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ABSTRACT: In this paper we investigate the connection between (non-)geometry and
(non-)commutativity of the closed string. To this end, we solve the classical string on three
T-dual toroidal backgrounds: a torus with H-flux, a twisted torus and a non-geometric
background with Q-flux. In all three situations we work under the assumption of a dilute
flux and consider quantities to linear order in the flux density. Furthermore, we perform
the first steps of a canonical quantization for the twisted torus, to derive commutators
of the string expansion modes. We use them as well as T-duality to determine, in the
non-geometric background, a commutator of two string coordinates, which turns out to be
non-vanishing. We relate this non-commutativity to the closed string boundary conditions,
and the non-geometric Q-flux.
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1 Introduction

Strings are extended objects, and have a different perception of geometry than point par-

ticles do. The simple fact that a string can wind around a compact dimension gives string

theories a wealth of interesting properties. Firstly, there is T-duality, which states that ev-

ery string theory that is compactified on a torus has a physically equivalent description on



a dual torus. Secondly, by applying T-duality to string compactifications with background
fluxes, one can obtain non-geometric situations, where the internal part of space-time is
no longer a standard manifold [1, 2]. Finally, both open and closed string theories can
become non-commutative in certain settings. In this paper, we study that assertion for
closed strings propagating in a non-geometric background.

Phenomenological motivations for non-geometric string configurations were found in an
analysis of four-dimensional supergravity (SUGRA) [3] (see [4] for a recent review on non-
geometry and more references). Usually, such theories arise from compactifications of the
ten-dimensional low-energy SUGRA description of string theory. If there are fluxes in the
compact directions, a superpotential is generated in the four-dimensional theory. Since
such four-dimensional theories stem from string compactifications, they were expected
to transform into each other under T-duality. However, such a duality could only be
established if new terms were introduced in the superpotential.! The quantities generating
these new terms were dubbed non-geometric Q- and R-fluxes, and should be T-duals to
quantities in the Neveu-Schwarz sector of the string. More precisely, the T-duality chain
needed for a covariant four-dimensional superpotential is

Ta T Te
Hupe — fabc =5 Qcab - Rabc. (11)

In each step of this chain, a T-duality transformation is performed on direction a, b and c,
respectively. In this paper, our focus is on backgrounds with Q)-flux, which has a local ge-
ometric description. The more exotic R-flux configurations are obtained when T-dualising
on directions that are not isometries, and geometry should then be lost even locally [3, 5].

While the H-flux and the structure constant f have a clear ten-dimensional inter-
pretation? the non-geometric fluxes did not at the time. The Neveu-Schwarz sector of
ten-dimensional SUGRA contains precisely two types of fluxes, H and f, and so the origin
of @ and R remained obscure. This was amended recently using a SUGRA field redef-
inition, which yields a globally defined ten-dimensional Q-flux in specific situations [4].
Following this strategy, and also adopting the tools of double field theory [6-9], this result
was extended and led to a ten-dimensional action and expressions for both ) and R [10, 11].

Independently of these studies of effective SUGRA descriptions of the string, related
properties of string world-sheet theories have been investigated. In particular, the commu-
tativity of the world-sheet fields, and the associated space-time geometry, in the presence of
background fluxes has been under scrutiny. This led to the discovery of non-commutativity,
when it was shown that the boundary theory of an open string ending on a D-brane with
either constant B-field or an abelian gauge field is non-commuting [12-17].

In contrast, closed string theories are expected to remain commutative as long as
the background is geometric, and more exotic set-ups seem to be required to find non-
commutativity. Indeed, recently evidence has been found for a connection between non-
geometry and closed string non-commutativity and even non-associativity [18-21]. Inves-

!'Equivalently, the gauge algebra of the four-dimensional gauged SUGRA could only be made T-duality
covariant if new structure constants were introduced (3, 5].

2H is the exterior derivative of the Kalb-Ramond field B and f is related to the spin connection, and
so indicates non-zero curvature. For this reason, f is also known as the geometric flux.



tigations adopting a K-theory perspective in [22-26] also indicate that the closed string
geometry becomes non-commutative on such backgrounds [27, 28].> Approaches using dual
membrane theories [30] and matrix models [31] arrive at the same conclusion.

It was shown in [19, 21], for a non-geometric background with elliptic monodromy
(which can be viewed as a freely acting asymmetric orbifold), that a non-vanishing com-
mutator of closed string coordinates is proportional to the non-geometric flux times a
winding number. Guided by these results, we formalised in [11] the connection between
non-geometric fluxes and closed string non-commutativity through the conjecture

[X'uaxy]closed ~ %QPIW(X) da’ . (1.2)
Cp

The scope of this paper is to show that this conjecture holds in one of the most famous ex-
amples of non-geometric set-ups: the @Q-flux dual of the flat three-torus with H-flux [32, 33].
This configuration, and its T-duals, have been studied at length in the literature (see [4, 20]
for recent accounts with focus on non-geometry and non-associativity). We will recapitu-
late some salient features here, and also clarify how, by assuming a sufficiently dilute flux,
these set-ups can be approximations of string backgrounds.

The flat three-torus with H-flux has two isometries: the Kalb-Ramond field B neces-
sarily depends on one of the torus coordinates in order to give a non-trivial H-flux. It is
useful to describe the configuration as a (trivial) fibration of a two-torus over a base circle,
and let B live along the fibre and depend on the base circle coordinate. T-dualising on one
of the fibre directions, one finds (using the Buscher rules [34, 35]) a twisted torus with zero
H-flux, whose fibre twisting is related to a non-trivial geometric flux f. T-dualising on the
second fibre direction, one reaches a non-geometric situation where the background metric
and B-field are not globally well-defined. Indeed, T-duality is required to act as transition
functions for these fields, and the configuration can be viewed as a T-fold [36]. As shown
in [4], a description with a globally defined metric and Q-flux exists for this set-up. Thus,
this toroidal example perfectly matches the T-duality chain (1.1) (and was, in fact, an
inspiration for it).

To study strings on this field configuration, it should better be a consistent string
background, and so in particular Weyl invariant. Thus, the one-loop [S-functions of the
string sigma-model should vanish, which corresponds to satisfying the SUGRA equations
of motion [37]. For the flat torus with H-flux, this is generically not the case. In particular,
the dilaton and Einstein equations restricted to the Neveu-Schwarz sector are given by

1
R+4(V2) = (00)%) = o5 HywpH" (1.3)
G;w 2 2 1 KA GIW PR
Ruy = =5 R+ 2V,u006 = 2G0 (V29— (09)") = 7 Hum B = == Hpn H | (14)

For a flat torus with constant dilaton but non-zero H, these equations are violated due to
terms proportional to the square of the H-flux. One way to make sense of this configuration

3See [29] for a different interpretation of these non-commutative theories.



is to complete it with more ingredients (Ramond-Ramond fluxes, orientifold planes) in the
other dimensions not considered here; this has been done in [38] to get solutions of type IIB
SUGRA as those of [39]. We will proceed in a different manner. We only consider NSNS
sector contributions to the SUGRA equations of motion, and assume the torus volume is
so large that

H

T 15
RiRoRs (1.5)

Here, R, —1 23 denote the radii of the torus, and H the flux component Hj93 (our conven-
tions are explained below (2.1) and above (2.8)). As we show in detail in section 2, the
quadratic flux terms in (1.3) and (1.4) are quadratic in this small flux density, and so can
be neglected to a good approximation. Thus, using this “dilute flux approximation”,* this
field configuration can be viewed as an approximate string background. The result can
easily be extended to the two T-dual set-ups (T-duality actually guarantees that if it is
true for one, it remains true for the others).?

Consequently, for a dilute flux, we find that the torus with H-flux and the twisted
torus are both approximate geometric string backgrounds. It therefore makes sense to
analyse the properties of their world-sheet theories in detail, and we will do so in this
paper. We will derive the equations of motion and boundary conditions for the world-sheet
fields and find their solutions to linear order in the flux density. We will also investigate
the T-duality relations between equations of motions, coordinate solutions and canonical
commutators between coordinates. This is presented in section 2, and shows that T-
duality is a remarkable tool: not only does it relate the classical coordinate solutions of the
two geometric backgrounds, but it also maps their quantum properties, i.e. most of their
operator commutators.

However, a similar direct analysis of the non-geometric Q-flux background is not possi-
ble. This is especially pertinent for the commutators of the coordinates. While it is natural
to impose canonical commutator relations in any geometric frame, the same does not hold
in a non-geometric setting. Thus, in these settings, the commutators of coordinates are a
priori undetermined. To compute them, we hence proceed indirectly through T-duality, us-
ing that both the classical coordinate solutions and their commutator relations are T-dual
to well-understood geometric quantities. Thus, by T-dualising the twisted torus solution
Y#(r,0), we obtain the coordinate solutions Z#(7,0) of the non-geometric situation as a
(complicated) combination of zero modes and oscillator modes. The commutation relations
of these modes are obtained from a (partial) canonical quantization of the twisted torus

“In the twisted torus, the approximation could also be called a weak curvature approximation. Ap-
proximations of this type have been used before, see e.g. [20, 40, 41] and references therein for related
discussions.

®The asymmetric orbifold studied in [21] is an example of an exact CFT solution where non-
commutativity appeared to be related to the underlying non-geometry. Thanks to the approximation
considered here, we have at hand another example with similar characteristics (a non-geometric set-up);
it should therefore be enough to recover the non-commutativity features, and we leave the study of a
background beyond this approximation to future investigations.



solution. As a result, we find the following non-vanishing commutator
[Z}(r,0), Z2(r,0')] ==% —~_N*H . (1.6)

As expected, our result shows that the non-commutativity is contingent on the flux
and winding. The explicit expression for the Q-flux, that was derived in [4], shows that @
is proportional to H, and so the analysis confirms the conjecture (1.2). In particular, if H
is zero, we have a geometric and commutative situation. Furthermore, just as suggested
by the integral in the conjecture, it is the extension of the string that is the source of
non-commutativity. Indeed, if we put the winding number of our solution to zero, we loose
non-commutativity. The relation to the extension of the string is not surprising, and shows
that the non-commutativity is a non-local effect.

The rest of this paper is organised as follows. In section 2 we perform a thorough anal-
ysis of the T-dual configurations. We show that they are approximate string backgrounds
when the background flux density is small, and study the T-duality relations between equa-
tions of motion and canonical commutators. In section 3 we solve the equations of motion
in the two geometric situations to linear order in the flux density, and discuss the T-duality
relations among their solutions. We then perform a partial canonical quantization for the
twisted torus background, deriving the commutation relations of the modes of its solution.
In section 4, we study the non-geometric background. Using T-duality we find its coordi-
nate solutions, and work out their commutators, leaving some details to appendix D. We
study the origin of the non-commutativity and compare with the geometric backgrounds.
We also relate the non-commutativity to the @Q-flux. Finally, we summarize our conclusions
and give suggestions for future investigations. Appendices A and B explain our notation
and target space aspects of T-duality. In appendix C, we comment on the relations between
monodromies, closed string boundary conditions and non-geometry.

Since this paper is on the long side, let us decompose it into three themes. A reader
interested in non-commutativity should focus on sections 4.2 and 4.3 as well as appendix C,
while one more interested in the canonical quantization of the twisted torus should look
at 2.2, 2.4 and 3. Finally, 2.2.1, 2.2.2, 2.3 and 3.1 discusses the classical string on the two
geometric backgrounds.

2 Classical and quantum string on the T-dual backgrounds

In this section, our starting point is the standard world-sheet action

P j d*c (GW(X) 7% + B, (X) saﬁ) OaXF5X" (2.1)
¥

4rad

where the metric G and the B-field specify which background we consider. The world-sheet

metric 7,5 is Minkowski with signature 7., = —7,, = —1, and we take as a convention

€ro = —E¢r = 1. In addition, we fix for convenience o/ = %

From this action, we first recall Buscher’s T-duality procedure [34, 35], and deduce the
T-duality relations between string coordinates. We then present the three T-dual toroidal



backgrounds, and study the associated world-sheet equations of motion and closed string
boundary conditions.® Finally, we come back to the T-duality relations among coordinates
of the different backgrounds and study how they relate the equations of motions and
boundary conditions, as well as the canonical commutation relations that we first introduce.

2.1 Buscher’s approach to T-duality

Let us first briefly sketch the procedure introduced by Buscher [34, 35], in order to derive
the T-duality transformation rules we need. For more details, see for instance [42]. We
start with the initial world-sheet action (2.1), that can be rewritten as follows
2
S = f A% B, (X) 0, X" 0,, X", with E,, = G + By, (2.2)
TJy
where we used the conventions given below (2.1), introduced 0+ = 7+0 and 20,, = 0, +0,-.
To perform a T-duality along . = ¢, one needs this direction to be an isometry, meaning
in practice that background fields £, (X’) do not depend on X* (we denote by p = k, A the
other directions). The first step of the procedure then consists in gauging this isometry,
by adding to d,, X* gauge fields A4+, and to the initial action S the following piece

S — —2j Lo X (05 Ay — 09, A_) . (2.3)
>

Here, the field Xisa Lagrange multiplier, which will become the T-dual coordinate. The

fields A+ can be thought of as light-cone gauge fields; it is thus their field strength which

appears here. The equation of motion for X puts this field strength to vanish, so that these

gauge fields are pure gauge. Imposing this constraint, and shifting X* (possible thanks to

the isometry), one recovers the initial theory given by the action S.

One can equivalently integrate out the gauge fields, instead of X. To do so, one should
first derive their equations of motion. Note that these are the same as the equations for
Jo, X* + A4 (in particular one can replace A4 by this sum within 54, without changing
it). To integrate out A4, one then in practice replaces in the full action these quantities by
their on-shell value. By construction, the resulting theory is equivalent to the starting one:
we say that the new action is T-dual to S. Up to a total derivative, this new action has the
same form as .S, where one replaces X* by X, and the field E,, by E'W, given as follows

A 1 A E,. A E., A E Eo

szi’ EL = — 7EH: ,E :E —
‘TG, FT G, ‘TG, O

. (2.4)

These are the well-known Buscher rules [34, 35] that describe how the target space fields
transform under T-duality. We rediscuss these target space transformations in appendix B.

