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Abstract

Gauge invariance is a powerful tool to determine the dynamical forces among
the fundamental constituents of matter. The particle content, structure and
symmetries of the Standard Model Lagrangian are discussed. Special empha-
sis is given to the many phenomenological tests which have established this
theoretical framework as the Standard Theory of the electroweak interactions.

1 Introduction

The Standard Model (SM) is a gauge theory, based on the symmetry group SU(3)c @ SU(2), @ U(1)y,
which describes strong, weak and electromagnetic interactions, via the exchange of the corresponding
spin-1 gauge fields: eight massless gluons and one massless photon, respectively, for the strong and elec-
tromagnetic interactions, and three massive bosons, W+ and Z, for the weak interaction. The fermionic
matter content is given by the known leptons and quarks, which are organized in a three-fold family

structure:
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where (each quark appears in three different colours)
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plus the corresponding antiparticles. Thus, the left-handed fields are SU(2), doublets, while their right-
handed partners transform as SU (2), singlets. The three fermionic families in Eq. (1) appear to have
identical properties (gauge interactions); they differ only by their mass and their flavour quantum number.

The gauge symmetry is broken by the vacuum, which triggers the Spontaneous Symmetry Break-
ing (SSB) of the electroweak group to the electromagnetic subgroup:

SSB
=

SUB)e ® SU)L @ ULy SU(3)c ® U(L)qep - 3)

The SSB mechanism generates the masses of the weak gauge bosons, and gives rise to the appearance
of a physical scalar particle in the model, the so-called Higgs. The fermion masses and mixings are also
generated through the SSB.

The SM constitutes one of the most successful achievements in modern physics. It provides a
very elegant theoretical framework, which is able to describe the known experimental facts in particle
physics with high precision. These lectures [1] provide an introduction to the SM, focussing mostly on
its electroweak sector, i.e., the SU(2)r ® U(1)y part [2-5]. The strong SU(3)¢ piece is discussed in
more detail in Refs. [6,7]. The power of the gauge principle is shown in Section 2, where the simpler
Lagrangians of quantum electrodynamics and quantum chromodynamics are derived. The electroweak
theoretical framework is presented in Sections 3 and 4, which discuss, respectively, the gauge structure
and the SSB mechanism. Section 5 summarizes the present phenomenological status and shows the
main precision tests performed at the Z peak. The flavour structure is discussed in Section 6, where
knowledge of the quark mixing angles is briefly reviewed and the importance of CP violation tests is
emphasized. Finally, a few comments on open questions, to be investigated at future facilities, are given
in the summary.
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Some useful but more technical information has been collected in several appendices: a minimal
amount of quantum field theory concepts are given in Appendix A; Appendix B summarizes the most im-
portant algebraic properties of SU(N') matrices; and a short discussion on gauge anomalies is presented
in Appendix C.

2 Gauge Invariance
2.1 Quantum electrodynamics

Let us consider the Lagrangian describing a free Dirac fermion:
Lo = ip(2)y"Outp(z) — mi()v(z). )
Ly is invariant under global U (1) transformations

u() .
() —  Y(x) = exp {iQO} Y(x), (5)
where Q6 is an arbitrary real constant. The phase of () is then a pure convention-dependent quantity
without physical meaning. However, the free Lagrangian is no longer invariant if one allows the phase
transformation to depend on the space-time coordinate, i.e., under local phase redefinitions 6 = 0(zx),
because

dab(e) "8 exp{iQO} (9 +iQ,0) U(a). ©)

Thus, once a given phase convention has been adopted at one reference point z(, the same convention
must be taken at all space-time points. This looks very unnatural.

The ‘gauge principle’ is the requirement that the U (1) phase invariance should hold locally. This
is only possible if one adds an extra piece to the Lagrangian, transforming in such a way as to cancel
the 9,0 term in Eq. (6). The needed modification is completely fixed by the transformation (6): one
introduces a new spin-1 (since d,,6 has a Lorentz index) field A, (x), transforming as

Ay N 4@

1
AM(.'E) — gaue, (7)
and defines the covariant derivative

Dyb() = [0 +ieQAu(2)] (), ®)

which has the required property of transforming like the field itself:

Dup(@) =5 (D) (@) = exp {iQ6} Dy(x) ©)
The Lagrangian
£ = iY@ Dutb(a) — mP(a)d() = Lo — eQA,(x) Bla)y"b(x) (10)

is then invariant under local U (1) transformations.

The gauge principle has generated an interaction between the Dirac fermion and the gauge field
A,,, which is nothing else than the familiar vertex of Quantum Electrodynamics (QED). Note that the
corresponding electromagnetic charge () is completely arbitrary. If one wants A, to be a true propagating
field, one needs to add a gauge-invariant kinetic term

1
Lxin = ~1 Fu(x) F* (x), (11)

where F),, = 0,4, — 0, A, is the usual electromagnetic field strength which remains invariant under
the transformation (7). A mass term for the gauge field, £,, = %mQA“Au, is forbidden because it
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would violate the local U(1) gauge invariance; therefore, the photon field is predicted to be massless.
Experimentally, we know that m., < 1-1071% eV [8,9].

The total Lagrangian in Eqs. (10) and (11) gives rise to the well-known Maxwell equations:
O F" = eJ” = eQyYy"1p, (12)

where JV is the fermion electromagnetic current. From a simple gauge-symmetry requirement, we have
deduced the right QED Lagrangian, which leads to a very successful quantum field theory.

2.1.1 Lepton anomalous magnetic moments

W W f
Y
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Fig. 1: Feynman diagrams contributing to the lepton anomalous magnetic moment.

The most stringent QED test comes from the high-precision measurements of the e [10] and w [11]
anomalous magnetic moments «; = (g, — 2)/2, where [i; = g, (e/2my;) Si:

ae = (1159 652 180.73 4+ 0.28) - 10712, a, = (11 659 208.9+6.3) - 10719, (13)

To a measurable level, a. arises entirely from virtual electrons and photons; these contributions are
fully known to O(a*) and many O(a?) corrections have been already computed [12-14]. The impressive
agreement achieved between theory and experiment has promoted QED to the level of the best theory
ever built to describe Nature. The theoretical error is dominated by the uncertainty in the input value of
the QED coupling o = e?/(4n). Turning things around, a. provides the most accurate determination of
the fine structure constant [10, 15]:

ot =137.035 999 084 =+ 0.000 000 051 . 14)

The anomalous magnetic moment of the muon is sensitive to small corrections from virtual heav-
ier states; compared to a., they scale with the mass ratio mi /m?2. Electroweak effects from virtual
W+ and Z bosons amount to a contribution of (15.4 & 0.2) - 107! [16-18], which is larger than the
present experimental precision. Thus a, allows one to test the entire SM. The main theoretical uncer-
tainty comes from strong interactions. Since quarks have electric charge, virtual quark-antiquark pairs
induce hadronic vacuum polarization corrections to the photon propagator (Fig. 1.c). Owing to the non-
perturbative character of the strong interaction at low energies, the light-quark contribution cannot be
reliably calculated at present. This effect can be extracted from the measurement of the cross-section
o(eTe™ — hadrons) and from the invariant-mass distribution of the final hadrons in 7 decays, which
unfortunately provide slightly different results [19]:

o { (11659 180.2 £ 4.9) - 1010 (ete™ data), (15)

YT 1 (11659189.4 + 5.4) - 10710 (r data).

The quoted uncertainties include also the smaller light-by-light scattering contributions (Fig. 1.d) [20].
The difference between the SM prediction and the experimental value (13) corresponds to 3.6 o (eTe™)
or 2.40 (7). New precise e"e™ and 7 data sets are needed to settle the true value of aLh.
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2.2 Quantum chromodynamics
2.2.1 Quarks and colour

e q

et q

Fig. 2: Tree-level Feynman diagram for the e*e™ annihilation into hadrons.

The large number of known mesonic and baryonic states clearly signals the existence of a deeper
level of elementary constituents of matter: quarks. Assuming that mesons are M = gqg states, while
baryons have three quark constituents, B = gqq, one can nicely classify the entire hadronic spectrum.
However, in order to satisfy the Fermi—Dirac statistics one needs to assume the existence of a new
quantum number, colour, such that each species of quark may have No = 3 different colours: ¢%,
a = 1,2, 3 (red, green, blue). Baryons and mesons are then described by the colour-singlet combinations

1 1
B = —= ¢"74aq5¢,) M = —
\/6 a4p4y/ » \/g
In order to avoid the existence of non-observed extra states with non-zero colour, one needs to further
postulate that all asymptotic states are colourless, i.e., singlets under rotations in colour space. This
assumption is known as the confinement hypothesis, because it implies the non-observability of free
quarks: since quarks carry colour they are confined within colour-singlet bound states.

5% |qads) - (16)

A direct test of the colour quantum number can be obtained from the ratio

o(ete™ — hadrons)
olefe” — ptpu-)

Ryp = (17)
The hadronic production occurs through ete™ — +*, Z* — ¢ — hadrons (Fig. 2). Since quarks are
assumed to be confined, the probability to hadronize is just one; therefore, summing over all possible
quarks in the final state, we can estimate the inclusive cross-section into hadrons. The electroweak
production factors which are common with the ete™ — ~*, Z* — p*pu~ process cancel in the ratio
(17). At energies well below the Z peak, the cross-section is dominated by the y-exchange amplitude;
the ratio R+, is then given by the sum of the quark electric charges squared:

N 2Nc=2, (Ny =3 : u,d,s)
Ree- ~No Y QF = ¢ ¥Ne=2%, (Ny=4:udsc) . (18)
/=t UNe=4 (Ny=5: ud,s,c,b)

This result involves an explicit sum over the Ny quark flavours which are kinematically accessible
[4m3 < 5 = (pe- + pe+)?], weighted by the number of different colour possibilities. The measured
ratio is shown in Fig. 3. Although the simple formula (18) cannot explain the complicated structure
around the different quark thresholds, it gives the right average value of the cross-section (away from
thresholds), provided that N¢ is taken to be three. The agreement is better at larger energies. Notice that
strong interactions have not been taken into account; only the confinement hypothesis has been used.

Electromagnetic interactions are associated with the fermion electric charges, while the quark
flavours (up, down, strange, charm, bottom, top) are related to electroweak phenomena. The strong
forces are flavour conserving and flavour independent. On the other side, the carriers of the electroweak
interaction (7, Z, W) do not couple to the quark colour. Thus it seems natural to take colour as the
charge associated with the strong forces and try to build a quantum field theory based on it [21,22].
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Fig. 3: World data on the ratio R.+.- [9]. The broken lines show the naive quark model approximation with
N¢ = 3. The solid curve is the 3-loop perturbative QCD prediction.

2.2.2 Non-Abelian gauge symmetry
Let us denote ¢} a quark field of colour cv and flavour f. To simplify the equations, let us adopt a vector

notation in colour space: q? = (q} , q]% , qj’}). The free Lagrangian
Lo =Y G5 (iv'0u —my) ¢ (19)
f

is invariant under arbitrary global SU(3)¢ transformations in colour space,
@ — (¢F) = U%q], vUt = Uty =1, detU =1.  (20)

The SU(3)¢ matrices can be written in the form
)\a
U = exp {226a} s (21)

where %)\“ (a = 1,2,...,8) denote the generators of the fundamental representation of the SU(3)¢
algebra, 0, are arbitrary parameters and a sum over repeated colour indices is understood. The matrices
A® are traceless and satisfy the commutation relations

2@ )\b vabe A\
|:252:| =if 9 (22)

with £ the SU(3)¢ structure constants, which are real and totally antisymmetric. Some useful prop-
erties of SU(IN') matrices are collected in Appendix B.

As in the QED case, we can now require the Lagrangian to be also invariant under local SU (3)¢
transformations, 6, = 6,(x). To satisfy this requirement, we need to change the quark derivatives by
covariant objects. Since we have now eight independent gauge parameters, eight different gauge bosons
G% (), the so-called gluons, are needed:

)\CL
Dtqy = 8“+z‘957G5(:c) qr = [0" +igs G*(2)] q5 . (23)
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Fig. 4: Interaction vertices of the QCD Lagrangian.

Notice that we have introduced the compact matrix notation
Aa
6"y = () Clo) 24)
af

and a colour identity matrix is implicit in the derivative term. We want D* gy to transform in exactly the
same way as the colour-vector gy; this fixes the transformation properties of the gauge fields:

Dt — (DM = UDMUT, Gh — (GM = UGUT + L (rU) Ut (25)

Gs
Under an infinitesimal SU (3)¢ transformation,

a

Q (0% (0% - A
¢ — @) =df +i <2> 06, qjﬁv,
ap

Gl — (Gl = Gl — - 0"(30,) /"™ 38, 26)
S

The gauge transformation of the gluon fields is more complicated than the one obtained in QED for the
photon. The non-commutativity of the SU(3)¢ matrices gives rise to an additional term involving the
gluon fields themselves. For constant d6,, the transformation rule for the gauge fields is expressed in
terms of the structure constants f2°¢; thus, the gluon fields belong to the adjoint representation of the
colour group (see Appendix B). Note also that there is a unique SU(3)¢ coupling gs. In QED it was
possible to assign arbitrary electromagnetic charges to the different fermions. Since the commutation
relation (22) is non-linear, this freedom does not exist for SU(3)c. All colour-triplet quark flavours
couple to the gluon fields with exactly the same interaction strength.

To build a gauge-invariant kinetic term for the gluon fields, we introduce the corresponding field
strengths:

G (x) = _gi (D, D¥] = 9*G” — 0" G* +ig, [G*, G"] = %GZV(@,
Gl (z) = O'GY—0"Gl — g, [ Gy GY. 27)

Under a SU (3)¢ gauge transformation,
G — (G™)Y = UG Ut (28)

and the colour trace Tr(G"'G ) = % Gy’ G, remains invariant. Taking the proper normalization for
the gluon kinetic term, we finally have the SU(3)¢ invariant Lagrangian of Quantum Chromodynamics

(QCD):
_ 1 uy a = (il
Lqcp = 1 GG + Z dr (iv"Dy —my) qy . (29)
f
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Fig. 5: Two- and three-jet events from the hadronic Z boson decays Z — ¢¢ and Z — qgG (ALEPH) [23].

