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1 Introduction

String theory possesses T-duality and imposes O(D, D) structure on its D-dimensional
low energy effective actions [1-4]. The O(D, D) T-duality can be conveniently described
if we formally double the spacetime dimension, from D to 2D, with coordinates, z# —
yt = (
winding modes of closed strings, as noted by Tseytlin and Siegel in the early 90’s [5-8].

Z,,x"). The new coordinates, &,, may be viewed as the canonical conjugates of the

Recent developments initiated by Hull and Zwiebach developed this idea further, in the
name of Double Field Theory (DFT), by writing the D-dimensional effective action entirely
in terms of the 2D-dimensional language, i.e. 2D tensors [9-12] (see also [13-24]). Yet, as
a field theory counterpart to the level matching condition in closed string theories, it is
required that all the fields as well as all of their possible products should be annihilated
by the O(D, D) d’Alembert operator, % = 9404,

P’ =0, 0a0104%5 = 0. (1.1)

This ‘level matching constraint’ actually means that the theory is not truly doubled: there
is a choice of coordinates (&', 2"), related to the original coordinates (Z,x), by an O(D, D)
rotation, in which all the fields do not depend on the Z’ coordinates [11]. Henceforth, the

equivalence symbol, ‘=’, means an equality up to the constraint (1.1), or simply up to the
winding coordinate independency, i.e. gj# = 0.



With the spacetime dimension formally doubled in double field theory, T-duality is
realized by an O(D, D) rotation which acts on the 2D-dimensional vector indices of an
O(D, D) covariant tensor in a standard manner,

Ta Ay, — Mo, BrMy,P2 - My BTy 5,5, , M € O(D,D), (1.2)

where the O(D, D) group is defined by the invariance of a constant metric,

MsOMEPJop = Tap,  Jap = (? é) . (1.3)
Without imposing the level matching constraint, the O(D, D) transformation would nat-
urally correspond to a Noether symmetry of the 2D-dimensional field theory. However,
with the constraint, the double field theory is, by nature, D-dimensional living on a D-
dimensional hyperplane. As the O(D, D) transformation then rotates the entire hyper-
plane, the O(D, D) rotation acts a priori as a ‘duality’ rather than a ‘Noether symmetry’
of the D-dimensional theory. After further dimensional reductions, it becomes a Noether
symmetry of the reduced action, as can be seen in e.g. [1-3, 25-28].
Further, in DFT the D-dimensional diffeomorphism, z# — z# 4 dx*, and the one-form

gauge symmetry of the two-form gauge field, B,, — By, + d,A, — 9,,, are naturally

W
combined into what we may call ‘double-gauge symmetry’ (denoted by ‘dx’). By definition,
the double-gauge transformation of a double-gauge covariant temsor is generated by the
Dorfman derivative or generalized Lie derivative, i.e. “0x = L x”, whose definition reads [8,

12, 29, 32, 33),

n

EXTAl---An = XBaBTAl...An +wT83XBTA1...An +Z(6A1XB_aBXA»L’)TAl"'AileAZL}l'”An .
=1

(1.4)

Here w is the given weight of an O(D, D) covariant tensor, Ta,...4, , and X is the double-
gauge symmetry parameter whose half components are for the one-form gauge symmetry
and the other half are for the diffeomorphism,

XA =(A,,d02") . (1.5)

As the generalized Lie derivative differs from the ordinary Lie derivative, the underlying dif-
ferential geometry of DFT should be beyond Riemann [14, 18, 29-34]. Generally speaking,
while the fundamental object in Riemannian geometry is a metric, closed string theories
call for us to put the B-field and a scalar dilaton on an equal footing with the metric, and
hence call for new geometry.

In our previous works [14, 18], we proposed a novel differential geometry for double field
theory that treats the three objects in a unified manner and manifests O(D, D) T-duality,
the double-gauge symmetry, and also a pair of local Lorentz symmetries simultaneously.
The key concept therein is ‘semi-covariant derivative’ that we review later.

In this paper, utilizing the semi-covariant derivative approach, we incorporate fermions,
such as gravitino and dilatino, into double field theory. Especially we construct covariant



e O(D, D) T-duality
o Gauge symmetries

1. Double-gauge symmetry

— Diffeomorphism

— One-form gauge symmetry

2. A pair of Local Lorentz symmetries, SO(1, D—1) x SO(D-1,1)

Table 1. T-duality and gauge symmetries in DF'T.