Let us come back to the equations of motion derived for A4 (equivalently for 0,, X* +
Ay). These equations are the core of the procedure and allow to relate the T-dual sit-
uations. As before, performing a trivial shift on X* would absorb a pure gauge A into

In appendix C, the global properties of these backgrounds are rephrased in terms of monodromies, out
of which we propose a way to derive the boundary conditions of (doubled) string coordinates.



0y, X'; equivalently one can choose to gauge-fix A4 to zero. In both cases, the equations
of motion simplify to”

0p X = G, 05, X'+ B, 05, X" (2.5)
0. X = =Gy 05 X" — Ey, 05 X" . (2.6)

Consequently, one deduces the following relations between derivatives of T-dual coordi-
nates®

0r X" = Guow X' + GuulpX™ + Byudy X* (2.7)
(}a(f% = GLLaTXL + CTvL/'@aT‘)C‘H + BU@aO'XK
0r X% = 0 X%, 0,X" = 0,X"

We will make use of these relations, but let us first present the different T-dual backgrounds
we will work with.

2.2 The classical string on the different T-dual backgrounds

In this section, we present the different T-dual backgrounds, and derive for each of them
the world-sheet equations of motion. We also discuss the boundary conditions of the
coordinates.

2.2.1 Torus with H-flux

We first consider three dimensions of the target space to be a flat torus along X'# = X#=123
with periodic identifications X* ~ X* + 27, and a H-flux H3 = HdX' AdX? AdX?3, where
H is a constant. We only consider the target space fields along the torus; the metric is
then given in terms of the radii R, by

R0 0
G=|0R:O]|, (2.8)
0 0 R2

and the B-field is fixed to a particular gauge that is linear in X3,
Biy = —By = HX®, Big= B3 = By =B =0. (2.9)

As discussed in the introduction, for this configuration of fields to be a valid string
theory background, the SUGRA equations of motion should be satisfied. With a constant
dilaton, the equations (1.3) and (1.4) reduce here to

H 2
o — 2.1
(RlRQRg) 0, (2.10)

"On the matter of gauge-fixing, see [43]. On the relations between T-dual coordinates, see also [44].
8Note that in the whole procedure, another set of conventions is possible. In particular, one can take

the opposite sign in front of S4, and the opposite sign for £.,. This results in having the opposite sign for
the off-diagonal pieces in (2.4), and in exchanging the indices of these same pieces in (2.5) and (2.6). One
can of course choose such conventions, but they will be incompatible with the conventions of (B.2).



where we used that in curved indices, Hio3 = H. Thus, these equations of motion are
satisfied up to linear order in H/R; RyR3. This can be realised physically by considering a
sufficiently large torus which would dilute the flux, and assure that (1.5) is satisfied. Note
that the flux, i.e. H, is quantized in string theory. The flux density H/R;RsR3 can be
small, and we will work with this approximation of the dilute flux throughout the paper,
i.e. at linear order in the previous quantity. Finally, we should also consider the B-field
equation of motion and the H-flux Bianchi identity, given respectively by the forms

d(e™®« H3) =0, dH3=0. (2.11)

While the latter is trivially satisfied for our constant H-flux, the former is less straightfor-
ward, because the Hodge star * involves the volume and the orthogonal metric components.
Here we restrict ourselves to the three-dimensional flat torus with a constant dilaton, and
the equation is satisfied because all fields are constant. In a more general case, other
assumptions will have to be made.

Given this background, we now study the closed string living on it. Starting from (2.1)
and its associated conventions, using (2.8) and (2.9), we derive the equation of motion for
a closed string moving on a torus with H-flux:

000 XM (1,0) = G' Hyp0y X" 0, X7 . (2.12)

In order to simplify notations, and the approximation, we rescale all quantities (see table 3
in appendix A), which results in

1
XH — R—X“ (nosum), Gu — N, H - HR1RyR3 . (2.13)
m

These rescaled quantities will be used in the remainder of the paper. We then have the
rescaled equations of motion

000 XH(1,0) = He",,0, X" 0: X", (2.14)

where €/, = n“)‘eA,,p. In this rescaled notation, the approximation (1.5) translates simply
into retaining terms up to linear order in H, which is now to be regarded as a flux density:
(H)new = (H)ola/R1R2Rs. Note as well that this new H is equal to Hjeg in flat indices,
i.e. the one that enters the T-duality chain (1.1). This is a first hint that this quantity will
appear and play the same role in the other T-dual backgrounds.

Finally, let us consider the following boundary conditions

XH(r,0 +2m) = X*(1,0) + 27 N% | (2.15)

that are compatible with the torus periodic identifications. These boundary conditions will
be completed in (C.15) with those of dual coordinates, using a doubled formalism.

We index here the winding modes N§ by X to distinguish them from the modes N*
in the twisted torus configuration. The same distinction will be made on the other modes;
in particular, to ease the notations, no specific index will be carried by the modes of the
twisted torus, as those are the ones mostly used in the paper. Let us now turn to this
second configuration.



2.2.2 Twisted torus

Secondly, we consider a twisted torus along X* = Y#=123 with metric

1 _HY3 0
R} B
= HY?3 2 HY?3
G=1|_ R+ ( oy ) o |- (2.16)
0 0 R2

This is a three-dimensional nilmanifold generated by the Heisenberg algebra, and its
Maurer-Cartan one-forms, in particular (dY' — HY3dY?)/R;, are globally well-defined
provided the following identifications are satisfied”

YLY2Y3) ~ (YVi2m Y272 ~ (Y Y2421, V3 ~ (Y427 HY? Y2, Y3 421) . (2.17)

In addition, we consider no B-field. Using (2.4), or appendix B, one can verify that this
field configuration is related to the flat torus with H-flux by a T-duality in the X!-direction.
This is true provided we identify X3 = Y3, while the H parameter and the radii we have
here are the same as in (2.8) and (2.9). We will return to this T-duality in section 2.3.
To identify the dilute flux approximation in this background, we again study the target
space equations of motion. For a constant dilaton and no H-flux, equations (1.3) and (1.4)

become 1
R=0, Ru-— §GWT"' =0. (2.18)

Using that the non-zero components of the Ricci tensor (in curved indices) and the Ricci
scalar for the twisted torus are

1 H \? R/ H \° 1/ H \?
Rit=—5(—=——— ] , Rogjgs = — Re=—-cor— 2.19
" oR? (R1R2R3> » H22/38 2 (R1R2R3> ’ 2 (RleRg)  (219)

we find, just as in the T-dual situation discussed above, that these equations are satisfied

at linear order in H/RjRoR3. Another way to see that the approximation remains (1.5),
is to notice that the (non-trivial) structure constant floy = —H/RiRyR3. As already
mentioned for the flat torus, this is the quantity that appears in the T-duality chain (1.1),
and is considered small in our approximation.

It is straight forward to derive the world-sheet equations of motion in the twisted torus
background. In order to simplify their appearance, and the approximation, we again rescale
according to table 3 in appendix A, giving in particular

1
Yio Ry v o o v3 > HRiRyR; (2.20)
2.3

Then, our approximation is again simply given by the linear order in H, while the rescaled

equations of motion are

0a0°Y" = H (Y30,0°Y? + 0,Y?0°Y?) (2.21)
0a0°Y? = H (0,Y'0°Y? — HY?0,Y?0°Y?) (2.22)
0a0°Y? = H (=0, Y'0°Y? + HY?0,Y?0°Y?) . (2.23)

9See [45] for a review on nil- and solvmanifolds, their compactness and associated discrete identifications.



They simplify, at linear order in H, to
0a0°YH" = HO",,0,Y"0VY P, (2.24)
where we introduce 893 = 6213 = —6315 = 1, with all other components being zero.

The twisting of the torus, described by the identifications (2.17), makes the boundary
conditions for the coordinate fields non-trivial. Allowing for some winding N*, we have

Yi(r,0 4+ 271) = Y (1,0) + 27N + 27 N*HY?(1,0) (2.25)
Y%(r,0 +27) = Y?(1,0) + 2 N? (2.26)
Y3(r,0 +27) = Y3(7,0) + 2rN3 . (2.27)

These boundary conditions will be completed in (C.16) with those of dual coordinates,
using a doubled formalism.
2.2.3 The non-geometric background

Finally, we consider a third situation with the string coordinates denoted X* = Z#=12:3
and the following field configuration

1 0 0 0 HZ3 0

R? T R2RZ 3y 2\ !
HZ
_ 1 _ HZ3 _
G=f|0 gz 02 , B=f we 0 0f f—<1+<R1R2>> . (2.28)
0 0 % 0 0 0

This configuration is known to be non-geometric in the sense of [1, 2]. Indeed, when going
around the circle along Z2, one cannot find a diffeomorphism or a gauge transformation
which would make these fields globally defined; on the contrary one can achieve this by
using a T-duality as the transition function between two patches on the Z3 circle [32, 33].

This field configuration is also T-dual to the twisted torus. By performing a T-duality
along X2, and identifying Y? = Z3, one obtains precisely the above fields using (2.4) or
appendix B (the parameter H and the radii are the same as before). This implies that
if the torus with H-flux or the twisted torus are consistent string backgrounds, or can be
completed to such, the same should hold here. We infer that we can make the same ap-
proximation as (1.5), so that the non-geometric field configuration becomes a background.
There is an easy way to verify this: after rescaling quantities as indicated in table 3 in
appendix A, and considering at most the linear order in H, the non-geometric fields (2.28)
reduce to precisely those of the torus with H-flux, up to a change of sign of the B-field
(see table 1), so they clearly satisfy the SUGRA equations.

Despite the similarity with this previous geometric background, we know that the
fields here should only be considered locally, and that their global properties are non-
trivial. The global aspects differ from those of the torus with H-flux, as we discuss in
appendix C, and similarly, the T-duality relations (2.31) among coordinates will indicate
boundary conditions for the Z* that are different from those of the X*. More generally,
the idea of this paper is to make an intensive use of the T-duality relations between these
various backgrounds to study the string properties on the non-geometric one.
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Backgrounds H XH

Target space fields

100 0 HX30
Torus + H-flux || X* G=|010|,B=|-HX3 0 0
001 0 0 0
1 —HY?0
Tw. torus y# G=|-HY?> 1 0|+0O(H?), B=0
0 0 1
100 0 —HZ30
Non-geom. ZF | G=|010|+0O(H?, B=|HZ> 0 0|+0(H?
001 0 0 0

Table 1. Rescaled background fields, keeping terms to linear order in H.

Summary of the rescaled and approximated background fields. As argued for
each of the three T-dual backgrounds, the supergravity equations of motion are satisfied
at linear order in the H parameter. In table 1, we summarize all target space fields,
namely (2.8) and (2.9), (2.16), and (2.28), rescaled according to table 3 in appendix A, and
expanded at linear order in H. We recall that these fields are T-dual according to (2.4)
or appendix B, provided one identifies X® = Y3 = Z3 (on that point, see the discussion
after (2.31)). These fields will be used in the remainder of the paper, in particular to

compute the canonical momentum (2.39).

2.3 Relating the classical string on the different T-dual backgrounds

So far, we have presented three T-dual backgrounds. The corresponding string coordinates
can be related thanks to the T-duality relations derived in (2.7), so let us first give the
latter explicitly. We use the rescaled quantities in these relations (see the discussion around
table 3 in appendix A), in particular the target space fields of table 1, and obtain

T-d. along ¢ = 1: 0, X% = 0,Y?%3, 0,X%3 = 0,Y?*3, and
0:Y =0, X' + HX30, X?

0. X' =0,Y'— HY?0,Y? — (2.20)

0, X' = 0,Y' — HY?33,V? |(all order in H)|0,Y" = 6. X' + HX30,X2
T-d. along ¢ = 2: 6TY1’3 = 6721’3, 80-Y1’3 = (%Zl’?’, and

0,Y? = 0,72% + HZ30. 7} — 0: 2% = 0,Y? — HY30,Y? (2.30)

0,Y? = 0:2% + HZ%0,Z"|(up to O(H?))|0,2% = 0, Y? — HY?0, Y '
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and by composition

T-d. along 1 and 2: 0, X% = 0,23, 0,X3 = 0,73, and

o-X' — 0,7 — HZ30, 722 0:ZY = 0, X'+ HX30, X?

WGX! =02 —HZ0,2| = 0,20 =0 X A HXRX
0-X? = 0,2% + HZ30, Z"|(up to O(H?))|0, 2% = 0,X? — HX30, X' 7

0y X2 =072+ HZ30, 7" 0,7% = 0, X? - HX30, X!

We find that the derivatives of the third coordinate always match, which is consistent
with this coordinate being unaffected by T-duality along X' and X2. It means that we
have a base circle in the geometry which remains invariant under T-dualities of a two-torus
that is fibered over it. This equality of the derivatives of the third coordinate indicates that
X3.Y3,Z3 could be identified, up to a possible difference in the center of mass position
constant. However, we mentioned previously the need for the exact identification, so that
the target space fields are T-dual. We refine this requirement in what follows, and will
only identify the zeroth order in H, i.e. X§ = Y3 = Z3. Doing so we ignore the freedom
in the zeroth order center of mass position.

