller than G,
and this is consistent with the power counting. However, it
is not possible to have such operators with coefficients much
larger than G p—other than the phenomenological problem
of instantaneous proton decay, such operators would produce
AB = 0 operators with coefficients much larger than G ¢
through graphs involving AB = 1 and AB = —1 operators.

A quick way of understanding the 4 factors in the NDA
master formula is to recall that 7 counts the number of loops
inthe EFT (using the action S/#), so that the EFT loop expan-
sion is in powers of h/(4m)9/2. Setting i = (41)92, so
that 7 cancels the loop factor, and noting that quantum fields
have dimension 7'/? gives Eq. (22). The 47 redefinitions of
coupling constants discussed in Sect. 3 are given by their
h dimensions. 4 counting is equivalent to / counting in
the EFT, and this formulation gives an equivalent version of
counting rule (e). /i counting has also been discussed previ-
ously in Refs. [12,13].

In the derivation of Eq. (22), the number of loops refers to
graphs in the EFT. It is not possible, in general, to count loops
in the UV theory and to assign a loop order to couplings in the
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EFT. An example is x PT, where the scalar pion sector arises
from strong dynamics. In this case, the low-energy degrees
of freedom are non-perturbative, and 7/ counting of the UV
theory does not survive in the EFT. The low-energy dynamics
is governed by f o Aqcp, and

A bo a2 T2
( an) _ ot /[ng3(w)] 28)
%

where g3(w) is the QCD gauge coupling, and by is the first
term in the QCD B-function. Equation (28) is non-analytic
in 7 and g3, and one cannot assign a QCD loop order to
terms in the chiral Lagrangian. A more detailed discussion
of this point, as well as related aspects of minimal coupling
are discussed in detail in Ref. [14].

Note that defining A to be the scale of the momentum
expansion in powers of p/A, as in Egs. (22) and (23),
eliminates the freedom to rescale A by powers of 4. The
advantage of rescaling the gauge coupling according to NDA
Eq. (21), rather than the simpler choice Eq. (20), is that the
gauge covariant derivative

b_3d . 8 @m)¥4a | a+igA
A A ti 4rd/4 A (4=d)/2 Ad=2/2 [T A

(29)

has a homogeneous power counting, since the 47 scalings of
g and A cancel in the product. The gauge boson field scales
in the same manner as the scalar field. Note that the covariant
derivative does not have homogeneous scaling in N, ; d has
N, =1and gA has N, =0.

Itis straightforward to extend Egs. (22) and (23) to include
scalar mass terms méq&z, fermion mass terms mwwl/f, and

trilinear scalar couplings k¢> [4]:

— _Nm
mg 17" pimy N, K o 30
vl B el B ey R G0

which in d = 4 reduces to

— 2_Nm¢
m(p mw wa K NK 31
i e R P (D

In xPT in d = 4, the Lagrangian is a function of U =
exp2iI1/f, where IT(x) is the pion matrix, and f is the pion
decay constant. In d dimensions, U = exp2iIT/f@=2/2,
since f has mass dimension one. Expanding U gives arbitrary
powers of IT/ f @-2)/2, Comparing with Eq. (22), we see that
f (d-2)/2 must be the denominator for scalar fields. This result
fixes the relation between A and f,!

I The case of two dimensions is special [15].

A
251

200

15}

“1““1““1““1““1““1d
3.5 4.0 4.5 5.0 5.5 6.0

Fig. 1 Plotof A/f asafunction of spacetime dimension d. The asymp-
totic value as d — o0 is /47, shown as the horizontal line

A= (47[)%]2 d#2. (32)

Theratio (A /f) has aninteresting dependence on d, which
is shown in Fig. 1. Strictly speaking, as shown in Ref. [3],
d
Eq. (32) is an inequality A < (4)2@-2 f rather than an
equality. The NDA master formula Eq. (22) written using
both A and f becomes

2w [3]" [t [m) [
A fa-2/2 f@-2/2 f(d—z)/zﬁ

g N, y Ny A Ny,
x |: (4n)d/4A(4—d)/2 i| |: (4n)d/4A(4—d)/2 i| |: (4n)d/2A(4—d) ] ’
(33)

which reduces in d = 4 to [3]

e3[Rl
A f f YA
N,
L) [ ]
4 4 1672

Example applications of Eq. (23) are given in Sect. 3.
The factors of 47 in NDA are of practical importance. For
example, in xPT, the derivative expansion is in powers of
p/A, and is valid for pion scattering with momenta smaller
than A = 4w f ~ 1 GeV, where f is the pion decay constant.
Since m,; > f, using f, instead of A, as the momentum
expansion parameter would indicate that x PT should fail
even for mm scattering at threshold, where p ~ m, which
is not the case.

In summary, the only counting rules that are consistent are
combinations of:

— The coupling constant rules Ry y ;.

— R, which is the usual EFT rule counting powers of A.
Since in EFTs, Np < 0, this rule counts powers of A in
the denominator.

@ Springer



485 Page6of 17

Eur. Phys. J. C (2016) 76:485

— The 47 counting rule Rz/tn (or equivalently R4y ).

— The field counting rule Rr.

— The momentum rule R, (or equivalently R;( ), which
counts Ny = N, + Ny /2. In the special case Ny = 0,
this counting rule reduces to counting powers of momen-
tum p in the numerator.

These rules are not linearly independent; the six power count-
ing rules excluding R4, are related by constraint Eq. (5) in
d dimensions. The independent rules, which apply simulta-
neously, are

— The coupling constant rules Ry y ;.

— The A rule Ry.

The 47 counting rule Rz/tn (or equivalently R4y ).
— Either the field counting rule Rr or the rule R,

and these four rules provide four different pieces of informa-
tion. None of the counting rules depends on the number of
internal lines in the graph, and only the last rule depends on
the number of loops in the EFT.

