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1 Introduction

D-branes appear to be a powerful tool for engineering gauge theories upon their embedding

in higher dimensional spaces. Of greatest importance for relating to the real world are

configurations with softly broken supersymmetric low energy effective field theories. A

simple way to achieve such a breaking is to introduce a magnetic field which, due to the

different couplings with the spins, induces a mass splitting between fermions with different

chiralities and with bosons [1, 2]. The same splitting can be mapped upon T-duality into

branes intersecting at angles [3, 4], providing a simple geometrical description.

A supersymmetric vacuum can be obtained through a specific choice of intersection

angles between D-branes. Then, a breaking of supersymmetry with a size parametrically

smaller than the string scale can be obtained by choosing the angles (or the magnetic

fluxes) slightly away from their supersymmetric values [5–13]. At tree-level, this breaking

appears as mass shifts in the spectrum of open strings localised at the brane intersections.

Through radiative corrections, the breaking is communicated to the other states living on

the brane world-volume. We will carry out here an explicit computation of such effects.

We will be particularly interested in the induced masses for the adjoint representations

of the gauge group. Indeed, it is known that this mechanism generates for instance one-

loop Dirac gaugino masses, but some adjoint scalars tend to become tachyonic in the

effective field theory, which is the main obstruction to building an interesting viable model

of supersymmetry breaking.

We will perform the string computation in the case of toroidal compactifications (with

or without orientifold and orbifold projections) as the world-sheet description by free fields

allows the straightforward use of conformal field theory techniques. Considering that the

breaking through a magnetic field can be described as the appearance of a non-vanishing

D-term, we can then compute in the effective field theory the radiative masses generated on

the world-volume. The results depend on the number of supersymmetries that are originally

preserved by the brane intersections before having the small shift in angles that induces

supersymmetry breaking. The mass corrections vanish for an originally N = 1 (written

as N ≈ 1 ) sector with non-vanishing intersection angles in the three tori. This is due

to the absence of couplings between the messengers and scalars in adjoint representations

at the one-loop level. The N ≈ 2 and N ≈ 4 cases correspond to rotating by a small

angle branes that are otherwise parallel in one and three tori, respectively. In these simple

cases, one can derive the one-loop effective potential and read from there the masses of the

– 1 –



J
H
E
P
0
8
(
2
0
1
1
)
1
2
0

adjoint representations. These results will be reproduced explicitly through a string one-

loop vacuum amplitude, and appear accompanied with similar (sub-leading) contributions

from the Kaluza-Klein excitations. At leading order, the obtained mass matrix is traceless,

and signals the presence of a tachyonic direction.

The string computation gives in addition a tree-level closed string divergence in the

ultraviolet limit of the open string channel. We shall show how this is actually a reducible

contribution, matching the expectations from supergravity in the presence of NS-NS tad-

poles through the emission of a massless dilaton and internal metric moduli. These results

are expected to be drastically modified when taking moduli stabilization into account,

causing a shift in the vacuum of the theory and cancellation of the tadpoles.

Beyond expected field theory contributions, it is interesting to find that there is no

extra contribution (at leading order in the supersymmetry breaking parameter expansion)

from the massive string states due to the form of the correlation functions and the boundary

conditions involved in the computation of the amplitude, a feature that needed an explicit

check by writing down the two-point correlation functions.

The paper is organised as follows. In section 2 we describe a simple string set-up that

allows to perform simultaneously both explicit string and effective field theory computa-

tions. In section 3 we explicitly compute the result from the one-loop effective potential

within the low energy effective gauge theory. Section 4 introduces some basic vertex opera-

tors, correlation and partition functions used later on. Section 5 shows the string derivation

of the results of section 3. Section 6 discusses how masses can arise from string two-point

functions. The contributions to the amplitude that cannot be determined from the effec-

tive potential are then explicitly derived in section 7, showing that they come purely from

light (massless) closed string states. The effective potential results (arising from the open

string channel) are reproduced via a string two-point function calculation in section 8.

Section 9 investigates the ubiquitous presence of a tachyonic direction. The closed string

contribution is exactly matched with the effective supergravity expectation in section 10.

An appendix A provides a detailed calculation of the field theory limit of the N ≈ 2 case,

showing how the different feynman diagram contributions arise from the string amplitude.

