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Quantum corrections in Galileon theories
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We calculate the one-loop quantum corrections in the cubic Galileon theory, by using cutoff regularization.
We confirm the expected form of the one-loop effective action and that the couplings of the Galileon theory
do not get renormalized. However, new terms, not included in the tree-level action, are induced by quantum
corrections. We also consider the one-loop corrections in an effective brane theory, which belongs to the
Horndeski or generalized Galileon class. We find that new terms are generated by quantum corrections, while
the tree-level couplings are also renormalized. We conclude that the structure of the generalized Galileon
theories is altered by quantum corrections more radically than that of the Galileon theory.
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I. INTRODUCTION

The Galileon theory describes the dynamics of the scalar
mode that survives in the decoupling limit of the Dvali-
Gabadadze-Porrati model [1]. The action contains a higher-
derivative term, cubic in the field z(x), with a dimensionful
coupling that sets the scale A at which the theory becomes
strongly coupled. The action is invariant under the Galilean
transformation 7(x) — 7(x) 4 b,x* + ¢, up to surface
terms. Additional terms can also be present, but their
number is limited by the additional requirement that the
theory does not contain ghost degrees of freedom [2].
Typically, the presence of a ghost is associated with an
equation of motion that contains field derivatives higher
than the second. The structure of the Galileon theory
guarantees that the equation of motion is a second-order
partial differential equation. This property can be preserved
within a more general class of theories that do not possess
the Galilean symmetry. These were constructed some
time ago [3] and rediscovered recently [4]. They are
characterized as generalized Galileon theories.

The absence of higher-than-second derivatives in the
equation of motion is a property not protected by some
underlying symmetry. The Galilean symmetry of the
Galileon theory reduces the number of allowed terms in
the action, but the absence of derivatives higher than the
second is an independent requirement. It is natural, there-
fore, to question the consistency of the Galileon theory at
the quantum level. An interesting property of this theory
and some of its generalizations is the absence of perturba-
tive renormalization of the couplings appearing in the tree-
level action [5-7]. This conclusion does not exclude the
possible emergence of terms not contained in the action of
the Galileon theory. As first observed in Ref. [5], such
terms can be induced through quantum corrections. It was
argued, however, that they are suppressed in certain
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regimes of physical interest, such as the scales at which
the Vainshtein mechanism [8] operates.

If a momentum cutoff is used, of the order of the
fundamental scale A of the theory, the structure of
the one-loop effective action of the Galileon theory is,
schematically [5-7],

2 2 m
I~ / &2y {A4+A262+a4 log<%)] (%) .
(1)

A calculation of the one-loop corrections in the cubic
Galileon theory was performed in Ref. [9] by using
dimensional regularization. It was found that the first
correction that is quadratic in the field corresponds to a
term ~z[J*7z in the action. The two results are consistent,
because the quartic and quadratic divergences within the
bracket in Eq. (1) for A - oo are not visible through
dimensional regularization. For m = 2 the logarithmic
correction corresponds to a term ~z[J*z, in agreement
with Ref. [9].

The first aim of our work is to confirm Eq. (1) through an
approach that employs a momentum cutoff, in order to
reproduce all the terms for m =2. We perform the
calculation for an arbitrary dimensionality d of space in
order to gain intuition on the structure of the cubic Galileon
theory in other dimensions. The main part of our work is
devoted to the calculation of quantum corrections for
generalized Galileon theories. As their general structure
is very complicated, we concentrate on a theory of geo-
metric origin: the theory of a brane embedded in flat space
with one extra dimension, in the static gauge. The number
of invariants in the action of this theory is limited, so that a
one-loop calculation is feasible. In this way we obtain
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intuition on the effect of quantum corrections on the
theories of the Horndeski class.

In the following section, we discuss the one-loop quantum
corrections for the cubic Galileon theory. In Sec. III, we
perform a similar calculation for the brane theory. Some
technical aspects of this calculation are summarized in the
Appendix. In Sec. IV, we present our conclusions.