We have concentrated on applying power counting rules
in generic EFTs. There can be symmetry considerations
that alter the counting rules. For example, in a theory with
small C P violation, C P conserving operators obey the usual
counting, whereas C P violating operators are suppressed by
a small parameter € < 1 that governs the size of C P viola-
tion. In QCD, flavor symmetry is broken by the quark mass
matrix, which transforms as the adjoint of flavor SU (3). Fla-
vor non-singlet operators are suppressed by powers of m,
given by the minimum number of adjoints needed to con-
struct the operator. Operators with non-zero triality cannot
be made from tensor products of adjoints, and they have zero
coefficients. For fermions, chiral symmetry implies that oper-
ators which violate chirality by Ay have coefficients with
A /2 factors of a fermion mass or Yukawa coupling [3,4].
In composite Higgs models [16—18], there is a small vac-
uum misalignment parameter € ~ v/f, where v ~ 246 GeV
is the electroweak scale, and f is the analog of f for the
strong dynamics which generates the composite Higgs. This
small parameter can be included in the counting of higher-
dimension operators in these models [19-24], analogous to
the way small symmetry breaking parameters are included.

In EFTs, field redefinitions can be used to redefine oper-
ators, which is related to using the equations of motion
(EOM) [25] in S-matrix elements. Since the Lagrangian
obeys NDA, its variation, which gives the EOM, is also com-
patible with NDA. For example, the schematic form of the
SM Higgs doublet H EOM is

D*H +m?*H + MH H)H + yyy =0, (35)

@ Springer

and all three terms scale homogeneously as A /(47) in NDA.
However, the terms are not all of the same order for the
other counting rules R;. The values of (Nr, Ny, N;, Ny)
for the four terms are (1,2,0,0), (1,0,0,0), (3,0,1,0),
and (2, 1, 0, 1), respectively. One could restore the field and
N, counting rules by assigning Np = —1, N, = 1toy,
Np =—-2,N, =2to A, and Ny = 1 to m, but we will not
follow this path, since one loses information by coalescing
independent expansions.

The counting of Ref. [5], in which fermion fields have
chiral dimension p!/2, and y has dimension p is equivalent
to using the counting parameter

Ny ENP+7+Ng+Ny+2NA
= Ny + Ng + Ny + 2N, . (36)

This combination was called the chiral dimension in Ref. [6]
and is compatible with the EOM. Equation (36) for the chiral
dimension is closely related to earlier work in chiral pertur-
bation theory, where the charge Q was counted as O(p) in
the chiral counting. Some drawbacks of this counting are
discussed in Sect. 3.2.

3 Examples

In this section, we consider a number of examples which
illustrate the EFT power counting rules.

3.1 Wavefunction graph

As an example of the counting rules, consider the fermion
wavefunction graph in Fig. 2 in d = 4. The two interaction
vertices are gy Ay, each with Ng = 1, Ny = 0, N, = 0,
Ny =0,Ngs =1, Ny =2, N, =0, Ny, =0, Ngy =0,
and the loop graph gives ~ (g2/(167%)) i@ ¥, which has
Nye =2,Ny =0,N, =0,Ny =0,Ny =0, Ny =2,
Np =1, Nx = 0, Ngz = —2. One can verify that all the
counting rules R; are satisfied. The NDA master formula
Eq. (33) gives

202[P v rre] . &
(5] [m} [ﬂ @n)?

which agrees with the final amplitude.

v p, (37)

@ A

Fig. 2 Wavefunction graph
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3.2 Chiral perturbation theory

The low-energy dynamics of the pion octet in QCD is given
by chiral perturbation theory. Conventionally, the leading
order (or order p?) Lagrangian including electromagnetism
is

2
P = fTTr [D,LUTD“U + Uy + XTU] (38)

where U (x) = exp2iIl(x)/f, x is proportional to the quark
mass matrix, f is the pion decay constant, and D, U = 9, +
ieA, [U, Q]is the electromagnetic covariant derivative, and
Q = diag(2/3, —1/3, —1/3) is the quark charge matrix. The
NLO (or order p*) Lagrangian is

L=1, [TM)MUTD“U]2
YL, [Tr DMU*D“U] [Tr Uty + XTU]
+Lg [Tr Uty + XTU]2
—iLge FM [Tr QD UD,U" +Tr QDMUTDVU]

+L19? F*F,,TrUT QU Q
+2H {2 FFFTr Q2 + - (39)

where F),, is the electromagnetic field-strength tensor, L;
and H; are low-energy constants, and we have shown typical
terms. The complete .24 Lagrangian is given in Ref. [26],
and we have simplified the terms in Eq. (39) to the case of
only QED gauge fields.

First consider the chiral limit x — 0 with the gauge inter-
actions turned off. The pion field enters in the combination
U(x) = exp2ill(x)/f by chiral invariance. U obeys the
power counting rule of Eqgs. (23) and (34) treating it as a
dimensionless object of order unity, since every power of Il
comes with a factor of 1/f. Since U (x) is dimensionless, the
chiral Lagrangian is an expansion in powers of d/A, and N,
and N, counting are identical.

The pion kinetic term in .25 has the size given by NDA.
NDA implies that the interaction terms L_g in % have size
L; ~ Zi/(167r2), where Zi are order unity [1,3]. L; are then
of order 1072 — 1073, which is the case experimentally (see
Table 1 in Ref. [26]). The advantage of NDA normalization
is that the Lagrangian coefficients are order unity.

The mass matrix x of xPT is of order x ~ Amg, where
my = diag(m,, mg, my) is the quark mass matrix, so that
M? ~ Amg, where M is the meson mass. This gives a good
estimate of the meson masses using known values of the light
quark masses. It is conventional in x PT to treat Tr y U +h.c.
as order p?. This is convenient for organizing the computa-
tion, and also because on-shell mesons have p2 = M?2. p and
mg are, however, independent parameters. In w7 scattering,
the two-derivative term gives a scattering amplitude of order

E%\;/f?, where Ecy is the center-of-mass energy, whereas
the mass term gives an amplitude of order M?/f2. The rel-
ative importance of the two depends on the kinematics of
interest. One can use SU (3) xPT, where the kaon is treated
as a light particle, or SU (2) x PT, where the kaon is treated
as heavy and integrated out.

The electromagnetic terms are of order Lg ~ e/ (1672)
and Lo, H ~ €?/(167?), using Eqs. (23) and (34). The
nt — 79 mass difference, arising from

_ eN2 2.0 +
f—c(a) F2A2Tr QU QU (40)

where ¢ ~ 1 with NDA normalization, is

M2, — M2 ~ %AZ, (41)
which is the size of the experimentally measured mass dif-
ference.