The SU(3)¢ gauge symmetry forbids to add a mass term for the gluon fields, %méG’[{ G%, because it is
not invariant under the transformation (25). The gauge bosons are, therefore, massless spin-1 particles.

It is worth while to decompose the Lagrangian into its different pieces:

1 . o
Laop = =7 (0"GL—0"GR) (G = 0,G)) + Y @f (0"0u —my) g

— 9sGE Y qF <2> ¢ (30)
s op

2
(0 Gl - 7GR G Gl — T e Gl GGG

The first line contains the correct (quadratic) kinetic terms for the different fields, which give rise to the
corresponding propagators. The colour interaction between quarks and gluons is given by the second
line; it involves the SU(3)c matrices A“. Finally, owing to the non-Abelian character of the colour
group, the GS”GZV term generates the cubic and quartic gluon self-interactions shown in the last line;
the strength of these interactions (Fig. 4) is given by the same coupling gs which appears in the fermionic
piece of the Lagrangian.

In spite of the rich physics contained in it, the Lagrangian (29) looks very simple because of its
colour symmetry properties. All interactions are given in terms of a single universal coupling gs, which
is called the strong coupling constant. The existence of self-interactions among the gauge fields is a new
feature that was not present in QED; it seems then reasonable to expect that these gauge self-interactions
could explain properties like asymptotic freedom (strong interactions become weaker at short distances)
and confinement (the strong forces increase at large distances), which do not appear in QED [6].

Without any detailed calculation, one can already extract qualitative physical consequences from
Lqcp. Quarks can emit gluons. At lowest order in gs, the dominant process will be the emission of a
single gauge boson; thus, the hadronic decay of the Z should result in some Z — ¢@G events, in addition
to the dominant Z — qq decays. Figure 5 clearly shows that 3-jet events, with the required kinematics,
indeed appear in the LEP data. Similar events show up in e™e™ annihilation into hadrons, away from the
Z peak. The ratio between 3-jet and 2-jet events provides a simple estimate of the strength of the strong
interaction at LEP energies (s = M2): as = g2/(4m) ~ 0.12.
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3 Electroweak Unification
3.1 Experimental facts

Low-energy experiments have provided a large amount of information about the dynamics underlying
flavour-changing processes. The detailed analysis of the energy and angular distributions in 5 decays,
suchas p~ — e Pev, or n — pe” V., made clear that only the left-handed (right-handed) fermion
(antifermion) chiralities participate in those weak transitions; moreover, the strength of the interaction
appears to be universal. This is further corroborated through the study of other processes like 7= —
€ Ve or ™ — ju~ i, , which show that neutrinos have left-handed chiralities while anti-neutrinos are
right-handed.

From neutrino scattering data, we learnt the existence of different neutrino types (v, # v,,) and that
there are separately conserved lepton quantum numbers which distinguish neutrinos from antineutrinos;
thus we observe the transitions 7ep — e™n, ven — e p, U,p — utn or v,n — p” p, but we do
not see processes like vep 4 etn, ven 4 e p, vup A etn or vyun e p.

Together with theoretical considerations related to unitarity (a proper high-energy behaviour) and
the absence of flavour-changing neutral-current transitions (u~ 4 e e"e™, s A d{*{™), the low-
energy information was good enough to determine the structure of the modern electroweak theory [24].
The intermediate vector bosons W and Z were theoretically introduced and their masses correctly
estimated, before their experimental discovery. Nowadays, we have accumulated huge numbers of W=
and Z decay events, which bring much direct experimental evidence of their dynamical properties.

3.1.1 Charged currents

Ve e Ve

Fig. 6: Tree-level Feynman diagrams for = — e D, v, and v ,e” — pu~ ve.

The interaction of quarks and leptons with the W+ bosons (Fig. 6) exhibits the following features:

— Only left-handed fermions and right-handed antifermions couple to the W*. Therefore, there is
a 100% breaking of parity (P: left <+ right) and charge conjugation (C: particle <> antiparticle).
However, the combined transformation CP is still a good symmetry.

— The W bosons couple to the fermionic doublets in Eq. (2), where the electric charges of the two
fermion partners differ in one unit. The decay channels of the W~ are then:

W™ = € Ve, W Uy, 7 p,d u,s'c. 31)
Owing to the very high mass of the top quark [25], m; = 173 GeV > My = 80.4 GeV, its
on-shell production through W~ — b’ is kinematically forbidden.
— All fermion doublets couple to the W+ bosons with the same universal strength.

— The doublet partners of the up, charm and top quarks appear to be mixtures of the three quarks

with charge —%:
d’ d
s | =v | s |, vvt =viv = 1. (32)
b’ b
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Fig. 7: Tree-level Feynman diagrams for ete™ — u™p~ and ete™ — v .

Thus, the weak eigenstates d’, s’, b’ are different than the mass eigenstates d, s, b. They are
related through the 3 x 3 unitary matrix V, which characterizes flavour-mixing phenomena.

— The experimental evidence of neutrino oscillations shows that v., v, and v, are also mixtures
of mass eigenstates. However, the neutrino masses are tiny: |m2, —mZ | ~ 2.4-1073eV?,

V3
m2, —m2 ~7.6-1077eV? [9].

1%

3.1.2 Neutral currents

The neutral carriers of the electromagnetic and weak interactions have fermionic couplings (Fig. 7) with
the following properties:

— All interacting vertices are flavour conserving. Both the v and the Z couple to a fermion and its
own antifermion, i.e., v f f and Z f f. Transitions of the type 1 4 ey or Z 4 eTuT have
never been observed.

— The interactions depend on the fermion electric charge ()y. Fermions with the same () have
exactly the same universal couplings. Neutrinos do not have electromagnetic interactions (Q),, =
0), but they have a non-zero coupling to the Z boson.

— Photons have the same interaction for both fermion chiralities, but the Z couplings are different for
left-handed and right-handed fermions. The neutrino coupling to the Z involves only left-handed
chiralities.

— There are three different light neutrino species.

3.2 The SU(2)rL ® U(1)y theory

Using gauge invariance, we have been able to determine the right QED and QCD Lagrangians. To
describe weak interactions, we need a more elaborated structure, with several fermionic flavours and
different properties for left- and right-handed fields; moreover, the left-handed fermions should appear
in doublets, and we would like to have massive gauge bosons W+ and Z in addition to the photon.
The simplest group with doublet representations is SU(2). We want to include also the electromagnetic
interactions; thus we need an additional U (1) group. The obvious symmetry group to consider is then

G=SUQ2)LU1)y, (33)

where L refers to left-handed fields. We do not specify, for the moment, the meaning of the subindex Y
since, as we will see, the naive identification with electromagnetism does not work.

For simplicity, let us consider a single family of quarks, and introduce the notation

U
Y1(x) = < d ) ; Ya(x) = ur, Y3(x) = dg. (34)
L
Our discussion will also be valid for the lepton sector, with the identification
v, -
@ = (X)) v bal) = . G9)
L
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As in the QED and QCD cases, let us consider the free Lagrangian
— 3 J—
Lo = iu(z)y" Oyu(x) + id(x)y" Oud(x) = Z i (w) Y Ot () . (36)
j=1

Ly is invariant under global G transformations in flavour space:

i) -5 (@) = exp {iyiB) Up di(a),
va(x) S gh(a) = exp {iy268) valz), (37)

G

Y3(z) —  y(x) = exp {iysB} ¥s(z),

where the SU(2), transformation [o; are the Pauli matrices (B.3)]
e .
U, = exp {z > o/} (i=1,2,3) (38)

only acts on the doublet field 1)1. The parameters y; are called hypercharges, since the U(1)y phase
transformation is analogous to the QED one. The matrix transformation Uy, is non-Abelian as in QCD.
Notice that we have not included a mass term in Eq. (36) because it would mix the left- and right-handed
fields [see Eq. (A.17)], therefore spoiling our symmetry considerations.

We can now require the Lagrangian to be also invariant under local SU(2); ® U(1)y gauge
transformations, i.e., with o = a(x) and 8 = S(z). In order to satisfy this symmetry requirement, we
need to change the fermion derivatives by covariant objects. Since we have now four gauge parameters,
o‘(z) and B(x), four different gauge bosons are needed:

Dun(z) = |9y +igWu(z)+ig yi Bu(z)| (),
Dypa(x) = [0u+1i9"y2 Bu(z)] Pa(x), (39)
Dys(x) = [0u+ig ys Bu(z)] v3(x),
where
W, (z) = %W;(x) (40)

denotes a SU(2) 7, matrix field. Thus we have the correct number of gauge fields to describe the W=, Z
and 7.

We want D,,1;(z) to transform in exactly the same way as the 1;(z) fields; this fixes the trans-
formation properties of the gauge fields:

1
Bu.(z) % Bl(z) = Bu(x) - ?%ﬁ(x), (41)
W, S W= U)W Ul + ;8NUL(x) Ul (@), @)

where Up(z) = exp {i % o’ (z)}. The transformation of B, is identical to the one obtained in QED for
the photon, while the SU(2)[, W), fields transform in a way analogous to the gluon fields of QCD. Note
that the 1); couplings to B, are completely free as in QED, i.e., the hypercharges y; can be arbitrary
parameters. Since the SU(2); commutation relation is non-linear, this freedom does not exist for the
Wli there is only a unique SU (2), coupling g.

The Lagrangian

3
L = Z 1@;(37) ’YMDuwj(x) (43)
j=1

10
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is invariant under local G transformations. In order to build the gauge-invariant kinetic term for the gauge
fields, we introduce the corresponding field strengths:

B, = 0,B, —0,B,, (44)
W = —g [(au " igWu) : (ay + igwy)} = 0, W, — 0, W, + ig [Wu,’wvy] . 45)
Wi = 5 Wi, Wi, = oW, —0,W), — ge?* W) wp. (46)
B,,, remains invariant under G transformations, while Wuv transforms covariantly:
G 5 G e
B — B, Wy — U, W, Ul (47)
Therefore, the properly normalized kinetic Lagrangian is given by
1 1 ~ ~ 1 1.
Lign = =7 Bu B = JTr (W W) = 3 B B = S Wi, W (48)

Since the field strengths Wﬁy contain a quadratic piece, the Lagrangian Lg;, gives rise to cubic and
quartic self-interactions among the gauge fields. The strength of these interactions is given by the same
SU(2), coupling g which appears in the fermionic piece of the Lagrangian.

The gauge symmetry forbids the writing of a mass term for the gauge bosons. Fermionic masses
are also not possible, because they would communicate the left- and right-handed fields, which have
different transformation properties, and therefore would produce an explicit breaking of the gauge sym-
metry. Thus, the SU(2), ® U(1)y Lagrangian in Egs. (43) and (48) only contains massless fields.

3.3 Charged-current interaction

Fig. 8: Charged-current interaction vertices.
The Lagrangian (43) contains interactions of the fermion fields with the gauge bosons,

— —~ 3 —

L — =g Wuth — ¢/ By Y g (49)
j=1
The term containing the SU (2), matrix
. o1 ( w3 V2w ) 50)
TR
2 2\ vew, -w}

gives rise to charged-current interactions with the boson field W, = (Wﬁ +1 Wﬁ )/v/2 and its complex-
conjugate W, = (W,} —1 VVI%) /\/2 (Fig. 8). For a single family of quarks and leptons,
9 _ _
L :——{WTuul— d + veyH (1 — e—i—h.c.}. 51
cc Wi p [u(1 =) ey (1 —75)e] (51

The universality of the quark and lepton interactions is now a direct consequence of the assumed gauge
symmetry. Note, however, that Eq. (51) cannot describe the observed dynamics, because the gauge
bosons are massless and, therefore, give rise to long-range forces.

11
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3.4 Neutral-current interaction

Fig. 9: Neutral-current interaction vertices (sg = sin 0y, cg = cos Oy ).

Equation (49) contains also interactions with the neutral gauge fields Wi’ and B,,. We would like
to identify these bosons with the Z and the . However, since the photon has the same interaction with
both fermion chiralities, the singlet gauge boson B, cannot be equal to the electromagnetic field. That
would require y; = y2 = y3 and g’y; = e (;, which cannot be simultaneously true.

Since both fields are neutral, we can try with an arbitrary combination of them:

Wi _ co§ Ow  sinOy Zy, ‘ (52)
B, —sinfy  cosOy A,
The physical Z boson has a mass different from zero, which is forbidden by the local gauge symmetry.
We will see in the next section how it is possible to generate non-zero boson masses, through the SSB
mechanism. For the moment, we just assume that something breaks the symmetry, generating the Z

mass, and that the neutral mass eigenstates are a mixture of the triplet and singlet SU(2), fields. In
terms of the fields Z and +y, the neutral-current Lagrangian is given by

Lnc = —Z Jj ~H {Au [g% sin Oy + g’ y; COSQW] + Z, [g% cos by — g’ y; sinﬁw}} (.
’ (53)
In order to get QED from the A,, piece, one needs to impose the conditions:
g sinby = g’ cosby = e, Y =Q—1T13, 54)
where T3 = 03/2 and ) denotes the electromagnetic charge operator
Q1 = ( Qg/y QS/@ > ; Q2 = Qu/u s Qs = Qqe - (55)

The first equality relates the SU(2), and U (1)y couplings to the electromagnetic coupling, providing the
wanted unification of the electroweak interactions. The second identity fixes the fermion hypercharges
in terms of their electric charge and weak isospin quantum numbers:

1
; y3:Qd:7§a

) y3:Q6:_1'

A hypothetical right-handed neutrino would have both electric charge and weak hypercharge equal to
zero. Since it would not couple either to the W= bosons, such a particle would not have any kind of
interaction (sterile neutrino). For aesthetic reasons, we shall then not consider right-handed neutrinos
any longer.

winN

Quarks: y1 = Qu—3 = Qa+3 = &, Yo = Qu =

=)

Leptons: y1 = Q,— 32 = Qc+1=-%2, 1p=Q, =

Using the relations (54), the neutral-current Lagrangian can be written as

Lxnc = Lqep + LEc, (56)

12
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Table 1: Neutral-current couplings.