II. QUANTUM CORRECTIONS IN THE
CUBIC GALILEON THEORY

It is instructive to consider first the one-loop corrections
within the cubic Galileon theory. The tree-level action in
Euclidean d-dimensional space is

So = / ddx{%(aﬂ)z —%(an)ZDﬂ}, (2)

where we have assumed that the field is canonically
normalized. Because of the large number of possible terms
in the effective action, we focus our calculation on higher-
derivative terms quadratic in the field.

For the calculation of the effective action we consider a
field fluctuation oz around the background z and determine
the part of the tree-level action quadratic in déz. Through
some partial integrations it can be cast in the form

st = / ddx{ - % snllon
+ %57:[2(575)5571 —2(0#0"7)0,0,6m] } (3)

We define the operators K = —[J, £, = 2yy(0zr)J, and
%, = —204(0,0,7)0*3". The one-loop correction to the
effective action is

1
Sl = Etrlog (K+Zl +22>
1
:Etrlog(l—FZlK_l+22K_1)+N. (4)

The factor N = (trlog K)/2 contributes only to the vac-
uum energy, and we neglect it in the following. The
expansion of the logarithm generates terms in the effective
action that involve various powers of z. As each of the
operators X; and X, involves only one power of z,
the quadratic part of the effective action is generated by
the trace of £, ,K~1Z, ,K!.

Using the Fourier transform z(x) = [ d’k exp(ikx)z(k),
we find

dip

(S, K15, K) = 42 (27)¢ / ARk 7 (k)i (—) / P

(27)
(5)
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Similarly,

tr(le_IZZK_1>
= tr(ZzK_IZIK_I)

d
= —42(2n)? / a’"kk“fr(k)ﬁ(—k)é / (62171'1)7‘1’ (6)

where we shifted the loop momenta by a constant and used
the replacement p#p* — y** p?/d within the loop integral.
Finally,

tr(Z2K_122K_1)
= 42(20)" / Ak, k K o7 (k)7 (k)

/ d'p ptp*(p’ + k) (p° + k)
(2m)“ pr(p*+ k) '

(7)

We are interested in the UV divergences of the theory. The
IR behavior can be determined precisely, as the p integrals
are IR finite for nonzero external momenta k. On the other
hand, we concentrate on the UV regime in the following.
The UV divergences are more easily visible if we expand
the integrant of Eq. (7) in powers of k. The resulting
expressions assume the presence of an IR cutoff of the
order of the external momenta k. The integrals in Eq. (7) are
then evaluated easily after the replacements

4

PP’ = d(dp+ 2) 0P + ' + o). (8)

p*p¥p’ p° p*pt

]76

-5 (pproy 4+ 14 permutations), (9
d(d+2)(d+4>(nnn p ). (9)

p"p* p’p° P p*pip°
- p8
d(d+2)(d+4)(d +6)
X (B0’ " + 105 permutations).  (10)

We find that, up to order k3,
tr(ZZK_lzzK_l)
3 dip
=422m)? | dlkz(k)a(—k k4/
e [ el [ o8
U8 [
d(d+2)(d+4) (2r)4 p?

(d=24)(d=2(d=1) , [ d'p 1
Tdd+ )+ HdT6) /<2ﬂ>d;}- (1)
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Putting everything together, we obtain in position space

=44 [ dtent ){‘d?jx;lz) (/ én?) -

(d 8)( _1) ddp 1 3
+d(d+2(d+4)( (2r)4 2>D

)
(d-24)(d-2)(d—1) ( [ d'p 1
Y ad T 2)d T Hd o) (/ (W?) 54}”(x)‘

(12)

As we have already mentioned, the momentum integrals in
the above expressions are assumed to be evaluated with a
UV cutoff, as well as an IR cutoff of the order of the
external momenta in the two-point correlation function.
This assumption justifies the expansion of the integrant of
Eq. (7) in powers of k. If an alternative regularization
method, such as dimensional regularization, is employed,
the p integral in Eq. (7) must be evaluated without
expanding the denominator. For d =4 the form of
Eq. (12) is in agreement with the general expectation
(1), which was derived under the assumption vy ~ 1/A3.
The unrenormalized effective action includes terms (1’7,
a[Pz, and 7%z, with coefficients that display quartic,
quadratic, and logarithmic UV divergences, respectively. If
dimensional regularization near d = 4 was used in Eq. (7),
the first two terms of Eq. (12) would not appear. The UV
divergence of the third term would correspond to a 1/e
divergence in dimensional regularization. The coefficient of
the required counterterm, computed in Ref. [9], agrees with
the coefficient of the last term in Eq. (12) for d = 4.