Let us now make use of the relations (2.29) to investigate the equations of motion for
the two geometric T-dual backgrounds. Under T-duality along X!, the equations of motion
(e.o.m.) of the two coordinates that are not dualised match:

X% e.om. (2.14) < Y? e.om. (2.22) (2.32)
X3 eom. (2.14) Y3 e.om. (2.23), (2.33)

as can be seen by simply using (2.29). Here, we consider the equations of motion valid to
all order in H, so those relations are always valid. Again, this is consistent with T-duality
only affecting the coordinate that is dualised. Interestingly, the X! e.o.m. (2.14) and Y!
e.o.m. (2.21) do not lead to one another when using the T-duality relations (2.29); doing so
rather makes them automatically satisfied to all orders (one obtains trivial identities) [44].
To get these e.o.m., one only needs the T-duality relations (2.29) and then considers the
(trivial) equalities

0=0,(0;X") = 0,;(0,X") = Y c.om. (2.21), (2.34)
0=0,(0-Y") —0,;(0,Y") = X! c.om. (2.14) . (2.35)

To conclude, given the T-duality relations, the equations of motion in one background can
be obtained from those of the T-dual background, together with trivial constraints.

Likewise, one can easily show that the closed string boundary conditions for X, given
in (2.15), and Y, given in (2.25), (2.26), and (2.27), are mapped onto each other by the
T-duality transformation (2.29), up to the precise value of the winding constants. In
particular, one can notice that the non-trivial Maurer-Cartan one-form of the twisted
torus is precisely the quantity entering in these T-duality relations; its global-definedness
is then mapped.

These properties will play an important role in what follows. The map of equations of
motion and boundary conditions in not dualised directions implies that the classical string
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solutions in these directions can as well be mapped. This requires the T-duality relations
to hold, and those are also important for the map of the dualised direction. Verifying
explicitly these T-duality relations may bring new constraints, but will then guarantee
that starting from a string solution, one gets a solution after T-duality. We will investigate
these important features in more details for the geometric T-dual backgrounds, and use this
same idea as a starting point in our analysis of the non-geometric background in section 4.

At linear order in H, the world-sheet equations of motion for the non-geometric back-
ground should locally be the same as those of the torus with H-flux, up to a sign on H, as
can be seen on the target space fields in table 1. We however expect the classical solution to
differ, and this can be understood as a consequence of the different boundary conditions.
The latter encode the global aspects, which are known to differ between geometric and
non-geometric backgrounds. The relation between the global aspects and the boundary
conditions is also discussed in appendix C when studying monodromies. Here, one can
verify explicitly, by looking at the T-duality relations (2.31), that the boundary conditions
cannot be the same between these two backgrounds.

2.4 Canonical commutation relations and T-duality

In this section, we turn to quantum aspects. We initiate the canonical quantization by
presenting the general canonical commutation relations for the string, and their explicit
H expansions, for the two geometric backgrounds at hand. We then study how T-duality
relates the canonical commutators of the two backgrounds, and find that the information
of these commutators in one background can be obtained by studying the commutators in
a T-dual one. This will be useful in the study of the non-geometric situation in section 4.

In any geometric background, the canonical commutation relations are'”
[X#(1,0), X"(1,0")] = 0 (2.36)
[Pﬂ(Ta 0)7 PV(Ta UI)] =0 (237)
[X*(7,0), Pu(r,0")] =i 6} 6(c — o), (2.38)
where
P—5£ —1G X)0: X" + B, (X)0, X" 2.39
“:58796'“_;( ;W()T + uu()a )a ( )

is the canonical momentum. Here the Lagrangian £ is read from the action S = SE d*c L
in (2.1), and we follow the conventions given there. Importantly, P, depends on the
background fields and thus differ between the torus with H-flux and the twisted torus
backgrounds. To compute P, and the canonical commutators, we use the target space
fields in table 1, and expand the coordinates fields to first order in H as

XM (1,0) =X} (r,0) + HX}(T,0), (2.40)

where Xy (Xp) solves the equation of motion and boundary conditions to zeroth (first)
order in H. The full solutions will be presented in section 3.1, and we will use this to start
an explicit canonical quantization of the string on the twisted torus in section 3.2.

10We use right away the rescaled quantities, see the discussion around table 3 in appendix A.
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Zeroth order. At zeroth order in H, the torus with H-flux and the twisted torus reduce
to a fluxless torus background. For both of them, the rescaled background metric then
boils down to 7, B vanishes and the canonical commutation relations become simply

(X8 (7, 0), X (7,07)] = 0 (2.41)
[0: X8 (1,0),0: X8 (1,0")] =0 (2.42)
(X (,0),0: XY (,0")] = ir n* §(0 — o) . (2.43)

These are the standard relations for the free string, as expected.

First order. To start with, the commutator of two coordinates still vanishes as given
by (2.36), but this translates into

0=[X*(1,0), X" (1,0 )||lu = H [X}(7,0), X (1,0")| + H [X};(1,0), X (1,0")], (2.44)

where by | we mean exactly the H-order term (it does not contain the zeroth order term).
This commutator relation holds for the two geometric backgrounds.

We now turn to the commutators that involve the canonical momentum, and start
with the torus with H-flux. From (2.38), using (2.39), the zeroth order commutators, and
the target space fields, it is easy to deduce

[X*(1,0),0, X" (1,0")]|lg =0 . (2.45)

It is less straightforward to deduce the commutator of two d X* from the one involving
two canonical momenta (2.37). Using again (2.39), the zeroth order commutators, and the
target space fields, one finds that the non-trivial commutators are

[0-XY(1,0),0; X*(1, 0|y = irH (X{(7,0") — X3(7,0)) 0,6(c — ') (2.46)
[0, X3(1,0),0: X (1,0 |g = inH (6 — 0') 0 X2(T,0") (2.47)
[0, X3(7,0),0, X?(1,0")||g = —inH §(o — ¢') 0 X} (7,0 . (2.48)

For the twisted torus we have P, = LG, (Y)d,;Y", so by multiplying (2.38) on the
left by G (Y)(7,0") and using (2.36), we get

[Y¥(1,0),0.Y"(7,0")] =im (0 — ') G*(Y)(7,0") . (2.49)

The above inverse metric, at first order in H, can be obtained from the one in table 1 by
only changing the sign of the off-diagonal components. From this we obtain one non-zero
commutator (for any other combination of coordinate indices, (2.49) at first order is zero)

[Yi(r,0),0.Y*(r,0)]|lg = [Y*(r,0),0. Y (r,0)]||g = irH 6(c — o) Y§(1,0") . (2.50)

Finally, to relate (2.37) to the commutator of two 0;Y*, we first consider the commutator
of two G*? P,. It is more involved than (2.37), because of the dependence of the metric on
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Y. Using the identity [AB,C| = A[B,C] + [A, C]B, together with (2.38) and the explicit
form of the inverse metric, we deduce

[0,Y3(r,0),0, Y (1,0")]|g = —inH §(0 — ') 0, Y (r,0"), (2.51)
[0,Y3(r,0),0.Y?(1,0)]|g = —inH 6(c — o') 0, Yy (r,0"), (2.52)
all other [0;Y"(1,0),0.Y"(1,0)]|lg =0 . (2.53)

In addition, we get using (2.50), or J, (2.38),
[0, Y'(7,0),0.Y*(1,0)|g =[0,Y?(1,0),0; Y (1,0 |g =inH Y (1,0") 056 (0 —0") , (2.54)
that we combine with (2.44) and (2.53), for future convenience, to

[5061 y! (1,0), 5022 YQ(T, lg = [(7(,61 y? (1,0), 5022 y! (r,0)]|lu (2.55)

IZWH (61 Y (r,0') + e Y3 (7, O‘)) 0,60(c — '),

introducing the notation € = +1 so that o, = o4.

With these canonical commutators at order H at hand, we can investigate how they
are related under T-duality along &X!'. Since the T-duality only relates the derivatives
of the coordinates, it is primarily the o or ¢’ derivatives of these commutators that are
mapped. More precisely, provided the zeroth order commutation relations (2.41)—(2.43)
and the T-duality relations (2.29), one shows that one set of the following commutators
gives the other one

[05 X (7, 0), 0ot X (7,0) ]| [05Y (7, 0), Y (1,01
[05 X" (7, 0), 0- X (7, 0") || = [0oY (7, 0), 0 Y”(T, o)\
[0-X"(7,0),0-X"(1,0")||ir | (at order H) | [0:Y"(r,0),0;Y"(r,0")]|u

or in other words

00y (2.44) 050y (2.44)
0,(2.45) — 0,(2.49)
(2.46), (2.47), (2.48) | (at order H) | (2.51), (2.52), (2.53)

For instance, one reproduces (2.46) as follows

[0, X (7,0),0, X*(1,0")|lg=[0,Y " (1,0), 0. Y (1,0l — H [Y§0,YE(T,0),0.YE(T,0')]
=irH (YO?’(T, o) =Y3(r, 0)) 0s6(0c—0") using 0,(2.49), (2.43)
=irH (X§(1,0") — X3(1,0)) 0s6(c—0") .

To conclude, given the relations between coordinates in T-dual backgrounds, we can

use the information in one background to compute commutators in another. This will be
useful when we analyse the non-geometric situation in section 4.
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3 Analysis of the geometric backgrounds

In this section, we analyse the torus with H-flux and the twisted torus in more detail. For
these backgrounds, we find the solutions to the equations of motion and boundary condi-
tions to linear order in H, and discuss how they are related by T-duality. Subsequently, we
turn to the canonical quantization of the twisted torus. The classical modes of its solution
are promoted to operators, and we derive those commutation relations that are needed for
the analysis of the non-geometric set-up in section 4.

3.1 Solutions for the coordinate fields

The equations of motion and boundary conditions for the coordinate fields were given in
sections 2.2.1 and 2.2.2. Using the dilute flux approximation, we will now find solutions
to these equations up to linear order in H. Our presentation will be fairly brief, as the
(lengthy) computations are straightforward and the analyses of the two T-dual situations
are very similar (although the respective solutions differ).

We start our analysis by examining the boundary conditions, i.e. (2.15) for the torus
with H-flux, and (2.25)(2.27) for the twisted torus. These boundary conditions show that
while the coordinates are not periodic in o, the following functions are

1
Xt —N{o, Y*-N*P¢c, Y'-No-H <N30(Y2 — N%0) — 5J\ff’>1\72a(27r — 0)).

Therefore, all these functions can be expanded as Fourier series in o, with 7-dependent
expansion coefficients. We can develop these expansion coefficients order by order in H, so
that at linear order, we get for the torus with H-flux

XW(r,0) = Nk + 3, V(e ™ + H( 3 (r)e ™). (3.1)

ne” nez

and, for the twisted torus,

Yi(r,0) = Nlo + Z bl (r)e e

nez
1 )
+ H(N3U(Y2 — N%0) — 5N?’J\ﬂa(zw —0)+ )] c;(f)em> (3.2)
nez
Y2’3(7', J> _ NQ,SJ + Z 6273(7_)6—1710 + H( Z 0721’3(7')6_1”0> ’ (3'3)
nez nez

where the bx,b and cx, c are H-independent functions of 7. We will determine the coeffi-
cients of these series by inserting (3.1), (3.2) and (3.3) into the equations of motion (2.14)
and (2.24) respectively. This will lead to solutions of the form

Xt (r,0) = XY (1,0) + HX}(1,0) + O(H?) | (3.4)

where Aj is the solution to the equation of motion at O(H?), and Xy is the solution
at O(H).

,16,



Twisted torus. Let us now focus on the string in the twisted torus background. The
analysis for the torus with H-flux proceeds in the same way, and we will only present the
result below. At O(HP) the equation of motion and boundary conditions are just those for
the free string, and the solution is given by (with o4 = 7 + o)

S ,
Vg =y gt 4 No 5 3 (e "+ afie ) (3.5)
n
n#0

For future convenience, let us decompose these into left- and right-moving parts

i 1 .
— E —ake 7= (3.6)
= 2 =

YOM:YOML‘FYE)%’%M:YOML_%%v and y" =y; +yp, V' =Y —Yr.

i 1. _.
YoL =i+ phos g 0 S @he T Vi =y +pho +

P =i+, NM=pp—ph.

The division of y* is conventional, and ensures that y*, y* are dual to p*, N* respectively.

Proceeding to linear order in H, (2.24) gives!!
0a0°Y} = 0F,, 0,Y5 0°YY (3.7)
where we recall that 6'93 = 6213 = —6315 = 1, and all other components are zero. We

define similarly A, as Aa3 = 1, and all other components are zero. With these definitions
the equations at order H given by (3.7) become, using (3.2) and (3.3),

aaaa( > cg(f)eim> =0H,, 0a Yy VY (3.8)

neZ

1
— Aag 0q,0% <N3J(Y02 — N?%0) — §N3N20'(27T - J)> ,

Solving this equation for the Fourier coefficients ¢/, one finds the most general solutions

to (3.7) and the boundary conditions (2.25)—(2.27). After some non-trivial rearranging,
the solutions take the form

i 1 - .
Yii(r,0) =yl + 0 7+ 5 3, — (Fhe™" 7 +afeT) (3.9)
n#0
72
+ 6"y (PP = NPNY) —

1 ~ ~
H0%p 5 T (Y |s — N°YY | + 'Y |z — N"Y{|s)
1 Yo \ v
— 0" 7 (Y5 YS s = Y55V |5)

2 - 1
+ Mgz N3 <N2 % + 7 Y¢|s + o(YE — N20) — 5N%(% — a)> ,

" This order by order method decomposes the non-linear equations of motion for the twisted torus as
two linear differential equations: the wave equation and (3.7), where the latter has a non-zero right-hand
side. This is a great simplification, since generic properties of such equations, as the decomposition into
homogeneous and particular solutions, can thus be used.
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where y4;, ph, 7% and 44 are arbitrary constants and we denote

i Lo, —ino_
Y0“|g=2§0n( Hemino+ 4 qltemino-) (3.10)

The expression (3.9) makes it clear that the boundary conditions are satisfied. Indeed,
all terms but the A93 ones are periodic in o, and the (last two) A\93 terms give precisely
the boundary conditions (2.25)-(2.27). It is less obvious that this expression solves the
equation of motion (2.24). However, one can actually rewrite the solution as

oH .
Yij(r,0) = ==& (V¥ = YgYE) + fior) + fl(o-), (3.11)
where the left- and right-moving functions f7,r can be computed straightforwardly. In
addition, by decomposing on left and right movers and using 20,, = 0, + 05, one finds

1 o~
— 20T = YEVY) = daYga°Yy (3.12)

The expression (3.11) then makes it clear that Y/ solves the equation of motion at order H.
The price to pay for this reformulation is that the rewritten solution no longer manifestly
satisfies the boundary conditions. Note that the reformulation (3.11) requires a split of y;
into yhy L.r» just as for the free string. We will use this decomposition in appendix D.