U d Ve e
20¢ 1-8sin?0y —1+43sin?0y 1 —1+4sin®Oy
2ap 1 —1 1 —1
where B
Laep = —e Ay > 0"Quh; = —e Ay Jhy (57)
j

is the usual QED Lagrangian and

(&

Lic = JLZ, (58)

 2sin Ow cos Oy

contains the interaction of the Z boson with the neutral fermionic current

Th =) gt (o5 — 2sin® 0w Q) by = J — 2sin® Oy Jh, . (59)
J

In terms of the more usual fermion fields, Eﬁc has the form (Fig. 9)

LE, = ¢
N 2 sin Oy cos Oy

Zy Y (g —apys) £ (60)
!

where ay = T?fc and vy = T3f (1 —4|Qy| sin? QW). Table 1 shows the neutral-current couplings of the
different fermions.

3.5 Gauge self-interactions

w* w w* w Y,Z
Y,Z

\\ \\ \\ \\% Y, Z

Fig. 10: Gauge boson self-interaction vertices.

In addition to the usual kinetic terms, the Lagrangian (48) generates cubic and quartic self-
interactions among the gauge bosons (Fig. 10):

Ly = iecot By {(8“W” — W Wiz, — (8”W”T — gt ) W, 2, + W, W (912" — 8”Z“)}

+ie {(8“W” — WM WA, - (8“W”T - (‘3”W”T) W, A, + W, Wi (9" A — 8”A“)} :

(61)

62

2
= - — e\ — wiwst vl _ 2.2 tvirsg v it o 5
-~ 2sin by {(WMW ) W,WHwW, W } e” cot” {WMW 2,7 —WyZ'W, Z }

13
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— e cot by {2W[WHZ, A" — WIZ'W, A" — WiAMW, 2" |

— e {wiwra,ar - wiarw,av |

Notice that at least a pair of charged W bosons are always present. The SU (2), algebra does not generate
any neutral vertex with only photons and Z bosons.

4 Spontaneous Symmetry Breaking

So far, we have been able to derive charged- and neutral-current interactions of the type needed to de-
scribe weak decays; we have nicely incorporated QED into the same theoretical framework and, more-
over, we have got additional self-interactions of the gauge bosons, which are generated by the non-
Abelian structure of the SU(2), group. Gauge symmetry also guarantees that we have a well-defined
renormalizable Lagrangian. However, this Lagrangian has very little to do with reality. Our gauge bosons
are massless particles; while this is fine for the photon field, the physical W= and Z bosons should be
quite heavy objects.

In order to generate masses, we need to break the gauge symmetry in some way; however, we also
need a fully symmetric Lagrangian to preserve renormalizability. This dilemma may be solved by the
possibility of getting non-symmetric results from a symmetric Lagrangian.

Let us consider a Lagrangian, which

1. Is invariant under a group G of transformations.

2. Has a degenerate set of states with minimal energy, which transform under GG as the members of a
given multiplet.

If one of those states is arbitrarily selected as the ground state of the system, the symmetry is said to be
spontaneously broken.

A well-known physical example is provided by a ferromagnet: although the Hamiltonian is in-
variant under rotations, the ground state has the electron spins aligned into some arbitrary direction;
moreover, any higher-energy state, built from the ground state by a finite number of excitations, would
share this anisotropy. In a quantum field theory, the ground state is the vacuum; thus the SSB mechanism
will appear when there is a symmetric Lagrangian, but a non-symmetric vacuum.

W 9 e

p v v/

Fig. 11: Although Nicolds likes the symmetric food configuration, he must break the symmetry deciding which
carrot is more appealing. In three dimensions, there is a continuous valley where Nicolds can move from one carrot
to the next without effort.
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The horse in Fig. 11 illustrates in a very simple way the phenomenon of SSB. Although the left
and right carrots are identical, Nicolds must take a decision if he wants to get food. What is important
is not whether he goes left or right, which are equivalent options, but that the symmetry gets broken. In
two dimensions (discrete left-right symmetry), after eating the first carrot Nicolds would need to make
an effort to climb the hill in order to reach the carrot on the other side; however, in three dimensions
(continuous rotation symmetry) there is a marvelous flat circular valley along which Nicolds can move
from one carrot to the next without any effort.

The existence of flat directions connecting the degenerate states of minimal energy is a general
property of the SSB of continuous symmetries. In a quantum field theory it implies the existence of
massless degrees of freedom.

4.1 Goldstone theorem

' V(9)

19|

Fig. 12: Shape of the scalar potential for p? > 0 (left) and p? < 0 (right). In the second case there is
a continuous set of degenerate vacua, corresponding to different phases 6, connected through a massless field
excitation (s.

Let us consider a complex scalar field ¢(x), with Lagrangian

— 5ot _ 2 i)’
L= 0:6'0"6 = V(9. V(9) = u2olo+h(ole) . (62)
L is invariant under global phase transformations of the scalar field
¢(z) — ¢'(z) = exp{if} p(x). (63)

In order to have a ground state the potential should be bounded from below, i.e., h > 0. For the
quadratic piece there are two possibilities, shown in Fig. 12:

1. u2 > 0: The potential has only the trivial minimum ¢ = 0. It describes a massive scalar particle
with mass p and quartic coupling h.

2. u? < 0: The minimum is obtained for those field configurations satisfying

N e G _ Ny
|po| = o —\/5>0, V(go) = Rl (64)

Owing to the U(1) phase invariance of the Lagrangian, there is an infinite number of degenerate
states of minimum energy, ¢o(z) = % exp {i0}. By choosing a particular solution, § = 0 for
example, as the ground state, the symmetry gets spontaneously broken. If we parametrize the
excitations over the ground state as

o(x) = % v+ ¢1(2) +ipa(a)] (65)

15



A. PicH

where (1 and 9 are real fields, the potential takes the form

h 2
V(9) = V(do) — 1?et +hver (9] +¢8) + 7 (o1 +¢3)" - (66)
Thus, ¢ describes a massive state of mass m?@ L= —2u2, while 5 is massless.

The first possibility (42> > 0) is just the usual situation with a single ground state. The other
case, with SSB, is more interesting. The appearance of a massless particle when p? < 0 is easy to
understand: the field o describes excitations around a flat direction in the potential, i.e., into states
with the same energy as the chosen ground state. Since those excitations do not cost any energy, they
obviously correspond to a massless state.

The fact that there are massless excitations associated with the SSB mechanism is a completely
general result, known as the Goldstone theorem [26-28]: if a Lagrangian is invariant under a continuous
symmetry group G, but the vacuum is only invariant under a subgroup H C G, then there must exist as
many massless spin-0 particles (Nambu—Goldstone bosons) as broken generators (i.e., generators of G
which do not belong to H).

4.2 Massive gauge bosons

At first sight, the Goldstone theorem has very little to do with our mass problem; in fact, it makes it worse
since we want massive states and not massless ones. However, something very interesting happens when
there is a local gauge symmetry [29-32].

Let us consider [3] an SU(2) 1, doublet of complex scalar fields

p(z) = ( # @) ) - (67)

The gauged scalar Lagrangian
2
Ls = (Du0)! Do — u2oto — h (61) (h>0, 1% <0), (68)

DFG — [8“+z'g”vi7“+z’g/y¢3“} ¢ s = Qo — Ty = (69)

5 )
is invariant under local SU(2)r, ® U(1)y transformations. The value of the scalar hypercharge is fixed
by the requirement of having the correct couplings between ¢(x) and A*(x); i.e., the photon does not

couple to ¢(9), and ¢(1) has the right electric charge.

The potential is very similar to the Goldstone model one in Eq. (62). There is a infinite set of
degenerate states with minimum energy, satisfying

2
16010 = /55 = 5 (70)

Note that we have made explicit the association of the classical ground state with the quantum vacuum.
Since the electric charge is a conserved quantity, only the neutral scalar field can acquire a vacuum
expectation value. Once we choose a particular ground state, the SU(2);, ® U(1)y symmetry gets
spontaneously broken to the electromagnetic subgroup U(1)qgp, which by construction still remains a
true symmetry of the vacuum. According to the Goldstone theorem three massless states should then
appear.

Now, let us parametrize the scalar doublet in the general form

6(w) = exp {i 7 0'()} \g ( Hi]m ) , (71)
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with four real fields () and H(z). The crucial point is that the local SU(2);, invariance of the La-
grangian allows us to rotate away any dependence on §°(z). These three fields are precisely the would-be
massless Goldstone bosons associated with the SSB mechanism.

The covariant derivative (69) couples the scalar multiplet to the SU(2), ® U(1)y gauge bosons.
If one takes the physical (unitary) gauge 6°(z) = 0, the kinetic piece of the scalar Lagrangian (68) takes
the form:
6*=0 2

1 g* g
D, Dty = Z o, HO'H 2l wiwryr 4z gnl 72
( N¢) ¢ 2 8,” a + (U + ) { 4 7 + 8COS2 GW 1% } ( )

The vacuum expectation value of the neutral scalar has generated a quadratic term for the W and the
Z, 1.e., those gauge bosons have acquired masses:

1
Mz cosOy = My = §Ug. (73)

Therefore, we have found a clever way of giving masses to the intermediate carriers of the weak
force. We just add Lg to our SU(2);, ® U(1)y model. The total Lagrangian is invariant under gauge
transformations, which guarantees the renormalizability of the associated quantum field theory [33].
However, SSB occurs. The three broken generators give rise to three massless Goldstone bosons which,
owing to the underlying local gauge symmetry, can be eliminated from the Lagrangian. Going to the
unitary gauge, we discover that the W+ and the Z (but not the v, because U(1)qep is an unbroken
symmetry) have acquired masses, which are moreover related as indicated in Eq. (73). Notice that
Eq. (52) has now the meaning of writing the gauge fields in terms of the physical boson fields with
definite mass.

It is instructive to count the number of degrees of freedom (d.o.f.). Before the SSB mechanism,
the Lagrangian contains massless W and Z bosons, i.e., 3 x 2 = 6 d.o.f., due to the two possible
polarizations of a massless spin-1 field, and four real scalar fields. After SSB, the three Goldstone modes
are ‘eaten’ by the weak gauge bosons, which become massive and, therefore, acquire one additional
longitudinal polarization. We have then 3 x 3 = 9 d.o.f. in the gauge sector, plus the remaining scalar
particle H, which is called the Higgs boson. The total number of d.o.f. remains of course the same. The
new longitudinal polarizations of the massive gauge bosons are nothing else than the original Goldstone
fields. It was necessary to introduce additional d.o.f. (scalars) in the gauge theory in order to give masses
to the gauge bosons. The Higgs appears because the scalar doublet (67) contains too many fields.

4.3 Predictions

We have now all the needed ingredients to describe the electroweak interaction within a well-defined
quantum field theory. Our theoretical framework implies the existence of massive intermediate gauge
bosons, W+ and Z. Moreover, the chosen SSB mechanism has produced a precise prediction' for the
W+ and Z masses, relating them to the vacuum expectation value of the scalar field through Eq. (73).
Thus, My is predicted to be bigger than My in agreement with the measured masses [34,35]:

Mz = 91.1875 £ 0.0021 GeV , My = 80.399 £ 0.023 GeV . (74)

From these experimental numbers, one obtains the electroweak mixing angle

M?

) W

sin“fy = 1 - —% = 0.223. (75)
M%

"Note, however, that the relation Mz cos 6y = My has a more general validity. It is a direct consequence of the symmetry
properties of £g and does not depend on its detailed dynamics.
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We can easily get and independent estimate of sin? Ay, from the decay u~ — e 7, v,. The
momentum transfer ¢*> = (p, — pu,)* = (pe + pv.)* S m;, is much smaller than Myj,. Therefore,
the W propagator in Fig. 6 shrinks to a point and can be well approximated through a local four-fermion

interaction, i.e.,

g° N g° 4o

~ = = 4V2GF. 76

M2, — ¢? M3, sin? Oy M2, F (76)

The measured muon lifetime, 7, = (2.196 9803 £ 0.000 002 2) - 1075 s [36], provides a very precise
determination of the Fermi coupling constant G r:

1 G%mg) 4
- Ty = 1995 (m2/m2) (L+6rc) ,  f(z) = 1-8x+82" —a' — 1227 logz. (77)

Taking into account the radiative corrections érc, which are known to O(a?) [37,38], one gets [36]:
Gr = (1.1663788 £ 0.0000007) - 107> GeV 2. (78)
The measured values of «, My and G imply
sin? Oy = 0.215, (79)

in very good agreement with Eq. (75). We shall see later that the small difference between these two
numbers can be understood in terms of higher-order quantum corrections. The Fermi coupling gives also
a direct determination of the electroweak scale, i.e., the scalar vacuum expectation value:

—1/2
v = (\/5 GF> — 246 GeV . (80)

4.4 The Higgs boson

The scalar Lagrangian in Eq. (68) has introduced a new scalar particle into the model: the Higgs H. In
terms of the physical fields (unitary gauge), Lg takes the form

1
Lg = 1}“]4 + Ly + Lyg2, (81)
where
1 1 M?2 M?2
Ly = —~0,HOMH — = M? H?> - —H g3 - —H gt 82
H 9 K 9 TH ) 8v2 ’ (82)
2 H? 1 2 H?
_ 2 + 2
Lyce = My WIW* {1+UH—|—UQ}—|—2MZZ#Z“ {1+UH+UQ} (83)

and the Higgs mass is given by
My = \/—2u? = V2hv. (84)

The Higgs interactions (Fig. 13) have a very characteristic form: they are always proportional to the mass
(squared) of the coupled boson. All Higgs couplings are determined by My, My, Mz and the vacuum
expectation value v.

So far the experimental searches for the Higgs have only provided negative results. The exclusion
of the kinematical range accessible at LEP sets the lower bound [39]

My > 114.4 GeV (95% C.L.), (85)
while the Tevatron data has recently excluded a small range of masses around 165 GeV [40]:

My ¢ [158,173] GeV  (95% C.L.). (86)

18



THE STANDARD MODEL OF ELECTROWEAK INTERACTIONS

Z '
Z \WA
2M3 2 My
v H Y H
Z H W H
Z v H VA v H

Fig. 13: Higgs couplings to the gauge bosons.

mf
v

f

Fig. 14: Fermionic coupling of the Higgs boson.