2 The string set-up

In intersecting brane models on tori, adjoint fields arise as position and wilson line moduli

of branes. We can determine their kinetic terms and couplings to closed string fields by

examination of the Dirac-Born-Infeld action; indeed, in the case that the intersection of two

branes preserves two or four supersymmetries, the latter determine the adjoint couplings

to the non-chiral states stretched between the branes. If we deform the intersection angles

by a small amount then a mass is generated for some of these adjoints, which can be

calculated in the low energy field theory. This can be done either by computing diagrams

or by an effective potential calculation; we shall choose the latter, since the computation

can be done purely from the spectrum.

The background will be T
2
1 × T

2
2 × T

2
3 with radii Ri

1, R
i
2, i = 1, 2, 3. We then define

the Kähler modulus of the torus to be T j = T j
1 + iT j

2 = iRj
1R

j
2 sinαj , where α is the
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angle between the axes (we shall generally take it to be π/2 for simplicity). The complex

structure is given by
Rj

2

Rj
1

eiα
j

. Lj is the length of the open strings, given in terms of the

wrapping numbers nj,mj by

Lj = 2π

√

T j
2

U j
2

|nj +mjU j|2 = 2π

√

(nj)2(Rj
1)

2 + (mj)2(Rj
2)

2 + 2njmjRj
1R

j
2 cosαj . (2.1)

We shall also need the quantity

Vj ≡ Lj/2π, (2.2)

which is an effective radial parameter; if the brane is aligned along one of the axes of a

torus, then this is just the radius of the corresponding torus. The reason for the definition

is that this is the quantity that appears in Kaluza-Klein momenta.

Consider two branes a and b intersecting at angle πθi
ab in the ith torus, breaking

supersymmetry by a small amount such that the angles obey

3
∑

i=1

θi
ab = 2ǫ. (2.3)

If the angles are such that when ǫ = 0 they obey θi
ab /∈ {0, 1} ∀ i, this is an almost N = 1

sector, or N ≈ 1 for short; in this case the adjoints do not have renormalizable couplings

to matter fields and the field theory effective potential generates no mass for them. If

θi
ab ∈ {0, 1} ∀ i this is an N ≈ 4 sector. If θi

ab ∈ {0, 1}, θj 6=i
ab , θk 6=j 6=i

ab /∈ {0, 1} we call this an

N ≈ 2 sector. Here there are two cases: either θi
ab = 2ǫ for some i, which must be treated

similarly to an N = 1 sector; or θi
ab ∈ {0, 1}. We shall define the intersection number

Iab ≡
∏

k|Ik
ab
6=0

Ik
ab

Ik
ab ≡ (nk

am
k
b − nk

bm
k
a). (2.4)

where nk
a,m

k
a are the number of times that the Rk

1 , R
k
2 cycles are wrapped in the k torus

respectively. These are naturally related to the angles, for example via the identity

that for Ik
ab 6= 0

Vk
aVk

b

T k
2

=
Ik
ab

sinπθk
ab

=
|Ik

ab|
| sinπθk

ab|
. (2.5)

3 Adjoint scalar masses from the low energy theory

Here we present what can be calculated from a field theory point of view using the spectrum

and the Coleman-Weinberg potential, before reproducing these results via string theory and

then calculating the masses from ultra-violet effects.
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Rep (1,−1) (−1,1)

Vector ǫ ǫ

LH Gaugino 2ǫ 0

Φ1,2 ǫ ǫ

Φ3 3ǫ −ǫ
Φ3 −ǫ 3ǫ

Ψ1,2 0 2ǫ

Ψ3 2ǫ 0

Table 1. α′M2 for N ≈ 4 sectors.

3.1 N ≈ 4

This case is essentially T -dual to the model considered by [1]. It has subsequently been used

to study inflation in, for example, [14, 15]. We determine the effective potential by analyzing

the spectrum of states stretched between the two branes. They fall into bifundamental

representations (1a,−1b) + (−1a,1b) of the U(1)s on each brane. The spectrum is given

by three factors:

M2
n = M2

0 + 2n|ǫ|/α′ + M2 (3.1)

where n = 0, 1, 2, . . . . denotes the number of pseudo-zero-mode operator insertions corre-

sponding to the multiplicity of Landau levels (i.e. the bosonic operators1 αǫ, α
†
ǫ - in the

limit ǫ = 0 the torus decompactifies and these become momentum modes); M2 depends

upon the Lorentz representation as given in table 1. Without loss of generality we take

θ3
ab = 2ǫ, θ1

ab = θ2
ab = 0 and so there are three complex scalars Φi, their would-be fermionic

superpartners Ψi, a vector and gaugino. Then M2
0 = y2

4π2(α′)2 + . . . is the (supersymmetric)

mass due to open string stretching between the branes of a distance y, plus winding masses

and Kaluza-Klein masses in other tori; the full expression is

M2
0 ≡

∑

j=1,2

M2
0 (j)

=
∑

j=1,2

∣

∣

∣

∣

nj

Vj
+ i

(

mjT
j
2

α′Vj
+

yj

2πα′

)∣

∣

∣

∣

2

(3.2)

where nj,mj are respectively the Kaluza-Klein and winding numbers in the jth torus.