Torus with H-flux. To complete this section, let us record the solution at zeroth and
linear order in H for a string propagating in a torus with H-flux. Using the same methods
as above, we find

i Loy —i
Xi =t +pT+ Nio + 5 Z - (ah,e "7 4 aly, e 7)) (3.13)
n#0
w 1z 1 i 1 ~p —inoy no—ino_
X(ryo) =alhy + oy T+ 3 Z - (Ve + Vi€ ) (3.14)
n#0
i P ATV 7 1 v yP v P ]'~l/ P
— ey | Px Nx 5 + 57 (NXXOIZ _pXXo‘E) + 1X0‘2X0|2 )

where z#, ph., N§ ., k., , oy, 2y, Dy s Ve, and 7%, are arbitrary constants.'?

Constraints from T-duality. Given the solutions for X# and Y*, we can now use the
T-duality relations in section 2.3 to relate their expansion coefficients. At zeroth order, the
T-duality rules (2.29) are obeyed if we match

1 1 1 1 2,3 2,3 2,3 _ a12,3
px =N-, Ny =p, py =p>°, Ny’ = N*°, (3.15)

1 1 ~1 _ ~1 2,3 23 ~2,3 _ ~23
Qxp = —Qpn, Qxp = Oy, AOxy = Oy, Qxp = Qp - (316)

12 A solution to the equation of motion (2.14) has previously been presented in [20]. This solution differs
from the one presented here, in that it fails to satisfy the boundary condition (2.15). For the sake of clarity,
let us also mention that since we are considering an O(H) correction to the coordinate solutions, we avoid
a restriction on the string zero modes that is present in [20].
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This simple match is expected from the T-duality relations (2.29). Since z* and y* drop
out when taking derivatives, we seem to be free to choose them independently. How-
ever, using the decomposition into left and right movers (3.6) in conjunction with the fact
that the canonical commutators (2.41)—(2.43) hold in both frames, we have at the level
of commutators

3= y23 . (3.17)

In other words, we must identify the commutation relations of these operators. This
reproduces the standard T-dual solutions for the free string, as expected.

We proceed to first order in H, and directions 2 and 3 (i.e. X?f and Yé’?’). Just as
at zeroth order, the equations of motion and the boundary conditions for these coordinate
fields are mapped to each other by T-duality, see (2.32)—(2.33). We thus expect the solu-
tions to match by a simple identification. This is indeed the case, and the identification is

2.3 2,3 2,3 23 ~23 _ ~23
Pix =PH » V¥n =T Axe =a"- (3.18)

Again, z; and y}; drop out when taking derivatives. Inspired by the zeroth order relations,
xi}?’ = yi}g is a natural choice.

For X}I and Y}l[, the situation is more involved, since the equations of motion do not
map to each other, but rather to trivial conditions, see (2.34)-(2.35). Nevertheless, by
imposing the T-duality relations (2.29), we can solve for one set of expansion coefficients

in terms of the other. We get the following conditions

~ ~ i ~ - 1 i 1.5 o
oo (o f0tatstal - pet- ) B aat) G
m#0,n
1 _ (. i3 9 9 g0 1 oo i 1 3 5 3.90
TYXn = Vo T n(pRan pRan) 2y3an 2 Z mamanfm ( : )
m#0,n
i 1
Phx = (M%) — N — nN2N?) — i > - (a2a%, —ada)) (3.21)
n#0
i 1, 9.0
= yp® + 1 Z - (a3a%, +aa?,) . (3.22)

n#0

As expected, the first three of these equations relate modes in the H-flux background to
modes for the twisted torus solutions. On the contrary, the last condition is a constraint
that acts exclusively on the zero modes in the twisted torus set-up. The reason for this is
that we have imposed, in both situations, that there is no O(H) correction to the winding
numbers (see the boundary conditions). Since momentum and winding modes are mapped
by T-duality, it is clear that imposing a constraint on the winding mode in one frame, will
restrict the T-dual momentum mode, and thus the last constraint follows.

We will now proceed to the quantization of the twisted torus. For the sake of generality,
we will ignore these constraints, and come back to them in appendix D, used in section 4.2.

3.2 Commutation relations for the twisted torus

With the solutions to the classical equations at hand, we can now initiate a canonical
quantization of a string propagating in the twisted torus, to linear order in H. We thus
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promote the expansion coefficients in the twisted torus solutions, that we derived in the
previous section, to operators and deduce their commutation relations using the results
of section 2.4. We limit ourselves to this part of the quantization procedure, since, as we
will see in section 4, it gives enough information to show non-commutativity in the non-
geometric background. For the same reason, we restrict our analysis to the commutators
of Y and Y2 and their derivatives.

The canonical commutation relations (2.36)—(2.38), that are the starting point for our
analysis, contain a 0 function. Accordingly, most of the relations in this section have to
be understood in the sense of distributions. Thus, we use the following representation of
the d function .

—inx
=5-2.°¢ . (3.23)

nez

o(x)
Moreover, for functions f :  — f(x) with compact support, the derivative of § is defined as
F(@)0ud(x) = —0(2)0, f () - (3.24)

As a consequence, since o € [0, 27], we find
(0/ =) 0,6(0c — ') =d(c —0d') . (3.25)

On a similar tone, we will have to make use of the following

(0 —0d')d(c—0')=0. (3.26)
Finally, for any function u(r,0) = >, _,u, e "+, where u, are constant, one can
show that
e M u(r,0) —u(r,0')) = —(u(r,0) — u(r,0")) . (3.27)
k#0

This can be reformulated, in the sense of distributions (using (3.23)), as
§(o — o) (u(r,0) —u(r,0')) =0. (3.28)
This equation is also valid for the above function if o, is exchanged for o_.

Zeroth order. After stating these identities, let us commence the canonical quantization.
At zeroth order in H, we are left with the free string solution, and will of course only recover
the standard commutation relations for the zero modes and oscillators of the free string.
It is, however, useful to recall how these relations are derived, since we will use the same
procedure at first order in H. To obtain the commutators between the coefficients, one
should consider combinations of the coordinates and their derivatives which isolate a Fourier
series with just one set of coefficients (e.g. a#). By commuting such useful combinations, we
then easily obtain the commutators of these coefficients from the canonical commutation
relations. For instance, (using the shorthand ¢; = +1 for left and right movers) we find that

[%EIYO“(T,J), &UQQYOV(T, )] = %(61 + )" 0,6(0 —o'), (3.29)
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where all three zeroth order canonical commutation relations (2.41)—(2.43), together with
their derivatives, have been used, as well as the even parity of the §-function. For the free
string, we have the useful relation

20, Y{' = 2pl' + ) ol e e, (3.30)
n#Q0

where we again use a shorthand notation for left and right movers: of, || = &, ot | = al,
etc. Inserting this into (3.29), using (3.23), and identifying the various Fourier coefficients,
one reads off the commutators between the coefficients of (3.30). With this result at hand,
one should go back to the canonical commutators (2.41)-(2.43) and verify that they are
satisfied. This is automatic for (2.42), while the other two fix the remaining commutators.
The result is the following non-zero commutators of the free string:

[ab,ar] = [ob,,an] = m 0p—p """ Ym,neZ", (3.31)
i
[v",p"] = 5n™

This last commutator is usually decomposed into left and right movers
i
[ygppeyg] = 561,52 anj . (3‘32)
This division identifies the winding N as the momentum associated to ¢, just as p is
associated to y, and is motivated by studies of T-duality of the free string. The other
commutators of y# with the free string modes are taken to vanish. We will use these
commutators in the following.

First order. At first order in H, we proceed analogously. We first identify the following
useful periodic combination from the solution (3.11)

1
I = aaeyﬁ + 5506}/0”6 (_HMVPY&—e) + 9“,,p(y’ie - Uep’ig) - QAMVpUe(Pg - pge)) (3.33)

4500 ¥E (<0G + 00— o))
H 3 —inoe 3 3
= p?H + )\”23% (y*—7N?)+ Z eT (77’; + 9“,,,0% p(feozfl)6 + )\“,,pre% ai’w) (3.34)
n#0

where, as above, € = +1 denotes left and right movers, and we refer to the line below (3.7)
for the parameters 0/,, and )\“Vp.l?’ This is more involved than the zeroth order counter-
part (3.30), but can be used in a similar way. The main difference is that, since the first
order canonical commutators, like (2.44), are sums of two terms, we can only determine
certain linear combinations of operator commutators. Fortunately, this is enough for our
purposes: we derive these commutator relations in order to analyse the properties of the
non-geometric T-dual of the twisted torus, and the linear combinations we find suffice for
this analysis.

1370 obtain the expression (3.34), we have used that Ve, 7% = —ey® + 2ey?, N® = e(p? — p.), and also

the convenient parametrization that Vi, MasN3Yy = A\, ,N°Yg..
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Thus, consider the sum of commutators
[H TI% (T, a),ﬁgé2 Yy (1, 0")] + [(%EIYOM(T, o), H 1T, (T, a')] (3.35)

for (u,v) = (1,2) or (2,1). On the one hand, using the periodic expression (3.34) of
I, as well as (3.30) for 0,,Y{’, and the zeroth-order commutators of coefficients, we
obtain a sum of commutators between the first order coefficients (p/;, %, ) with the zeroth
order coefficients (a,...).1% On the other hand, we can use the definition (3.33) of IT* to
equate (3.35) with a combination of known zeroth- and first-order (canonical) commutators,
in particular (2.55). This is where considering a sum of commutators is necessary, so that
we can use H-order information, as in (2.44). Matching the two expressions thus obtained ,
one can now deduce the value of the commutators of coefficients entering the former. More
precisely, both expressions are Fourier series in 7 and in o, so each coefficient of those series
should be matched. To see this, we must use both (3.23) and (3.25).

Through this procedure, which is technically rather involved, we deduce the following

commutators among modes of the Y! and Y? coordinates of the twisted torus:

Vee, YVm#0, Vi k#0k+n#0,

(11,921 = h:pe, ] (3.36)
1 1 i
[f)/}rml?ng] - 5[}9%—[7 ainq] = [fY’?nel?piQ] - i[p}I7 O‘znq] = éafnel ) (337)
iN3€1
[’Y"rlnel’a%meg] - [/yzmey a%nel] = 561762 <y3m - 92 > ) (338)
12 2 1 ik—n 3
[Vier: Ones] = [Vnes Qe ] = 1itn Ocr s Uhsn)e; - (3.39)

Using the freedom to choose €; and e, one can actually deduce from (3.36) and (3.37) the
following V e, V. m # 0

[, N1 = [pir, N'] = o, 0°] = [p31, 0] = 0 (3.40)
[V N?] = 72 N'T =0 (3.41)
i
[’leneap2] - [p%-la a}ne] = [772n67p1] - [p}{a O[%ne] = zagne . (342)

As for the free string, we can record further conditions on the commutators between
modes by systematically inserting the relations just derived into the canonical commuta-
tors. We start with commutators having more derivatives, and proceed to those with no
derivative, i.e. we begin with (2.53), continue to (2.50), and finally study (2.44). Actually,
using (3.23) and (3.28) and the commutators above, we find that (2.53) is already satisfied
(just as at zeroth order), so the next set of conditions is obtained from (2.50). Making use
of (3.26) and (3.28), we find that this commutator implies that, Ve, ¥n # 0,

i
lv', o] + v, p°] = [v*, o] + i p'] = §y3, (3.43)

1
(', v + Wi oo = W2, el + [V, o = —%af’w : (3.44)

M Note that commutators of first order coefficients among themselves only appear at second order in H.
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As the last step of the analysis, we turn to (2.44), i.e. [Y(o,7),Y?%(0/,7)] = 0. Given the
relations above, this holds if we impose

[y',yi] — [v% y] = 0 (3.45)
[Nlry%-l] = [N27y}1] =0.

This ends the derivation of the (1,2) or (2,1) commutators. We have verified that
the set of commutators derived on the coefficients, namely (3.36) to (3.42), together
with (3.43), (3.44), and (3.45), is equivalent to the O(H) canonical commutation rela-
tions (2.44), (2.50) and (2.53). This is very similar to the zeroth order result.

As a final remark, note that we find non-trivial commutators between modes of Y
and Y? at linear order in H. This is in contrast to the zeroth order commutators, which
always vanish between operators associated to different directions. As we will see in the
next section, these non-vanishing commutators are crucial for the non-commutativity of
the non-geometric background.

4 Analysis of the non-geometric background

Here, we turn to our main goal: the analysis of commutators between coordinates in a non-
geometric background. We will make use of all results derived in previous sections. First,
we use the relations of section 2.3 to T-dualise the twisted torus along the Y2 coordinate.
This results in a non-geometric background, where we will be able to give the explicit mode
expansion of the string coordinates Z#. Second, leaving some details to the appendix D, we
work-out an expression for [Z1(7, o), Z?(7,¢")], which turns out to be nonzero in the limit
o’ — o, and thus the coordinates fail to be commutative. We finally discuss the origin of
this non-commutativity, and interpret it using in particular the non-geometric Q-flux.

Before getting started, let us recall a few things on this background. We have seen in
section 2.2.3 that performing a T-duality transformation on the twisted torus leads to a
field configuration (here in rescaled notation)

10 0 0 —HZ30 .
G=flo1 o |, B=f|lHZZ 0 o0, f=<1+(HZ3)2> , (4.1)
00 f! 0 0 0

where we now denote the coordinates as Z*, and still identify Z3 = Y. Taking into
account the factor f, it is easy to check that neither G nor B respect the periodicity of
Z3. To be precise, we cannot find an atlas of the above space such that the fields G' and
B are patched only by diffeomorphisms and gauge transformations. Including T-duality
in the set of allowed transition functions amends this problem. So, this background is
a non-geometric background and can be viewed as a T-fold [36]. An alternative take on
the problem is to perform a field redefinition, that replaces the ill-defined fields G, B with
globally defined objects [4, 10, 11]. One of those is the non-geometric @-flux mentioned in
the introduction.