Our result (12) displays the dependence of the various
terms on the dimensionality of space. Particularly interest-
ing is the absence of the last term for d = 2. This feature
can be understood as follows: The operator K + %; + %,
can be written in the form K + %, + X, = —-G* 0,0, with
a “metric”

GH = " = 2uo0an™ + 2uvy0" 0 x. (13)
The operator G**0,0, can be mapped to a similar operator
(a covariant Laplacian) with the derivatives replaced by
covariant derivatives with Riemann and gauge parts, as
explained in Sec. 2 of Ref. [10]. In this way, our problem
can be reduced to the evaluation of log det(—G**0,0,) (the
one-loop effective action) on a “gravitational” and “gauge-
field” background, constructed from functions of z and its
derivatives." The most efficient method to perform this
calculation is through heat kernel techniques [11]. For a
gravitational background in d = 2, one expects a quadratic
divergence associated with a cosmological-constant term

'We emphasize that this mapping and the corresponding
backgrounds are not related to the geometric picture of the brane
theory of Sec. III.
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~v/G. When the metric is expressed through Eq. (13), the
resulting term quadratic in 7z is of the form ~z[1’z, as
shown in Ref. [12]. A logarithmic divergence is associated
with the Einstein term ~v/GR [11]. When expressed in
terms of z, this term is expected to be of the form ~z[137.
Finite contributions are encapsulated by the well known
Polyakov action [13], which is nonlocal. This implies that
no local term ~z{J*z can be generated in d = 2. Terms
associated with a gauge field background display similar
behavior. These considerations provide a plausible explan-
ation for why a term ~z[J*z is not generated by the
fluctuation determinant of the operator we are considering.

III. QUANTUM CORRECTIONS IN THE
BRANE THEORY

Our next aim is to examine the quantum corrections in a
setting more general than the simple cubic Galileon theory,
allowing for higher-order couplings. This task is compli-
cated by the multitude of possible terms in the action. For
this reason, we focus on a theory that describes a brane
embedded in a flat bulk with one extra dimension. In the
static gauge, the position modulus of the brane becomes a
field of the world volume theory, whose effective action is
strongly constrained by the geometric origin of the con-
struction. In particular, the allowed terms in the action must
respect the bulk Poincaré symmetry and the reparametriza-
tion invariance on the brane [7,14]. This constraint limits
the number of invariants and makes the calculation feasible.
Moreover, there is a strong connection between the brane
and Galileon theories, as has been demonstrated in
Ref. [14]: The Galileon theory can be obtained from the
brane theory in the nonrelativistic limit (9z)? < 1, where =
stands for the brane modulus. It must be noted, however,
that some invariants of the brane theory must be excluded if
only the terms of the Galileon theory are to be generated in
this limit.

We consider a d-dimensional brane embedded in a
(d + 1)-dimensional bulk. The induced metric on the brane
in the static gauge is g, = 1, + 0,70, x, where z denotes
the extra coordinate of the bulk space. We preserve the
notation 7, even though we use imaginary time and the
bulk metric is Buclidean. The extrinsic curvature is K,

—9,0,7/~/1 + (0r)? and its trace is denoted by K. Indlces
are ralsed with the full induced metric. The action can be
expanded in terms of invariants constructed from the
induced metric, the extrinsic curvature, and covariant
derivatives [7,14,15]. The leading terms in a curvature
expansion are