Again, itis conventional to include Lg 19, H) as part of the
p* Lagrangian since they are generated along with L_g by
one-loop graphs with % vertices. However, it is important
to remember that this is for convenience in organizing the
calculation, and that these terms are not literally of order p*.
A commonly used procedure in x PT with electromagnetism
is to use p power counting with [27]
0~0(p), Au~0O(), (42)
where Q is the charge. This is a useful rule in the context in
which it was proposed. However, it should not be taken as a
fundamental principle to be blindly applied in all cases. For
example, the long distance (i.e. p — 0) Coulomb field of
a particle is proportional to the electric charge Q, and so Q
certainly does not vanish at zero momentum.

The power counting rules discussed here agree with the
conventional ones used in x PT, with the distinction that we
are treating Lagrangian parameters such as m, and « as inde-
pendent parameters, since they are not equal to kinematic
variables such as p. This distinction is particularly impor-
tant in the case of HEFT discussed in Sect. 5, where one is
investigating the dynamics of a high-energy theory which is
unknown.

3.3 Low-energy weak interactions

The Fermi theory of weak interactions is the low-energy limit
of the electroweak sector of the SM theory. It provides a
well-known pedagogical example of an EFT arising from a
weakly coupled theory, and it shows how low-energy exper-
iments can be used to determine the pattern of coefficients
of EFT operators and to deduce the UV theory. Historically,
the process took several decades.
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The structure of the weak interactions is surprisingly sub-
tle. At tree-level, single W exchange gives the interaction
term

4G
& = —TZFVUVZ? (Vv PLwrj) oy Pri) (43)

in the quark sector, where i, j, k, [ are flavor indices, and a
similar term in the lepton sector. The SM gauge symmetry
is spontaneously broken by the Higgs mechanism, leading
to massive charged gauge bosons with mass My = gov/2,
and a massive scalar with mass My = ~/2) v. The Fermi
constant is

4G g 2
2, T (9

In the weak coupling limit go — 0, My — 0, but G
remains fixed. As far as the EFT is concerned, the only rele-
vant quantity is G g V;; Vk’;; g2 and My are parameters of the
UV theory.

There are also AS = 2 interactions,

p(AS=2) _ —%CZ (EVMPLS) (EV“PLS) ) (45)

which are generated at one loop in the standard model. The
coefficient C», generated by box graphs, depends at one loop
on the CKM angles V; V7, as well as My and quark masses.
Higher order corrections also depend on My .

It is clear that the low-energy weak interactions are not,
in any sense, described by a “one-scale, one-coupling” the-
ory (for a review see [7]). The CKM elements V;; V), vary
over five orders of magnitude, and the flavor structure of the
weak interactions is a crucial part of the Standard Model. Any
model of new physics has to incorporate the SM flavor struc-
ture if it is to be compatible with experiment. Even neglect-
ing flavor, the SM has at least two dimensionless couplings
g2 and A, and radiative corrections depend on these, either
directly through vertex couplings, or indirectly, through the
My /M g mass ratio.

Let us now pretend that we do not know the underlying
SU(2) x U (1) electroweak theory, and see what we can learn
from EFT methods. This is not an esoteric exercise—it was
the way in which the structure of the weak interactions was
determined historically. We will concentrate on the lepton
sector, to avoid the additional subtleties of flavor and the
GIM mechanism [28], and also to not worry about differences
between My and Mz, to simplify the discussion.

The leptonic version of Eq. (43) determines Gr via
the well-known formula for the muon decay rate, ' =
G%mz /(19273). This simple form follows because of two
accidents: that neutrino mass differences are small, and deter-
mining neutrino flavors is difficult experimentally. Other-

@ Springer

wise, the muon decay rate would be broken up into individual
neutrino flavor states, with factors of the PMNS matrix which
can vary by several orders of magnitude.

From Eq. (23), we get the inequality

2
_ (@)

Gr = A Sdnv, (46)

since we have made no assumption as regards whether the
weak interactions are weakly or strongly coupled. It is worth
repeating that a measurement of Gr does not determine
A, but only gives an inequality Eq. (46). Assuming that
Eq. (43) is generated by tree-level gauge boson exchange in
the UV theory allows us to obtain g» /My, but not g» or My
separately. For example, the Abbott-Farhi model [29,30], a
strongly interacting model for the weak interactions, has a
different W mass than the SM.

Additional experimental information is needed to obtain
A, which sets the scale of the momentum expansion. One
method is to use neutral current neutrino scattering experi-
ments to determine sin® 0y, which, when combined with «
gives g>. Then we can separately obtain go and My using
Eq. (44). A more direct method is to use energy dependence
of parity violating electron scattering through y — Z interfer-
ence, which shows that the scale A of the momentum expan-
sion is Mz ~ Myy. In the EFT, this is due to the p2/M%
operator obtained by expanding 1/(p? — M%) in powers of
p. In other words, A ~ Mz ~ My can be determined from
low-energy measurements by comparing the coefficient of
the dimension-six ¥* and dimension-eight 3>y/* operators
in the EFT.

With this additional piece of information, we see that
Eq. (46) is an inequality, so that the SM is the low-energy
limit of a weakly coupled theory. Assuming that the muon
decay operator is suppressed by one power of the UV cou-
pling g%, Eq. (23) implies that the operator is

477)2 2
o)

so that Gp ~ g% /M 3‘, This relation then allows us to esti-
mate g> and My separately. In the SM, not all four-fermion
operators arise at the same order in g». The AS = 2 operator
is not of the size of Eq. (47) but has an additional suppression
of two powers of the coupling,

2 4
(as=2) _ (4m)° & 4 oWy
< A2 (47‘[) v Gr 47 v (48)

2 If we assume that EFT operators have power of g, y, A of the UV
theory through matching, then we count those powers in the same way
as the EFT couplings, Eq. (22).
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If we had assumed (incorrectly) that the AS = 2 Lagrangian
had the form Eq. (47), we would have obtained the wrong
value for g;.

The pattern of suppression is not a prediction of the EFT,
but must be determined experimentally. It depends on the
underlying UV theory, but can be determined experimentally
solely by using low-energy measurements that can be com-
puted using the EFT, as was done for the SM. The process
can be quite involved—it took several decades to understand
the electroweak sector of the SM, and much of this work was
done using low-energy measurements, before the advent of
colliders energetic enough to produce the W and Z.

