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ABSTRACT: The minimal supersymmetric extension of the Standard Model (SM) is a well
motivated scenario for physics beyond the SM, which allows a perturbative description of
the theory up to scales of the order of the Grand Unification scale, where gauge couplings
unify. The Higgs mass parameter is insensitive to the ultraviolet physics and is only sen-
sitive to the scale of soft supersymmetry breaking parameters. Present collider bounds
suggest that the characteristic values of these parameters may be significantly larger than
the weak scale. Large values of the soft breaking parameters, however, induce large radia-
tive corrections to the Higgs mass parameter and therefore the proper electroweak scale
may only be obtained by a fine tuned cancellation between the square of the holomorphic p
parameter and the Higgs supersymmetry breaking square mass parameter. This can only
be avoided if there is a correlation between the scalar and gaugino mass parameters, such
that the Higgs supersymmetry breaking parameter remains of the order of the weak scale.
The scale at which this happens is dubbed as focus point. In this article, we define the
general conditions required for this to happen, for different values of the messenger scale
at which supersymmetry breaking is transmitted to the observable sector, and for arbi-
trary boundary conditions of the sfermion, gaugino, and Higgs mass parameters. Specific
supersymmetry breaking scenarios in which these correlations may occur are also discussed.
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1 Introduction

The Standard Model (SM) of particle physics provides an excellent description of all known
fundamental particle interactions, excluding gravity. Mass generation in the SM is obtained
via the Higgs mechanism, induced by the presence of a scalar (Higgs) field, which transforms
in the fundamental representation of the SM SU(2) gauge group. The properties of the
recently discovered resonance at the LHC [1, 2] seem to be close to the ones expected for
the SM Higgs boson, and hence the physics at the weak scale is well described by the SM.

Supersymmetry (SUSY) [3-5], as the simplest solution to the hierarchy problem, pro-
vides a well motivated extension of the SM, with new particle masses determined by the
soft supersymmetry breaking mass scale. If the sparticle masses are flavor independent, the
supersymmetric particles effects tend to decouple in a fast way at scales below these masses
and one recovers the SM as a low energy effective theory, as required by observations. The
radiative corrections to the Higgs mass parameter are governed by the soft SUSY breaking
scale, and therefore in order to avoid a large fine-tuning, the SUSY breaking masses should
not be much larger than the weak scale [6]. More precisely, there is a specific combination
of the SUSY breaking masses that determines the value of the low energy Higgs mass pa-
rameter and this combination should remain small (of the order of the weak scale) in order
to avoid fine-tuning.

In view of the increasingly stronger bounds set at the LHC on the masses of possible
beyond the Standard Model (BSM) particles introduced to solve the hierarchy problem, as
e.g. the supersymmetric partners of the SM particles [1, 2], it is interesting to find regions
in the parameter space where the fine-tuning problem is alleviated. In the particular case
of the minimal supersymmetric extension of the Standard Model (MSSM), an interesting



observation was done in ref. [7-10], in which it was demonstrated that, starting with uni-
versal supersymmetry breaking scalar masses at the GUT scale, the Higgs mass parameter
could become small based on the existence of a renormalization group equation (RGE)
focus point (FP) at the electroweak (EW) scale Qgy. The original focus point allowed
to obtain the proper electroweak symmetry breaking scale for large values of the squark
and slepton masses and subleading values of the stop mixing parameter A, and gaugino
masses M,. More recently, this solution was reconsidered, including the presence of large
stop mixing A; [11], large (non universal) gaugino masses [12-14] and in the framework of
gauge mediation [15, 16].

In general, one would be interested in solutions in which the Higgs mass parameter does
not scale with the rest of the soft supersymmetry breaking parameters. This is relevant,
since experimental data suggest that gluinos and sfermion masses may be much larger than
the weak scale [1, 2]. If this were the case, these particles would decouple at some scale
Qo > Qprw, and therefore the matching between the SM and the SUSY extension should
be performed at the scale Qp, at which the heavy particles are decoupled.

The matching condition yields a relationship between the SM Higgs boson
potential parameters

A
V(H) = —m*H P+ S|H] (1.1)
where m?(Qpw) = %m%{, and the supersymmetric parameters at the scale Qg as [17]
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where X; = (At+/;anﬁ), and mg ~ Qp is the stop mass parameter which we will consider
as the generic value of the supersymmetric mass spectrum. As the m2-parameter on the
left-hand side of eq. (1.2) does run very slowly with the RGE scale Q [18] we can replace
it by m?% /2.