4.5 Fermion masses

A fermionic mass term L,, = —my) = —m (E LR + YRt L) is not allowed, because it breaks the
gauge symmetry. However, since we have introduced an additional scalar doublet into the model, we can
write the following gauge-invariant fermion-scalar coupling:

(+) (0)= (+)
EY = —C1 ('L_L,d)L < Z(O) ) dR — C9 ('l_L,CDL< _¢)¢(_) ) UR — €3 (lje,é)L ( 2(0) > er + h.C.,
87)
where the second term involves the C-conjugate scalar field ¢¢ = i o9 ¢*. In the unitary gauge (after
SSB), this Yukawa-type Lagrangian takes the simpler form

1 —
Ly = —— (v+ H) {cldd+021iu+03ée}. (88)

V2

Therefore, the SSB mechanism generates also fermion masses:

v v v
mqg = €1 —= , My = C2 —=, me = €3 —= . (89)

V2 V2 V2

Since we do not know the parameters c;, the values of the fermion masses are arbitrary. Note,
however, that all Yukawa couplings are fixed in terms of the masses (Fig. 14):

H _
Ly = - <1+U) {madd +m, @u+mee} . ©0)
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Fig. 15: Tree-level Feynman diagrams contributing to the W* and Z decays.

5 Electroweak Phenomenology

In the gauge and scalar sectors, the SM Lagrangian contains only four parameters: g, g/, 1> and h. One
could trade them by «, 6y, My and M. Alternatively, we can choose as free parameters:

Gr = (1.1663788 +0.0000007) - 10°° GeV~2  [36],
o' = 137.035999084 4 0.000000051 [10,15], 1)
My = (91.1875+0.0021) GeV  [34,35]

and the Higgs mass M. This has the advantage of using the three most precise experimental determi-
nations to fix the interaction. The relations
2
My,

sin? Oy = 1 — 7 M2, sin? Oy, =
Z

ye:;

V2GF

determine then sin”® @y = 0.212 and My = 80.94 GeV. The predicted Myy is in good agreement
with the measured value in (74).

92)

At tree level (Fig. 15), the decay widths of the weak gauge bosons can be easily computed. The
W partial widths,

672 ’ 672 ’

are equal for all leptonic decay modes (up to small kinematical mass corrections). The quark modes
involve also the colour quantum number N¢ = 3 and the mixing factor V;; relating weak and mass
eigenstates, d;, = V;;d;. The Z partial widths are different for each decay mode, since its couplings
depend on the fermion charge:

P(W-—=pl™) = L (W~ — u;d;) = N¢ |V (93)

F GFM% 2 2
rz-— =N vr|T +|a , 94
where N; = 1 and N; = N¢. Summing over all possible final fermion pairs, one predicts the total

widths T'yy = 2.09 GeV and I'z = 2.48 GeV, in excellent agreement with the experimental values
Ty = (2.085 £0.042) GeV and T'z = (2.4952 + 0.0023) GeV [34,35].

The universality of the W couplings implies

Br(W™ - pl™) = 3+12NC = 11.1%, (95)
where we have taken into account that the decay into the top quark is kinematically forbidden. Similarly,
the leptonic decay widths of the Z are predicted to be T'; = T'(Z — [117) = 84.85 MeV. As shown
in Table 2, these predictions are in good agreement with the measured leptonic widths, confirming the
universality of the W and Z leptonic couplings. There is, however, an excess of the branching ratio
W — 7, withrespectto W — ev, and W — p v, , which represents a 2.6 o effect.
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Table 2: Measured values of Br(W~ — #;,[7) and T'(Z — I717) [9,34,35]. The average of the three leptonic
modes is shown in the last column (for a massless charged lepton [).

e 7 T l
Br(W=™ = yl™) (%) 10.75+0.13 10.57+0.15 11.254+0.20 10.80 £ 0.09
I(Z = 1Tl7) (MeV) 83.91£0.12 83.99+0.18 84.08+0.22 83.984 + 0.086

Table 3: Experimental determinations of the ratios g;/gy [9,41-44]

FT—)VTe Ve /Fu—wue Ve FT—H/,—W/FW—);L Uy FT—WTK/FK—),u Uy I‘I/V—H' Ur /FW—>,u vy
|9+/ 94| 1.0007 £ 0.0022 0.992 + 0.004 0.982 + 0.007 1.032 £ 0.012

FT—)VTM DM/FT—WTe Ve Fﬂ—)u vy /Pﬂ'—>€ Ve PKﬁ,u vy /FKHe Ve FK*HT,U, vy /]-—‘KAHTG Ve
|9/ 9el 1.0018 £ 0.0014 1.0021 £ 0.0016 0.9978 + 0.0024 1.0009 + 0.0022

FW*}M Du/FW%e Ve FT—)I/T}L 79 /F,u—wue Ve 11W%‘r Ur /FW*)E Ve
19,1/ 9| 0.991 £ 0.009 \9+/ge 1.0006 = 0.0023 1.023 £ 0.011

The universality of the leptonic W couplings can also be tested indirectly, through weak decays
mediated by charged-current interactions. Comparing the measured decay widths of leptonic or semilep-
tonic decays which only differ by the lepton flavour, one can test experimentally that the IV interaction
is indeed the same, i.e., that g. = g, = g = g. As shown in Table 3, the present data verify the
universality of the leptonic charged-current couplings to the 0.2% level.

Another interesting quantity is the Z decay width into invisible modes,

| N, T(Z - vv) 2N,
= = . 92 ) (96)
T I (1—4sin”"0y)2+1
which is usually normalized to the charged leptonic width. The comparison with the measured value,
Diny /T = 5.943 + 0.016 [34,35], provides very strong experimental evidence for the existence of three
different light neutrinos.

5.1 Fermion-pair production at the Z peak

Additional information can be obtained from the study of the process ee™ — ~v,Z — ff (Fig. 16).
For unpolarized et and e~ beams, the differential cross-section can be written, at lowest order, as
do «

2
0" 89 Ny {A(1+00829) + B cos — hy [C(1+60529) + Dcosf]}, 97

where hy = %1 denotes the sign of the helicity of the produced fermion f, and 6 is the scattering angle
between e~ and f in the centre-of-mass system. Here,

A = 1+42v05Re(x) + (02 +a2) (v} +a3) |x]?,

= 4dacarRe(x) +8veacvras X,

2vear Re(x) + 2 (v? + a?) vray |X|2 )

= 4acvrRe(x) + dveae (v} +a?) [x|?, ©8)

T QW
Il
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Y. Z

et f f

Fig. 16: Tree-level contributions to e*e~ — ff and kinematical configuration in the centre-of-mass system.

and  contains the Z propagator

_ GpM} 5
X 2 2ra s — M2 +isUz /My~

99)

The coefficients A, B, C' and D can be experimentally determined by measuring the total cross-
section, the forward—backward asymmetry, the polarization asymmetry, and the forward—backward po-
larization asymmetry, respectively:

Ara? Nr—Np 3B
- N A = — - = —
ols) = 35 Nr 4, Ars(s) = TN T R A
(hp=+1) _ S(hp=—1) C
g g
Apol(s) = ohy=+1) ¢ ghy=1) — A’ (100)

A (S) B N}(;,hf:—’—l) _ N}(T‘hf:—l) N Néhf:—‘rl) + Néhf:—l) 3 D
FB,Pol(S) = — — — = =
N}hf_+1) +N1(;hf_ ) +Néhf_+1) +Nng_ 1) S A

Here, Nr and Np denote the number of f’s emerging in the forward and backward hemispheres, respec-
tively, with respect to the electron direction. The measurement of the final fermion polarization can be
done for f = 7 by measuring the distribution of the final 7 decay products.

For s = M%, the real part of the Z propagator vanishes and the photon-exchange terms can be
neglected in comparison with the Z-exchange contributions (FQZ /M% << 1). Equations (100) become
then,

127 .’ 3
o = U(M%) = —5 eTf’ .A%é = .AFB(M%) = *Pepf,
Mz T, 4
3
Ay = Ava(MZ) = Py, A o = Arnpa(MZ) = £ P, (10D
where 'y is the Z partial decay width into the ff final state, and
—2vray
Pr=-Ar = ——=- 102
f f o2+ a2 (102)

is the average longitudinal polarization of the fermion f, which only depends on the ratio of the vector
and axial-vector couplings.

With polarized e*e™ beams, which have been available at SLC, one can also study the left-right
asymmetry between the cross-sections for initial left- and right-handed electrons, and the corresponding
forward—backward left-right asymmetry:

oL(M7) — or(M3) _

AV = App(M2) = =
H Lr(M7) or (M%) + or(M3)

3
—’Pe, A%IJBC,LR = -AFB,LR(M%) = —Z Pf.
(103)
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At the Z peak, .ABR measures the average initial lepton polarization, P, without any need for final
particle identification, while A%’é LR Provides a direct determination of the final fermion polarization.

Py is a very sensitive function of sin? Ay, Small higher-order corrections can produce large
variations on the predicted lepton polarization because |v;| = % |1 — 4 sin®@y| < 1. Therefore, P
provides an interesting window to search for electroweak quantum effects.

5.2 QED and QCD corrections

Fig. 17: The photon vacuum polarization (left) generates a charge screening effect, making «(s) smaller at larger
distances.

Before trying to analyse the relevance of higher-order electroweak contributions, it is instructive
to consider the numerical impact of the well-known QED and QCD corrections. The photon propagator
gets vacuum polarization corrections, induced by virtual fermion—antifermion pairs. This kind of QED
loop corrections can be taken into account through a redefinition of the QED coupling, which depends
on the energy scale. The resulting QED running coupling «(s) decreases at large distances. This can
be intuitively understood as the charge screening generated by the virtual fermion pairs (Fig. 17). The
physical QED vacuum behaves as a polarized dielectric medium. The huge difference between the
electron and Z mass scales makes this quantum correction relevant at LEP energies [15, 34, 35]:

a(m?)™t = 137.035999084 £ 0.000000051 > «a(MZ)™' = 128.95+0.05. (104)
The running effect generates an important change in Eq. (92). Since G is measured at low

energies, while My is a high-energy parameter, the relation between both quantities is modified by

vacuum-polarization contributions. Changing « by a(M%), one gets the corrected predictions:

sin? Oy = 0.231, My = 79.96 GeV . (105)

The experimental value of Myy is in the range between the two results obtained with either v or at(M32),
showing its sensitivity to quantum corrections. The effect is more spectacular in the leptonic asymmetries
at the Z peak. The small variation of sin® @y from 0.212 to 0.231 induces a large shift on the vector
Z coupling to charged leptons from v; = —0.076 to —0.038, changing the predicted average lepton
polarization P; by a factor of two.

So far, we have treated quarks and leptons on an equal footing. However, quarks are strong-
interacting particles. The gluonic corrections to the decays Z — gq and W~ — ;d; can be directly
incorporated into the formulae given before by taking an ‘effective’ number of colours:

Ne — NC{1+%+...}%3.115, (106)
T

where we have used the value of o at s = M%, aS(M%) = 0.1184 4+ 0.0007 [9,45].

Note that the strong coupling also ‘runs’. However, the gluon self-interactions generate an anti-
screening effect, through gluon-loop corrections to the gluon propagator which spread out the QCD
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charge [6]. Since this correction is larger than the screening of the colour charge induced by virtual
quark—antiquark pairs, the net result is that the strong coupling decreases at short distances. Thus, QCD
has the required property of asymptotic freedom: quarks behave as free particles when Q2 — oo [46,47].

QCD corrections increase the probabilities of the Z and the W+ to decay into hadronic modes.
Therefore, their leptonic branching fractions become smaller. The effect can be easily estimated from
Eq. (95). The probability of the decay W~ — 7, e~ gets reduced from 11.1% to 10.8%, improving the
agreement with the measured value in Table 2.

5.3 Higher-order electroweak corrections

£ I.q,
A " W
f v,

Fig. 18: Self-energy corrections to the gauge boson propagators.

Quantum corrections offer the possibility to be sensitive to heavy particles, which cannot be kine-
matically accessed, through their virtual loop effects. In QED and QCD the vacuum polarization contri-
bution of a heavy fermion pair is suppressed by inverse powers of the fermion mass. At low energies, the
information on the heavy fermions is then lost. This ‘decoupling’ of the heavy fields happens in theories
with only vector couplings and an exact gauge symmetry [48], where the effects generated by the heavy
particles can always be reabsorbed into a redefinition of the low-energy parameters.

The SM involves, however, a broken chiral gauge symmetry. This has the very interesting im-
plication of avoiding the decoupling theorem [48]. The vacuum polarization contributions induced by
a heavy top generate corrections to the W= and Z propagators (Fig. 18), which increase quadratically
with the top mass [49]. Therefore, a heavy top does not decouple. For instance, with m; = 173 GeV,
the leading quadratic correction to the second relation in Eq. (92) amounts to a sizeable 3% effect. The
quadratic mass contribution originates in the strong breaking of weak isospin generated by the top and
bottom quark masses, i.e., the effect is actually proportional to m? — mg.

Owing to an accidental SU(2)¢ symmetry of the scalar sector (the so-called custodial symmetry),
the virtual production of Higgs particles does not generate any quadratic dependence on the Higgs mass
at one loop [49]. The dependence on My is only logarithmic. The numerical size of the corresponding
correction in Eq. (92) varies from a 0.1% to a 1% effect for M in the range from 100 to 1000 GeV.

Higher-order corrections to the different electroweak couplings are non-universal and usually
smaller than the self-energy contributions. There is one interesting exception, the Zbb vertex (Fig. 19),
which is sensitive to the top quark mass [50]. The Zf f vertex gets one-loop corrections where a vir-
tual W is exchanged between the two fermionic legs. Since the W+ coupling changes the fermion
flavour, the decays Z — (fd, Ss, bb get contributions with a top quark in the internal fermionic lines, i.e.,
Z — tt — d;d;. Notice that this mechanism can also induce the flavour-changing neutral-current decays
Z — czz-dj with ¢ # j. These amplitudes are suppressed by the small CKM mixing factors ]thVt’;\Q.
However, for the Z — bb vertex, there is no suppression because |Vy,| ~ 1.

The explicit calculation [50-53] shows the presence of hard m? corrections to the Z — bb vertex.
This effect can be easily understood [50] in non-unitary gauges where the unphysical charged scalar
#F) is present. The fermionic couplings of the charged scalar are proportional to the fermion masses;
therefore the exchange of a virtual ¢(+) gives rise to a m? factor. In the unitary gauge, the charged
scalar has been ‘eaten’ by the W¥ field; thus the effect comes now from the exchange of a longitudinal
W+, with terms proportional to ¢q” in the propagator that generate fermion masses. Since the W+
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Fig. 19: One-loop corrections to the Zbb vertex, involving a virtual top.

couples only to left-handed fermions, the induced correction is the same for the vector and axial-vector
Zbb couplings and, for m; = 173 GeV, amounts to a 1.6% reduction of the Z — bb decay width [50].