3.4 Running of the low-energy weak interactions

The renormalization group equations for the low-energy
weak interation Lagrangian also provides a nice example of
the utility of the 47r counting rules of NDA. We will concen-
trate on just two operators, a four-fermion operator O ~ ¥4,
and a magnetic moment operator 07 ~ msz , and show
how the EFT power counting rules are already implicit in
the standard form of the weak Lagrangian for b — s transi-
tions [31],

4Gp
Ly =——=Va Vi D Ci O,
«/5 cs -
01 = (cy" PLb) (SyuPrc) . (49)
4 _
07 = 62 (sa’”PRb) Fymyp.

The NDA form of the Lagrangian from Eq. (23) gives
precisely this relative factor of e/(1672) between O7 and
O1. The renormalization group evolution equations have
a homogeneous form when the operators are normalized
as in Eq. (50) as expected, since NDA 1is consistent with
renormalization. In Ref. [31], the e/ (167r2) factor was intro-
duced to make the evolution equations have a homogeneous
form. There is an analogous NDA scaling that was used in
Ref. [4] to simplify the form of the evolution equations for
the SMEFT, which has eight different operator classes of
dimension six with their individual scaling factors.

3.5 SMEFT

SMEFT is another instructive example of the use of Eq. (22).
The SM and SMEFT lepton and baryon number preserv-
ing operators of mass dimension d < 6 and chiral number
N, = N, + Ny /2 are shown schematically in Table 1 using
NDA normalization. N, reflects the different 47 weights of
operators with a given mass dimension d.

3 It is related to the NDA weight w defined in Ref. [4]. As shown
in Ref. [4], w explains the pattern of the one-loop SMEFT anomalous
dimensions [32-37], as well as the approximate holomorphy of the-

Table 1 SM and SMEFT lepton and baryon number preserving oper-
ators of mass dimension d < 6 and chiral number Ny = N, + Ny /2,
normalized using NDA rule Eq. (23) in d = 4 spacetime dimensions.
The notation is schematic, with H the Higgs field, ¢ a fermion field,
X v afield-strength tensor and D a covariant derivative. All indices are
suppressed. The complete set of operators can be found in Refs. [41,42]

Operator d Ny NDA form
H? 2 0 A%?H?
W2 3 1 Ay?
H* 4 0 (4m)? H*
Y2 H 4 1 4m)w*H
viD 4 2 vID
H?D? 4 2 H?D?
x? 4 2 X?
4
H° 6 0 G He
47)3
¢2H3 6 1 (17\72) 1//21_132
H*D? 6 2 @) g4 p2
A
47)2
X2H? 6 2 Ur) x2H?
V2XH 6 2 Gy x H
Y2H2D 6 2 @17 Y212 p
2
vt 6 2 Gyt
X 6 3 @n) ¥3
A2

The SMEFT Lagrangian is obtained from the SM
Lagrangian by adding all operators of mass dimensiond > 4
constructed from SM fields with suppressions of 1/A9~* in
d = 4 spacetime dimensions. Schematically, the SMEFT
Lagrangian (ignoring lepton and baryon number violating
operators) is

1 _
L~ —sz + iy + D, H D*H

—m3H'H — yyyH — A(H H)?
6 2143 4
V°H v
+CHF + C¢2H3T + CW4E
where we have used the conventional normalization of coef-
ficients, and we have explicitly shown only a few dimension-
six operators. The same Lagrangian in NDA normalization
is given using Eq. (23),

+o (50)

1 _
L~ —ZXZ + iy + D, H D*H
— 2 [AZHTH] —y[an Yy H]-% [(4n)2(H*H)2]
~ (4m)*H® (4n)3y2H?
+ CHT + CwZHST

Footnote 3 continued
one-loop anomalous dimension matrix for d = 6 operators found in
Ref. [38] and proven in a more general context in Refs. [39,40].
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Fig. 3 A few SMEFT graphs. \ P
H is denoted by a dashed line, S N
and v by a solid line Y

& @myt
+C¢4T+-~-. (51)
The two Lagrangians are identical, so the couplings are
related by

—~ ms y ~ A
msz—, y:—’ )\,z—’
A 47 (4m)2
o~ CH ~ C 23 o~
— " C = 52
"= Gy O = G G0 = G O

Now consider a few sample amplitudes shown in Fig. 3.
Graphs (a)—(e) give the contributions
1
1672
1 6
(et CH,
1 3
(16”2)2y Cu,
L
Wy C1/,2H3 N
1 6
(167.[2)2}) CW"
respectively, using the Lagrangian Eq. (50), and using
1/(1672%) as an estimate for each loop. If instead we use
the NDA form Eq. (51) and the rescaling Eq. (52), it follows
that

6Cy ~ —ACq,

8C¢4 ~

5Cyapn ~ (53)

8Cy ~

3C1—1 ~

8Cy ~1Cuy.
8Cys ~5°Ch.
5Cpops ~ 5 Cu, (54)
8Cy ~73° 6¢2H3,
8Ch ~ 3% Cya.
All the 47 factors have disappeared, and one obtains a very

simple form for the amplitudes. To identify the dependence in
Eq. (53), it is necessary to draw the diagrams and determine
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(b) (]

(e)

the number of loops. Equation (54), instead, has a universal
form which is independent of the graphs,

5C; ~[]Ci- (55)
k

Note that no assumption has been made that the theory is
strongly coupled. The results are equally valid for strongly
and weakly coupled theories.

The NDA form Eq. (54) also shows that in strongly cou-
pled theories c < 1[3]. The reason is that it C > 1, then the
hierarchy of equations Eq (55) is unstable, because higher
order contributions to C; are much larger than C;. On the
other hand, there is no inconsistency if C: i < 1, since all that
implies is that higher order corrections are small, a sign of
a weakly coupled theory. Equation (55) also implies that an
interaction becomes strongly coupled when C ~ 1. For the
SM couplings with the conventional normalization, strong
coupling is g ~ 4w, y ~ 4m, and A ~ (47[)2. For the
SMEFT, the dimension-six operators are strongly coupled
when Cy ~ (4m)%, Cyops ~ (4m)3, Cyo ~ (47)?, etc
Thus, the Lagrangian coefficient with NDA normalization
reflects how close the interaction is to its strong coupling
value of order unity, with all factors of 4 absorbed by the
normalization.