S, = ﬂ/ddx\/ﬁ = ,u/ddx\/ 1+ (0r)?,  (14)

S, = / dxJGK = v / ¢ - 24). (1)
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50— [ aixyare =5 [t -2y, ao)

Se = g / d'x\/GR

! / ey (NP = [I2) + 272([¢%] - [M[g])). (17)

where y = 1/,/g = 1/1/1 + (0r)*. We use the notation of
Ref. [14], with I, = 8,0,7 and square brackets repre-

senting the trace (with respect to 7,,) of a tensor. Also, we
denote [¢"] =0z -I1"- Oz, so that [¢] = 0V70,0,n0" 7.
All dimensionful quantities are expressed in terms of the
fundamental scale A of the theory, which is effectively set
equal to 1. When d =4 the couplings y, v, and &
correspond to the effective four-dimensional cosmological
constant, the five-dimensional Planck scale Mg, and the
four-dimensional Planck scale M7, respectively.

The theory described by the terms (14), (15), and (17)
belongs to the class of Horndeski [3] or generalized Galileon
theories, which have equations of motion that do not involve
higher-than-second derivatives of the field z. In particular,
the first three terms in the Galileon theory (apart from the
tadpole) can be obtained by taking the nonrelativistic limit
(0r)? < 1 in (14), (15), and (17). The term (16) is not
included in the Horndeski class, as it generates higher
derivatives in the equation of motion. However, the first
Gauss-Codazzi equation gives R = K> — K*K uv» Which
makes it apparent that both terms (16) and (17) must be
included at this level of truncation of the brane effective
action. In the nonrelativistic limit, the term (16) generates
contributions not included in the Galileon theory:

So=7 / dlxa P+ O(x). (18)

Since the brane theory involves only field derivatives, the
nonrelativistic limit is equivalent to an expansion in powers
of z. Up to (and including) terms of third order in , the brane
theory is described by a tree-level action that includes the
terms of Egs. (2) and (18).

Our interest lies in examining the effect of quantum
corrections on the structure of generalized Galileon theo-
ries. As an interesting example, we consider the tree-level
brane theory, with action S, obtained by setting u = 1,
v=1yp, and k =k =0 in Egs. (14)—~(17). The one-loop
correction is

1
Sy = 5 trlog(S,)- (19)

The calculation is very similar to the one performed in
Refs. [16,17] for the f functions of the brane theory in
various dimensions d. In order to calculate the trace in the
right-hand side of Eq. (19), we need the second functional
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derivative of the tree-level action on an arbitrary back-
ground. As explained in the Appendix, one finds

S = A+ 4 V"V, VY, + U+ O(KR,K?),  (20)

where the covariant derivatives are evaluated with the full
induced metric, A =-¢*V,V,, V# =2(K" — Kg"),
and U= K?-K"K,, =R. We substitute the above
expression in the right-hand side of Eq. (19) and expand
in powers of the curvatures:

1 1 1 1 1
Sy = ztrlog(A) —l—Evotr(K VH V”V,/> +§tr<K U)

- %uétr (i Vv, v, % Va/’vavﬂ> + O(KR,K%).
(21)

The traces in (21) can be computed through the heat kernel
expansion, following Ref. [18]. Up to terms of the order of
K? or R we find

trlog(A) = (/ (62111))‘1 logp2> /ddx\/§
3 23358) [

(lomsn) 2451 ([ ) o
(23)

)= (f ) fin

tr G Vv, v, % vaﬁvavﬂ>
B 4(d*>-1) dip y 5
T dd+2) (/ <2n>d) / d'x/oK

~aaro ([ ) [ var e

In Eq. (23), we used V,V, » —1g A, while in Eq. (25)
we used the covariant version of Eq. (8). These substitu-
tions are permissible, since we are retaining terms up to the
order of R and K>.

Similarly to the cubic Galileon results, the momentum
integrals in the above expressions are assumed to be
evaluated with UV and IR cutoffs. As the calculation is
based on the asymptotic expansion of the heat kernel, the
IR cutoff is taken to be of the order of the typical scale of
the curvatures.