DFT Dirac operators that are manifestly compatible with all the symmetries in table 1.
Upon the level matching constraint (1.1) and in terms of the undoubled D-dimensional com-
ponent fields, our Dirac operators reduce to those found recently by Coimbra, Strickland-
Constable and Waldram as for the unifying reformulation of type ITA and IIB supergravi-
ties [34].

Further we show that there are two kinds of fermions in double field theory:

1. O(D, D) singlet fermions that, in our notation, consist of ‘unprimed’ gravitino and di-
latino. Their local Lorentz indices (spinorial and vectorial) are singlet under O(D, D)
T-duality. They couple to ‘unprimed double-vielbein’ [18],

(05 p) = (Vap, VBp) - (1.6)

The common fermionic sector of type IIA and IIB supergravities may be identified

as our unprimed fermions.

2. O(D, D) non-singlet fermions that consist of ‘primed’ gravitino and dilatino. Their
local Lorentz indices transform nontrivially under O(D, D) T-duality. They couple
to ‘primed double-vielbein’,

(o, ) = (V' V'sp). (1.7)
The non-common fermions of the opposite chiralities in type IIA and IIB supergrav-

ities correspond to our primed fermions.

We also present a criterion for O(D, D) rotations to flip the chirality of the primed
fermions, which turns out to depend on both the O(D, D) group element and the back-
ground fields. This generalizes, in a unifying manner, the earlier works by Hassan in
90’s [35-37].

The organization of the present paper is as follows. To start, in section 2 we set up our
conventions including the indices used for each representation of the symmetries in table 1.
In section 3, after reviewing the two types of the double-vielbeins from [18], we analyze
their finite O(D, D) transformations. In section 4, utilizing the semi-covariant derivative,
we construct the covariant Dirac operators for each type of the fermions and derive the
criterion for the primed fermions to flip their chiralities under O(D, D) T-duality. Section 5
contains the summary and comments.



indices representation metric
AB,--- double-gauge vector Jap in eq. (1.3)

D, g, SO(1,D—1) vector | nyq = diag(—++---+)
o, B, Spin(1, D—1) spinor Cop in eq. (2.2)
Diq, - SO(D—1,1) vector | ijpg = diag(+——---—)
apB, Spin(D—1,1) spinor Cyp in eq. (2.2)

Table 2. Indices used for each symmetry representation and the relevant metrics that raise or
lower the positions of them. While O(D, D) acts always on the double-gauge vector indices (capital
Roman), it may also rotate other indices of the primed fields (1.7). It is the characteristic feature of
DFT that, although the O(D, D) metric Jap (1.3) is a constant ‘flat’ one, the corresponding ‘flat’
indices, A, B, - -- , decompose into D-dimensional curved spacetime vector and one-form indices, as
in (1.5), (3.6), (3.10), ete. [9-12].

2 Conventions

In table 2, we summarize our conventions for indices and metrics used for each represen-
tation of the symmetries listed in table 1.! For the application of our formalism to type
ITIA and IIB supergravities, in this paper we focus on ‘even’ D-dimensional Minkowskian
spacetime that admits Majorana-Weyl spinors, i.e. D ~ 2 mod 8.

For the two Minkowskian metrics, 1,, and 753, we introduce separately the correspond-
ing ‘real’ gamma matrices: (77)%g and (57); satisfying

" =0"", VPl Iy = 2071, 2.1
3 =0n)", YT+ AP = 2P >y
Their charge conjugation matrices, C,g and é@[% meet?

(Cryplm---pn)aﬁ — _(_1)n(n+1)/2(C,yplm---pn)ﬁa ,

CoyPrpe? L 2.2
(C’Vplp?“p")@ﬁ _ _(_1)n(n+1)/2(C,VPIPT"pn)Ba, ( )

and define the charge-conjugated spinors. For the unprimed and primed Spin(1, D—1)

spinors we have

1[}1304 = ¢pﬁcﬁa ) Pa = pBCBa ) djlﬁa = ¢Iﬁﬁcﬁa s pla = p/ﬁcﬁoz . (2'3)

We also set, in order to specify the chirality of the Weyl spinors,

A(D+1) . A012-D~1 A(D+1) . 5012--D-1 (2.4)

~
that satisfy

PPy (DD p = (42 =1 APy LD — o, (5(PH))% =1

(2.5)
!Note the opposite signatures chosen for  and 7, 4.e. mostly plus vs. mostly minus (cf. [18]).