Interestingly, to linear order in H, the above configuration (4.1) is equivalent to the
flat torus with H-flux (see table 1). It seems possible that the non-geometric properties are
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invisible at this order, but this naive expectation is wrong. In fact, the difference between
the two situations is visible in the boundary conditions of the coordinates, as discussed in
section 2.3. The classical solutions thus are different and so are the commutators between
coordinates. This is consistent with the idea that non-geometry is related to global aspects,
and therefore to the boundary conditions.

4.1 Classical solution from T-duality

We will now use the T-duality relations (2.30) to derive the coordinate expansions Z*.
These relations give explicit expressions for the derivatives of Z* in terms of the solutions
for Y#. Integrating these with respect to 7 or o, we obtain expressions for Z#. As an
integrability check, we compute the derivatives of the relations (2.30):

0907 7% = 050,Y? — Hoy(Y30,YY), 0,0,72% = 0,0,Y* — Ho,(Y30,Y'). (4.2)

Subtracting these two expressions, and keeping terms to linear order in H, we recover the
equation of motion for Y2 (the same phenomenon as in (2.35)). We thus expect to find a
consistent expression for Z2 up to O(H?) terms.

Our approach now allows to determine the Z* order by order in H,
ZY=Z +HZ}, Z*=Z;+HZ% . (4.3)
Zeroth order. At zeroth order, the T-duality relations (2.30) integrate to

Zy(r,0) = 2 =y + Y (7,0) (4.4)
ZS(T,O') = Z2 - gQ + 1702(7_70—)7

where z', 2% are so far arbitrary integration constants. They will be related to y',7? on a

quantum level in section 4.2. We conclude that, at zeroth order in H, T-duality essentially
changes the sign of the right-moving part of Y, as expected. The functions Z} and Z3 are
again free string solutions. For completeness, let us recall that we take Z§ = Y§.

First order. At the first order in H, the T-duality relations (2.30) reduce to

0, 7% = 0, Y — HY$0,Yy | 0o 7% = 0, Y3 — HYS0. Yy, (4.6)
02y = 0, Yy”, 0o 23 = 05Y3y"

where YJ' are the zeroth order solutions (3.5) and Y}; are given by (3.9). It is easy to
obtain Z}; as

le'{(Ta U) = le'{ - yllq + YI%V(Ta U) > (47)
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where z}{ is an arbitrary integration constant. Also Z%I can be obtained from a straight-
forward computation, followed by a rearrangement of the solution,

C 1 B
Z(r.0) = 5 +pho + 5 Y — (Fhemr —qlem) (4.8)
n#0 n
1 - -
=5 (FY0ls = Yo [sY5']s)
1 - - -
+ 57 (Pl + P Yo s = NYE s — NG ) = (° + 2P + NPo) Yyl

1
_plyBO__Nl(y3+N30_)7_ (N1p37_2 +p1N30_2)

2
! 1 ~1 =3 13
— Z ﬁ [0'4.0[_”0[” — U_a_nan]
n#0
1 1 1~3 1 ino4 1 3 3 17 —ino—
9 ) [pLan - pLan] € [PROén - pRan] €
n#0
+ 1 Z 1 [&1 d3€—1(n+m)a+ al a3€—1(n+m)a_:|
nm#on(n—i-m) men men
rrz;éfn

Note that z% is an undetermined integration constant. From this expression, we obtain

the boundary condition for Z2

Z3(t,0+2m)=Z2(1,0) + 2mp? (4.9)

- i 1
+ H<27rN3(gl—Y01)+27T(p%, —ply3 —p1N37T)—% Z - [dl,ndi + alnai]>,
n#0

where by 5701 we mean the quantity in (3.6). One can verify that equation (4.9) is in
full agreement with the boundary conditions found in (C.18) up to a constant shift, as
expected. Finally, we note that Z%I can be rewritten in the following form

Zi =5 (Yo Yy = Y5Yy) + gr(o4) + gr(o-), (4.10)

1
4
where g, and gr are functions of the left- or right-moving coordinate only. As discussed
for (3.11), this rewriting makes manifest that Z% is a solution to the equations of motion.

Summary. These are the coordinate solutions obtained after T-dualising on Y?:

ZNr,0) = 2 —y' + Y§ (1,0) + H(zpy — yyy + Yii(7,0)) (4.11)
22(7_7 U) = Z2 - g2 + %2(7_7 U) + HZ%I(Tv U)
Z3(7,0) = Y5 (1,0) + H(z} — vy + Y (7,0)),

where the zeroth order, free string, solutions are given by (3.6), Y}; are given by (3.9)
or (3.11), Z% is given by (4.8), and z*, zk; are integration constants.
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4.2 Commutator of coordinates

We will now use the explicit solutions (4.11) to compute the coordinates commutator
[ZY(1,0), Z%(T,0")] . (4.12)

The result is presented in (4.23) and discussed in section 4.3, to which we direct readers
that are not interested in the computional details. The general procedure is that we take
over the commutators (3.31), (3.32), (3.36)—(3.42) from the twisted torus background and
use them here to conclude what the commutator of interest has to be. In some sense this
is the reverse procedure compared to what was done in section 3.2. Recall that in table 1
we find that for vanishing H, all three T-dual situations reduce to the free string on a
flat torus. This is a well-understood, geometric setting where the canonical commutator
relations hold. We can thus conclude that non-commutativity is only possible at linear or
higher order in H.

Let us start computing the commutator (4.12) by plugging in the explicit solu-
tions (4.11). We have

(28, 27] = [2' =y, 22 = )+ [ =y V3] + [Yg, 2° — 97 (4.13)
+ H (12,22 = 721+ [ = o', 23)) + H (120, 73] + Y, Z31))
where we omitted (7,0) and (7,0") for simplicity.
Given the argument above, we require that non-commutativity must not stem from
zeroth order commutators. Therefore, we set
[Z8,72] =0 . (4.14)
This restricts the undetermined commutators at zeroth order to

[z} — ¢!, any 0" order operator] = [2? — ¢, any 0'® order operator] = 0 . (4.15)

In other words, we require that z' (2?) has the same zeroth order commutators as y'
(4%). It follows, that the first line of (4.13) vanishes. The first term on the second line
simplifies to

[Zh(r,0),2° = 5°] + [Z1 —y', Zg(r,0")] (4.16)
[ZH+pHT+ Z 6 —ino4 _’_,Yn mcr_),ZQ_gQ]
n;éO

—i—[z —yh 2 i o+ = Z ( e i""gr—yfle_i"",—ﬂ,
n;éO
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using (4.7) and (4.8). The most involved computation is the last term of (4.13), so we give
it in two parts. Using (4.8) and all the commutators discussed so far, we compute

i ]. H / H !
[Y()l (T7 0)7 ZI2{ (T7 UI)] = [Yol (T7 0)7 Z%—I + p%—l UI + % Z E (,?ge—md_'_ - 726_1n0_>:| (417)
n#0

i 3 l—i(/—)
_ZN Z?e n(o’'—o

n#0
1 1 .
+ 3 (y3 + N3(30"' —20) — p*r + Y3 (o) + 23/{)3(0)) Z ﬁeﬂ”(" —0)
n#0
i i . -
+ ZU/ (—y3 + N30 —0o) — Y03(0)) + 47 (p3o' + Y3 (o) - Y03(a)) )

Similarly, using (4.7), we compute

- i 1 . . ~
[Z1(7,0),Y5 (,0")] = [z}{ +py T+ % Z - (Fre o+ + ’yﬁbe—m(’—) Y3 (T, 0’)] (4.18)
n#0
1 1
3 (—y3 +3N30 + pi1 + YO?’(U)) Z Zein(0'~0)

n#0
+ ia (27rN3 —p3T) + iT (}703(0) — 373) — iN3(7'2 + 0% — 200") .
The sum of the first lines of (4.17) and (4.18) exactly contain the right combinations

of commutators to use (3.36), and (3.38) to (3.42). Performing that replacement and
compiling all results, we eventually obtain for the commutator of interest

%[Z1 (1,0), Z%(1,0')] = [zl, Z%{] + [z}{, 22] +T ([pl, Z?{] + [z}{, N2] + [pllg, z2]> (4.19)

+ U([NI,Z%_[] + 1;TNE}) —0’( pQ,Z}q] + [p%g,zl] + ;y3>

i 1 : [ ’
S @ s e (] ) )
n#0
i 1 s B —ino’
e S (o s - (] 8]
n#
i 1 I . S .
+ % Z ? (&i(e—ma+ o e—m0+) o ai(e—m07 o e—mo,)>
n#0
_ lN3 Z ie—in(a’—a) + ENS(O'/ _ 0_) 2 le—in(a’—a) _ 1N3(0_/ . 0_)2
5 .
2 A 2 nz0 " 4

Before we proceed, a few comments are in order.

e From the T-duality relations (2.30) and using (2.43), (2.54) we can immediately
deduce

(0,2 (7,0), 00 Z%(1,0")] = [0,Y (1,0),(6;Y? — HY30. Y1) (1,0')] =0,  (4.20)
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without referring to any particular mode expansion. This has to be understood in
the sense of distributions and implies that the commutator between Z' and Z? can
be written, up to possible contributions from distributions, as

[ZY(7,0), Z%(1,0")] = fi(1,0) + fo(T,0"), (4.21)

where fi, fo are arbitrary functions from this perspective. In other words, the o-
and o’-dependence of this commutator has to be separable. This holds for the
expression (4.19), up to the last line, but one can verify by using (3.23) and (3.25) that

, _l 3 i —in(o’—0) 1 3.1 l —in(o’—0o) _ i 31 \2
050y ( 2]\7 Z 3¢ + 2]\7 (¢' — o) Z e 4N (o' — o)
n#0 n#0
=inN3 (§(c’ — o) + (0 — 0)y0(c" — 7))
=0, (4.22)

to be understood in the sense of distributions. We conclude that (4.20) is fulfilled,
which is a non-trivial check of our result (4.19). This comment also indicates that
the last line of (4.19) is very special.

e All the remaining commutators in (4.19) are undetermined by our construction. The
reason is that they involve the new integration constants z? and 211[112 for which we
do not have information in the T-dual backgrounds. In appendix D, we fix the value
of these unknown commutators by using some physical arguments and reasonable
analogies with situations we know. Nevertheless, in absence of a more fundamental
guideline, this fixing can strictly speaking be considered as a restriction or a subcase
among other possibilities. At least, the result obtained makes this subcase interesting
to consider: the particular choice of the undetermined commutators we argue for
leads to non-commuting coordinates.

Then, using the values given in (D.1)-(D.3) and (D.15)-(D.18) for the remaining commu-
tators, we eventually reduce (4.19) to

%[Zl (,0), Z%(r,0")] (4.23)

i 1 (o 1 1 . i

_ —*N?’ Z 767111(0 —0o) + *N3(O', o 0_) Z 767171(0 —o) *N3(0'/ . 0_)2 )
2

2 n?ﬁon 2 n;éon 4

This expression is the one we consider from now on.

4.3 Non-commutativity

In the previous section, we computed the commutator between Z' and Z?, and finally
got to the result given in (4.23). From this, one can easily infer the appearance of non-
commutativity in the limit ¢/ — o

/ i 72
[Z(7,0), Z2%(1,0")] &= —%%N?’H : (4.24)

— 28 —



We will discuss this result in terms of non-geometric fluxes and the conjecture (1.2), and
mention an associated effective action. But before that, let us spell out the precise origin
of the non-commutativity, and show why it does not occur in the other two geometric
backgrounds.

4.3.1 Origin of non-commutativity

As can be seen from (4.23), the only relevant part of the commutator [Z1(7, ), Z%(r, 0")]
is given by ‘ .
_ 1.3 —in(o’—o

A=-3N 2‘0”26 (o'=o) | (4.25)
In this section we give a guideline to the details of how A arises in our analysis, which
shows that T-duality plays a dominant role in this explanation. In what follows, we first
spot the origin of A in the non-geometric situation by tracing two different contributions.
After that, we show how T-duality induces subtle changes such that there is no A in the
two geometric backgrounds.

Non-geometric background. There are two different contributions to A, each of them
adding one half of it.

a) The first contribution can be seen in the second line of [V, Z%], (4.17). It comes from
the zeroth order commutator,

] =m 6, (4.26)

[ame? ne

where one of the o}, comes from Y}, and the other can be traced back to a particular
piece in Z%, namely the sixth line of (4.8),

1 1 . )
+5 0 5 ([phas — phal]e o — [phad —phat]e o) . (@2)
n#0

After using (4.26), one is left with two terms that add up to a piece proportional to
—(p} — ph) = —N?, giving A.
This contribution appears as a particular feature of T-duality in the following sense:

the above term can be characterized by noting its 1/n? dependence. Such a dependence
originates from the third line of the solution in the twisted torus frame, (3.9),

1 - -
H0 T Yy |s — N°YY |5 + 'Y |s — N"Y{s) (4.28)

and the particular form of the T-duality rules (2.30). To be precise, the crucial point is
the relation of o-derivatives on Z% to 7-derivatives on Y3, and vice versa,

0 ZY = 0YE+ . 0oZl =0 YR+ .., (4.29)

that after integration produces from (4.28), amongst others, terms with a 1/n?
dependence.
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Contribution H-flux Twisted torus | Non-geometric
a) [a, ] —% 0 %
141 1-1 141
b) [a;] S T S
Sum 0 0 1

Table 2. Contributions to (4.25) in units of A.

b) The second contribution comes from the commutator (3.38) between first order
oscillators v# and zeroth order oscillators o,

1 2 2 1 3 N3¢
[’Ymepafmeg] - [77’!?1627 amel] = 661762 ym— 2 . (430)

Applying it to one part of the first lines of (4.17) and (4.18),

i 1 " - i 1 : : -
{Yol(T, o), % Z - (’7,%6_1”% —n2emina- )} + [; Z - (e "7 e ), Y (T, U')}
n#0

produces pieces that combine into %A. It has to be emphasised that due to the d, ,
in (4.30) only commutators with either two right-moving or two left-moving oscillators

are nonzero. As also several combinations of v#, 4# with o/

B &t appear, the result is

very sensitive to the signs they come with. Schematically, we have

[@' +a' 72 =]+ [7! +41, 6% - o] (4.31)

= ([72a051] - [7170[2]) - [;?276‘1] - [’?laéﬂ])
+ ([7176‘2] - [:)/27041]) + ([727(11] - [:717a2]) .