3.6 Matching

Finally, we demonstrate that the NDA form helps in deter-
mining the size of EFT coefficients from matching condi-
tions, e.g. when integrating out heavy particles. (See e.g.
Ref. [1] for a review on how to compute matching in EFTs.)
To illustrate this point, we consider examples of tree and loop
matching.

An example of matching a tree diagram is the Fermi the-
ory, where integrating out the electroweak gauge bosons
results in four-fermion interactions. The charged current
interaction Lagrangian is
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(a)

(b) (c)

Fig. 4 Graphs contributing to ¢ matching from integrating out a heavy scalar ®. ¢ is denoted by a dashed line, and ® by a double line

Lo =VLi (T +igW) ¥
— Ui (J+idn W) ve, (56)

where the first and second lines are the conventional and NDA
normalizations, respectively, and the couplings are related by
g = g/(4m). The charged current four-fermion interactions
have Fermi couplings proportional to

5 & 8
Cpse~ 22 and Cpo~ 2o 57
v M MR oD

in the two normalizations, which are equivalent since C\,4 =
(4m)2C s

For examples of loop matching, consider a theory with
a light scalar ¢ and a heavy scalar ® with mass M, and
interaction terms

L= =01 @ — 2§ O — 139 @]
= U [L P e +Tg? 0 45907, (59)

where again the first line is the conventional normalization,
and the second line is NDA normalization. The couplings
are related by /):,' = 1;/(16m?). Three sample graphs which
produce a ¢ operator in the theory below M are shown in
Fig. 4. Since the ® propagatoris 1/(p? — M?), we see that A,
the scale of the momentum expansion, is fixed to be M. The
$° operator coefficients cg given by the three graphs (a)—(c)
are

2 3 242
C6N)‘_1’ CﬁNL7 C6"’£7 (59)
M2 1672 M2 (16m2)2 M2
respectively. Using the NDA form,
cs9® =6 [ (4m)'e° (60)
so that ¢ = ¢/ (4)*, we find that the three graphs give
ST S S ¥ ¥
i~ L o~ 2 o273 (61)
6 M2 b 6 M2 9 6 M2 9

and the loop factors have disappeared. Thus, NDA also gives
an efficient way to estimate matching conditions with no loop
factors.

The examples in this section also show that what is impor-
tant in a field theory is whether it is strongly or weakly cou-
pled, not the loop factors. The NDA normalization is con-
venient because all coefficients are expressed as a fraction
of their strong coupling value. More non-trivial examples of
matching, which obey NDA, have been discussed in Ref. [14]
in the context of minimal coupling, and in Ref. [43] for an
exactly solvable model.

3.7 Gauge field strengths

The counting rules show that gauge field strengths X, are
normalized as

4 X
— S (62)
in the power counting formula, since X, ~ 0 A. This scaling
gives a properly normalized gauge kinetic term, and it gives
Lagrangian terms

47— 4r
Twa””Xuvllf, FfABcXﬁuXEAXACw (63)

for anomalous magnetic moment and triple-gauge interac-
tions, respectively.

If X, is an elementary field that couples to particles in
the high-energy theory, and the EFT is given by integrating
out heavy particles, then one can see graphically that every
gauge field comes along with at least one factor of the gauge
coupling g. The counting rule for gX,,, is

gX

5 (64)
which leads to the form
g — 83 A yvB yC
Xlﬂﬁwxwlﬂ, mfABCXWXMXAW (65)

for the anomalous magnetic moment and triple-gauge inter-
actions.

In strong coupling theories where g ~ 4, the two nor-
malizations Egs. (63) and (65) are equivalent, but they dif-
fer in weakly coupled theories. The difference is not due to
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two alternate power counting rules. Rather, it is a dynami-
cal question about the underlying high-energy theory. Gauge
invariance does not imply that every X ,,, should come with a
gauge coupling constant g. In EFTs arising from UV theories
where X, is a fundamental gauge field, interaction terms
come with a g; however, there is no reason for this form
if the gauge boson itself is composite due to some strong
dynamics at high energies.

4 A vs. p counting for cross sections

In this section, we compare the R and R, counting rules for
experimentally measured quantities such as cross sections.
We will use NDA counting in this section, to show how the
47 counting rules also work out nicely for cross sections.
The examples we consider only contain scalar fields, so the
R, counting is equivalent to Weinberg’s power counting rule
for momentum p. To avoid confusion, we wish to stress at
the outset that both p and A counting rules are valid. The
main point is that phase space depends on p but not on A,
so one has to include phase space factors when applying p
counting rules to cross sections, or equivalently, apply the
counting rules to cut graphs which contain additional loops.
A counting does not depend on the number of loops, but p
counting does. For this reason, manifest power counting of
the cross sections is controlled by A, not by p.

Normalize the scattering amplitude to have the NDA form
Eq. (22), and assume the overall power of A is N. The
contribution to the 2 — n cross section in d dimensions
from the product of two amplitudes A A®* neglecting
particle masses, has the form

_ND_yO®
o~ ﬂ(4n)d/2E2_d E b
A
S NN
x I (4n)d/4E(4d)/zi|
, NN
x | (4m)dAEGE—)2
_ )\l N,El)+N)EZ)
x i (47T)d/2E(4_d) ] ’ (66)

where E is the center-of-mass energy, and Né(,lfi are the order

in the coupling constants of the two amplitudes. The cross
section o has dimension 2 — d in d spacetime dimensions.
Equation (66) is the NDA rule—or master formula—for cross
sections. One can derive this expression by doing the phase
space integrals in d dimensions, or by using the NDA form
Eq. (22) and the optical theorem. As an example, for a generic
scalar ¢, the ¢p¢ — ¢¢ cross section from a A¢* interaction
is
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)

2
A T

N d/2 -2—d 2 d—6
o~n@dr)'°E |:—(4n—)d/2E(4—d)] A (4n)d/2E

(67)

which gives o ~ 1%2/(167 E?) ind = 4.