2A possible relation between the unbarred and barred real gamma matrices is to identify 57 with
g Yy
ypfy(DH), and C with C. However, we do not need to impose this identification in the present paper.



The unprimed fermions, (15, p*), are set to be Majorana-Weyl spinors of the fixed chiral-
ities,
Py = 4oy, FPHp = —p. (2.6)

On the other hand, the primed fermions, (1’ 5 p'?), are Majorana-Weyl spinors possessing
either the same chirality (as for type IIB supergravity),

7(D+1)¢/13 _ +¢/ﬁ7 ,-Y(DJrl)p/ = —p" (27)
or the opposite chirality (as for type ITA supergravity),

APy = —y', AP = 4. (2.8)
The chiralities of the primed fermions may be flipped under O(D, D) T-duality, as we shall

see later.

3 Two types of double-vielbeins and their O(D, D) transformations

3.1 Primed and unprimed double-vielbeins

There are two types of vielbeins in DFT [18]. We distinguish them here as unprimed double-
vielbein, (Vap, Vpg), and primed double-vielbein,® (V' 45V’ p,). They carry opposite local
Lorentz vector indices.

In terms of the flat metrics in table 2, the unprimed double-vielbein satisfies the fol-

lowing defining properties [18]:

VapV A, = g s VapVA; =0, VagV 45 = g » VapVBP + VasVeP = Jap .
(3.1)

Hence the double-vielbein forms a pair of rank-two projections [14],
Pyp = VAPVp,, Pip = VAﬁVBﬁ, (3.2)
that are symmetric, orthogonal and complementary to each other,

Pap = Ppa, Pap = Ppa, P,sPPg¢ =0,
PABPpC = Py“, PAPPpC = Py°, PaP 4+ PaP =647, (3.3)

and further meet
PABVBp = Vap, PABVBﬁ = VAp, PABVBP =0, PABVBI; =0. (3.4)

The defining properties of the double-vielbein (3.1) actually means then that, as a 2D x 2D
matrix, (V4P, Vp7) diagonalize both the projectors P4p and Pap, or equivalently both the
O(D, D) metric Jap and the “generalized metric” Hap := (P — P)ap, as follows [18],

s () ey ) () 0) ) e

3In [18], the latter was called “twin double-vielbein”.



Assuming that the upper half blocks are non-degenerate, the unprimed double-vielbein
takes the following most general form [18],*

e~ 1 o _ g1 &
Vap = \}2 (((B —l—)e)yp) ) Vap = \}2 (((B —l—)e)yp) : (3.6)

Here e,” and é,” are two copies of the D-dimensional vielbein corresponding to the same
spacetime metric in the following manner,

eulenInpg = _éuﬁévqﬁﬁq = Guv s (3.7)
and By, corresponds to the Kalb-Ramond two-form gauge field. We also set in (3.6),
By = Bu(e71),”, By = Bu(e71)”. (3.8)
In particular, (é7'e)z” and (e~!e),P are local Lorentz transformations,
(@ le)pP (€ e)q"pg = ~Tipq » (e7'e)pP (e 8)q TIpg = ~1ipq - (3.9)

Now, having the explicit form of the unprimed double-vielbein (3.6), we are able to
define the ‘primed double-vielbein’,

o) . - (1)
V- >—1 PV, — 1 (6 )P \vd — (e~ 1g PV 4 — 1 p )
Ap = (€71e)s"Vap V2 ( (B—e)y )’ Ap = (e77€),Vap V2 \ (B =€),
They satisfy, parallel to (3.1),

V,AﬁV,Aq = _777?7 V/AﬁV,Aq = 07 V,ApV/Aq = —Tpq » V/AﬁV,Bﬁ‘i‘V/ApV,Bp = _jAB )
(3.11)

and

~V' 4PV p; = VaPVp, = Pag, —V' APV’ g, = VaPVp; = Pap,
PABV,Bp =V'az, PABV,BP =V ap. (3.12)

3.2 O(D,D) rotations of the double-vielbeins

Both the primed and unprimed double-vielbeins are covariant with respect to the local
Lorentz symmetries and the double-gauge symmetry i.e. “0x = Lx”. What make them
distinguishable are their O(D, D) T-duality transformations. Once we set the unprimed
double-vielbein to be a covariant O(D, D) vector,

Vap — MsPVp,, Vag — MaPVgy, (3.13)

Tt is worth while to note that (up to the upper half block non-degeneracy assumption), (3.6) is the most
general form of the double-vielbein parametrization that diagonalizes both the O(D, D) metric, Jap, and
the generalized metric, Hap, as in (3.5). For other parametrization that diagonalizes Hap only, see the
early work by Maharana and Schwarz [27].



the primed double-vielbein cannot transform as an O(D, D) vector: Its Lorentz vector
indices must be rotated too, as first noted in [18] for infinitesimal O(D, D) transforma-
tions. Below we analyze their ‘finite’ O(D, D) transformations, for later discussion on the
chirality change of the primed fermions under O(D, D) T-duality.