A heavy supersymmetric spectrum in general implies that the MSSM soft-breaking
terms for the scalars and gauginos (mé, m#, m%{U, M,) are large at the high scale M
at which they are generated, in which case one expects also m%IU(QO) to be large, thus
triggering a huge fine-tuning for eq. (1.2) to be satisfied. A rough definition of the sensitivity
with respect to the model parameters a was given in ref. [6] as

dlog m?

Ay = ‘ (1.4)

dloga

while the overall measure of fine tuning can be defined as A = max,{A,}. In particular
the fine-tuning in p is very special as its low energy value is determined by the equation
of minimum (EOM) (1.2) and it turns out that in the MSSM the fine-tuning is often
dominated by A, [13]. In the case of large or moderate values of tan  one gets from (1.2)
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Therefore if there is a RGE FP at the scale Qp, which we define as m%{U (Qp) = 0, then in the
moderate or large tan 3 regime A, = 1 (i.e. no fine-tuning), eq. (1.2) is widely insensitive to
the boundary conditions at the scale M, and the fine-tuning is greatly alleviated. Of course
there is an underlying tuning by which the hidden sector provides, at the scale of messenger
masses, a particular pattern of values of the supersymmetry breaking (and p) parameters
which will in turn predict a given FP of the RGE. In the absence of a precise theory of
supersymmetry breaking this fine tuning in the underlying theory cannot be computed.

In this paper we have integrated the RGE from the high-scale M to the low-scale Qg
and provided a formally analytical expression for quU(Qo) in terms of all supersymmetric
parameters defined at M. For vanishing values of the hypercharge D-term, it turns out
to be a linear combination of mQQ, m%, m%IU, MMy, M,A;, and A?, with coefficients
that depend on M and ()y. We have made very accurate fits for the different coefficients
fixing Qp = 2TeV and for M € [10°,10'7] GeV so that the FP condition can be written
as an algebraic equation involving log(M/Qy) and the soft-breaking terms at the scale M.
The result, presented in section 2, is an easy-to-use equation from where the FP condition
can be established for arbitrary boundary conditions and an arbitrary scale M. We also
provide the (very simple) contributions that should be added for non-vanishing values of
the hypercharge D-term. In section 3 we have applied the general equations to some of the
most popular models, including CMSSM and gravity mediated models, gauge mediated
models and mirage models. We did not exhaust the different possible models (or made
scatter plots on all models) as it should be trivial to apply our formulae to any particular
model. Finally in section 4 we present our conclusions. Some technical details of the
calculation are postponed to appendix A.

2 General Focus Point

We will assume that the MSSM soft-breaking terms, in particular (mé, m%], m%{U, M,, Ay),
are generated at the high-scale M. The value of m%{U at the scale Q can then be computed
on general grounds as’

miy, (Q) = miy, +10lQ, M](mg +miy +mip,) + > na[Q, M]M

+ 3 1lQ MIM My + 3" 00aQ MM A; +0a[Q, MIA? + Ay, (2.1)
a#b a

where the soft breaking terms on the right-hand side are defined at the scale M and the
coefficients nx depend on the scales M and Q, and the last term represents the hypercharge
D-term contribution. This expression describes the one-loop evolution of the Higgs square
mass parameter m%{U, when the bottom and tau Yukawa couplings are small, as happens
for moderate values of tan 8. The hypercharge D-term vanishes in all the supersymmetry

"'We are assuming moderate values of tan 8. For larger values of tan § one could not neglect hy - effects
in eq. (2.1), which would induce additional terms proportional to the down Higgs, right-handed sbottom
and stau square mass parameters, m%(D, m, m2E7L, and to the sbottom and stau trilinear mass parameters
Ay r.



n | 10ag | 10%a} | 10a3 | 10%af | 10*afy | 10°als | 10%a%s | 10%aly | 10%a%, | 10a%, | 10a%
0| 1.289 | 1.124 | -2.324 | 4.276 | -5.669 | -1.373 | -1.022 | -4.815 | -3.230 | -1.329 | 2.510
1]-0.529 | 0.540 | 0.377 | 1.820 | 2.784 | 0.873 | 0.598 | 1.111 | 0.767 | 0.333 | -1.171
2| 0.015 | 0.038 | -0.010 | -0.624 | -0.337 | -0.121 | -0.080 | -0.006 | -0.009 | -0.006 | 0.134
3 0.0007 -0.007
4 0.0001

Table 1. Values of the fitted coefficients in (2.3) for Qo = 2TeV.

breaking schemes that we analyze in this article, and therefore we shall not consider it in
our analysis. However, for completeness, in the appendix we provide the expression of the
additional corrections induced by Ay g, .