The various terms that appear in Egs. (22)—(25) involve
the curvature invariants of the effective brane action of
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Egs. (14)—(17). Including the tree-level terms, we obtain the
couplings of the theory at one-loop level:

1 [ dip
=1+= [ ——logp?, 26
d—1 d‘p
U:UO-FTIJQ/W, (27)
2(d*> - 1) 5 dip
= — , 28
=i G 28)

4 5 dip dp 1
:d(d+2>”°/ <2n>d+/ (27) p?

d-2 [ d‘p log p?

12 /(2;:)[’ p?

Al

(29)

Parts of the above expressions can be checked through
comparison with known results. It is apparent from Eq. (14)
that the parameter y determines the vacuum energy of the
theory. The relation (26) contains the correct one-loop
contribution arising from the quantum fluctuations of a
single massless mode in d dimensions. A novel result is
obtained if the square root in Eq. (14) is expanded in
powers of z. A canonical kinetic term is generated for the
field, which receives a wave function renormalization with
a quartic divergence, as given by Eq. (26). This very strong
effect is a consequence of the higher-order derivative
interactions obtained in the expansion of the square root
at tree level. Reproducing this result through standard
perturbation theory is highly nontrivial, and we shall not
attempt it here. On the other hand, it is clear that the
preservation of reparametrization invariance at the quantum
level enforces the term of Eq. (14) to be renormalized,
maintaining its reparametrization-invariant form. Heat ker-
nel techniques are much more efficient in realizing this
constraint than standard perturbation theory.

The one-loop correction to x, given by Eq. (28), can be
compared with the corresponding one in the cubic Galileon
theory. In the nonrelativistic limit, the term (16) in the brane
action is reduced to (18). Substituting in this expression the
one-loop correction to k reproduces exactly the first term of
the effective action (12) of the cubic Galileon. The higher-
order derivative interactions of the brane theory do not
contribute to the renormalization of the operator z[1>z. This
happens because the brane and Galileon theories coincide up
to the cubic order in an expansion in powers of 7.

IV. CONCLUSIONS

The results of Sec. I confirmed the expectation for the form
of the quantum corrections in the cubic Galileon theory, given
schematically by Eq. (1). The terms quadratic in the field,
arising at one-loop level, are given by Eq. (12), in which a
cutoff regularization in assumed. The presence of quartic,
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quadratic, and logarithmic divergences is evident in this
expression. The form of the one-loop effective action con-
firms that the couplings of the cubic Galileon theory do not
receive any corrections and, therefore, are not renormalized.
On the other hand, the quantum corrections generate new
terms, not included in the Galileon theory, which would result
in the field equation of motion becoming of higher-than-
second order. As a consequence, it is possible that the
quantum-corrected theory suffers from the presence of ghosts.

It must be noted that higher-derivative terms are expected
to appear even in renormalizable theories when quantum
corrections are taken into account. However, such terms are
not associated with the presence of ghosts. The physical
degrees of freedom are contained in the tree-level action, and
the higher-order terms are interpreted as induced nontrivial
interactions. The theory we studied does not fall within this
framework. The quantum corrections imply the presence of a
lowest-order term which would be of second order in the field
and fourth order in derivatives. Such a term should have been
included already in the tree-level action (2). Its absence
requires an extreme fine-tuning. If the term is included, the
tree-level theory has an equation of motion of fourth order,
which indicates the presence of ghosts as physical degrees of
freedom. In the context of Galileon theories and in the region
where the Vainshtein mechanism operates, terms such as the
ones appearing in Eq. (1) are suppressed relative to the terms
in the action (2), because the background filed is large but has
small derivatives. However, the theory still requires fine-
tuning in order to be well defined around the trivial vacuum
and not include ghosts in the spectrum.