If we explicitly parametrize a generic O(D, D) element as

b pho
M4B = <a v b ) , (3.14)

Cov dp”
the defining property of the O(D, D) group (1.3) implies
ab! + ba! =0, cd! +dct =0, ad’ + bc! =1. (3.15)

From the vectorial O(D, D) transformation rule (3.13) of the unprimed double-vielbein (3.6),

we note, among others,
et — e tal+(g—B)b'|, et — etlal—(g9+ B, (3.16)

and hence

where we set
L=c"[al+(g— B)b'| [a' - (g + B)b] ‘e, L=(ete)L7l(ete). (3.18)

The crucial properties of L and L are that they are local Lorentz transformations,

Ly Ly nrs = pg Lﬁff/qgﬁf’ = 1pg - (3'19)

|

These can be verified directly from (3.15) and
[a+b(g+B)g" [a'+ (g - B)b'] =[a—b(g—B)lg~" [a'— (¢ + B)b] . (3.20)

In fact, from the consideration that (e 1€),? and (¢ le);? themselves are local Lorentz
transformations and also that this property must be preserved under O(D, D) T-duality,
it follows naturally that L and L must correspond to local Lorentz transformations.

Therefore, under O(D, D) T-duality the primed double-vielbein transforms nontriv-
ially as
Viap — MaPL7V'pg, Viap — MaPLyV'p,, (3:21)
where L and L are local Lorentz transformations (3.18) depending on both the O(D, D)
element, M, and the backgrounds, g,., B, .



It is well known that even-dimensional irreducible gamma matrices are unique up to
similarity transformations, essentially due to Schur’s lemma. This implies, for the cases
of (2.1), (3.9) and (3.19), that there must be similarity transformations, S, and Sy, relating

(e le)? = SAPSTT,  AP(E ey = SoIPS. (3.22)
and
VLGP = S1APSL YL = (S;181Se) ™' 37 (S 1SLSe) - (3.23)
Further, from (2.4), we get
SpyPH) = det(L)yP+D S, | (S71SLSe) 7P+ = det(L) ¥P+Y (S71SLS,) |
(3.24)

where from (3.18),

_1 _ det[a+b(g+ B)]
det[a—b(g — B)]’

of which the value must be either +1 or —1, since L and L are local Lorentz transforma-

tions (3.19). Thus, if det(L) = 41, Sz, commutes with 4(P+1). Otherwise, det(L) = —1,

they anti-commute. As we shall see in the following section 4, this gives the necessary

det(L) = det(L) (3.25)

and sufficient condition for the primed fermions to flip their chiralities under O(D, D)
T-duality.

4 Covariant Dirac operators

In this section, utilizing the semi-covariant derivative in refs. [14, 18], we construct covariant
Dirac operators for unprimed and primed fermions separately, and discuss the chirality
change of the primed fermions under O(D, D) T-duality.

4.1 Semi-covariant derivative for double-gauge symmetry: review

By definition [14, 18], the semi-covariant derivative acts on a generic O(D, D) tensor density
with weight, w,, as
n

B B
VoTaAyny = 0T Ay g, — wr ' BcT A Ay A, + Z LA, " Tay AjBAjrAn > (41)
i—1

and it annihilates the pair of rank-two projections and the DFT-dilaton (and hence the

NS-NS sector completely),

VaPpc =0, VAPBCZO, V ad ::—%edeA(e*Qd):6Ad+§FBBA:0.
(4.2)
Note that the DFT-dilaton, d, is related to the string dilaton, ¢, through [11]

e = \/—ge™*, (4.3)

and hence e 2% = V/—ge 2% is a scalar density with weight one. In fact, this is the only
quantity having a nontrivial weight in this paper.