In particular if we fix the low scale as the scale where supersymmetric particles decouple
Q = Qp (in the few TeV range) we can write the focus point scale as the scale where the
condition m%U(QO) = 0 is satisfied, i.e.

0 = miy, +nd(M)(m +mi; +miy,) + Y no(M)M;
a

+ > 0% (M)Mo My + > 104 (M) M, Ay + s (M) A7 (2:2)
ab a

where now the coefficients 7% (M) only depend on the (messenger) scale M at which super-
symmetry breaking is transmitted. These coefficients are computed semi-analytically [19—
25]-[28] and their explicit expressions can be found in the appendix. In fact if we choose
a value of Qg = 2TeV they are can be fitted by an expression as

N (M) =" a%y"(M), y(M)=log,,(M/GeV) (2.3)
n>0
where the fitted coefficients are given in table 1 for Qg = 2TeV and values of M in the
interval M € [10°,10'7] GeV. The functions n% (M) are plotted in figure 1 from where
we can see that for the case of high-scale supersymmetry breaking (i.e. M ~ 10'® GeV)
the plot is dominated by 19 (i.e. by the term M3) while for low-scale supersymmetry
breaking (i.e. M ~ 10° GeV) the function 17% (i.e. the term mé +m¢ + m%{U) takes over
and dominates.
Moreover eq. (2.2) is telling us that if we scale all soft-breaking terms as

(mé, mé, m%U, My, Ap) — (A2 mé, MmE, A2 m%{U, AMg, AAy) (2.4)

the equation is still valid. This shows the insensitivity of the FP to the boundary conditions.
Alternatively we can leave one of the soft-breaking terms as a free (floating) parameter,

e.g. the boundary value m%{U. So in general using the scale invariance of eq. (2.2) we

can express all masses in units of my, = 1/|m%,U|. Of course the scale at which the FP
happens should depend on the boundary values of the soft-breaking terms, so that fixing
it to Qo amounts to a relation between the scale at which supersymmetry is broken M and
the soft-breaking terms.
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Figure 1. Left panel: from top to bottom along the left vertical axis, plots of —1722, =% 194, M54,
n?4 as functions of M. Right plot: from top to bottom along the left vertical axis, plots of —n9,
=19, =035, —n%, =1, —n3 as functions of M.

Let us also stress that the (absolute value of the) mass parameters in the stop sector
are constrained by the condition of obtaining the proper value of the observed Higgs mass,
mp =~ 125.6 GeV. This fixes the possible range of values of @), which for moderate values of
tan § may vary between values lower than a TeV and values of the order of 10 TeV, depend-
ing on the value of the stop mixing parameter [30]—[36]. The general focus point solution
define correlations between the different SUSY breaking parameters at the messenger scale
M required to make the Higgs mass parameter small at the decoupling scale Q. In this
article, we have studied these correlations by means of the one-loop renormalization group
evolution of the mass parameters. Two loop-corrections, as well as threshold corrections
at the scale Oy, will also affect the value of m%{U. For large values of the messenger scale
M, these corrections are expected to be subleading and of the same order as the variation
of the Higgs mass parameter in the range of values of Qg quoted above. In this article,
we have not studied the precise dependence on (g, but instead we have taken QY9 = 2 TeV
as a representative value. Although the Higgs mass parameter can have significant vari-
ations with the scale (Jy, we don’t expect the correlations needed to make m%IU small to
depend strongly in the precise value of this scale. In the following section we will explore
some popular theories of supersymmetry breaking in where certain relations among the
boundary conditions are predicted.

3 Focus Point for particular models

As we have seen in the previous section, the FP in the MSSM translates into a condition
between the different soft breaking parameters (mq, my, mpy,, My, My, Ms, Ay) at the
scale M, the scale at which supersymmetry is transmitted to the observable sector, and
hence depends on the precise value of M. In this section we will study the FP predictions
in the MSSM assuming some patterns of supersymmetry breaking at the scale M, moti-
vated by particularly appealing mechanisms of supersymmetry breaking mediation to the
observable sector.