The brane theory studied in Sec. Il belongs to the class of
Horndeski or generalized Galileon theories. The field
equation of motion is of second order, but the theory is
not invariant under the Galilean transformation z(x) —
7(x) + b,x* + c. The general form of the quantum correc-
tions in such theories is very complicated because of the
large number of possible invariants in the action. However,
the structure of the brane theory is strongly constrained by its
geometric origin, so that there are actually fewer invariants.
Also, the theory is reduced to the Galileon theory in the
nonrelativistic limit and direct comparisons are possible.
The study of quantum corrections has revealed the emer-
gence of terms not included in the tree-level action, as they
result in an equation of motion of higher-than-second order.
This is a property shared with the cubic Galileon theory.
A new feature, not encountered in the Galileon theory, is that
the tree-level couplings are renormalized. This is apparent in
Eqgs. (26) and (27) for the couplings u and v. In the
nonrelativistic limit, the corresponding terms (14) and
(15) in the action are reduced to the standard kinetic and
cubic terms of the Galileon theory. As discussed in Sec. 11,
such terms are not renormalized within that theory. We can
draw the conclusion that the structure of the generalized
Galileon theories is altered by quantum corrections more
radically than that of the Galileon theory.
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Quantum corrections in generalized Galileon theories
have also been discussed in the Appendix of Ref. [9], where
the emergence of a larger number of new terms in the action
has been observed. On the other hand, our main conclusion
here is the renormalization of the couplings of the tree-level
action, a feature differentiating the generalized Galileon
theories from the Galileon theory.

As a final remark, we point out that the quantum
corrections of the brane theory can also be studied beyond
the one-loop perturbation theory. A calculation of the
renormalization-group evolution of the couplings within
the Wilsonian approach has been presented in Ref. [16].
The one-loop expressions (26)—(29) can be obtained at the
first level of an iterative solution of the evolution equations.
Moreover, new properties of the theory can be investigated,
such as the possible presence of a UV fixed point that could
underlie the UV completion of the theory.
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APPENDIX

A d-dimensional brane embedded in R%*! is a function
r(x): R?Y — R4 which maps the point x in RY to the
point r in R%*!. At every point on the surface the tangent
vectors r, = d,r, @ = 1, ..., d and the normal unit vector n
form a basis of R?"!. We consider variations of r in the
normal direction, because those in the tangential directions
correspond to reparametrizations that can be eliminated in
the appropriate gauge. We define

or = uvn.

The induced metric tensor (first fundamental form) is
defined as

Gop = Yo " Tp

and can be used to construct the volume element on the
brane dV = /gdx,...dx,, where g = det g,5. We associate
with the normal direction the exterior curvature tensor
(second fundamental form) defined as

Kaﬁ = —I," nﬁ.
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The intrinsic scalar curvature is related to the extrinsic
curvature by Gauss’s theorema egregium:

R =K*— KK,

The first two reparametrization-invariant quantities we
can construct on the brane are

Io—/ddx\/‘a, Il —/ddx\/g_]K

They constitute the first two invariants (14) and (15) in the
brane action of Sec. I1I. In order to compute their variations,
we take the basic variations of the metric

8\/g = —/gvK,

and of the trace of the extrinsic curvature

8%/g = /g{VaVo + 1R} (Al)

0K = V?u + (K? = R)v,
FK = —KV'WV,u + 20KPV Vv + 2KVK) K 1 (A2)

from Ref. [19]. Then the first variations are

8y =16 / d'x\/g = - / d'x\/gKv  (A3)
and
S, =6 / dx\/gK = / dx[6(\/9)K + \/95(K)]
= - / d?x\/g[A + R]v. (A4)

The second variations of /, follows directly from Eq. (A4):

&Iy = -6 / dix\/gKv = / d%\/gu[A + R]v. (AS)

We need the second variation of /; only to second order in
the curvature:

£, — / dx[2(VG)K + 25(\/5)5(K) + /3 (K))
= / dx\/g{KV 2V + 2UK Av—KV"UV u
+ 2KV, Vsv} + O(KR, K?)
=2 / d'x\/g(K? — ¢PK)WV, Vv + O(KR, K3).
(A6)

From Egs. (AS5) and (A6), we can read off the differential
operator (20) of Sec. III.
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