It follows from (4.2) that, the O(D, D) metric is also ‘flat’ with respect to the semi-
covariant derivative,

VaJdec =0, (4.4)
which implies
P'apc =—-Tacs.- (4.5)
Further, requiring
Fapc+TBeca+Tcap =0, (4.6)
and
Peap?F Tpepr =0, Peap?F Tpepr =0, (4.7)

the connection is uniquely fixed to be [18]

Toap=2 (Pﬁcpp) + 2 (P[ADPB}E — P[ADPB]E) OpPrc

e 5 1) D D Epp (4.8)
—p_1 (PC[APB} +PC[APB} ) (8Dd+(Pa PP)[ED}) .
In (4.7), PoapPP" and PoapP P! are rank-six projections,
PeapPEl = PP PPyt + 2 PopaPpPPFIP (4.9)
PoapPPt = PcP P, E Pyt + 2| Popa Py P PP, '
that are symmetric and traceless,
Pcapper = Ppercas = Pojappier),  Pcabper = Ppercas = Peiap)ppF
PoapPEE Ppprt! = Poap©Hl, PeapPEEPpprt! = Poap@Hl,
PAasper =0, P*»Papeppr =0,  Plapppr=0, PAPPigeppr=0.
(4.10)

The symmetric properties, (4.5) and (4.6), enable us to replace the ordinary derivatives in
the definition of the generalized Lie derivative (1.4) by our semi-covariant derivatives (4.1),
i.e. EA% — ﬁ)v( The additional constraints (4.6) and (4.7) are analogue to the torsionless
condition in Riemannian geometry that uniquely picks up the the Levi-Civita connection.
In fact, assuming the skew-symmetric property, 'apc = —I['acp only, the difference be-
tween ﬁ% and ﬁ)v( is given by the totally anti-symmetric part of the connection,

n
(ﬁ)V( — E%) Ty,..a, = Z (FAiBC + FBCA¢ + FCAiB) XCTAl---Ai,lBAiH---An , (4.11)
i=1

such that this difference might be used for the definition of “torsion” [34]. However we
emphasize that, the symmetric properties (4.5), (4.6) are not sufficient enough to fix the
connection uniquely: the projective condition (4.7) must be also imposed.

Under the double-gauge transformations, the connection and the semi-covariant deriva-
tive transform as

(Ox—Lx)Tcap = 2[(P+P)cap’™? = 6F6,P5,F10r0pXpy

n

(6X—ﬁX)vCTA1---An = Z 2(7?+75)CA1,BFDE8F8[DXE]TAI___AHBAM...An .
i=1

(4.12)



Hence, they are not double-gauge covariant. We say, a tensor is double-gauge covariant
if and only if its double-gauge transformation agrees with the generalized Lie derivative,
i.e ‘0x = L x’. Nonetheless, the characteristic feature of the semi-covariant derivative is
that, combined with the projections, it can generate various fully covariant quantities, and
hence the name ‘semi-covariant’:

Dp, Bip, B D B
Po" Py, Pt Pp,"? - Pa, """V pIB,By-B, »

D D B B B
PC PAl IPAQ 2PAn nVDTBlBQ...Bn,

ABp D1 p., D DD
PP Po, " Pey,™? -+ - Pc,, "V aTBD, Dy--D,, »

_ 4.13
PAB_PClDl_PCzDQ"'_Pan”VATBDlDz---Dn, (413)
PAB Po, PrPe, 2 - Po, PrV aV BTD, Dy D,
PABPCID1PC2D2 s PCnDnVAvBTDngmDn .
With the usual curvature,
Repap = 0al'sep — 0T acp + Tac®Teep — Tec"TakD (4.14)
that turns out to be double-gauge non-covariant, if we set
1 E
Sacp = (Rapcp + Repap — T asTecD) | (4.15)

2

a double-gauge covariant rank two-tensor and a double-gauge covariant scalar follow
PAPBS g, PABS p=—-PABS,p. (4.16)

Here we put
Sap= Spa= S acB, (4.17)

that turns out to be traceless,
sS4, =0. (4.18)

In particular, the covariant scalar reduces to the bosonic closed string effective action upon

the level matching constraint (1.1) [18],
AB — 1 Apv
2PAPSpp = Ry + 400 — 40,60"6 — | Hyu H. (4.19)

4.2 Unprimed Dirac operators: O(D, D) singlet

For the O(D, D) singlet fermions, i.e.unprimed fermions, (15, p*), we focus on the following

differential operator,
Do = 0s4+TA+Ps+Ps=Va+Ps+Ps=Dys+14, (4.20)

where D4, is a local Lorenz covariant, yet double-gauge non-covariant, derivative having
the connections, ®4 and ® 4 for SO(1, D—1) and SO(D—1,1) respectively,