3.1 The CMSSM

In this theory [dubbed constrained MSSM (CMSSM)], and inspired by minimal supergrav-
ity (SUGRA) [3-5], we have as independent parameters mqg, my/, and Ay, in such a way
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Figure 2. Left panel: contour lines of m; /o /mg in the plane (log,,[M/GeV], A;/my) for the bound-
ary conditions in eq. (3.1). Right panel: contour lines of of m; /o /my in the plane (mo/mp, A¢/mr)
for a scale M = 1016 GeV and the boundary conditions in eq. (3.2).

that at the scale M
mq =my =mmg, =mo, My =my (3.1)

We can see from the left panel of figure 2 that values of M around the unification scale
can only be reached for very small values of A; and my ;. This is nothing but the original
focus point solution found in ref. [7-10] and is related to an intriguing cancellation of the
overall dependence of m%{U on mg. More precisely, the overal coefficient vanishes due to
the fact that ng ~ 1/3. Since, from eq. (A.6), ng = y/2, this happens because at large
tan 8 the square of the Yukawa coupling is close to two thirds of the value that it would
obtain if it were very large at the scale M ~ 10'® GeV. For smaller values of M one sees
that the value of m; , in general increases and that solutions with large A; exist.

One can think that the fine-tuning will then be eliminated when m%{U ~ (), since
when one varies all parameters at once, respecting the given correlation, the value of mJZLIU
remains small. Of course, as we already mentioned, that will only be true if the correlation
among the different parameters is indeed a prediction of the UV theory.

The correlation between scalar and gaugino masses changes if one does not assume
universality of scalar and/or gaugino masses. So a variant of the CMSSM where univer-
sality of scalar masses is given up, often considered in the literature and motivated by
string constructions where the Higgs fields live in a different location to the rest of matter
fields [37, 38], has an extra parameter my. It is dubbed NUHM1 [39] and the soft-breaking
parameters are then?

mq =my =mg, My, =my, =my, M,=my (3.2)

20ne such model has been constructed in ref. [40] to provide, by the RGE running, the light stop scenario
and further motivated by electroweak baryogenesis studies in the MSSM.



For such a model contour lines of my/o/mpy for M = 10 GeV are shown in the right
panel of figure 2 where we see that solutions where all masses are heavy do exist. Larger
values of my,, /mo generate a positive coefficient in m2, while larger values of A; do the
opposite. The overall coefficient in m% /2 remains negative. Hence, solutions exist only
when mo/mp, < 1 and large values of A; can only be obtained for small values of the
gaugino masses. The asymmetry between positive and negative values of A; observed in
this figure is due to the existence of a non-vanishing coefficient in my /5 A;.

Another possibility is giving up universality of the gaugino masses. To this end we will
introduce extra parameters J, such that

Ma = (5am1/2 (33)

where one of the parameters can be fixed to one as it can be reabsorbed in a redefinition of
the parameter my/,. A nontrivial pattern for the d,-parameters can arise in the effective
theories of string constructions [41]. In particular an analysis of fine-tuning has been done
in ref. [42] where 63 = 1 has been fixed. In this case the contours lines of mq/m s, for
M = 10'® GeV are shown in figure 3 as a function of &§; and dy for 4; = —2.5mq (left
panel) and A; = 0 (right panel). In the left panel, for A, = —2.5mg, the region where
gauginos are heavy, i.e. mo/my 5 € [0, 1], is much larger than in the right panel, for A; = 0,
which corresponds to the external ring. The reason for the change in the position of the
ellipses for which the fine-tuning disappears is again the fact that for A; = 0 the overall
coefficient in m% is small and positive and therefore it can be cancelled when the overall
coeflicient on m% /2 is negative. On the contrary, for non-vanishing A; = —2.5my, the overall
coefficient on my is negative and can only be cancelled when the overall coefficient on m% /2
becomes positive. The contour mg/m; /2 = 0 corresponds to the condition under which the
overall coefficient controlling the mf /2 dependence of mlqu vanishes, and it is the same,
independently of the relation of A; with my, as can be easily seen by comparing the left and
right panels of figure 3. When such condition is approximately fulfilled, the dependence
on both m% and mf /2 becomes small, and then the fine-tuning is greatly reduced, a result
that was first pointed out in ref. [42].