We can then calculate the Coleman-Weinberg effective potential. To do this we note [1]

StrM2n = 0 for n < 4, but we expect O(1/|ǫ|) levels below the string scale, or O(α′M2/2|ǫ|)

1These operators were labelled α0, α
†
0

in [1].
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below a cutoff scale M2, so the potential should be O(ǫ4). This follows from:

64π2V = |Iab|
∑

j=1,2

∑

nj ,mj

∑

n

StrM4
n logM2

n

= |Iab|
∑

j=1,2

∑

nj ,mj

∑

n

Str

(

− M8

12(M2
0 + 2n|ǫ|/α′)2

)

+ . . .

= −4|Iab|
∑

j=1,2

∑

nj ,mj

ǫ4

(α′)2
1

4ǫ2
ζ(2, α′M2

0 /2|ǫ|)

= −2|Iab|
∑

j=1,2

∑

nj ,mj

|ǫ|3
(α′)3M2

0

+ O(ǫ4). (3.3)

Since this is always negative and diverges as M2
0 → 0 we can infer that the system will

inevitably be unstable.

3.2 N ≈ 2

From the effective field theory perspective, the only N ≈ 2 sector we can consider has one

angle equal to zero, so that the branes are parallel in the jth torus. However, this is much

simpler than the N ≈ 4 case, as there is no tower of light states. Here the low energy theory

consists of a non-chiral pair of superfields with a D-term induced on one U(1) by the brane

rotation; the scalar masses are split by ±ǫ/α′ while the fermions have no supersymmetry

breaking masses. We can thus determine the effective potential to be

32π2V = |Iab|
∑

nj ,mj

(M2
0 (j) + ǫ/α′)2 log[M2

0 (j) + ǫ/α′]

+ (M2
0 (j) − ǫ/α′)2 log[M2

0 (j) − ǫ/α′] − 2M4
0 (j) logM2

0 (j)

= |Iab|
∑

nj ,mj

(3 + 2 logM2
0 (j))

( ǫ

α′

)2
− 1

6M4
0 (j)

( ǫ

α′

)4
+ . . . (3.4)

A closed form expression for the sum in terms of theta functions will be given in section 5.

3.3 Tadpoles and adjoint scalar masses

In the supersymmetric case, supersymmetry determines the strength of the coupling be-

tween the adjoints and the messenger states. This allows us to use the above effective

potential computation to determine the adjoint scalar masses for the adjoints in directions

where the branes are parallel by taking derivatives. Labeling the three complex adjoints

as Σj, one has:

M2
0 (j) =

∣

∣

∣

∣

nj

Vj
+ i

(

mjT
j
2

α′Vj
+

yj

2πα′

)

+
√

2gΣj

∣

∣

∣

∣

2

. (3.5)
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Clearly, it is wise to consider separately the real and imaginary components; write Σj =
1√
2
(Σj

1 + iΣj
2) so that

M2
0 (j) =

(

nj

Vj
+ gΣj

1

)2

+

(

mjT
j
2

α′Vj
+

yj

2πα′ + gΣj
2

)2

∂1M
2
0 (j) = 2g

(

nj

Vj
+ gΣj

1

)

∂2
1M

2
0 (j) = 2g2

∂2M
2
0 (j) = 2g

(

mjT
j
2

α′Vj
+

yj

2πα′ + gΣj
2

)

∂2
2M

2
0 (j) = 2g2. (3.6)

Then, we can obtain the derivatives of the potential at zero adjoint vevs.

3.3.1 N ≈ 2 sectors

The single derivatives of the potential give singlet tadpoles:

∂1V =
2gǫ2

16π2(α′)2
∑

nj ,mj

nj

VjM2
0

= 0

∂2V =
2gǫ2

16π2(α′)2
∑

nj ,mj

mjT j
2

α′Vj
+

yj

2πα′

M2
0

(3.7)

They also receive other contributions from closed string exchange. However, note that they

obey the property

∂2V (−yj) = −∂2V (yj), (3.8)

and thus we can cancel these potentially dangerous contributions by arranging for the

supersymmetry breaking brane to have an image brane at the same but opposite distance

from the “visible” brane. This is indeed automatic in the presence of an orientifold.