Dy :=04+Ps+Dy. (4.21)

,10,



We view Dy, as our ‘master’ unprimed, semi-covariant derivative unifying V4 and D 4.
We require it to annihilate the unprimed double-vielbein and the DFT-dilaton,

DaVip = 0aVey + TapVioy + ©4,7V, = 0,
DAVBﬁ = aAVBﬁ + FILXBCVCf; + ‘i)quVBq =0,

1 1
Dad =V 4d := — 262dVA(e_2d) = Oad + 2FBBA =0, (4.22)
as well as all the constant metrics and the gamma matrices in table 2,

DAJBCZOa DAnquO? DA’F]ﬁq:O, DACaﬁZO, DACLBZOa
Da(V")*s = @a74(V) "5 + 2a%5(7")° 5 — (47) %P 4’3 = 0,
Da(7")*5 = ®aPq(7) "5 + ®a%5(77)°5 — (3°)%504°5 = 0. (4.23)
It follows that

DaPpc =V aPpc =0, DaPpc =VaPpc =0, (4.24)

and as usual,’

_ _ 1 T
Capg = —Pagp,  Papg = —Pagp,  Pap = Pap (V)5 a5 = Pap(3™)%5.
(4.25)
Specifically the spin connections are determined, from (4.22) with (4.8), by
Dapg =VE,VaVpy, Dapg = VBV aVag, (4.26)
such that
Tapc = VBPDaVoy + VP DaVey . (4.27)

From the consideration of [D4, D]V, =0 and [Da, Dp]Vepy = 0, we may derive the re-
lations between the covariant scalar, PA%S4p (4.16), and the field strengths of the local
Lorentz connections,

1
PABS g = Fapp VAPV B - o7 ApcTAB PP
_ _ 1 _
PABS g = FapygVAPVPT — o7 ApcTAP p PEP (4.28)
where, in fact PABS, 5 = —PABS, 5 due to (4.18), and the field strengths are as usual,

FAqu - aA(I)qu - 8B(I>qu + (I)Apr(?qu - ?Bpr?Arq s

_ - — - ~ _ 4.29
Fappg = 0a®ppg — O5Paps + Pupr®p g — Popr®a’y - (4.29)

5Here, for simplicity, we omit the possibility of adding a central term to the spin connections, i.e.

«@ 1 «@ «
a% = Papa(v") "5 + e x 8%
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Though ® 4,, and ® 457 are not double-gauge covariant from (4.12),°
(0x — E:X)?qu = 273ABCDEF6D8[EXF}YBpYCq ;
(5X — Ex)(I)qu = QPABCDEFaDa[EXF}VBﬁVCq,
with (4.9), the followings are so, i.e. ‘dx = Lx ',

PrP®pyg, PaPOpy;, @y

Vs PapgV A PapgVAP, RV (4.30)

This generalizes our earlier results in [18] where only the first two in (4.30) were identified.
After all, the fully covariant unprimed Dirac operators, with respect to all the symme-
tries in table 1, are as follows

Y Dap, YAD 4ty VADap, VAPD yip5 = Dap™. (4.31)
Here we set for simplicity,
VYa = VaPihy, yA = VAP, (4.32)
such that
VAspa=vp. {1497} =2P4B (4:33)

Writing explicitly,

1
Dap = Dap = <<9A + 4‘1>prpq> P,

1

Dptpp = Dprpp = <6A + 4

(I)qu7pq> T;Z)ﬁ + (i)A’q¢Qa (4'34)
1
DaYp = <3A + 4‘I>qu’7pq> Vg +TapYe .

As all the associated fields in (4.31) are unprimed (unprimed double-vielbein and unprimed
fermions), all the unprimed Dirac operators are O(D, D) singlets.

4.3 Primed Dirac operators

In this subsection, we construct the fully covariant, ‘primed’ Dirac operators for the
O(D, D) non-singlet fermions, i.e. the primed fermions, (¢'5,p'®). As the analysis is
parallel to the previous subsection on the unprimed fermions, we skip the details and
present only the main results.

The primed master semi-covariant derivative is
'D;‘::3A+FA+(I),A+(§/AZVA—i-(I),A—i-(i)/A:D%—i-FA, (4.35)

where
Df4 = 8A+(I>/A+CT),A, (4.36)

SFor double-gauge covariant yet O(D, D) non-covariant connections for the local Lorentz symmetries,
see our earlier work [18]. In this paper, instead we focus on the double-gauge semi-covariant and O(D, D)
covariant connections for the local Lorentz symmetries.