3.2 (Gauge mediation

In gauge mediation models [43], supersymmetry is broken in a hidden sector (X = M +0%F)
coupled to a number of messenger fields (charged under the standard model gauge groups)
by the following superpotential coupling W = ®/X®;. Supersymmetry breaking is then
communicated to the visible sector via gauge interactions generating the following soft
breaking masses:

3 4 60

4 4
mi =2 (3a§ + 15a%) A%

4 3 1
=2 <a§ L3024 a§> A2

3 3
=2 (4ag + mag) A2

M, = aghg, Ar=0 (3.4)



Figure 3. Left panel: contour lines of mg/m4/o in the plane (d2,d1) for M = 10'6 GeV and
A; = —2.5mg. Right panel: the same for A; = 0.

where in minimal models Ag = NF/4nM and Ag = v NF/4rM, N being the number of
messengers. Vanishing values of the stop mixing parameter at the messenger scale imply
that in order to obtain the proper Higgs mass one needs either large values of the messenger
scale or a heavy supersymmetric spectrum [44].

In order to explain the generation of the ;/B,, terms in gauge mediation we should
admit direct couplings with hidden sector operators, as in the superpotential W =
AuvHyOp + ApHpOy [45, 46], which lead at one-loop to the masses

dm¥y, , = Avupl*AD s (3.5)

where 4mAp 7 parametrizes the contributions coming from the two-point function of the
F-component of the hidden sector operators Op . Assuming then that Ay p ~ Ag the
electroweak symmetry breaking requirement leads to values Ayyp ~ a2 in which case the
total contribution to the Higgs mass can be parametrized as

M, + 0mip, , = (1+X) mp (3.6)

Hy,p

where L is the slepton doublet and the parameter A, 0 < A < O(few), parametrizes the
correction to m%{U in eq. (3.6). In the left panel of figure 4

we show contour lines of constant A in the plane (log;o[M/GeV], Ag/Ag). We can see
that there is no FP for the case A = 0 which corresponds to the case of standard gauge
mediation. The behavior is easily understood due to the fact that for A = 0, the overall

coefficient on m%{U becomes negative, and the overall coefficient on the overall gaugino

masses is also negative. When \ is sizable, instead, the overall coefficient on m%{U becomes
positive and then there exist correlations for which m%IU vanishes.

A variant of the previous models happens when there are several fields X in the hidden
sector such that the coupling with the messengers is by the superpotential W = & X;®;.

In this case different messenger components X are affected by different breakings F7. A
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Figure 4. Left panel: FP lines for constant A in the (log,,[M/GeV],Ag/As) plane in the model
defined by egs. (3.4) and (3.6). Right panel: FP lines in the plane (log;o[M/GeV], Aa/A3) for the
model of eq. (3.7).

simple model along these lines was constructed in refs. [28, 29|, where there is a pair of
messengers in the 5 + 5 representation of SU(5) which decompose into the SU(3) triplet
(I = 3) and SU(2) doublet (I = 2) components. Correspondingly there are two fields in
the hidden sector: X3 = M + #?F3 giving a mass to the gluino and colored scalars and
Xo = M + 0*F, whose auxiliary component F gives a mass to the SU(2) ® U(1) gauginos
and scalars. The contribution to the soft breakings at the scale M is given by

[4 3 1 2 3
mé =2 §a§A§ + ZQ%A% + @a% (5A§ + 5A§)}
[4 4 2 3
miy =2 | a3n3 4 Lol <5A§ + 5A§>]
3 3 (2., 3
miy, =2 | 2adng 4 23 (5A§ + 5A§)]
2 3
My = <5A3 + 51\2)
MQ - OéQAQ, M3 - a3A3 (37)

where A; = Fy/4nM. The FP results for this model are shown in the right panel of
figure 4. Large values of Ag/A3 reduces the stop contributions and lowers the negative
dependence on the overall scalar mass parameters, implying the existence of solutions.
Since all parameters are correlated, for each scale M, the solutions occur for a specific
value of the ratio Ay/As.