These are exactly the combinations we have at hand. Here, the two possible
permutations for €; = €5 add up, while the terms in the last row are simply zero.

In table 2 we overview the fate of the two contributions a) and b), given in different lines, in
the various T-dual backgrounds. The rightmost column depicts the discussion for the non-
geometric background we have given so far, where the expression 1+ 1 for the contribution
b) pays tribute to the subtle sign combination explained above.

Geometric backgrounds. For the twisted torus, two things change when recapitulating
the above explanations. First, there is no type a) contribution - depicted by 0 in table 2.
This is most easily seen by noting the absence of any term with N3/n? dependence in the
expression for Y}, (3.9), that could contribute. Second, the contribution b) is zero due
to a sign change. As explained above, in the non-geometric situation there are two pieces
coming from only left-moving and only right-moving oscillators. Here, they appear with
the opposite sign and cancel out - depicted by 1 — 1 in the table 2. Schematically, this can
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be seen from

[@' + o, 7% + 2] + [F* + 1, &% + o] (4.32)

where again the last row vanishes and now the opposite sign of the first term on the
left-hand side causes the above mentioned cancellation. The sign change exactly is the
well-known sign change of the right-moving oscillators due to T-duality. In summary,
there is no term (4.25) appearing in the twisted torus frame thanks to subtle adjustments
from T-duality, which exactly meets our expectations.

For the torus with H-flux, both contributions appear, cf. the matching (3.19)
and (3.20),

Fion = o+ (PR —PFE) + s Yk = = =~ (hod —phal) +... . (439)
The type a) pieces can be identified from some of the 1/n dependent terms in (4.33).
Commuting these with X§|g produces a term proportional to (p% — p%) = N3, similarly to
the non-geometric situation, giving here —%A. For the type b) pieces, a similar combination
of signs as in (4.31) leads to two parts adding up,

[a' — a5 + 4] + +a?] (4.34)
= ([72,0é1] - ['717042]) - ([:)/276‘1] - [:)/176‘2])
- ([717@2] - [’7270‘1]) - ([’72ad1] - [’?170[2]) .

Nevertheless, in total the two different contributions a) and b) appear with opposite signs
and cancel out, as depicted in table 2. Again, there is no term (4.25) remaining thanks to
a rearrangement of signs from T-duality - as expected.

4.3.2 Interpretation in terms of non-geometric fluxes and effective action

In [11], we conjectured that the non-commutativity should be given by

[2"(7,0), 2" (7, 0")]dosed =2 ¢ 3@ Q" (2) dz* (4.35)
Ccr

where ¢ is a numerical constant,'® and C” is a cycle, around which the closed string is
wrapped N” times. There are some physical arguments in favour of this conjecture, and
it would be nice to interpret the result of this paper (4.24) in the same manner. Let us

repeat it here for convenience
/ i T2
(2 (7,0), 2°(r.0")] 7= —5 o NH (4:36)

To allow the comparison between the two, we need, to start with, the @Q-flux involved
in (4.35), so let us first recall how it is derived.

5To be precise, the numerical factors and the i were missing in [11].
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In [4, 10, 11], we have proposed an effective action for (the NSNS sector of) non-
geometric backgrounds, given in terms of a metric CNJW, an antisymmetric bivector SH¥
and a dilaton ¢. A nice feature of this action is that it involves the non-geometric Q- and
R-fluxes, and in that way provides a lift of some gauged supergravities that previously did
not have a higher dimensional origin. The Q-flux in particular is given by

prj = apﬂlﬂ/’ (4.37)

and in the case the background satisfies the condition $#*”0, = 0 when acting on arbitrary
fields, the effective action then takes the form [4]
5 = ~ 1

f dz?/|gle” % (R + 4(04)* — 4Q2> : (4.38)
where (8(;3)2 and Q? are simply the squares contracted with G. This action has the same
form as the standard NSNS action. There is actually more to it: the effective action
of [4, 10, 11] is equal (off-shell) to the NSNS action up to a total derivative term, provided
one performs a field redefinition to go from one set of fields to the other. For instance, (the
inverse of) G, and 3, can be derived from the standard metric G and B-field by considering
the symmetric and antisymmetric parts of the following quantity

(G+B)'=G1'+5. (4.39)

By studying global properties, we found that given a non-geometric background, the action
we introduced can be better suited to describe the effective physics than the standard NSNS
one. This statement works very well for the non-geometric background we consider in this
paper, that was also studied in the appendix B of [4].1® The standard NSNS fields for the
non-geometric background were given in (2.28). Using the field redefinition (4.39), it is
straightforward to compute

R2 0 0 0 HZ0
Go=| 0 R2 0|, Bo=|-HZ> 0 of, (4.40)
0 0 R} 0 0 0

from which one gets with (4.37) the only non-trivial components!”
Qs = —Q3*' = H . (4.41)

We now have a @-flux at hand for the non-geometric background, and we can compare
our result to the conjecture (4.35). We have a constant flux and the base cycle C? is just
a circle wound N3 times by the string. Thus, using (4.41),

[Zl(’r,o'), ZQ(Ta Ul)]closed ﬂ’ ci fﬁ@glz ng =2rci H N3 . (442)
C3

1811 particular, the condition 8#*8, = 0 holds for this background, so it admits the effective action (4.38).

"The Q-flux with flat indices is given here by Qg%ﬁat) = H/(R1R2R3); as mentioned already for the
two geometric backgrounds, this is the quantity entering the T-duality chain (1.1) with respect to which
we approximate. It is nice to verify that this definition of () is consistent with that claim. In addition,
the conjecture equality (4.35) is invariant under the rescaling of table 3 in appendix A, so we can use
directly (4.41).
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This is in perfect agreement with our result (4.36), if we adjust accordingly the numerical
factors: ci= —%%.

It is physically expected that the flux, as well as the winding, contribute to the r.h.s.
of the commutator, as we can see in the integrand of (4.42). Indeed, setting the flux to
zero brings all the backgrounds to mere flat tori, for which the string is free and should
clearly be commutative. Another way to argue is that the flux is responsible for the non-
geometry in the last background, and so should have a non-trivial effect on the commutator.
The winding should also be present: the non-trivial monodromies of the backgrounds, in
particular the non-geometric one, only appears when going around the base circle, and for
the string to probe this, it must extend in this direction. In other words, its winding should
be non-zero to see a non-trivial effect. Finally, the numerical factors adjusted below (4.42)
should be mostly understood as coming from our conventions. For instance, all the non-
trivial commutators derived from the canonical commutation relations in section 2.4 come

i

with an 7 factor, so it is reasonable to get one as well. The 35 can also be understood as

coming from our free string conventions as can be seen in (3.31).

5 Conclusion

The main result of this paper is that, for a closed string on a non-geometric background
with @Q-flux, some of its target space coordinates are non-commutative. Indeed, we have
obtained

1 2 _ i 3 1 —in(o’'—0o . 1 —in(c’'—o 1 2
[Z°(7,0), Z°(T, O',)]——EN H(Z A 2 —emio’=0) 4 2(0/—0))

3

o=o, 1T NSE (5.1)

Our results confirm the first examples of closed string non-commutativity in relation with
T-duality and non-geometry, which were found in [19, 21] by analysing non-geometric
string backgrounds with elliptic Z4 monodromy. The class of backgrounds treated here are
given by three-dimensional fibrations with parabolic monodromy transformations, when
transporting a two-dimensional fibre along a base circle.

To discuss quantum properties of a closed string, such as its coordinate commutators,
one has to choose a quantization method. For a geometric background, a standard option
is canonical quantization (see e.g. [46, 47| for recent reviews on other approaches [48-50]).
This amounts at first to impose the canonical commutation relations, which imply that
the coordinates commute. On the contrary, for a non-geometric background, there is no
reason to have the same relations. As discussed in the introduction, the literature even
suggests that the coordinates do not commute. Therefore, to derive (5.1), we instead used
an indirect method. We considered a specific non-geometric background, related via T-
duality to geometric situations where the canonical quantization tools could be used. More
concretely, we started by solving the classical string on a three-dimensional torus with
H-flux and on a T-dual twisted torus. We then performed the first steps of a canonical
quantization on the latter, which resulted in the commutators of the various modes of
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the string (as is usually done for the free string). We finally used the T-duality relations
between the twisted torus and the non-geometric background, to obtain the classical string
on the latter in terms of the former. The commutators derived could then be used to
compute [Z1, Z?] as in (5.1).

Let us make several remarks on this procedure. First, for these three T-dual spaces with
flux to be consistent string backgrounds, one has to use the dilute flux approximation (1.5).
We therefore considered expansions of all quantities, in particular the world-sheet coordi-
nates and the target space fields, to linear order in the flux parameter H. We showed
that this parameter could be identified, according to the background, with respectively the
H-flux, the geometric flux f, or the Q-flux (as given in the T-duality chain (1.1)). This
method, leading to classical expressions for closed strings in non-trivial backgrounds (for
instance the non-flat twisted torus) and associated quantum properties, is expected to be
of more general use. As the one-loop S-functions of our sigma-models vanish, it would be
interesting to derive similar results and properties using CF'T techniques.

A second remark is that the T-duality relations (2.7) between coordinates X and their
duals X played a crucial role in our analysis. We derived them following the Buscher
procedure, but they were already considered in [44] and used since then in several different
contexts. They could definitely serve other purposes. For instance, using those, one may
get a more systematic definition of the doubled geometry (see [51] and references therein
for a discussion on that topic). It would be interesting to study this idea in more detail
in the future.

The T-duality relations (2.7) essentially map derivatives of coordinates. An important
implication of this is that from T-duality, one can only deduce properties of the derivatives
of coordinates: as we did, for instance, for the equations of motion, and the derivatives
of commutators, in sections 2.3 and 2.4. Going to the coordinate itself involves an inte-
gration, which can bring in important new information. For example, we discussed the
new integration constants which can appear, and also some non-trivial distribution con-
tributions. The last point is particularly relevant for the commutator of interest here: we
showed in (4.20) and below that [0,Z', 8,-Z?] vanishes in the sense distributions, which
makes the expression for its integrated counterpart (5.1) even more special. This discussion
puts the common claim that T-duality is a canonical transformation in a new light. This
claim would make it surprising, at a first glance, that a commutator of coordinates is not
preserved under T-duality. However, since this transformation only relates derivatives of
coordinates, such claims are subtle. As explained above, integration can bring important
contributions and we should expect at most [0, 2!, 9, Z?], and not [Z!, Z?], to be preserved
under T-duality, which is in excellent agreement with our results.'®

The point of view of the doubled geometry [5] offers another take on this discussion.
In appendix C, we argue on how to relate the target space monodromies to the boundary
conditions of doubled closed string coordinates. Comparing the explicit expressions for the
latter in the different backgrounds, namely (C.15), (C.16) and (C.18), it is clear that a

181t is also worth noting that, in one reference on this topic, namely [52], no B-field was considered, while
for us the B-field plays a crucial role.
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T-duality along ¢ exchanges X* with . Pushing this idea, one could consider a doubled
phase space, with commutators among the standard coordinates and among the dual ones,
and the T-duality would then exchange the two. If at first coordinates commute while
the dual do not, this situation will be changed after T-duality. The non-commutativity
then only “arises” because we focused on the subspace of standard coordinates; from the
doubled space point of view, nothing really changes.

This is a way to understand what is happening here. We point out below (C.18)
that mixing standard and dual coordinates within boundary conditions is a sign of non-
geometry, possibly leading to non-commutativity. This mixing occurs in the non-geometric
background, and one can also see such an entanglement for the torus with H-flux, in the
dual coordinates. Following this line of thoughts, we can conclude that the dual coordinates
do not commute in this first geometric background, while the standard ones do, and this
situation gets exchanged in the non-geometric set-up. It would be interesting to compute
in this last case other canonical commutators, involving canonical momenta, and study
similar exchanges for those.

The entanglement between coordinates and duals in the last background is really typi-
cal of non-geometry, and was reinterpreted in different formulations such as the T-fold [36],
the doubled geometry [5], and also the generalized complex geometry where one would ar-
gue for an entanglement of vectors and one-forms [53]. A way to rephrase this idea is by
saying that the toroidal fibre is fuzzy in the non-geometric case, and it becomes impossible
to determine precisely the string position in these directions. Actually, the (point particle)
position concept may not even make sense for a non-geometric background, but the string
still knows how to behave in such a space, thanks to its extension and additional sym-
metries. The indetermination of its position in the non-geometric case gives a quantum
mechanical uncertainty relation

(AZY2(AZ%)? = H? (N3)?, (5.2)

which is in agreement with the non-vanishing commutator (5.1).

The difference with standard quantum mechanics is that the uncertainty here is a static
phenomenon, no momentum is involved but rather a second coordinate. Indeed, a closed
string winding the base circle would probe the (fuzzy) fibre with its non-trivial monodromy
due to the non-geometry, without even moving. This is in contrast to a point particle (or
a non-wound closed string), having still a well-defined position in the base, which therefore
can only test the local geometry of the fibre, and does not perceive the global aspects re-
sponsible for the non-geometry and non-commutativity. This explains the presence of the
winding (or dual momentum) in our result (5.1) and (5.2). This discussion and the above re-
lation provide an interesting, though heuristic, origin to the non-commutativity observed.!?