The ‘non-decoupling’ present in the Zbb vertex is quite different from the one happening in the
boson self-energies. The vertex correction is not dependent on the Higgs mass. Moreover, while any
kind of new heavy particle coupling to the gauge bosons would contribute to the W and Z self-energies,
the possible new physics contributions to the Zbb vertex are much more restricted and, in any case,
different. Therefore, the independent experimental measurement of the two effects is very valuable in
order to disentangle possible new-physics contributions from the SM corrections. In addition, since the
‘non-decoupling’ vertex effect is related to W -exchange, it is sensitive to the SSB mechanism.

5.4 SM electroweak fit

0.033 sz ‘ 1 ‘ ‘ ‘ -0.032 1 T ]
_Im=173.3+1.1 GeV [Cm=172.7+2.9 GeV
me=114.1000Gev { | my= 114..1000 GeV -
_ M \ 1 -0.035 1 . b .
S +0.232 f R
T S
-0.038 - A
Ao
02311 % ac mo -
68% CL A
' ‘ ‘ -0.041 4— ‘ —58%CL
83.6 83.8 84 84.2 -0.503 -0.502  -0.501 -0.5
I, [MeV] N

Fig. 20: Combined LEP and SLD measurements of sin? Hg’t and I'; (left) and the corresponding effective vector
and axial-vector couplings v; and a; (right). The shaded region shows the SM prediction. The arrows point in the
direction of increasing values of m; and M. The point shows the predicted values if, among the electroweak
radiative corrections, only the photon vacuum polarization is included. Its arrow indicates the variation induced by
the uncertainty in (M%) [34,35].

The leptonic asymmetry measurements from LEP and SLD can all be combined to determine the
ratios v;/a; of the vector and axial-vector couplings of the three charged leptons, or equivalently the
effective electroweak mixing angle

.21t_1 ()
sin 9;&’ =1 (1—6”). (107)
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Fig. 21: Measurements of A;, A, (SLD) and
A%’]g. The arrows pointing to the left (right) show
the variations of the SM prediction with My =
300 790 GeV (m; = 172.7 + 2.9 GeV). The small
arrow oriented to the left shows the additional uncer-
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Fig. 22: The SM prediction of the ratios R, and
Ry [Ry = T(Z — qq)/T(Z — hadrons)], as a
function of the top mass. The measured value of Ry,
(vertical band) provides a determination of m; [34,
35].

tainty from ao(M2) [34,35].

The sum (vl2 + al2) is derived from the leptonic decay widths of the Z, i.e., from Eq. (94) corrected with
a multiplicative factor (1 + % %) to account for final-state QED corrections. The signs of v; and a; are
fixed by requiring a, < 0.

The resulting 68% probability contours are shown in Fig. 20, which provides strong evidence
of the electroweak radiative corrections. The good agreement with the SM predictions, obtained for
low values of the Higgs mass, is lost if only the QED vacuum polarization contribution is taken into
account, as indicated by the point with an arrow. Notice that the uncertainty induced by the input value
of a(M%)~! = 128.95 + 0.05 is sizeable. The measured couplings of the three charged leptons confirm
lepton universality in the neutral-current sector. The solid contour combines the three measurements
assuming universality.

The neutrino couplings can also be determined from the invisible Z decay width, by assuming
three identical neutrino generations with left-handed couplings, and fixing the sign from neutrino scat-
tering data. Alternatively, one can use the SM prediction for I'j,, to get a determination of the number
of light neutrino flavours [34, 35]:

N, =2.9840 £+ 0.0082. (108)

Figure 21 shows the measured values of A; and A, together with the joint constraint obtained
from AOF’E (diagonal band). The direct measurement of A; at SLD agrees well with the SM prediction;
however, a much lower value is obtained from the ratio % Alﬂ;’g /A;. This is the most significant discrep-
ancy observed in the Z-pole data. Heavy quarks (% AOF’]g /Ap) seem to prefer a high value of the Higgs
mass, while leptons (A4;) favour a light Higgs. The combined analysis prefers low values of M, because
of the influence of A;.

The strong sensitivity of the ratio Ry, = I'(Z — bb)/T'(Z — hadrons) to the top quark mass is
shown in Fig. 22. Owing to the |V;,4|? suppression, such a dependence is not present in the analogous
ratio Ry. Combined with all other electroweak precision measurements at the Z peak, R; provides a
determination of m; in good agreement with the direct and most precise measurement at the Tevatron.
This is shown in Fig. 23, which compares the information on My and m; obtained at LEP1 and SLD,
with the direct measurements performed at LEP2 and the Tevatron. A similar comparison for m; and
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Fig. 23: Comparison (left) of the direct measurements of My and m; (LEP2 and Tevatron data) with the indirect
determination through electroweak radiative corrections (LEP1 and SLD). Also shown in the SM relationship for
the masses as function of M. The figure on the right makes the analogous comparison for m; and My [34,35].
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Fig. 24: Ax? versus M, from the global fit to the
electroweak data. The vertical bands indicate the
95% exclusion limits from direct searches [34, 35].

Fig. 25: Comparison between the measurements in-
cluded in the combined analysis of the SM and the
results from the global electroweak fit [34,35].

Mg is also shown. The bounds on My obtained from direct searches [Eqgs. (85) and (86)] exclude a
large portion of the 68% C.L. allowed domain from precision measurements.

Taking all direct and indirect data into account, one obtains the best constraints on M. The global
electroweak fit results in the Ax? = 2 — xfnin curve shown in Fig. 24. The lower limit on My obtained
from direct searches is close to the point of minimum Xz. At95% C.L., one gets [34,35]

114.4 GeV < My < 158 GeV. (109)

The fit provides also a very accurate value of the strong coupling constant, (M %) = 0.1185 £ 0.0026,
in very good agreement with the world average value aS(M%) = (0.1184 £ 0.0007 [9,45]. The largest

discrepancy between theory and experiment occurs for .A%’]g, with the fitted value being nearly 3 o larger
than the measurement. As shown in Fig. 25, a good agreement is obtained for all other observables.
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5.5 Gauge self-interactions

e W

W
et W + et e*

Fig. 26: Feynman diagrams contributing to ete™— W+W ™ and ete™ — ZZ.

At tree level, the W -pair production process e™e™ — W~ involves three different contribu-
tions (Fig. 26), corresponding to the exchange of v, v and Z. The cross-section measured at LEP2 agrees
very well with the SM predictions. As shown in Fig. 27, the v.-exchange contribution alone would lead
to an unphysical growing of the cross-section at large energies and, therefore, would imply a violation of
unitarity. Adding the y-exchange contribution softens this behaviour, but a clear disagreement with the
data persists. The Z-exchange mechanism, which involves the ZW W vertex, appears to be crucial in
order to explain the data.

Since the Z is electrically neutral, it does not interact with the photon. Moreover, the SM does not
include any local Z Z Z vertex. Therefore, the eTe™ — ZZ cross-section only involves the contribution
from e exchange. The agreement of the SM predictions with the experimental measurements in both
production channels, WW ™ and ZZ, provides a test of the gauge self-interactions. There is a clear
signal of the presence of a ZW W vertex, with the predicted strength, and no evidence for any vZZ or
ZZ Z interactions. The gauge structure of the SU(2);, ® U(1)y theory is nicely confirmed by the data.

— 30 | . | {2102/2005 . . | . | . —L07/200
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Fig. 27: Measured energy dependence of o(ete™ — WHW ™) (left) and o(ete” — ZZ) (right). The three
curves shown for the W -pair production cross-section correspond to only the v.-exchange contribution (upper
curve), v, exchange plus photon exchange (middle curve) and all contributions including also the ZW W vertex
(lower curve). Only the e-exchange mechanism contributes to Z—pair production [34,35].

5.6 Higgs decays

The couplings of the Higgs boson are always proportional to some mass scale. The H f f interaction
grows linearly with the fermion mass, while the HWW and HZZ vertices are proportional to M‘%V
and M2, respectively. Therefore, the most probable decay mode of the Higgs will be the one into the
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Fig. 28: Branching fractions of the different Higgs decay modes (left) and total decay width of the Higgs boson
(right) as function of M [54].

heaviest possible final state. This is clearly illustrated in Fig. 28. The H — bb decay channel is by
far the dominant one below the W W~ production threshold. When Mp is large enough to allow
the production of a pair of gauge bosons, H — W*™W~ and H — ZZ become dominant. For
My > 2my, the H — tt decay width is also sizeable, although smaller than the WW and ZZ ones
because of the different dependence of the corresponding Higgs coupling with the mass scale (linear
instead of quadratic).

The total decay width of the Higgs grows with increasing values of M. The effect is very strong
above the W W ™ production threshold. A heavy Higgs becomes then very broad. At My ~ 600 GeV,
the width is around 100 GeV; while for M ~ 1 TeV, I'ys is already of the same size as the Higgs mass
itself.

The design of the LHC detectors has taken into account all these very characteristic properties in
order to optimize the search for the Higgs boson.

6 Flavour Dynamics

We have learnt experimentally that there are six different quark flavours v, d, s, ¢, b, t, three different
charged leptons e, p, 7 and their corresponding neutrinos ve, v, vr. We can nicely include all
these particles into the SM framework, by organizing them into three families of quarks and leptons, as
indicated in Egs. (1) and (2). Thus, we have three nearly identical copies of the same SU(2) ® U(1)y
structure, with masses as the only difference.

Let us consider the general case of N¢ generations of fermions, and denote v%, I, u’, d’; the
members of the weak family j (j =1, ..., Ng), with definite transformation properties under the gauge
group. Owing to the fermion replication, a large variety of fermion-scalar couplings are allowed by the
gauge symmetry. The most general Yukawa Lagrangian has the form

_ (+) (0)*
d u
Ly = - § : {(“/jad'j)L [Cg'k) < (Z(O) ) dig + Cg'k) < —¢gb(_) ) u;CR:|
T @ ¢(+) /
+ (V5 U5) e 0 ) lkn + h.c, (110)

where cﬁ), c%)

0

and c Jr are arbitrary coupling constants.
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Fig. 29: Flavour-changing transitions through the charged-current couplings of the W+ bosons.

After SSB, the Yukawa Lagrangian can be written as
H _ _
Ly:—(1+v>{d’LMgl 7 + upy M, uy + 17 M1y + hec.}. (111)
Here, d’, u’ and 1’ denote vectors in the Ng-dimensional flavour space, and the corresponding mass

matrices are given by

/ (@) v / (w) Y / v
The diagonalization of these mass matrices determines the mass eigenstates d;, w; and [;, which are
linear combinations of the corresponding weak eigenstates d’;, u; and l;, respectively.

(112)

The matrix M/, can be decomposed as? M,=H,U, = SZ M,;S,U,, where H, = \/M&Mg
is an Hermitian positive-definite matrix, while U is unitary. H, can be diagonalized by a unitary
matrix S;; the resulting matrix M ; is diagonal, Hermitian and positive definite. Similarly, one has

M,=H,U, = s!, M,S,U, and M; = H, U, = SlT M, S, U,. In terms of the diagonal mass
matrices

M, = diag(mg, ms,mp, ...), M, = diag(my, me,my,...), M;=diag(me, my, mr,...),

(113)
the Yukawa Lagrangian takes the simpler form
H - -
£y=—<1+v) {dMy d + aM,u + IM;1}, (114)
where the mass eigenstates are defined by
dLESd /La uLESuu/[n lLESZIL7
dp,=S,U,d%, up,=S,U,uf, 1, =S,U0, 1. (115)

Note, that the Higgs couplings are proportional to the corresponding fermions masses.

Since, ) £/ =, f, and £y £’y = £, (f = d,u, 1), the form of the neutral-current part of the
SU(2)r, ® U(1)y Lagrangian does not change when expressed in terms of mass eigenstates. Therefore,
there are no flavour-changing neutral currents in the SM (GIM mechanism [5]). This is a consequence
of treating all equal-charge fermions on the same footing.

However, ﬁ’L d’L =u; S, SL d; =u,;Vd;. Ingeneral, S, # S,;; thus, if one writes the weak
eigenstates in terms of mass eigenstates, a Ng X Ng unitary mixing matrix V, called the Cabibbo—
Kobayashi—-Maskawa (CKM) matrix [55,56], appears in the quark charged-current sector:

Lo = _Q\L& Wi aiy" (1 —9s) Vijd; + > oy (1—95)1 | + hep . (116)
— l

)

>The condition det M; # 0 (f = d, u, 1) guarantees that the decomposition M; = H;Uy is unique: Uy = H;lM}
The matrices Sy are completely determined (up to phases) only if all diagonal elements of M ¢ are different. If there is some
degeneracy, the arbitrariness of Sy reflects the freedom to define the physical fields. If det M/f = 0, the matrices Uy and Sy
are not uniquely determined, unless their unitarity is explicitly imposed.
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The matrix V couples any ‘up-type’ quark with all ‘down-type’ quarks (Fig. 29).

If neutrinos are assumed to be massless, we can always redefine the neutrino flavours, in such
a way as to eliminate the analogous mixing in the lepton sector: ¥ 1/ = ©, 811, = ¥, 1,. Thus,
we have lepton-flavour conservation in the minimal SM without right-handed neutrinos. If sterile v,
fields are included in the model, one would have an additional Yukawa term in Eq. (110), giving rise to
a neutrino mass matrix (M));; = cz(;-/) v/+/2. Thus, the model could accommodate non-zero neutrino
masses and lepton-flavour violation through a lepton mixing matrix V; analogous to the one present
in the quark sector. Note, however, that the total lepton number L = L. + L, + L; would still be
conserved. We know experimentally that neutrino masses are tiny and there are strong bounds on lepton-
flavour violating decays: Br(u* — efete™) < 1.0- 10712 [57], Br(u™ — etry) < 1.2- 10711 [58],
Br(r¥ — putvy) < 4.4-1078[59,60] ... However, we do have a clear evidence of neutrino oscillation
phenomena.