Note that the final result Eq. (66) depends on N, and not
on the number of derivatives in the amplitude. The factors
of 47 for each field, and the different mass dimensions of
scalar and fermion fields drop out: the extra 47 factors for
each field cancel the extra 4 factors in the final particle phase
space. Thus for a generic complex scalar @, the dimension-
six operators in d = 4 with Ny = -2

4m)* (o7 ®)’ o© _ W) (@79, )
S i) MO B2 s T

© _
give
E2\?
202
o ~ n(dn)E (F) (69)

for the @& — 4P and PP — PP cross sections, respec-
tively, where the ® mass has been neglected and we have
assumed the same coupling strength for the two operators.
Under the same assumptions, dimension-eight operators such
as

(4m)s (o7 o) o (47)? (0702)’
G702  om E® )

® _
give
2
2 -2 E4
o~n@nr)E A (71)

for the ®® — 6P and PP — P D cross sections, respec-
tively.

The size of the cross sections is thus governed by the usual
EFT power counting in A. Dimension-six operators give o
1/A*, dimension-eight operators give o o 1/A8, etc. The
two operators Oi% are both dimension-six operators with
N = —2, but they have different chiral dimension, N, =0
and N, = 2, respectively, since N, depends on the number
of derivatives, Eq. (14). The cross section size is controlled
by the A power counting, not by N, (or equivalently N)
counting. Operators with different N, values give the same
cross section.

We have shown earlier in Eq. (16) that Rx, Ry, and Rf
are not independent counting rules. The cross section does
not depend on the number of external fields, as can be seen



Eur. Phys. J. C (2016) 76:485

Page 13 of 17 485

from Egs. (69) and (71).* It is controlled by the A power
counting.

Momentum p counting originated in x PT, and itis instruc-
tive to compare A and p counting in this special case. The
chiral field U = exp 2i I1/f obeys NDA counting. The NDA
normalization for a chiral Lagrangian is [3]

a1 ISR R
L =[N [X] 1Y = [X] witv (@2

where Ny is the number of powers of U or U . and this
term has Ny = 4 — N, and N, = N,. Thus the N and
N, counting are equivalent—one can count powers of A in
the denominator or powers of p in the numerator. The x PT
momentum expansion is in powers of p/A, not p/f, and so
holds up to energies several times f. In deriving this relation,
we have treated U as a dimensionless field, or equivalently
II/f ~ O as a dimensionless angle, which is consistent with
NDA. This is often a useful way to think of the chiral field,
when one is not interested in a perturbative expansion in
powers of the pion field. For example, in the trace anomaly,
one treats I1/f as a field with mass dimension zero, rather
than IT as a field with mass dimension one [44,45]. Similarly,
in studying chiral solitons, one uses U (x) without expanding
in IT/f [46]. For perturbative calculations, such as pion cross
sections, Eq. (72) is expanded in I1/f.

We now expand U in powers of II and consider the count-
ing rules for the expanded Lagrangian. The chiral Lagrangian
terms we consider are the kinetic and mass terms, and one
four-derivative term,

L= Lt L+ Lot
_f2 wyrt
=T (a,v0"0").

L = anf;Amq (v+u), (73)

=5 (aﬂua“U*)]z.
The kinetic term coefficient is fixed so that the pion kinetic
term is canonically normalized. The other terms have NDA
normalization, so we expect ¢,,, and ¢ to be order unity. The
usual normalization of low-energy constants such as % does
not include the 162 of NDA, which is why the coefficients
are ~ 5 x 1073 [26] for the usual normalization, instead of
order unity. Expanding in powers of II gives schematically

92m* 92me
f2 f4 +,

_ nt o
Zn'\’cmAmq (H2+F+F+),

+

S~ 0% +

4 Of course, we are only making dimensional arguments here. The
actual numerical value can vary with the process.

841-[4

A2f2

a4me
+A2—f4+"'), (74)

02”4“'?4(

using A = 4nf. % isa N, = 2 term and is conventionally
referred to as O(p?), and % is N, =4 andis called O(p*).
% gives a pion mass of order m% ~ Amyg. The term %
with N, = 2 in expanded form contributes terms with Ny =
0, —2, —4, ..., which are of different orders in the A power
counting.

It is conventional to treat mé and .%,; as O( pz), and use
a single counting parameter p. However, EFTs have multi-
ple parameters, and combining distinct parameters into one
parameter is not always a good idea. The 7w — mm cross
section contributions from .%, and .%,, are
7(4m)? E4 N 7 (4m)? m4

EZ A% EZ A%
respectively, and they have a different energy dependence. In
the energy regime m, < E < A, we have oy > o,,. The
two cross sections are comparable only near threshold, where
E ~ my. The systematic counting of powers of symmetry
breaking parameters such as m, is well known.

Let us return to the momentum expansion. The xw — nxw
cross section from .%4.% is

ok ~ Om (75)

n(4m)? ES
O'4(7T7T—)7T7T)’\’TF, (76)
and from %4 %} it is

w(4m)? EB
oy(mmwr — ) ~ EECE amn

In the R, counting, %} is suppressed by p? relative to the
kinetic Lagrangian %%, so o4(wm — 7) is suppressed by
E*/A* relative to o»(mm — m). If we instead count A,
the IT* term in .% is 1/A* relative to the IT* term in .%;,
again giving a relative E*/A* suppression.

Next consider 7w — 47 from %,

7(4m)* EB

15 (78)

op(mm — 4m) ~
The 611 vertex in %% is a N, = 2 amplitude which is order
p2. Nevertheless, the % contribution to the ww — 47 cross
section in Eq. (78) is suppressed by a factor of E4/A* with
respect to the % contribution to the wr — w7 cross sec-
tion in Eq. (75). The extra energy suppression arises from
the final state phase space. Thus terms with the same N,
counting lead to cross sections of different orders. This result
can be explained using the optical theorem. The cross section
o (mm — mm)is the cut part of a one-loop diagram, whereas
o(mrm — 4m) is the cut part of a three-loop diagram. Since
the R, rule depends on the number of loops, the two extra
loops add a power E*.
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The difference between power counting the amplitude and
the cross section is related to final state phase space, or equiv-
alently, to the number of fields. For a given physical process
in xPT, N,,, and N counting are equivalent, since the exter-
nal fields are fixed. A difference arises only when we com-
pare processes with different numbers of external fields. N,
counts the p (or E) dependence of the amplitude, and Ny
counts the p (or E) dependence of the cross section.