3.3 Mirage mediation

This scenario is inspired by string compactification with fluxes [47] and it is
dubbed as mixed-modulus-anomaly mediated supersymmetry breaking and also mirage



mediation [48, 49] as gaugino masses “apparently” unify at a scale much below Mguyr. Mi-
rage mediation assumes that the contributions from gravity mediation [3-5] and anomaly
mediation [50, 51] are comparable in size. Anomaly mediation assumes that supersymetry
breaking is communicated via the trace anomaly of any non-conformal theory and it is
proportional to the RGE evolution of parameters. Therefore the spectrum at the super-
symmetry breaking scale M is given by

13 3 3

I 16 ~
ml%lu = mg + 3oy <6at — Eag —3a9 — 150é1> - §a§b2 - 1004%51] m%/2

[ 16 13 8 3 1 ~
mé =mi+ |y <6at Ty 3y — 15041> — §a§b3 - ia%bQ — %a%bl] m§/2

[ 16 13 8 8
2 2 2 2 ~ 9
mg = mg + _Qat <6at -3 a3 — 3ag — 15a1> — §a3b3 — 15a1b1] ms o

16 13 ~
A=Ay — <6at — §a3 — 3ag — 15a1> ms /o

Mg =mys + agbams)s (3.8)

where Mg/ = mg//4m and b, = (33/5,1,—3). It is known that for mo = 0, the slepton
square masses become negative and therefore no physical solution exist [50, 51]. For positive
values of mg and my /5 instead, positive slepton masses may be obtained. It is easy to show
that whenever mp,, (Qo) = 0, the slepton masses become positive at the same scale. It is
also easy to show that in order to find such a solution, the value of m%{U at the scale M must
be positive. In figure 5 we plot in the plane (m3/9,m1/9) contour lines of constant value

of Ay for M = 10'® GeV. Here all masses are normalized to the value of my, = ]/mlqu
at the scale M. The solutions are symmetric under a simultaneous change of sign of my /s,
139 and Ag. Moreover, solutions may be only obtained for moderate values of Ag/mp,,
and disappear for large values of this parameter.

4 Conclusion

In this article we have found the conditions to obtain small values of the soft supersymmetry
breaking parameter of the Higgs field at low energies, even in the case where the high
energy values of the scalar and gaugino supersymmetry breaking parameters are much
larger than the weak scale. These conditions do not depend on the overall scale of the
supersymmetry breaking parameters, and therefore define correlations between the different
mass parameters. When these conditions are fulfilled, the proper electroweak symmetry
breaking may be obtained for small values of u, without the need of fine tuning. Needless
to say, this fine tuning is traded for the above defined correlations, which, however, may
have a dynamical origin.

For universal values of the scalar mass parameters, the conditions are fulfilled for a
large messenger scale, of the order of the GUT scale, moderate or large values of tan
(but not large enough to make the bottom Yukawa effects relevant) and for values of the
gaugino masses significantly smaller than the scalar masses. This is nothing but the original

,10,
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Figure 5. Contour lines of constant Ag in the plane (my/o/mm, ,M3/2/mu,) for a fixed value of
the high scale, M = 10'6 GeV.

Focus Point solution and therefore we have defined the solutions found in this paper as
General Focus Point solutions. Using the one-loop renormalization group evolution of the
mass parameters, our article defines the correlations that the soft supersymmetry breaking
parameters must fulfill, for all reasonable values of the messenger scale and for arbitrary
high energy values of these parameters.

We also analyzed particular cases in which the supersymmetry breaking mechanism
is such that there is an automatic correlation between some of the soft supersymmetry
breaking parameters. This include the case of universal scalar masses, non-universal Higgs
mass parameters, non-minimal gauge mediation and the mirage mediation extension of
the anomaly mediation mechanism. In all cases, the requirement of a small Higgs mass
parameter leads to additional correlations beyond those that are implicit in the given
mechanism. In order to really improve the fine tuning problem, these correlations should
have a dynamical origin, and would lead naturally to a small weak scale.
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A General Focus Point equations

In this appendix we are going to summarize the analytical solution to the RGE evolution
of the soft masses the leads to eq. (2.1), following the results derived in refs. [6, 19-28]. Let
us start with the solution to the top-quark Yukawa coupling. In general, we can encode
the top-quark Yukawa coupling dependence on the scale in terms of a variable y, defined
as the ratio of the square of the Yukawa coupling at the weak scale over the value that
would be obtained if the Yukawa coupling at the messenger scale M were large,

6at(M)F(Q)

6o (M)F(Q) ]’
(47) |1 — SeelMIF(Q)

y=- (A1)

where Q < M and oy = h?/(4m). We will ignore the bottom Yukawa coupling, considering
it to be small compared with the top Yukawa coupling. The effect of the bottom Yukawa
coupling on the evolution of the soft supersymmetry breaking parameters may be relevant
if tan (3 is very large, tan 5 2 m;/my. Hence, our analysis is valid in the small and moderate
tan 8 regimes.