The fermion masses and the quark mixing matrix V are all determined by the Yukawa couplings
in Eq. (110). However, the coefficients ngf )
parameters. A general Ng X N unitary matrix is characterized by IV, é real parameters: Ng(Ng—1)/2
moduli and Ng(Ng + 1)/2 phases. In the case of V, many of these parameters are irrelevant, because
we can always choose arbitrary quark phases. Under the phase redefinitions u; — ¢*® u; and d; —
e’ d;, the mixing matrix changes as V;; — V;; ¢'(%i=%); thus, 2N — 1 phases are unobservable.
The number of physical free parameters in the quark-mixing matrix then gets reduced to (Ng — 1)
Ng(Ng — 1)/2 moduli and (Ng — 1)(Ng — 2)/2 phases.

In the simpler case of two generations, V is determined by a single parameter. One then recovers

the Cabibbo rotation matrix [55]
V = ( cosfc sinfo ) . (117

are not known; therefore we have a bunch of arbitrary

—sinfc  cosbo

With Ng = 3, the CKM matrix is described by three angles and one phase. Different (but equivalent)
representations can be found in the literature. The Particle data Group [9] advocates the use of the
following one as the ‘standard’ CKM parametrization:

c12 €13 $12C13 s13€” 1013
i i
V = | —s12¢23 —c12523513€"1% 12 ca3 — S12 523 S13€"013 593 €13 : (118)
i i
512 823 — €12 €23 513 €"°13  —cC12 523 — 512 C23 513€"1% ca3Ci3

Here c¢;; = cosf);; and s;; = sin0;;, with ¢ and j being ‘generation’ labels (i, 7 = 1,2, 3). The real
angles 012, 023 and 013 can all be made to lie in the first quadrant, by an appropriate redefinition of quark
field phases; then, c;; > 0, s;; > 0 and 0 < 613 < 27.

Notice that d;3 is the only complex phase in the SM Lagrangian. Therefore, it is the only possible
source of CP-violation phenomena. In fact, it was for this reason that the third generation was assumed
to exist [56], before the discovery of the b and the 7. With two generations, the SM could not explain the
observed CP violation in the K system.

6.1 Quark mixing

Our knowledge of the charged-current parameters is unfortunately not so good as in the neutral-current
case. In order to measure the CKM matrix elements, one needs to study hadronic weak decays of the
type H — H'l";, or H — H'l%y, which are associated with the corresponding quark transitions
dj — u; " and u; — d; [Ty, (Fig. 30). Since quarks are confined within hadrons, the decay amplitude

Gr

T[H — H liljl] ~ Vij <H,"EL17M(1 —’)/5) dj ’H> [ZFYH<1 —’)/5) Vl} (119)

S
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Fig. 30: Determinations of V;; are done in semileptonic quark decays (left), where a single quark current is present.
Hadronic decay modes (right) involve two different quark currents and are more affected by QCD effects (gluons
can couple everywhere).

always involves an hadronic matrix element of the weak left current. The evaluation of this matrix
element is a non-perturbative QCD problem, which introduces unavoidable theoretical uncertainties.

One usually looks for a semileptonic transition where the matrix element can be fixed at some
kinematical point by a symmetry principle. This has the virtue of reducing the theoretical uncertainties
to the level of symmetry-breaking corrections and kinematical extrapolations. The standard example is a
0~ — 07 decay suchas K — wlv, D — Klv or B — Dlv. Only the vector current can contribute
in this case:

(P'(K)|ain* dj |P(k)) = Cppr { (k+K) fr.(t) + (k=K)" f-(t) } . (120)

Here, Cpps is a Clebsh-Gordan factor and t = (k — k')?> = ¢?. The unknown strong dynamics is
fully contained in the form factors fi(¢). In the limit of equal quark masses, m,,;, — mq4, = 0, the
divergence of the vector current is zero; thus g, [@;*d;] = 0, which implies f_(¢) = 0 and, moreover,
f+(0) = 1 to all orders in the strong coupling because the associated flavour charge is a conserved
quantity.® Therefore, one only needs to estimate the corrections induced by the quark mass differences.

Since ¢ [Iy,(1 — v5)v] ~ my, the contribution of f_(¢) is kinematically suppressed in the
electron and muon modes. The decay width can then be written as

G2 M3,
19273

where Jdrc is an electroweak radiative correction factor and Z denotes a phase-space integral, which in
the m; = 0 limit takes the form

L(P — Ply) = Vil? Cop 1£+(O)P T (14 5re) | (121)

(Mp—=Mp:)* a4
I~ / — N2(t, M3, M2) (122)
0

M,

The usual procedure to determine |V;;| involves three steps:

1. Measure the shape of the ¢ distribution. This fixes | f1(t)/f+(0)| and therefore determines Z.

2. Measure the total decay width I'. Since G is already known from p decay, one gets then an
experimental value for the product | f1(0)| [V;|.

3. Get a theoretical prediction for £ (0).

It is important to realize that theoretical input is always needed. Thus, the accuracy of the |V;;| determi-
nation is limited by our ability to calculate the relevant hadronic input.

The conservation of the vector and axial-vector QCD currents in the massless quark limit allows
for accurate determinations of the light-quark mixings | V,4| and |V,s|. The present values are shown in

3This is completely analogous to the electromagnetic charge conservation in QED. The conservation of the electromagnetic
current implies that the proton electromagnetic form factor does not get any QED or QCD correction at g> = 0 and, therefore,
Q(p) =2Q(u) + Q(d) = |Q(e)|. A detailed proof can be found in Ref. [61].
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Table 4: Direct determinations of the CKM matrix elements V;;. The ‘best’ values are indicated in bold face.

CKM entry Value Source
'Vl 0.97425 + 0.00022

Nuclear 3 decay [62]

0.9746 £ 0.0019
0.9728 4+ 0.0030

n—pe v, [9]
7t = 70etu, [63]

[ Vus| 0.2255 4+ 0.0013 K — nlty, [64]
0.2256 £+ 0.0012 Kt /nt = pty,, Vg [64]
0.2166 + 0.0020 7 decays [65,66]
0.226 £ 0.005 Hyperon decays [67-69]
|Ved| 0.230 £0.011 vd —cX [9]
0.229 £ 0.025 D — nly [9]
|Ves| 1.023 +0.036 D — Klp, Ds — 17 [9]
0.94 + 955 W+ — ¢5 [70]
0.973 £0.014 W+ — had., Vi, Vea, Vo [34,35]
| Ves| 0.0390 £ 0.0009 B — D*ly, Dy [9,71]
0.0418 £ 0.0007 b—cly [9,71]
0.0407 £ 0.0014 Average
Vsl 0.00338 £ 0.00038 B —wly [9,71]
0.00427 £ 0.00038 b—uly [9,71]
0.00389 4+ 0.00044 Average
[Vip| / Zq |Vig|? > 0.89 (95% CL) t—bW/qW [72,73]

Vi | 0.88 +0.07 pp — th+ X [74]

Table 4. Since | V| is tiny, these two light quark entries provide a sensible test of the unitarity of the
CKM matrix:
[Viudl? + |Vus|? + [ V> = 1.0000 £ 0.0010. (123)

It is important to notice that at the quoted level of uncertainty radiative corrections play a crucial role.

In the limit of very heavy quark masses, QCD has additional symmetries [75—78] which can be
used to make rather precise determinations of |V|, either from exclusive decays such as B — D*ly,
[79, 80] or from the inclusive analysis of b — cl 7 transitions. At present there is a slight discrepancy
between the exclusive and inclusive determinations which is reflected in the larger error quoted for their
average in Table 4, following the PDG prescription [9]. A similar disagreement is observed for the
analogous | V,;;| determinations. The control of theoretical uncertainties is much more difficult for |V,
|Veq| and | Ves|, because the symmetry arguments associated with the light and heavy quark limits get
corrected by sizeable symmetry-breaking effects.

The most precise determination of [V,4| is based on neutrino and antineutrino interactions. The
difference of the ratio of double-muon to single-muon production by neutrino and antineutrino beams is
proportional to the charm cross-section off valence d quarks and, therefore, to |V 4|. A direct determi-
nation of | V4| can be also obtained from charm-tagged W decays at LEP2. Moreover, the ratio of the
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total hadronic decay width of the W to the leptonic one provides the sum [34,35]

> Vil = 2.002+0.027. (124)

i =u,c

j=d,s,b
Although much less precise than Eq. (123), this result test unitarity at the 1.3% level. From Eq. (124) one
can also obtain a tighter determination of | V.|, using the experimental knowledge on the other CKM

matrix elements, i.e., |Vya|? + [Vus|? + [Vup|? + [Vea|? + | Vap|? = 1.0546 4 0.0062 . This gives the
most accurate and final value of |V, ;| quoted in Table 4.

The measured entries of the CKM matrix show a hierarchical pattern, with the diagonal elements
being very close to one, the ones connecting the two first generations having a size

A & [Vis| = 0.2255 + 0.0013 (125)

the mixing between the second and third families being of order A2, and the mixing between the first
and third quark generations having a much smaller size of about \3. It is then quite practical to use the
approximate parametrization [81]:

)\2
1-— 5 A AX3(p —in)
_ 2 4

V = ) 1_% AN + O (\Y), (126)

AN (L —p—in) —AN 1 |

where
~ [Veb| _ 2 5 | Vub | _

Ar 2 = 0.800 £+ 0.028, VprtEnt = W = 0.424 4 0.050. (127)

cb

Defining to all orders in A [82] s10 = A, so3 = AM? and sy3e 18 = AN3(p — in), Eq. (126) just
corresponds to a Taylor expansion of Eq. (118) in powers of A.

6.2 CP Violation

While parity and charge conjugation are violated by the weak interactions in a maximal way, the prod-
uct of the two discrete transformations is still a good symmetry of the gauge interactions (left-handed
fermions < right-handed antifermions). In fact, C’P appears to be a symmetry of nearly all observed phe-
nomena. However, a slight violation of the CP symmetry at the level of 0.2% is observed in the neutral
kaon system and more sizeable signals of C'P violation have been recently established at the B factories.
Moreover, the huge matter—antimatter asymmetry present in our Universe is a clear manifestation of CP
violation and its important role in the primordial baryogenesis.

The CPT theorem guarantees that the product of the three discrete transformations is an exact
symmetry of any local and Lorentz-invariant quantum field theory preserving micro-causality. There-
fore, a violation of CP requires a corresponding violation of time reversal. Since 7 is an antiunitary
transformation, this requires the presence of relative complex phases between different interfering am-
plitudes.

The electroweak SM Lagrangian only contains a single complex phase d13 (1). This is the sole
possible source of CP violation and, therefore, the SM predictions for CP-violating phenomena are
quite constrained. The CKM mechanism requires several necessary conditions in order to generate an
observable CP-violation effect. With only two fermion generations, the quark mixing mechanism cannot
give rise to C'P violation; therefore, for C'P violation to occur in a particular process, all three generations
are required to play an active role. In the kaon system, for instance, CP-violation effects can only appear
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at the one-loop level, where the top quark is present. In addition, all CKM matrix elements must be non-
zero and the quarks of a given charge must be non-degenerate in mass. If any of these conditions were
not satisfied, the CKM phase could be rotated away by a redefinition of the quark fields. C’P-violation
effects are then necessarily proportional to the product of all CKM angles, and should vanish in the limit
where any two (equal-charge) quark masses are taken to be equal. All these necessary conditions can be
summarized in a very elegant way as a single requirement on the original quark mass matrices M/, and
M, [83]:

CPviolation <=  Im {det [M;M;j , M, M| } } £0. (128)

Without performing any detailed calculation, one can make the following general statements on
the implications of the CKM mechanism of CP violation:

— Owing to unitarity, for any choice of i, j, k, [ (between 1 and 3),

3
Im [V, VEVVE] =T Y €imejnn (129)
m,n=1
J = c12¢93 0%3 S12 S23 S13 Sind13 ~ AQ)\677 < 1074, (130)

Any CP-violation observable involves the product J [83]. Thus, violations of the CP symmetry
are necessarily small.

— In order to have sizeable CP-violating asymmetries A = (I' — T')/(T" + T'), one should look for
very suppressed decays, where the decay widths already involve small CKM matrix elements.

— In the SM, CP violation is a low-energy phenomenon, in the sense that any effect should disappear
when the quark mass difference m. — m,, becomes negligible.

— B decays are the optimal place for CP-violation signals to show up. They involve small CKM
matrix elements and are the lowest-mass processes where the three quark generations play a direct
(tree-level) role.

The SM mechanism of CP violation is based on the unitarity of the CKM matrix. Testing the
constraints implied by unitarity is then a way to test the source of C'/P violation. The unitarity tests in
Egs. (123) and (124) involve only the moduli of the CKM parameters, while CP violation has to do with
their phases. More interesting are the off-diagonal unitarity conditions:

V::dvus + Vc*chs + Vttivts = 0, (131)
V;svub + Vc*svcb + V;;th = 0, (132)
VarVua + Vo Vea + Vi Vg = 0. (133)

These relations can be visualized by triangles in a complex plane which, owing to Eq. (129), have the
same area |7 |/2. In the absence of CP violation, these triangles would degenerate into segments along
the real axis.

In the first two triangles, one side is much shorter than the other two (the Cabibbo suppression
factors of the three sides are A\, A and \° in the first triangle, and A%, A2 and \? in the second one). This
is why CP effects are so small for K mesons (first triangle), and why certain asymmetries in B, decays
are predicted to be tiny (second triangle). The third triangle looks more interesting, since the three sides
have a similar size of about A. They are small, which means that the relevant b-decay branching ratios
are small, but once enough B mesons have been produced, the CP-violation asymmetries are sizeable.
The present experimental constraints on this triangle are shown in Fig. 31, where it has been scaled by
dividing its sides by V; V_,. This aligns one side of the triangle along the real axis and makes its length
equal to 1; the coordinates of the 3 vertices are then (0, 0), (1,0) and (5,7) = (1 — A2/2)(p, n).
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Fig. 31: Experimental constraints on the SM unitarity triangle [84].
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Fig. 32: B°-B° mixing diagrams. Owing to the unitarity of the CKM matrix, the mixing vanishes for equal up-
type quark masses (GIM mechanism). The mixing amplitude is then proportional to the mass (squared) splittings
between the u, c and ¢ quarks, and is completely dominated by the top contribution.