We can now calculate the mass terms by taking second derivatives of the potential:

∂2
1V =

2g2ǫ2

16π2(α′)2
∑

nj ,mj

1

M4
0

[(

mjT
j
2

α′Vj
+

yj

2πα′

)2

−
(

nj

Vj

)2]

≡ 2g2ǫ2

16π2(α′)2
XN≈2

IR

∂2
2V = − ∂2

1V = − 2g2ǫ2

16π2α′X
N≈2
IR

∂1∂2V = 0. (3.9)

We see that the field theory contributions from N = 2 sectors inevitably lead to a tachyon,

since there are two states of opposite squared-masses ± 2g2ǫ2

16π2(α′)2
XN≈2

IR . We note that the

sums above are well-defined in the full string amplitude; we shall give closed-form expres-

sions for them in section 8.
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3.3.2 N ≈ 4 sectors

In this case we can take derivatives with respect to four real adjoints. We have define

for simplicity V (i,j,k,l) ≡ ∂i
Σ1

1

∂j
Σ1

2

∂k
Σ2

1

∂l
Σ2

2

V and recalling that V = − |ǫ|3
32π2(α′)3M2

0

+ . . . =

− |ǫ|3
32π2(α′)3(M2

0
(1)+M2

0
(2))

+ . . ., we have for the tadpoles:

V (1,0,0,0) = 0

V (0,1,0,0) = |Iab|
|ǫ|3

32π2(α′)3
∑

n,m

2g

M4
0

[

m1T
1
2

α′V1
+

y1

2πα′

]

V (0,0,1,0) = 0

V (0,0,0,1) = |Iab|
|ǫ|3

32π2(α′)3
∑

n,m

2g

M4
0

[

m2T
2
2

α′V2
+

y2

2πα′

]

. (3.10)

These obey the same property as the N ≈ 2 sectors of changing sign upon reflection of yj,

and thus in the presence of an orientifold we expect them to cancel in the same way.

For the mass terms, we obtain:

V (2,0,0,0) =
|ǫ|3|Iab|

32π2(α′)3
∑

n,m

2g2

M6
0

[

− 4(
n1

V1
)2 +M2

0

]

V (1,1,0,0) = 0

V (1,0,1,0) = 0

V (1,0,0,1) = 0

V (0,2,0,0) =
|ǫ|3|Iab|

32π2(α′)3
∑

n,m

2g2

M6
0

[

− 4(
m1T

1
2

α′V1
+

y1

2πα′ )
2 +M2

0

]

V (0,1,1,0) = 0

V (0,1,0,1) = − |ǫ|3|Iab|
32π2(α′)3

∑

n,m

4g2

M6
0

(

m1T
1
2

α′V1
+

y1

2πα′

)(

m2T
2
2

α′V2
+

y2

2πα′

)

V (0,0,2,0) =
|ǫ|3|Iab|

32π2(α′)3
∑

n,m

2g2

M6
0

[

− 4(
n2

V2
)2 +M2

0

]

V (0,0,1,1) = 0

V (0,0,0,2) =
|ǫ|3|Iab|

32π2(α′)3
∑

n,m

2g2

M6
0

[

− 4(
m2T

2
2

α′V2
+

y2

2πα′ )
2 +M2

0

]

. (3.11)

Let us define

A1,1 ≡
(n1

V1

)

A1,2 ≡
(m1T

1
2

α′V1
+

y1

2πα′

)

A2,1 ≡
(n2

V2

)

A2,2 ≡
(m2T

2
2

α′V2
+

y2

2πα′

)

, (3.12)
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then we have a mass matrix

M2
IR ≡ |ǫ|3g2|Iab|

32π2α′ XN≈4
IR (3.13)

where

XN≈4

IR ≡
∑

n1,m1,n2,m2

2

M6

0
(α′)2

×



































A2

1,2 +A2

2,1 +A2

2,2 0 0 0

−3A2

1,1

0 A2

1,1 +A2

2,1 +A2

2,2 0 −A1,2A2,2

−3A2

1,2

0 0 A2

1,1 +A2

1,2 +A2

2,2 0

−3A2

2,1

0 −A1,2A2,2 0 A2

1,1 +A2

1,2 +A2

2,1

−3A2

2,2



































(3.14)

The above sums are dominated by their zero modes, so that we have non-negative

squared-masses for Σ1
1 and Σ2

1. However, since the matrix has zero trace, there must be at

least one negative eigenvalue if the mass-matrix is non-trivial. Since we require y 6= 0 to

avoid tachyonic messengers, this will generically be the case.