- 12 —



and
(I),qu - —V,BPVAV,B(], i)/qu == —V/BpVAV/Bq,

_ _ z 4.37
Tapc = —V'gP Dy Viep — V' 5P D\ Ve . (4.37)

It satisfies

_ 1
D\W'p; =0, D,V'p,=0, D’Ad:VAdzﬁAd+2FBBA:0,
D)yPpc = VaPpc =0, D) Ppc =V aPpc =0, (4.38)

and like (4.23),

D, Jpc =0, Dyiipg =0, Diyilpg = 0, - (4.39)
D;‘Cag =0, DAC@BZO, ’D;‘(’yp)agzo, 'D;‘(ﬁp)O‘B:O.
Further, in analogy to (4.28), we have
_ - -1
PABSAB — —F/ABﬁqV/ApV,Bq _ QFABCFABDPCD ,
_ o 1 _
PABS g = —F' ApyV'PV'BY o7 ApcTAB PP (4.40)
where the primed field strengths are, in an identical fashion to (4.29),
F'gp = 04%'p — 0p®' 4 + [®'4,P'B] , F'ap = 04%'p — 0P’ A+ [®'4,9'B] .
(4.41)
Finally, the fully covariant primed Dirac operators are
A A 5
VADYY  ADL. VDL VDL, =Dhh . (442)
Here we set for simplicity,
Pa = VAP, 74 = VIAP, (4.43)
such that
V/pr,A — _¢/ﬁ, {W/A,,}/B} _ _2PAB ) (4‘44)
Writing explicitly we have
/! o/ 1 / pq /
Dyp = Dyp =|0a+ 2 &™) 0
1 -
Diyw's = Diyt'p = <0A + 4<1>’ququ) W+ ® 41y, (4.45)

1
Dy'p = <3A + 4‘I>'qu7pq> V' +Ta%Yc.
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4.4 Chirality change under O(D, D) T-duality

In order to discuss the O(D, D) transformations of the primed fermions, we first recall the
O(D, D) transformation rule of the primed double-vielbein (3.21),

V/Ap — MABquV,Bq , V,Ap — MABquV/Bq , (4.46)
where, from (3.14) and (3.18), the O(D, D) group element and the associated local Lorentz
transformations are given by

1

ak, o — e 1 [at - ] [at — 1 e
R b F e

We also recall the covariance of the gamma matrices (3.23),
YIS Ls” = SpAP . (4.48)

It is then clear that, with the full covariance of the primed Dirac operators (4.42), the
primed fermions transform under O(D, D) T-duality as follows,

p/ SLPI
Alb/ﬁ LﬁqSALWq’
1A o 1A
A — S Dap’ (4.49)
VU DuYp LptS1y "Dy
VIApDAp/ Lf)qV,A(jSLDApI
D;ﬁb/A SLD%T,Z),A
Thus, from (3.24) and (3.25),
det b B

~ det[a—b(g — B)]

when det(L) = —1, the primed fermions flip their chiralities. Otherwise not.

For example, on a flat background (¢ = n, B = 0), we may set both a and bg to be
diagonal with the eigenvalues, zero or one only, in an exclusive manner such that a+bg = 1.
This choice corresponds to the usual discrete T-duality along toroidal directions. In this
case, we get det(L) = (—1)% where #, counts the number of zero eigenvalues in the matrix,
a, and hence the number of toroidal directions on which T-duality is performed. Thus,
our formula is consistent with the well-known knowledge that performing odd number of
T-duality on flat backgrounds exchanges type IIA and IIB superstrings.

4.5 Reduction to D dimension

Upon the level matching constraint (1.1), with the explicit forms of the double-
vielbeins (3.6), (3.10), the covariant DFT Dirac operators (4.31), (4.42) reduce to more
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familiar D-dimensional expressions within the Riemannian setup,

1

1
WP+,

W~

\/Q’YADA/) =~ <8mp + Hmnp’)/npp - amd)p) )

N 1 B |
\/QVADA%? =7 <5m1/1p+ 4 Wmnp? Papp+Ompg? + 9

n 1 q
4Hmnp'y pwp+2Hmpqwq_am¢wp) )