One side of the unitarity triangle has been already determined in Eq. (127) from the ratio |V, /Ve|.
The other side can be obtained from the measured mixing between the Bg and Bg mesons (Fig. 32),
AM,; = 0.507 £ 0.004 ps~! [71], which fixes |Vip|. Additional information has been provided by
the observation of BY—BY oscillations at CDF, implying AM, = 17.77 £ 0.12 ps~! [85]. From the
experimental ratio AM;/AM; = 0.0286 £ 0.0003, one obtains |V;4|/| Vis|. A more direct constraint
on the parameter 7 is given by the observed CP violation in K — 27 decays. The measured value of
ler| = (2.228 4 0.011) - 1073 [9] determines the parabolic region shown in Fig. 31.

B decays into CP self-conjugate final states provide independent ways to determine the angles
of the unitarity triangle [86, 87]. The BY (or BY) can decay directly to the given final state f, or do
it after the meson has been changed to its antiparticle via the mixing process. CP-violating effects
can then result from the interference of these two contributions. The time-dependent CP-violating rate
asymmetries contain direct information on the CKM parameters. The gold-plated decay mode is Bg —
J/1¥Kg, which gives a clean measurement of § = —arg(V,, V2 /V,,V};), without strong-interaction
uncertainties. Including the information obtained from other b — c¢s decays, one gets [71]:

sin2 = 0.68 +0.02. (134)

Many additional tests of the CKM matrix from different B decay modes are being pursued with the
large data samples collected at the B factories. Determinations of the other two angles of the unitarity
triangle, « = —arg(V,;,V;;/V,. Vo) and v = —arg(V,, V.5, / V., V2 ), have been already obtained
[71], and are included in the global fit shown in Fig. 31 [84, 88]. Complementary and very valuable
information could be also obtained from the kaon decay modes K * 5 rtup, K — 7% and K7, —
mlete™ [89,90].
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6.3 Lepton mixing
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Fig. 33: Measured fluxes of 8B solar neutrinos of v, or v, type (¢, ,) versus the flux of v, (¢¢) [91].

The so-called ‘solar neutrino problem’ has been a long-standing question, since the very first
chlorine experiment at the Homestake mine [92]. The flux of solar v, neutrinos reaching the Earth has
been measured by several experiments to be significantly below the standard solar model prediction
[93]. More recently, the Sudbury Neutrino Observatory has provided strong evidence that neutrinos
do change flavour as they propagate from the core of the Sun [91], independently of solar model flux
predictions. SNO is able to detect neutrinos through three different reactions: the charged-current process
ved — e~ pp which is only sensitive to v,, the neutral current transition v,d — v,pn which has equal
probability for all active neutrino flavours, and the elastic scattering v,e~ — vye~ which is also sensitive
to v, and v, although the corresponding cross section is a factor 6.48 smaller than the v, one. The
measured neutrino fluxes, shown in Fig. 33, demonstrate the existence of a non-v,. component in the solar
neutrino flux at the 5.3 o level. The SNO results are in good agreement with the Super-Kamiokande solar
measurements [94] and have been further reinforced with the more recent KamLAND data, showing that
v, from nuclear reactors disappear over distances of about 180 Km [95], and the Borexino measurement
of the monochromatic 0.862 MeV "Be solar neutrino flux [96].

Another evidence of oscillations has been obtained from atmospheric neutrinos. The known dis-
crepancy between the experimental observations and the predicted ratio of muon to electron neutrinos
has become much stronger with the high precision and large statistics of Super-Kamiokande [97]. The
atmospheric anomaly appears to originate in a reduction of the v, flux, and the data strongly favours the
v, — v, hypothesis. Super-Kamiokande has reported statistical evidence of v appearance at the 2.4 o
level [97]. This result has been confirmed by K2K [98] and MINOS [99], observing the disappearance
of accelerator v,’s at distances of 250 and 735 Km, respectively. The direct detection of the produced
v, is the main goal of the ongoing CERN to Gran Sasso neutrino program. The observation of a first v/,
candidate event has been recently announced by the OPERA Collaboration [100].

Thus, we have now clear experimental evidence that neutrinos are massive particles and there is
mixing in the lepton sector. Figures 34 and 35 show the present information on neutrino oscillations,
from solar, atmospheric, accelerator and reactor neutrino data. A global analysis, combining the full set
of data, leads to the following preferred ranges for the oscillation parameters [9]:

Am3, = (7.5940.20)-107° eV? |Am3,| = (2.4340.13) - 1073 eV?, (135)

sin? (2012) = 0.874+0.03,  sin®(263) > 0.92,  sin®(2053) < 0.15, (136)

where Am?j =m? — mj2 are the mass squared differences between the neutrino mass eigenstates v; ;

and 0;; the corresponding mixing angles in the standard three-flavour parametrization [9]. The ranges
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the combination of solar and KamLAND (7, ) data (right), assum- disappearance oscillations, compared with
ing CPT symmetry [91]. K2K and Super-Kamiokande results [99].

indicate 90% C.L. bounds. In the limit #13 = 0, solar and atmospheric neutrino oscillations decouple
because Am2 < Am? . Thus, Am3,, 612 and 613 are constrained by solar data, while atmospheric
experiments constrain Am§2, f23 and 613. The angle 0,3 is strongly constrained by the CHOOZ reactor
experiment [101]. New planned reactor experiments, T2K and NOvA are expected to achieve sensitivi-

ties around sin? (2613) ~ 0.01.

Non-zero neutrino masses constitute a clear indication of new physics beyond the SM. Right-
handed neutrinos are an obvious possibility to incorporate Dirac neutrino masses. However, the v; fields
would be SU(3)c ® SU(2)r, ® U(1)y singlets, without any SM interaction. If such objects do exist, it
would seem natural to expect that they are able to communicate with the rest of the world through some
still unknown dynamics. Moreover, the SM gauge symmetry would allow for a right-handed Majorana
neutrino mass term,

11—

Ly = —3 vip Mijvip + hec., (137)
where v, = C 17;‘% denotes the charge-conjugated field. The Majorana mass matrix M;; could have
an arbitrary size, because it is not related to the ordinary Higgs mechanism. Since both fields v, and
vip absorb v and create v, the Majorana mass term mixes neutrinos and anti-neutrinos, violating lepton

number by two units. Clearly, new physics is called for.

Adopting a more general effective field theory language, without any assumption about the exis-
tence of right-handed neutrinos or any other new particles, one can write the most general SU(3)¢ ®
SU(2), ® U(1)y invariant Lagrangian, in terms of the known low-energy fields (left-handed neutrinos
only). The SM is the unique answer with dimension four. The first contributions from new physics ap-
pear through dimension-5 operators, and have also a unique form which violates lepton number by two
units [102]:

AL = —% Li¢d' LS + hec., (138)
where L; denotes the i-flavoured SU (2) [, lepton doublet, é =imp ¢ and L§ = CEZT. Similar operators
with quark fields are forbidden, due to their different hypercharges, while higher-dimension operators
would be suppressed by higher powers of the new-physics scale A. After SSB, (¢(0) = v/v/2, AL
generates a Majorana mass term for the left-handed neutrinos, with* M;; = CUU2 /A. Thus, Majorana
neutrino masses should be expected on general symmetry grounds. Taking m, = 0.05 eV, as suggested

“This relation generalizes the well-known see-saw mechanism (m,, ~ m? /A) [103,104].
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Table 5: Some published limits (90% C.L.) on lepton-flavour-violating decays [57-60, 105].

Br(p= — e y)<1.2-107"  Br(p= — e 2y) < 721071
Br(r— — pu~y) <4.4-1078 Br(r~ — e ) <3.3-1078 Br(r— e e pt) <1.8-1078

( ( Br(p~ — e e et) < 1.0-10712
( ( (
(17 = e Kg) <26-107° Br(r— — p Kg) <23-107% Br(r~ - putr7n7)<3.7-1078
( ( (
(7~ Br(r~ (7~

oy

Br(r7 - Ar7) <7.2-107®  Br(r~ —e ) <80-107® Br(r~ —we ) <44-1078

Br(r— = u=p°) <2.6-1078 —pn)<65-10%  Br(r™ — petpT) <2.6-1078

by atmospheric neutrino data, one gets A/c;; S 10' GeV, amazingly close to the expected scale of Gran
Unification.

With non-zero neutrino masses, the leptonic charged-current interactions involve a flavour mix-
ing matrix V. The data on neutrino oscillations imply that all elements of V, are large, except for
(VL)es < 0.19; therefore the mixing among leptons appears to be very different from the one in the
quark sector. The number of relevant phases characterizing the matrix Vr, depends on the Dirac or Ma-
jorana nature of neutrinos, because if one rotates a Majorana neutrino by a phase, this phase will appear
in its mass term which will no longer be real. With only three Majorana (Dirac) neutrinos, the 3 x 3
matrix V', involves six (four) independent parameters: three mixing angles and three (one) phases.

The smallness of neutrino masses implies a strong suppression of neutrinoless lepton-flavour-
violating processes, which can be avoided in models with other sources of lepton-flavour violation, not re-
lated to m,,,. Table 5 shows some representative published limits on lepton-flavour-violating decays. The
B-Factory data are pushing the experimental limits on neutrinoless 7 decays to the 102 level, increasing
in a drastic way the sensitivity to new physics scales. Future experiments could push further some limits
to the 10~ level, allowing to explore interesting and totally unknown phenomena. Complementary in-
formation will be provided by the MEG experiment, which is now searching for u™ — et events with
a sensitivity of 10713 [106]. There are also ongoing projects at Fermilab [107] and J-PARC [108] aiming
to study & — e conversions in muonic atoms at the 10~ level, and new proposals to reach sensitivities
around 108 are being considered [109].

At present, we still ignore whether neutrinos are Dirac or Majorana fermions. Another important
question to be addressed in the future concerns the possibility of leptonic CP violation and its relevance
for explaining the baryon asymmetry of our Universe through leptogenesis.

7 Summary

The SM provides a beautiful theoretical framework which is able to accommodate all our present knowl-
edge on electroweak and strong interactions. It is able to explain any single experimental fact and, in
some cases, it has successfully passed very precise tests at the 0.1% to 1% level. In spite of this im-
pressive phenomenological success, the SM leaves too many unanswered questions to be considered as a
complete description of the fundamental forces. We do not understand yet why fermions are replicated in
three (and only three) nearly identical copies. Why the pattern of masses and mixings is what it is? Are
the masses the only difference among the three families? What is the origin of the SM flavour structure?
Which dynamics is responsible for the observed CP violation?

In the gauge and scalar sectors, the SM Lagrangian contains only four parameters: g, g/, u? and
h. We can trade them by o, Mz, Gr and Mp; this has the advantage of using the three most precise
experimental determinations to fix the interaction. In any case, one describes a lot of physics with only
four inputs. In the fermionic flavour sector, however, the situation is very different. With Ng = 3, we
have 13 additional free parameters in the minimal SM: 9 fermion masses, 3 quark mixing angles and
1 phase. Taking into account non-zero neutrino masses, we have three more mass parameters plus the
leptonic mixings: three angles and one phase (three phases) for Dirac (or Majorana) neutrinos.
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Clearly, this is not very satisfactory. The source of this proliferation of parameters is the set of
unknown Yukawa couplings in Eq. (110). The origin of masses and mixings, together with the reason for
the existing family replication, constitute at present the main open problem in electroweak physics. The
problem of fermion mass generation is deeply related with the mechanism responsible for the electroweak
SSB. Thus, the origin of these parameters lies in the most obscure part of the SM Lagrangian: the scalar
sector. The dynamics of flavour appears to be ‘terra incognita’ which deserves a careful investigation.

The SM incorporates a mechanism to generate CP violation, through the single phase naturally
occurring in the CKM matrix. Although the present laboratory experiments are well described, this
mechanism is unable to explain the matter—antimatter asymmetry of our Universe. A fundamental expla-
nation of the origin of C’P-violating phenomena is still lacking.

The first hints of new physics beyond the SM have emerged recently, with convincing evidence
of neutrino oscillations showing that v. — v, > and v, — v, transitions do occur. The existence of
lepton-flavour violation opens a very interesting window to unknown phenomena.

The Higgs particle is the main missing block of the SM framework. The successful tests of the
SM quantum corrections with precision electroweak data confirm the assumed pattern of SSB, but do
not prove the validity of the minimal Higgs mechanism embedded in the SM. The present experimental
bounds (109) put the Higgs hunting within the reach of the new generation of detectors. The LHC
should find out whether such scalar field indeed exists, either confirming the SM Higgs mechanism or
discovering completely new phenomena.

Many interesting experimental signals are expected to be seen in the near future. New experiments
will probe the SM to a much deeper level of sensitivity and will explore the frontier of its possible exten-
sions. Large surprises may well be expected, probably establishing the existence of new physics beyond
the SM and offering clues to the problems of mass generation, fermion mixing and family replication.
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1 Basic Inputs from Quantum Field Theory

1.1 Wave equations

The classical Hamiltonian of a non-relativistic free particle is given by H = p2/(2m). In quantum
mechanics, energy and momentum correspond to operators acting on the particle wave function. The
substitutions H = ih % and p = —¢h V lead then to the Schrédinger equation:

0 R
ih= v (Z 1) =~ -V (1) (A.D)

We can write the energy and momentum operators in a relativistic covariant way as p* =i 0" =i % ,
"

where we have adopted the usual natural units convention i = ¢ = 1. The relation E? = p? 4+ m?
determines the Klein—Gordon equation for a relativistic free particle:
82
(O+m?) ¢(z) =0, O=0"9, = =55~ V2. (A.2)
The Klein—Gordon equation is quadratic on the time derivative because relativity puts the space
and time coordinates on an equal footing. Let us investigate whether an equation linear in derivatives

could exist. Relativistic covariance and dimensional analysis restrict its possible form to
(tv*0, —m)Y(x) =0. (A.3)

Since the r.h.s. is identically zero, we can fix the coefficient of the mass term to be —1; this just deter-
mines the normalization of the four coefficients v*. Notice that v* should transform as a Lorentz four-
vector. The solutions of Eq. (A.3) should also satisfy the Klein—Gordon relation of Eq. (A.2). Applying
an appropriate differential operator to Eq. (A.3), one can easily obtain the wanted quadratic equation:

—(i9"0y + m) (iv*0, —m)Y(z) =0 = (O+ m2) P(x). (A4)

Terms linear in derivatives cancel identically, while the term with two derivatives reproduces the operator
[0 = 0*0,, provided the coefficients v* satisfy the algebraic relation

A =AM A =26, (A.5)

which defines the so-called Dirac algebra. Eq. (A.3) is known as the Dirac equation.