Finally, let us discuss the last step of the T-duality chain (1.1), involving an R-flux, for
which non-associativity has been argued to arise as mentioned in the introduction. In addi-
tion to the non-commutativity relation (1.2), we also conjectured in [11], following [18-20],

YNote that another stringy feature than the winding has been pointed out to explain the non-
commutativity: its origin was traced back in section 4.3.1 to some oscillator terms in the string expansion,
meaning that only these stringy modes are responsible for the non-vanishing right-hand side of (5.1).
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that the non-associativity of the R-flux background should be given by the associator
[X?,, [le XQ]]closed + perm ~ R123 . (53)

As discussed for the @Q-flux in section 4.3.2, to make sense of this relation one needs an
expression for the flux in terms of the background fields. This was discussed for the R-flux
in [10, 11] together with an effective action for such a background.? So let us first recall
the procedure to get the R-flux, before coming back to the associator.

This last non-geometric situation is obtained after performing a T-duality in the direc-
tion Z2 of the @-flux background. Since the target space fields depend on Z3, the Buscher
rules do not apply anymore. However, as discussed in [11], double field theory [6-9] has
a proposal on how to T-dualise along a direction which is not an isometry: we just need
here to formally replace the coordinate Z3 by its dual coordinate 23, in analogy to the
replacement of the momentum p? by its dual quantity the winding N3. Performing this
replacement in (4.40), we simply obtain for g

0 HZ*0
Br=|-HZ> 0 0of. (5.4)
0 0 0

The R-flux proposed [10, 11] has the general form R*P = 3Dlgrel — 3(3[‘%””] +
ﬁg[“&’gﬁ”p]) (see also [56, 57]), where ¢ denotes the derivative with respect to the dual
coordinate. It is straightforward to see that the second term does not contribute, while the
first gives

R —H. (5.5)

Let us now come back to the associator (5.3). Before considering the last background,
let us start by saying a word on the ()-flux situation. For the latter, the first term on the
Lh.s. of (5.3) can be computed to linear order in H: indeed, using (2.41), we get in the
limit (5.1)

2
(2%,12", 2°) = [23.12", 2°) ) + [H 23,125, Z3]) = 5 - HIZ3, N*] = 0.

In addition for this background, it is simple to see from the fields (4.40) and the definition
of the R-flux that R'?3 is zero. Therefore, we are rather close to satisfy the associator
condition (5.3). However, the permutation terms involve H-order commutators between
(1,3) and (2, 3) coordinates and associated modes. We have not determined these commu-
tators here, and it is not clear if they could all be set to zero, in view of the non-trivial
commutators (2.51) and (2.52). Even if we do expect that the permutation terms vanish
in the limit, we leave the full computation for future work.

The more interesting case for this associator is the R-flux background, with non-zero
flux (5.5). As above, we can say something on the first term of the associator but not on the
others. The reason is this time deeper: the T-duality relations among the coordinates (2.7)

2070 derive the R-flux effective action, we used the field redefinition (4.39). In [54, 55] a different field
redefinition leading to another effective action for the non-geometric R-flux was proposed.
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were derived using the Buscher procedure, which needs an isometry. We therefore have
here no guideline to determine what is the mode expansion of the dual Z*, implying in
particular that we cannot compute its commutators, such as those of the permutation
terms. This problem can be solved at zeroth order in H: there, we only have the free
string and it is therefore natural to take ZS’ = 73, as defined in (3.6). To avoid any
confusion, let us denote the “coordinates” W# for the R-flux background, meaning after
the (formal) T-duality in the third direction. We propose to define these coordinates as
follows: W2(pd,) = ZV2(N3), W = Z3, where pj, is now the zeroth order momentum
for W, and W12(p,) means that these coordinates now depend on pj;, instead of the
winding (dual momentum) N3 (i.e. we replace one by the other and the closed string
boundary conditions of the R-flux background are now determined by p%[,) This allows us
to compute the first term in the limit (5.1)

2 1x

H[Wg,p%‘,] = Z?Ha

W3, W W2T) = (W3, W W2 ] + [HW, W3, W] = =5 %
where we used (3.32). In view of the associator (5.3), it is nice to get a non-zero result,
proportional to H, now understood as the R-flux. We leave a full study for the future.
An R-flux background is usually thought of as being not even locally geometric [5]. For
such a situation, one could then indeed consider that the closed string “coordinates”, which
should be really viewed as fields living on the two-dimensional string world-sheet, become
non-associative. The precise mathematical structure of these non-associative spaces is very
interesting but still largely unknown, and hence deserves more investigations in the future.
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A Rescaling and summary of notations

For the three backgrounds we consider, the target space metric G, and the B-field B,
depend on the three radii R,—123. As a consequence, the world-sheet equations of motion
and the string coordinates classical solutions would also depend on them. To simplify
formulas, we perform the rescaling given in table 3 for each of the backgrounds. It is defined
on any object V' with a (curved space) index g, so in particular on the metric and B-field,
on the H-flux component, on the string coordinates, and on the winding numbers. Let us
detail the rescaling of the H-flux component (first background). In curved space, one has
Hy93 = H, which therefore gives H — H R1 RoR3, or in other words, Hojg = HpewR1RoR3.
This has the important consequence of simplifying the assumption (1.5), so that after the
rescaling, all fields are expanded in H only.

Applying these rules to the target space fields of the different backgrounds,
namely (2.8) and (2.9), (2.16), and (2.28), has the simple effect of erasing all radii. The
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Background Rescaling
_ B, 1 ym N
Torus + H-flux Vv V" V= RV (no sum)
Tw. torus VIRV, V) — R%Vl, and for p = 2,3 as for the torus
Non-geom. vz R1,2V172, Vipg — %‘/172, and for p = 3 as for the torus

Table 3. Rescalings.

same is true for the world-sheet equations of motion. Note also that all contractions
invariant, in particular differential forms, or the squared line element ds? = G dXrdX”.
Finally, the T-duality relations (2.7), the string coordinates boundary conditions, and
the canonical commutation relations, are as well invariant under this rescaling. From
section 2.3 on, we only use rescaled quantities. The table 1 summarises the rescaled and
approximated target space fields.

We denote the generic string coordinate by X#, and introduce different notations for
each of the three T-dual backgrounds, namely X#, Y# and Z* respectively. The index u
denotes the three dimensions 1, 2,3 of the target space that we consider; the third one is
special and always corresponds to the base circle of a toroidal fibration. As all the fields,
the string coordinate is expanded (after rescaling) up to second order terms in H, so we
write it as

XH(r,0) = X} (1,0) + HX}(7,0) + O(H?) . (A1)

The zeroth and first order contributions have a classical mode expansion, once the equations
of motion with boundary conditions are solved. The modes of Y, i.e. for the twisted
torus, are those which appear mostly in the paper. The zeroth order Y turns out to be
a free string, so it depends on the standard constants: the center of mass position y*, the
momentum p*, the winding N#, and the oscillators &, . The H-order piece Y}; has
additional constants playing a similar role: the H-order y%;, p;, and the oscillators %, v£.
The expression for Z* is built from the one of Y#; the only new constants appearing there
are the center of mass positions z#, z%,. The solution for X* is computed from scratch, and
we obtain similar constants, denoted in the same manner but with an index x, except for
zt, zl;. T-duality then fixes the modes of X* in terms of those of Y# (see section 3.1), so
we rather express things in terms of the latter.

B Target space T-duality

One convenient way to perform a T-duality along a direction ¢ on the target space fields
goes as follows. One should first consider the generalized metric H

G — BG'B|BG™!
H=< o ) . (B.1)

— 38 —



The T-dual generalized metric H (where one can read form its entries the T-dual metric
and B-field) is then obtained, thanks to the action of the matrix T, as

N 1—
H=THT, WhereT=< M) T >, with m, =

where the non-trivial entry of m, is along the direction ¢ (arbitrarily placed here in the
top left corner). One can show that the expressions of the T-dual fields obtained either
by the Buscher rules (2.4), or this procedure (B.2), precisely match, so the two procedures
are equivalent.

To illustrate this method, let us focus on the two-torus with B-field as given in (C.1)
(we do not need to consider here the third direction X3, which remains invariant under the
following transformations). We can rewrite the torus fields in terms of matrices as

I 1 R —
G=F °T) o= 0 THer) (B.3)
Im7 \Re7 |7| Rep 0
We can then compute the T-duals of this configuration, by first constructing the generalized

metric H defined in (B.1)

Ip|? lp?Rer [RepReT —Rep

_ 1 Ip|? Re |pT|? Rep|7|> —RepRert (B.A)
~ ImpIm7 | RepRer Rep|r|? 7| —Rer '
—Rep —RepRer| —Rer 1

The T-duals are obtained by applying the proper T-duality operators as in (B.2). Namely,
we obtain the following T-dual fields

I _
T-duality along X!: G = fmr (1 Re2p , B= 0 Rer
Imp \Rep |p| Rer 0
<7< p (B

Rep
. Im 7p|? I =78 Rer (0 1
T-duality along X?: G = ——— | ., B=—-
y g |T|21mp _I‘F;elg 1 |7-‘2 ~10

[o]?

1 1
sT7—>——, p—>—— (B.6)
p T

I 2 1 __Rer
T-duality along X! and X?: G = HIZL’T‘ Rer |17‘2 , B = Rié) 01
‘:0‘ Im7 \ — Tz T2 ]p| —10
1 1
ST -——,p—>——, (BT
o P

where we read the corresponding exchanges of 7 and p by comparing with (B.3). We
can then easily use these formulas to derive the T-dual background fields we consider,
namely (2.8) and (2.9), (2.16), and (2.28), or equivalently (C.2), (C.3), and (C.4).
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C Global properties and boundary conditions in terms of monodromies

In this appendix, we study the global properties of the three T-dual backgrounds presented
in section 2.2, and express them in terms of monodromies (see [56] for a related discussion).
We then make use of this formulation, together with a doubled formalism, to discuss the
boundary conditions of the string coordinates.

C.1 Geometry and non-geometry from monodromies

The three backgrounds considered in section 2.2 can be described in a convenient uniform
manner: they all take the form, at least locally, of the fibration of the torus 72 with
(real) coordinates X2 over the circle S* in the A3-direction. A two-torus with B-field is
parametrized by two complex parameters known as the complex structure 7 = g—ﬁ +i GLH
and the complexified Kéhler class p = —Bjs +1 V, where V denotes the volume of the

two-torus.?! Therefore, our three backgrounds can be reexpressed as

I
ds? = —L|dX! + 7dX?| + B3 (dX°)” . Biz = —Rep, (C.1)
mrT
with
Torus with H-flux: 7 =i }TQ . p=—HX*+iRR, (C.2)
1

R
Twisted torus: 7= —HX>+i RiRy, p=i R—2 (C.3)

1

Ry 1

(C.4)

Non-geometric background: 7 =1 R—Q , p= m ,

where the fibration can be seen via the dependence of 7 and p on the base coordinate X3
The global structure of the fibrations can be characterised by the monodromy condi-
tions, which indicate how the T2 is glued together when moving around the base S':

XA 42m = THXP) - THA® + 27). (C.5)

In order to obtain a consistent string background, the gluing conditions of 72 have to be
part of the string symmetry group. The symmetries of a string on a two-torus, parametrized
as above, are well-known, and are essentially captured by two SL(2,Z) factors, acting on
7 and p separately, as

’ / /AN
T—>aT+b A:<ab>€SL(2,Z)Tap—>ap+b A/:<a b>€SL(27Z)P (CG)

et +d’ cd dp+d’ dd

Therefore, consistent string backgrounds are obtained from the configuration (C.1), if the

monodromy relation (C.5) can be written as

X3) +b a p(X3)+ b
X3 5 X3 +2 X3 4+ 2r) = L xX34om)y =2 21 7 .
+27r = 7(X°+2nm) (X 1 d’ p(X° + 27) 7oA+ d (C.7)

in terms of two SL(2,Z) transformations.

21y is the square root of the absolute value of the determinant of the T2 metric, i.e. in our notations

V = 4/|G11Ga2 — (G12)?].
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This reasoning however does not distinguish geometric or non-geometric backgrounds;
in particular the latter could occur since some T-dualities are part of this string symmetry
group, as can be seen in appendix B. So let us say a word on this distinction. First,
monodromies given in terms of SL(2,7Z), i.e. the transformations on the complex structure
7, are always geometric. Indeed, one can verify that the transformation A in (C.6) can be
reproduced precisely by the global diffeomorphism A on T2, given by

1 1 ~
() = () () 4= (1) ©9

i.e. the metric (C.1) transforms in the same way by either transformation. In other words,
any SL(2,7Z); monodromy A can be compensated by a discrete identification of the co-
ordinates, given by the inverse A~! of (C.8); the latter also leaves the B-field invariant.
This way, the gluing of the 72 is fine, and such backgrounds are geometric. One can verify
from (C.3) that it is precisely what happens for the twisted torus, as indicated by the
identifications (2.17).

On the contrary, non-geometric backgrounds in general correspond to those mon-
odromy transformations which act non-trivially as SL(2,Z), on the Kéahler parameter p.
To see that more precisely, let us first make the following distinction among the possible
monodromies A’ of (C.6). We define the order n € N* of A’ as the minimal value allowing
for A’ ™ = 1. Then, we distinguish

e Constant monodromy: n = 1, i.e. p(X? + 27) = p(&3)

e Elliptic monodromy: n > 1 but finite; for instance the elliptic inversion with n = 4:
p(X° +21) = S5

e Parabolic monodromy: a finite order does not exist; for instance the constant shift
p(X3 +27) = p(X3) + V', ¥ e Z*.

As a side remark, note that the last two examples actually generate the whole
SL(2,Z) group.