The function F is defined by

Q o —cf/ba
F(Q) = /M Et)dt,  EQ) =]] <a:((]\Q4))> : (A.2)

where t = log(Q?), b, is the S,-function coefficient of the gauge group G, in the effective
theory defined in the energy range between the scales M and Q, and c¢ff = 2(c‘éL +ct, —i—cC;IU)
with ¢f) being the quadratic Casimir of the superfield @ under the G, gauge group, which,
for a fundamental representation of SU(N) takes the value cg = (N? — 1)/2N, while
co = 3/5 x (Qq — T3)? for U(1), where Qg is the charge of the field Q. We are implicitly
working with a normalization of the gauge couplings consistent with their unification at high
energies, so a; = 5/3 ay™. We will also define the linear integral function H by [26, 27],
1 Q

Q
H(f) = /M (0t - s /M F(t)f(t)dt, (A3)

which is most useful to express the soft supersymmetry-breaking parameters at the weak
scale in a compact form.

The soft supersymmetry breaking parameters at low energies may be obtained in terms
of their boundary conditions at the messenger scale and functions that depend on the gauge
and Yukawa couplings of the theory. The gaugino masses have a very simple dependence
at one-loop, namely

aq(Q)
aq (M)

The trilinear soft supersymmetry-breaking mass terms, instead, not only depend on the

Mo(Q) = Ma(M) (A.4)

gauge sector, but are also affected by top quark Yukawa dependent effects, that modify
their renormalization group evolution.

M, Q
@ = LD [ adoa - sied] s aona-n . @
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The scalar mass parameters are also affected by gauge and top-quark Yukawa contributions.
The Yukawa dependence enters only through the renormalization group evolution of these
parameters. In the case of real gaugino masses, the general expression is given by

MZ(M 2 ad(t
my(Q) = my(M) —4c}y ag( ) /M az;)dt

dt
22 (i, (M) + i (M) + mi, (M)

QdeC?Mb(M)C M, (M) O‘g(t) © 214\ 14t
Y (g [, et

(477)2 M o

| 2dqy et E%(M) 3) o <yc::Ma<M>H <a2>)

6 a2 (M) 47 6 aq (M) A7
diy(1 —y) 2¢0 Mo (M) .. [ 02
S w7 <47r> A(M)
—dlé?y((li_y)At(M)2 +Ay(Q) (A.6)

where dégL =1, d’%]R = 2, and d’}IU = 3, where @1, and Upr are the third generation left-
handed quark doublet and right-handed up quark singlet, respectively, and Hy is the Higgs
that couples to up-type quarks superfields. This expression for the case of Hy corresponds
to eq. (2.1). The term Ay comes from the possible contribution of the hypercharge D-
terms, which takes the generic form

AyQ(Q) = YQ Q(Qg) ot (M XZYQmQ (A7)

where Yo = Q¢ — T3 is the SM hypercharge and

Z YQmé = quU —mp, + Z (mé —2m¥ +m3 —m3 + m%)l (A.8)
Q i

and 7 is a generation index. It is easy to prove from here that > YQmé /g% is a renormal-
ization group invariant quantity.? The dependence of Ay, on the gauge couplings may be
rewritten taking into account that

11 41 (9
a1(Q) a o (My) 207r1 (Mt>
1 1 33 M
o (0) ~ ar(Q) 107 (Q) (4.9)

and M, is the value of the top mass. Hence, for the particular case of Hy;

1 66 log
AY,HU = —ﬁ X
1200 7 — 4110g

( ) > Yomg(M (A.10)

3There are 14 RG invariants in the MSSM, that can be efficiently used to extract information of the
underlying theory if sparticles were observed [52-58].

,13,



where we have approximated 1/aq(M;) ~ 60. The coefficient of 3, YQmé(M) is small and
negative, and its absolute value becomes smaller for lower messenger scales. For Q@ = 2 TeV
and the large messenger scale M = 10'6 GeV, this coefficient is equal to —0.024, while for
M = 10%GeV is equal to —0.005.

Finally, let us write the expression for the B parameter, which governs the relation
between the bilinear terms in the superpotential and the bilinear soft supersymmetry-
breaking parameters in the scalar potential. This is given by

B(Q) = BOM) — X 4,01

4y, Mo(M) Qe ¢ My (M) ydy
_— t— a4 U H(a?). A1l
iran (M) /M calt)dt = an 6 @) (A
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