Obviously the components of the four-vector v* cannot simply be numbers. The three 2 x 2 Pauli
matrices satisfy {O’i, 09} = 20%, which is very close to the relation (A.5). The lowest-dimensional
solution to the Dirac algebra is obtained with D = 4 matrices. An explicit representation is given by:

o (L 0 . [ 0 o

Thus, the wave function () is a column vector with four components in the Dirac space. The presence
of the Pauli matrices strongly suggests that it contains two components of spin % A proper physical
analysis of its solutions shows that the Dirac equation describes simultaneously a fermion of spin % and

its own antiparticle [110].
It turns useful to define the following combinations of gamma matrices:

o = 1

5 "1 15 =7 =177 = — 5 Cupor P (A7)

41
In the explicit representation (A.6),

koo ;. (0 o 0 I
UJ:GJk(% O.k>7 UO:Z<O.i Uo)? 75:<_[2 02> (A.8)
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The matrix o/ is then related to the spin operator. Some important properties are:

Pyl =1, A =T ==y, {0} =0, ()’ =1. (A9)
Specially relevant for weak interactions are the chirality projectors (Pr, + Pr = 1)
P = 1_275 . Pp= 1275 , Pi=Pp, P:=P,, P,Pp=PpP,=0, (A.10)
which allow to decompose the Dirac spinor in its left-handed and right-handed chirality parts:
U(x) = [PL + Pr| ¥(z) = ¢r(z) + ¢r(2) - (A.11)

In the massless limit, the chiralities correspond to the fermion helicities.

1.2 Lagrangian formalism

The Lagrangian formulation of a physical system provides a compact dynamical description and makes
it easier to discuss the underlying symmetries. Like in classical mechanics, the dynamics is encoded in
the action

S = / Az L (o), Dui(a)] (A.12)

The integral over the four space-time coordinates preserves relativistic invariance. The Lagrangian den-
sity £ is a Lorentz-invariant functional of the fields ¢;(x) and their derivatives. The space integral
L={ d3x £ would correspond to the usual non-relativistic Lagrangian.

The principle of stationary action requires the variation 05 of the action to be zero under small
fluctuations d¢; of the fields. Assuming that the variations d¢; are differentiable and vanish outside some
bounded region of space-time (which allows an integration by parts), the condition .5 = 0 determines
the Euler-Lagrange equations of motion for the fields:

oL oL
9o a”(&(@uasi)) =0 A1

One can easily find appropriate Lagrangians to generate the Klein—Gordon and Dirac equations.
They should be quadratic on the fields and Lorentz invariant, which determines their possible form up to
irrelevant total derivatives. The Lagrangian

L = 0'¢*0up — m? ¢ (A.14)

describes a complex scalar field without interactions. Both the field ¢(z) and its complex conjugate
¢*(x) satisfy the Klein—-Gordon equation; thus, ¢(x) describes a particle of mass m without spin and
its antiparticle. Particles which are their own antiparticles (i.e., with no internal charges) have only
one degree of freedom and are described through a real scalar field. The appropriate Klein—Gordon
Lagrangian is then

1 1
L= 58"¢8ﬂ¢—§m2¢2. (A.15)
The Dirac equation can be derived from the Lagrangian density
L= (iv"9, —m). (A.16)

The adjoint spinor 1)(x) = 1T(z)~° closes the Dirac indices. The matrix 7" is included to guarantee
the proper behaviour under Lorentz transformations: 1 is a Lorentz scalar, while ¥y*1 transforms as
a four-vector [110]. Therefore, £ is Lorentz invariant as it should.

Using the decomposition (A.11) of the Dirac field in its two chiral components, the fermionic
Lagrangian adopts the form:

L =i + Yrpiv"oubr — m (Ypvr +¥piL) (A.17)

Thus, the two chiralities decouple if the fermion is massless.
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1.3 Symmetries and conservation laws

Let us assume that the Lagrangian of a physical system is invariant under some set of continuous trans-
formations

i(z) = di(z) = ¢i(w) + € dedpi() + O(e?) (A.18)
ie., L[pi(x),0u0i(x)] = L[P;(x),0u¢}(x)]. One finds then that
oL oL oL
e =0= S5 - wa) oo ma el e

i
If the fields satisfy the Euler—Lagrange equations of motion (A.13), the first term is identically zero;
therefore the system has a conserved current:

oL
J, = ————— 6ei s o*J,=0. A.20
g Zz: 9 (0+ ;) ¢ g (.20
This allows us to define a conserved charge
Qz/dgm JO. (A.21)

The condition 9*.J, = 0 guarantees that % =0, i.e., that Q is a constant of motion.

This result, known as Noether’s theorem, can be easily extended to general transformations in-
volving also the space-time coordinates. For every continuous symmetry transformation which leaves
the action invariant, there is a corresponding divergenceless Noether’s current and, therefore, a con-
served charge. The selection rules observed in Nature, where there exist several conserved quantities
(energy, momentum, angular momentum, electric charge, etc.), correspond to dynamical symmetries of
the Lagrangian.

1.4 Classical electrodynamics

The well-known Maxwell equations,

I . . OB
Lo . .- OE -
V-E=p, VXB_E:J’ (A.23)

summarize a large amount of experimental and theoretical work and provide a unified description of the
electric and magnetic forces. The first two equations in (A.22) are easily solved, writing the electromag-
netic fields in terms of potentials:

E:—ﬁV—%, B=VxA. (A.24)

It is very useful to rewrite these equations in a Lorentz covariant notation. The charge density p

and the electromagnetic current J transform as a four-vector J# = (p, J ) The same is true for the

potentials which combine into A* = (V, /T) The relations (A.24) between the potentials and the fields
then take a very simple form, which defines the field strength tensor:

0 —B, —E, —E;
Ei 0 -By B
E, By 0 -B |°
Es —-By B 0

FH = gl AY — 9 AF = FW = — e F, . (A25)

| =
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In terms of the tensor F'*¥, the covariant form of the Maxwell equations turns out to be very transparent:
O F* =0, o =Jv. (A.26)

The electromagnetic dynamics is clearly a relativistic phenomenon, but Lorentz invariance was not very
explicit in the original formulation of Egs. (A.22) and (A.23). Once a covariant formulation is adopted,
the equations become much simpler. The conservation of the electromagnetic current appears now as a
natural compatibility condition:

0,J" = 0,0, F" =0. (A.27)

In terms of potentials, 8”15/“’ is identically zero while 9, F*" = J" adopts the form:
0AY — 0" (0,A") = J". (A.28)

The same dynamics can be described by many different electromagnetic four-potentials, which
give the same field strength tensor F'*¥. Thus, the Maxwell equations are invariant under gauge transfor-
mations:

AF s AP = AP 4 OFA. (A.29)

Taking the Lorentz gauge 0,A" = 0, Eq. (A.28) simplifies to
04" =J". (A.30)

In the absence of an external current, i.e., with J# = 0, the four components of A* satisfy then a
Klein—Gordon equation with m = 0. The photon is therefore a massless particle.

The Lorentz condition 9, A" = 0 still allows for a residual gauge invariance under transforma-
tions of the type (A.29), with the restriction [JA = 0. Thus, we can impose a second constraint on
the electromagnetic field A*, without changing F'*¥. Since A* contains four fields (x = 0, 1,2, 3) and
there are two arbitrary constraints, the number of physical degrees of freedom is just two. Therefore, the
photon has two different physical polarizations

2 SU(N) Algebra

SU(N) is the group of N x N unitary matrices, UUT = UTU = 1, with detU = 1. Any SU(N)
matrix can be written in the form

U =exp{iT%,}, a=1,2,...,N> -1, (B.1)
with T% = \%/2 Hermitian, traceless matrices. Their commutation relations
[T, T = i fabeTe (B.2)

define the SU(N) algebra. The N x N matrices A\*/2 generate the fundamental representation of the
SU(N) algebra. The basis of generators A%/2 can be chosen so that the structure constants f°¢ are real
and totally antisymmetric.

For N = 2, A\® are the usual Pauli matrices,

01=<(1’(1)), 02=<?_0i), agz(éﬂ), (B3)

which satisfy the commutation relation
l04,05] = 2i €1 0% . (B.4)

Other useful properties are: {0;,0;} = 29;; and Tr(o;0;) = 2 ;.
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For N = 3, the fundamental representation corresponds to the eight Gell-Mann matrices:

010 0 —i 0 1 0 0 00 1
M=110 0], X = i 0 0], X=l0-10], M=]l00o0],
00 0 0 0 0 0 0 0 100
(B.5)
00 —i 00 0 00 0 L, (100
N=[00 0 |, X = 001, XN=|00 = |, X¥=—1]01 0
i 0 0 01 0 0 i 0 V3o 0 -2
They satisfy the anticommutation relation
4
{)\“,/\b} = 0P Iy + 2de N, (B.6)

where Iy denotes the N-dimensional unit matrix and the constants d** are totally symmetric in the three
indices.

For SU(3), the only non-zero (up to permutations) f**° and d**° constants are

1f123 _ AT 156 _ p246 _ 257 _ p345 _ _ 367 _ 1 F8 1 £078 — 1
2

V3 V3 2’
JU46 — gI5T _ _ 247 _ 256 _ g344 _ 355 _ _ j366 _ _ 4377 _ 1 (B.7)
2’ )
d118 — d228 — d338 —_9 d448 - _9 d558 - _9 d668 - _9 d778 — _d888 — i )
V3
The adjoint representation of the SU(N) group is given by the (N2 — 1) x (N? — 1) matrices
(T})pe = —if abe which satisfy the commutation relations (B.2). The following equalities
1
Tr (A“)\b) — AT O, Tr =3,
N?—1
(A®AY) 5 = 4 CF bag Cr = —5— (B.8)
TI.(TKTAZ) _ facdfbcd = CA 5&177 CA = ]\f7

define the SU(N) invariants Tr, Cr and C 4. Other useful properties are:

2 - rabc
(X (X),5 = 2Gagdy — = Sasdos Tr (NAPX) = 2 (@™ + i),
Tr(TaTb TC) —3 g fabc Z dabb =0 dabcdebc — (N = i 5 (B.9)
At AL A 92 ’ - ) N ae .
fabefcde + facefdbe + fadefbce -0 ’ fabedcde + faceddbe + fadedbce —-0.

3 Anomalies

Our theoretical framework is based on the local gauge symmetry. However, so far we have only discussed
the symmetries of the classical Lagrangian. It happens sometimes that a symmetry of £ gets broken
by quantum effects, i.e., it is not a symmetry of the quantized theory; one says then that there is an
‘anomaly’. Anomalies appear in those symmetries involving both axial ()y*v51/) and vector (1))
currents, and reflect the impossibility of regularizing the quantum theory (the divergent loops) in a way
which preserves the chiral (left/right) symmetries.
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Y

Fig. 36: Triangular quark loops generating the decay 7° — .

A priori there is nothing wrong with having an anomaly. In fact, sometimes they are even wel-
come. A good example is provided by the decay 7° — ~~. There is a chiral symmetry of the QCD
Lagrangian which forbids this transition; the 7 should then be a stable particle, in contradiction with the
experimental evidence. Fortunately, there is an anomaly generated by a triangular quark loop (Fig. 36)
which couples the axial current A> = (W ysu — cf*y,ﬂ%d) to two electromagnetic currents and breaks
the conservation of the axial current at the quantum level:

or A3 = %EO‘BU’) Fop Fpp + O (my +my). (C.1)

Since the 7° couples to A3, (0|A%|7°) = 2i frp,, the 7 — ~v decay does finally occur, with a
predicted rate

N 2 2. 3
C) & Mr _ 773eV, (C.2)

(7 — =
(™= 7) ( 3 ) 6dr3f2
where No = 3 denotes the number of quark colours and the so-called pion decay constant, f, =

92.4 MeV, is known from the 7= — p~ 7, decay rate (assuming isospin symmetry). The agreement with
the measured value, I' = 7.7 = 0.5 eV [9], is excellent.

Anomalies are, however, very dangerous in the case of local gauge symmetries, because they
destroy the renormalizability of the quantum field theory. Since the SU(2);, ® U(1)y model is chiral
(i.e., it distinguishes left from right), anomalies are clearly present. The gauge bosons couple to vector
and axial-vector currents; we can then draw triangular diagrams with three arbitrary gauge bosons (W ¥,
Z, ) in the external legs. Any such diagram involving one axial and two vector currents generates a
breaking of the gauge symmetry. Thus, our nice model looks meaningless at the quantum level.

We have still one way out. What matters is not the value of a single Feynman diagram, but the sum
of all possible contributions. The anomaly generated by the sum of all triangular diagrams connecting
the three gauge bosons G4, GGy, and G.. is proportional to

A=Tr ({T”‘,Tb}TC)L Ty ({T”‘,Tb}TC)R, (C.3)

where the traces sum over all possible left- and right-handed fermions, respectively, running along the
internal lines of the triangle. The matrices T are the generators associated with the corresponding gauge
bosons; in our case, T% = 0,/2, Y.

In order to preserve the gauge symmetry, one needs a cancellation of all anomalous contributions,
ie., A = 0. Since Tr(ox) = 0, we have an automatic cancellation in two combinations of generators:
Tr ({04,005} ok) = 269 Tr(ox) = 0 and Tr({Y,Y}or) x Tr(ox) = 0. However, the other two
combinations, Tr({o;,0;}Y) and Tr(Y3) turn out to be proportional to Tr(Q), i.e., to the sum of
fermion electric charges:

5@ = Qe+ Qut No(Qut Q) = ~1+ 3 No = 0. €4

Equation (C.4) conveys a very important message: the gauge symmetry of the SU(2);, ® U(1)y
model does not have any quantum anomaly, provided that N = 3. Fortunately, this is precisely the right
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number of colours to understand strong interactions. Thus, at the quantum level, the electroweak model
seems to know something about QCD. The complete SM gauge theory based on the group SU(3)¢ ®
SU(2), ®U(1)y is free of anomalies and, therefore, renormalizable. The anomaly cancellation involves
one complete generation of leptons and quarks: v, e, u, d. The SM would not make any sense with
only leptons or quarks.
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