5 HEFT

Finally, we consider power counting in HEFT, which
describes an extended class of Higgs boson models from
the SM to technicolor-like theories and composite Higgs
boson models with a light scalar 2. The SMEFT is a spe-
cial case of HEFT when the scalar manifold has an O (4)
(or SU(2) x U(1) if we do not assume custodial symmetry)
invariant fixed point [47].

HEFT extends the chiral Lagrangian of the three “eaten”
Goldstone bosons of the SM gauge theory [48-51] by includ-
ing a light physical scalar singlet 4. The three Goldstone
bosons appear in the HEFT Lagrangian through U(x) =
exp2iIl(x)/f, where II(x) is the Goldstone boson matrix
and f is the Goldstone boson decay constant. Inspired by
composite Higgs models in which the # field is also a Gold-
stone boson, the dependence of operators on /2/f is custom-
arily encoded by a generic polynomial function F (k) [52],
which has a power series expansion in 2/ f. It also is custom-
ary to define the vector and scalar chiral fields
V.= (D, U)U", T=UoU", (79)
which transform as the adjoint representation of the SU (2) 1,
gauge symmetry and are custodial SU(2) preserving and
breaking, respectively.

The field U(x) has an expansion in powers of II(x)/f,
so it produces operators with different mass dimension. As
we have shown in Sect. 4, these operators contribute to cross
sections at different orders in E/A, so one cannot treat U as
having a homogeneous mass dimension for power counting
purposes. The expansions of U, V, and T are

U1+ 2my...
7
V= Zoms 2w ga,] + 8B, + -
7T 7
T=03+2—;[H,U3]+~~ (80)

where A, are the unbroken gauge fields, B,, are the bro-
ken gauge fields, and we have retained the lowest-dimension
non-vanishing terms in each expansion. We will define the
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primary dimension d,, of each HEFT operator as the small-
est operator mass dimension of the terms resulting from its
power series expansion. With this definition U and T have
primary dimension zero and V, has primary dimension two.

The rule for V,, is a bit subtle. The operators 9, IT and
[l'[, gA M] have mass dimension two, while the broken gauge
field B, has mass dimension one. With generic power count-
ing, the broken gauge boson masses are of order f. However,
HEFT has a vacuum alignment fine-tuning, so the broken
gauge boson masses are of order v instead of f. Thus the
broken gauge field term g B, is multiplied by v/f. Finally,
all the leading terms stemming from V,, have mass dimension
two divided by the scale f. Another way to say this is that the
longitudinal components of broken gauge bosons behave like
oI1/f, as can be seen from the k, k, /M 2 term in the propa-
gator. It is precisely this longitudinal component, related to
oIl/f by the Equivalence Theorem [53-56], which appears
in V. The counting of the B, field-strength tensor is not
affected, since it only depends on the transverse part. The V
term in Eq. (80) has both broken and unbroken gauge bosons
since the HEFT formalism uses the analog of the X-basis for
QCD xPT. A more elegant formalism using the &-basis [57—
59] splits V,, into ¥, which is part of the chiral covariant
derivative and transforms as a gauge field under the broken
symmetry, and 27,, which transforms as an adjoint under
the broken symmetry. The chiral covariant derivative &,, =
du + 7, has dimension one, and .27, has dimension two.

Following Refs. [20-22,60,61], examples of HEFT lepton
and baryon number preserving operators are shown schemat-
ically in Table 2, using NDA normalization in d = 4 space-
time dimensions and ordering the operators by increasing
primary dimension d,. Also shown are the values of N, . The
Higgs functions F; (h) are treated as dimensionless functions
analogous to U and are normalized so that 7;(0) = 1. The
primary dimension d, of . (h) is d, = 2, since the expan-
sion starts with d//f. Operators in the £-basis are given by
using & for the derivatives, V,, - &/, and U — 1.

The importance of operators cannot be determined by the
explicit powers of 1/A in front of the operator in Table 2,
because there are hidden factors of A in U, V, and T, which
become manifest when they are expanded in IT as in Eq. (80).
In the large A limit, all terms can be expanded out in a power
seriesin I1/f = 4w I1/A, and the HEFT Lagrangian reduces
to SMEFT form, where the 1/A counting is manifest. For
example, the d, = 8 term V#, which has no explicit power
of 1/A in Table 2, is (dIT)*/f* at leading order in its power
series expansion, which is suppressed by 1/A*, as expected
for a d = 8 operator.

The custodial-preserving Lagrangian of HEFT including
terms with d), < 4 is

1 _ 1
LU= — _ sz Far(h) + YiBy + 50,h"h - 81
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Table 2 Custodial-preserving C P-even HEFT operators of primary
dimension d;, and chiral number N, = N, + Ny, /2, normalized using
NDA rule Eq. (23) in d = 4 spacetime dimensions. The notation is
schematic, with & the physical Higgs singlet field, ¥ afermion field, X,
a field-strength tensor, D a covariant derivative, d a partial derivative,
U(x) the exponential of the Goldstone boson matrix, and V (x) the vector
chiral field. All indices are suppressed. The operators listed have d,, < 8
and N, <4

Operator dp Ny NDA form
1 0 0 % Fi(h)
v2U 3 1 A YU Fyoy(h)
X2 4 2 X% Fya(h)
¥2D 4 2 ¥2D
(9h)? 4 2 (3h)?
V2 4 2 2 V2 R
Y 5 2 Y2V Fyoy(h)
Y2XU 5 2 T Y2XU Fpoxy(h)
v 6 2 G 4 Fya(h)
Xv? 6 3 &= XV2 Fyya(h)
X3 6 3 82) X3 Fya(h)
XVa 6 3 1= XV 3 Fxyy(h)
Y2VU) 7 3 X VAVUOF oy, (h)
Y¥2V2U 7 3 % VAV2U Fyoyay (h)
¥2UH> 7 3 Ly2U (3 Fpopp ()’
V252 8 4 T V2 (0P ()
v4 8 4 ﬁ V4 Fya(h)

2

— TTr(VMV“)}'Vz(h) + C1 2N Fi(h)

— Cyoy A (VLUYR +hc) Fyay(h),

where we have set A = 4 f and the term proportional to
C1 encodes the Higgs scalar potential. There are no arbitrary
F(h) functions in front of the fermion and Higgs kinetic
energies because they can be removed by field transforma-
tions (see Refs. [22,62,63]). In addition, there is no arbitrary
coefficient in front of the V2 term, since the coefficient must
be unity to produce a canonically normalized kinetic energy
term for the IT fields. The y>U term is a chirality violating
operator which gives mass to the fermions, so its coefficient
defines the Yukawa coupling

P~ A y

C =y=—-—. 82
pu=Y = (82)

Note that

Cyouh = A = yf, (83)

which converts A to f if the operator is written in terms of
the standard Yukawa coupling y instead of the NDA Yukawa

coupling y. As for the gauge boson masses, a fine-tuning
v/ f is required in the Yukawa interactions in order to predict
fermion masses proportional to the EW vev v.