Constant monodromies obviously leave us with geometric backgrounds; some parabolic
also do. For instance the constant shift is only a gauge transformation on the B-field. An
example of it is given by the torus with H-flux, as can be seen from (C.2). Other parabolic
monodromies can give non-geometric backgrounds. For example, one obtains from (C.4)

3 p(X?)
p(X° +2m) = 1T 2 Hp(A5) (C.9)
which is a parabolic monodromy: it has the form of the “transpose” of a constant shift.
Finally, the elliptic monodromy rather gives a non-geometric background, because the
resulting change on the physical fields is really non-trivial. For instance, the example given
above can correspond to a T-duality, as in (B.7).
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C.2 Boundary conditions of (doubled) string coordinates

The monodromy transformations on the background parameters can be translated into
the closed string boundary conditions, that we use when solving the equations of motion.
Namely, going around the closed string in the A3-direction by doing ¢ — o + 27, i.e.
considering its winding (given by N?3)

X3(r,0) = X3(1,0 + 21) = X3(1,0) + 2nN3, (C.10)

corresponds to having N3 times the transformation (C.7). So it precisely induces mon-
odromy transformations of the form described above

a7(X3(r,0)) +b
cT(X3(r,0)) +d’

a p(X3(r,0)) + 0

p(X3 (1,0 + 27)) = o) d

T(X3(1,0 + 2m)) =

(C.11)

From those we would like to deduce how the coordinates X2 of the two-dimensional torus
transform, and understand it as the closed string boundary conditions in these directions.
To deduce the transformation of X1 from a 7-monodromy given in (C.11), we can proceed
as discussed around (C.8). Thus, for a transformation A of 7 given in (C.6) and (C.11),
the linear action of A1 on X2 is the one giving their boundary conditions.

We want to embed this idea in a doubled formalism inspired by the T-fold descrip-
tion [36]. To that end, we double the two toroidal coordinates and introduce the vector
X = (X, X2, X', X?), where X* are the dual coordinates (denoted as in (2.7)). The trans-
formation of X is now given by the linear action of an O(2,2,Z) element g, and we consider
the four-dimensional representation of ¢g*'Jg = J, where J is given by two off-diagonal 1.
So the closed string boundary conditions are now written as

X3(r,0) > X3(r,0+21) = X(r,0) > X(r,0 4 27) = g X(1,0), (C.12)

where the O(2,2,7Z) matrix ¢ is determined by the monodromy transformations (C.11)
(in other words, g is given by an embedding of SL(2,Z), x SL(2,Z), in O(2,2,Z)). For
instance, from what we explained above, a T-monodromy given by a matrix A fixes

121_1 09
= < , 1

where the completion with A7 is given by the O(2,2,7) condition.

Boundary conditions due to p-monodromies are determined differently than the 7 ones.
Consider the complexified momentum vector T = TT' +i T2 = \/ﬁ (P +7p +p(NT—7N?)),
and find the transformation of the momentum and winding p*, N”, which compensates the
one on p, so that || remains invariant. This transformation on (p!,p?, N', N?) is then

identified with ¢”. Let us give two examples

1 000 00 0-1
0100 0010
—p+b: gy = , ——1/p: g; = C.14
p—p 9 010 p /p: gi 010 0 (C.14)
¥ 0 01 1000
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The constant shift compensated by 95 actually leaves the whole vector TT invariant, while
the elliptic inversion compensated by g/ only leaves [TT| invariant. Considering ig; would
equally well leave |IT| invariant; however such an action on the coordinates is not clear:
this may indicate that an elliptic inversion of p alone should not be considered. We will
nevertheless make use of ig; in what follows when composing several inversions.

Now we are eventually ready to explicitly relate the monodromy conditions and the
closed string boundary conditions for the three backgrounds considered in this paper.

Closed string boundary conditions for the torus with H-flux. Here the mon-
odromy corresponds to a constant shift in the B-field: we read from (C.2) that p(X?(7,0 +
2m)) = p(X3(1,0)) — 2rHN3. Therefore, using (C.14), the matrix g is given by g_or s,
leading to the following closed string boundary conditions

( ) (1,0),
X%(r,0 +27) = X2(1,0),
XYr,0427) = X'(1,0) + 2rHN3X?%(7,0) ,
X%(r,0 4+ 27) = X%(r,0) — 2n HN3*X (7, 0) ,
X3(r,0 +2m) = X3(1,0) + 27N?3 . (C.15)

For X!, X2, this is in agreement with (2.15), up to constant shifts such as winding, a point
we will come back to. In addition we find that the dual coordinates transform non-trivially.

Closed string boundary conditions for the twisted torus. Here the monodromy
corresponds to a constant shift of the complex structure: we read from (C.3) that
7(Y3(r,0 + 27)) = 7(Y3(1,0)) — 2nHN3. The monodromy transformation A is then
given as in (C.6), and the corresponding A is given as in (C.8). We deduce from the latter
the matrix g given in (C.13), leading to the following closed string boundary conditions

+2rHN3Y?(7,0),

(1,0 + 2m) (1,0)
Y%(r,0 +27) = Y?(1,0),
Yi(r,0421) = Y(r,0),
Y2(r,0 +21) = Y2(1,0) — 2n HN3Y (7, 0) ,
Y3(r,0 +27) = Y3(7,0) + 2nN3. (C.16)

This is again in agreement with (2.25) and (2.26), up to constant shifts such as winding.

Closed string boundary conditions for the non-geometric background. As al-
ready discussed, we have here a parabolic monodromy in p: we read from (C.4) that

p(Z%(r,0))
p(Z3(7,0 4 2m)) = 757 p(Z3(1,0))

(C.17)
To obtain the corresponding matrix g, one can notice that this monodromy is actually the

composition of an elliptic inversion, a constant shift by —2rHN?3, and again an elliptic
inversion. Therefore, the g to consider here is given by g = ig; g_o,.n3 1gi, as one can
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obtain using (C.14) and the discussion around there. The result is the transpose of go, 7 n3;
it is therefore very close to the one used for the torus with H-flux. This matrix finally
leads to

+27N3. (C.18)

This transformation is new, and should be understood, as before, up to constant shifts of
the coordinates. It is consistent with the classical expressions of Z* that are derived using
the T-duality relations among coordinates. The non-trivial match is in particular with the
Z? boundary conditions given in (4.9).

It is worth noticing that this background is the only one for which the boundary condi-
tions of the standard coordinates mix with the dual coordinates. This entanglement is a sign
of non-geometry, but it is also reminiscent of the mixing of Neumann and Dirichlet bound-
ary conditions for the open string, leading in that context to non-commutativity. This
analogy is announcing the result of this paper, as we find closed string non-commutativity
for this background.

Final comments. We used here an argumentation based on preserving either the target
space fields or the above |TT| when going through monodromies. An alternative derivation of
the closed string boundary conditions can be made using the doubled formalism of [43] and
requiring to preserve an action. In both cases, we obtain the (same) expected boundary
conditions, up to shifts by constants such as winding. Here, the reason is clear, as we only
consider a linear action on the coordinates (C.12). The argument leading to this linear
action was actually based on the analogy with the 7-monodromies discussed around (C.8).
However, there, it was rather dX* than X* itself which was acted on linearly. Following
this path then opens the door to possible constant shifts of the coordinates, even though
nothing fixes them in this procedure.

D Commutators of position zero modes

As discussed below (4.22), the classical integration constants z%? and z}f for the coor-
dinates Z'? lead, at the quantum level, to undetermined commutators present in the
expression (4.19) obtained for [Z', Z?]. In this appendix, we provide arguments that fix
those unknown commutators to specific values. We find these arguments reasonable and
consistent with the study performed in this paper, although a priori other reasonings could
as well be pursued.

To start with, one can note that the constants 22 and z}f are center of mass position
coefficients at zeroth and first order. As such, they can be understood as the T-dual
counterparts, along direction 2, of respectively y? and y}f. Therefore, we propose that
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2% resp. z}q, has the same H-order commutators as y', resp. y}q; similarly, 22, resp.

zlzq, has the same H-order commutators as {2, resp. ﬂ%{ This result about the H-order
commutators is rather close to the one we argued for at zeroth order (see above (4.16), as
well as (3.17)). So we first obtain for the undetermined commutators

[z},,NQ’ = 7y}{,N2] —0 (D.1)
[ 2y ] [pH, |= ip2,y}{] + [pm ] —*y (D.2)
[ZH, ie] + [ ”Y"E, = iy}g,aie] + [yl 7721 ] = —iam, Ve, Vn # 0, (D.3)
(21 28] + |2k 22] = [0 6] + vk ] (D.4)
[ Pt 2 ]+ [pH, =", y?f] [p}q,ﬂQ] (D.5)

[Nl,zH = _Nl,g%,] (D.6)
[O‘}LUZ%{] + [%16,22: = _aig,ﬂ?{] + [vie,ﬂQ] : (D.7)

The value of the first three lines is simply determined, by using (3.45), (3.43), and (3.44).
On the contrary, the others remain undetermined. This is because the T-duality is here
along X2: the information along direction 1 is unchanged and can be used directly, while
changes occur along direction 2 (in particular here trading y(QH) for gj(QH), leaving us with
unknown commutators).

So we need information for the four commutators along this T-dualised direction. A
first natural consideration is the left/right decomposition. The H-order constants always
enter the homogeneous part of the expressions of the coordinates (see the first lines of (4.7)
and (4.8), or of (3.9)). Therefore, one can consider as for the zeroth order (3.6) a left/right
decomposition.?? A simple assumption to be made is, as for the free string, that left /left and
right /right commutators are equal while left /right vanish (see for instance (3.32)). If we use
this on the first undetermined commutator (D.4), it simply vanishes. This is somehow ex-
pected: at zeroth order, center of mass positions commute, and it looks reasonable to get the
same here, as in (3.45). We now turn to another undetermined commutator, (D.7). Using
the same decomposition within (3.44), one fixes its value to (D.18). The remaining two un-
known commutators can unfortunately not be determined using these arguments. One rea-
son for that is the absence of winding at O(H) as discussed below (3.22), which makes the
left /right decomposition of p}l a bit ad-hoc. Therefore, we now present a second reasoning.

As the missing information is related to the T-duality along X2, we propose to compare
this situation with an analogous one, that is, the other T-duality considered in this paper.
For the T-duality along X!, resp. along X2, one starts from X!, resp. Y2, to go to Y1,
resp. Z2. The starting coordinates X! and Y? have similar boundary conditions given by
a simple winding, while their T-dual counterparts Y'! and Z2 have more involved boundary
conditions, as can be seen in (2.25) and (4.9), or also (C.16) and (C.18). The essential part
of Y1, resp. Z2, boundary conditions, is a shift at H-order, by Y, resp. —1761. These shifts

#28uch a decomposition was already mentioned for the first order in (3.11) and (4.10).
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are also the essential part of each T-duality transformation: indeed, one can see from the
T-duality relations between coordinates (2.29) and (2.30) that the terms with explicit H
dependence correspond precisely to these same shifts. So when comparing, at H-order, the
two T-dualities performed in this paper, and looking at the various coordinates involved,
we find an analogy between the two pairs X1, Y and Y3, —}701. This is reminiscent of the
idea that the order of the two T-dualities should not matter.

The relation between the two pairs is even more striking when looking at the explicit
expressions for X} in (3.14) and Y7 in (3.9). These two mode expansions are clearly
mapped one to the other under the exchange of their H-order constants, together with
the exchange of Y and —Yy (or Y@ and —Yj') and equivalently of their zeroth order
coefficients. This adds credit to the idea that the two pairs contain the same (physical)
information. Therefore, we propose that “physics remain unchanged” under the map

Yii o Xip, Y5 < =Yg, (D.8)

or equivalently the map of their modes, for instance y%, <> k. Let us extend the latter
mildly towards §% <> 7}, We now give meaning to the above statement by saying that a
commutator preserves its value when going through this map. In other words, commutators
involving the following modes keep the same value under the exchanges

yl < _g?

Uiy | phe —N?

2 1 N & —p2

Py < Pux < P

Ve © Vime |Qe < —€ a2, Ve, Ym e Z* .

(D.9)

We should have written gij - 5:}{ but we also trade the commutators involving JE}LI for
those involving y}; (same argument as 2% and §%).
Let us now give an example: from this map, we find the following equality

(0%, pirx] + Wi N = —[v', ph] — [y, p*] (D.10)

where the r.h.s. turns out to be known from (3.43). Using the latter together with (3.21),
the T-duality constraint fixing p}, -, one gets from (D.10)

[J3, N'] = %NEZ (D.11)

that gives a value to one of the undetermined commutators.
We turn to the other commutators. Using the T-duality constraints also fixes pl;
in (3.22) and v,,. in (3.19) and (3.20), and one gets
1

[P 7%] = 0, [0 2] = [ rkene 32] + € 4k, (D.12)

that appear in two of the four unknown commutators we started with. Using these results,
and then the map, one obtains the equalities

v 5 | + [P 7| = vk V2] (D.13)

- - 1
[a}w,y%{] + [%115,92] = E[y}{,aie] + e[yl,wge] + € %aie, Ve, Vn #0 . (D.14)
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Using (3.44) and (3.45) finally gives values to the above, and so fixes two more commutators.
Note that (D.7) was already fixed by the left/right decomposition, and we recover here
precisely the same value. Finally, the commutator (D.4) is not fixed by this map; it is
simply mapped to itself. We need the above arguments to show that it vanishes.

Let us summarize the values obtained from these arguments for the four undetermined

commutators:
[zl,z%] + [z}{,zz: =0 (D.15)
[pl,z?g] + [p}g,z2: =0 (D.16)
[Nl,zj%[_ - —%TNS (D.17)
[a}w,z%[] + [7%6,22: =€ Sinafw, Ve, Vn # 0. (D.18)

Finally, using these and (D.1)—(D.3) reduces the commutator of interest (4.19) to (4.23).
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Attribution License which permits any use, distribution and reproduction in any medium,
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