[/ 1 T 1 T
V2VADap = 0pp + 4wﬁq,fyq p+ SHﬁqr'Yq 0,

) 1 | . )
VDAY = Pyt TP + g + VP — 205007

A m 1 n 1 n
V2y Dy’ = (amp’ + Wm0 = o Honpy"p = 0m¢p’) :
1 1

A m n —, q n 1 q
V2y Dy s =y (5m¢'p+ 4 &mnpY Py 5+ OmpTt) g — 94 Hyinp Y™’ 5— 2Hmpq¢lq—5m¢¢/p) )

1 1
\/QV/A;E f4p' = aﬁp/+ 4w;ﬁqr7qrp/_ 8H;Eqr'7qrpl ,
5 1 5 5 -1 _ _
\/QD;"lb/A = ap’l//;a + 4wpqrv‘"¢’5 + (Dpzjlj 7 8szqr’yqu/1/p — 2813@//1’ s (451)

where, with the D-dimensional standard diffeomorphism covariant derivative, ¥/, we set
-1 -1 -1 - —1 -
Op = (€7 )p"Ou, Op = (€77)p" Ops wupg = (€7 )p"Vuq, Wupg = (€7 )"V ulug, et

In fact, the above expressions are precisely what appear in type ITA and IIB supergrav-
ities [34], where v; and v; are gravitinos in string frame, while p and p’ are ‘DFT-dilatinos’
corresponding to the superpartner of the DFT-dilaton, d = ¢ — % In/—g.

5 Summary and comments

In summary, based on the stringy differential geometry that is characterized by the semi-
covariant derivative [18], we have incorporated fermions, like gravitino and dilatino, into
double field theory in a manifestly covariant manner with regard to all the symmetries
in table 1, i.e. O(D, D) T-duality, double-gauge symmetry and a pair of local Lorentz
symmetries. We have shown that in general there are two types of fermions in double
field theory: O(D, D) singlet and non-singlet (unprimed and primed). For each type, we
have constructed relevant covariant Dirac operators, (4.31) and (4.42). Especially, we have
derived a necessary and sufficient condition for the primed fermions to flip their chiralities
under O(D, D) T-duality (4.50), that depends on both the O(D, D) group element and
the background fields.

In this paper, we have chosen the primed fermions, (p'%, )’ g‘), to carry the same local
Lorentz indices as the unprimed fermions, (p?, ¥5"). The alternative choice is also possible:
If we let the primed fermions have the opposite local Lorentz structure like (p'®, 1/)’5‘ ), their
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fully covariant Dirac operators are, with 54 := V447,

7 1 - 1 __
V2 ADL ) = 4" (ampl + 4@@3@7@1/}/ - 24Hmﬁqﬁpq/)/ - 5m¢/)/) )
1

- 1 o
4 Dmpg V" wimpT) g — 24 Hypg V""" —

V27 ADL Y, = a<amw’p+ )

1 / /
Hmpq"/) 17— aﬁﬂb"/} p>7

_ 1. 1 .
V2V'A DL = 0,0 + 4wp@ﬂpqp' — 8Hp@ﬂpqp',
. 1 - 1 -
VRVIAPDLYy = O+ OVt WPt — ¢ Hypg 7T — 20,0077 (5.1)

However, these seem irrelevant to type ITA and IIB supergravity (e.g. see eq. (2.8) in [34]).

It is worth while to note that, the distinction between the primed and unprimed double-
vielbein is arbitrary: if we set one to be O(D, D) vector, like (3.13), then the other is not a
vector anymore, like (3.21). Thus, O(D, D) may act on the unprimed fermions nontrivially
while leaving the primed fermions singlet. This seems to imply the doubling of O(D, D)
structures. Further investigation is required.

So far, we have focused on the gravitational interpretation of the unprimed and primed
fermions. However, we may also regard p or p’ as gaugino and couple them to the Yang-
Mills double field theory [16].

Up to the RR sector (for related works see e.g. [22, 34, 38]), the unifying supersym-
metric double field theory reformulation of type IIA and IIB supergravities will, when
constructed [39], contain the following leading order terms (see also [28]),

2 (PAPS a5 + py*Dap + 20" Dap + 69 Dioa + 57 "Digl + 20 Dlpp’ + 04y "Dy’ 1)
(5.2)
In particular, the complete supersymmetric double field theory will manifest not only
O(D, D) T-duality and double-gauge symmetry, but also a pair of local Lorentz symmetries.
It will be of interest to identify the pair of local Lorentz symmetries directly from the string
worldsheet or M-theory points of view [19-21, 40-47].
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