The HEFT counting discussed in this section also can
be used for QCD xPT which corresponds to setting all
Fi(h) = 1. The leading order (LO) Lagrangian contains the
two-derivative pion terms and photon kinetic energy term.
The terms

H [TrF,%WJrTngW], LioTr U FruyUFL,  (84)

(in the notation of Ref. [26]) give the running of the photon
kinetic energy due to pion loops, and naturally belong with
the photon kinetic energy termin the d,, = 4 Lagrangian. The
two-derivative plus one field-strength term Lo is in the d), =
6 Lagrangian, while the other chiral symmetry preserving
operators Li_3 describing four-derivative pion interactions
are contained in the d, = 8 one. If the quark mass term
is treated as order p2, then the chiral symmetry breaking
operators H» and Le_g are in the d,, = 4 Lagrangian, while
the terms L4 5 are in the d, = 6 one.

5.1 Loops in HEFT

The SMEFT Lagrangian can be broken up into a leading order
Lagrangian .71 o with terms of d < 4, a NLO Lagrangian
with operators of d = 6, a NNLO Lagrangian with operators
of d = 8, etc. The A power counting implies that loops
with ‘4 o vertices generate divergent contributions only to
LO operators, loops with one insertion of Ao generate
divergent contributions only to NLO operators, loops with
two insertions of £\ o or one insertion of .Z\NLo generate
divergent contributions only to NNLO terms, etc. Note that
the LO, NLO, etc. counting does not depend on the number
of loops in the diagram. Thus an arbitrary loop graph using
A o vertices only generates .£1.o operators.

In xPT, the Lagrangian can be broken up into the N, = 2
leading order Lagrangian,

2
7= fTTr 9, Ud U", (85)

the Ny = 4 order p* NLO Lagrangian, etc. 3,,U(x) contains
terms with different mass dimension, all with one deriva-
tive. The N, counting rule Eq. (13) implies that a graph with
arbitrary insertions of %1 o vertices, but only one loop gen-
erates divergent contributions to £nLo terms; graphs with
arbitrary %1 o vertices, one insertion of £y o plus one loop,
or arbitrary 7] o vertices and two loops, generate divergent
contributions to Z\Nr o terms; etc.

The usual SMEFT and xPT expansions are both system-
atic, but different. The SMEFT power counting does not
depend on the number of loops, but does depend on the num-
ber of fields, whereas the y PT power counting depends on
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the number of loops but not on the number of fields. The
breakup of the two Lagrangians into LO, NLO, etc. is also
different; one counts fields, and the other counts derivatives.
The N and N, counting rules are both equally valid in both
theories; what differs is the way terms are grouped together.
In xPT, the N, rule is more convenient because all terms in
U(x) have the same N, value.

HEFT is a fusion of SMEFT and xPT. It contains Gold-
stone boson fields in U(x) as well as other fields such as
gauge fields, fermions, and the Higgs boson 4, which makes a
unified power counting more subtle. To see the problem, con-
sider a toy theory which is QCD with charge zero quarks, and
QED with the muon integrated out so that there are higher-
dimension operators suppressed by inverse powers of the
muon mass. At low energies, the QCD sector is described
by xPT with N, counting and an expansion in p/A. The
lepton sector is QED with fwo expansion parameters, o and
p/m . One-loop graphs with the O(p?) LO xPT Lagrangian
generate O(p*) terms of the NLO xPT Lagrangian. One-
loop graphs with the O(1 /mg) LO QED Lagrangian gener-
ate O(1/ mg) terms of the LO QED Lagrangian with coef-
ficients suppressed by o, not O(1/ mi) terms of the NLO
QED Lagrangian. The two sectors satisfy two different types
of power counting rules with different expansion parameters,
one based on QED counting, and the other based on xPT
counting. Turning on an electric charge for the quarks cou-
ples the two sectors, but it is not helpful to force both sectors
into a unified counting with a single expansion parameter.
The situation in HEFT is similar.

The primary dimension used to classify the operators uses
a SMEFT-like counting of dimension combined with sum-
ming up powers of IT/f into U(x) to maintain the symmetry
transformation properties of the chiral field. Consider the V>
operator in Table 2, with expansion

FATe(V, VR Fya (h) ~ (3T1)? +c1%h(an)2
1 2 2
+c2F(3H) (M)“+---, (86)

which has d, = 4 and contains operators with dimensions
d =d, + k, k > 0, although all terms have N, = 2. Using
chiral operators such as V? in the graphs produces an operator
which must be written in terms of U by chiral invariance, with

dy—4>> (dpi—4)
i

Ny—2= Z(NXJ- —2)+2L (87)

1

from Egs. (8) and (13). The A counting rule becomes an
inequality when written in terms of d), instead of d.

The primary dimension is a way of ordering terms in the
Lagrangian for phenomenological applications, while at the

@ Springer

same time treating objects such as V, (x) with terms related
by chiral invariance as a single quantity. The underlying
counting rules remain the four independent rules summa-
rized in Sect. 2.

6 Conclusions

We have derived the most general power counting rules for
EFT, and shown how to use them in a number of examples.
We have clarified the difference between A and chiral number
N, counting and shown that cross sections are controlled
by the A counting, not the N, counting. We have applied
the rules to HEFT, and clarified some aspects of HEFT and
xPT power counting. The ordering of the cross sections in
HEFT is by the A power counting, and hence by the primary
dimension d, listed in Table 2. We have also shown the NDA
counting is related to 7 counting. A generalization of the
d = 4 relation A = 4xf to arbitrary dimensions also has
been derived.
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