4 String CFT basics for intersecting branes

To start our string computations, we require some background material; the reader is also

referred to [16–23]. In all sections except 10 we shall take the metric to be η = (−1, 1, 1, . . .).

Throughout we shall take the annulus world-sheet to be [0, 1/2] × [0, it/2]. For a given

complex direction X = 1√
2
(X1+iX2) let us align one brane along the direction X1. Then we

must satisfy Neumann boundary conditions along X1 (∂σX1 = 0) and Dirichlet boundary

on X2 (∂τX2 = 0). For w = σ + iτ , this corresponds to

(∂ + ∂̄)X1 = 0

(∂ − ∂̄)X2 = 0 (4.1)

which can be rewritten

∂X + ∂̄X = 0

∂X + ∂̄X = 0. (4.2)

The above is valid for both boundaries if the second brane is parallel to the first.

However, suppose instead that we have tilted the branes at an angle, so that we have

∂σ(cos πθX1 + sinπθX2) = 0 = ∂τ (− sinπθX1 + cos πθX2). Then, we have

e−πiθ∂X + eπiθ∂̄X = 0

eπiθ∂X + e−πiθ∂̄X = 0. (4.3)
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If this is at the boundary Re(w) = 1/2, we can use the doubling trick

∂X =

{

∂X(w), Re(w) > 0

−∂̄X(w), Re(w) < 0
(4.4)

and

∂X =

{

∂X(w), Re(w) > 0

−∂̄X(w), Re(w) < 0
(4.5)

to obtain

∂X(w) = e2πiθ∂X(w − 1)

∂X(w) = e−2πiθ∂X(w − 1). (4.6)

4.1 Partition functions

Here we present the partition functions that we will need. The non-compact dimensions,

together with the super-reparametrization ghosts, contribute in the spin-structure ν =

{1, 2, 3, 4}:

Z4d
ν =

1

(4π2α′t)2
ϑν(0)

η3(it/2)
. (4.7)

In one compact complex dimension j where the two branes are parallel, the partition

function is

Z
θj

ab
= 0

ν =
ϑν(0)

η3(it/2)
Zj

cl (4.8)

where the classical piece is given by

Zj
cl =

∑

nj ,mj

e−Sj

cl =
∑

nj ,mj

exp

[

− 4π3α′t

L2
j

∣

∣

∣

∣

nj + i
T j

2mj

α′ +
iyjLj

4π2α′

∣

∣

∣

∣

2]

, (4.9)

with yj the separation distance of the branes in the perpendicular direction.

When the branes are not parallel, the partition function is

Z
θj

ab
6=0

ν = iIj
ab

ϑν(θ
j
abit/2)

ϑ1(θ
j
abit/2)

(4.10)

where Ij
ab is the number of intersections between the branes in that torus.

The total partition function is given by

1

2

4
∑

ν=1

δνZ
4d
ν

3
∏

k=1

Zk
ν ≡ 1

(4π2α′t)2
1

2

∑

ν

δν
ϑν(0)

η3(it/2)

3
∏

k=1

Z
θk
ab

ν

≡ 1

(4π2α′t)2
1

2
Z(t)

∑

ν

δν
ϑν(0)

η3(it/2)

3
∏

k=1

θν(θ
k
abit/2). (4.11)
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where δν = {1,−1, 1,−1} and we have also defined for future use a function Z(t) which is

related to the internal bosonic contribution to the partition function. We will require the

Jacobi identity

∑

ν

δν

4
∏

k=1

θν(xk) = 2

4
∏

k=1

θ1(x
′
k) (4.12)

where x′1 = 1
2(x1 +x2 + x3 +x4), x

′
2 = 1

2(x1 +x2 −x3 −x4), x
′
3 = 1

2(x1 −x2 + x3 −x4) and

x′4 = 1
2(x1 − x2 − x3 + x4).

4.2 Basic correlators for parallel branes

Let us consider first parallel branes, where there is a zero mode. In turn, we must treat

compact and non-compact dimensions separately.

4.2.1 Non-compact dimensions

Here we shall simply give general correlators for non-compact dimensions with Neumann

or Dirichlet boundary conditions. These can be obtained from the standard expression on

the covering torus via the doubling trick:

〈Xi(z)Xi(w)〉A =
1

2

[

〈Xi(z)Xi(w)〉T ± 〈Xi(1 − z̄)Xi(w)〉T

± 〈Xi(z)Xi(1 − w̄)〉T + 〈Xi(1 − z̄)Xi(1 − w̄)〉T
]

, (4.13)

where the upper (lower) sign is for Neumann (Dirichlet) boundary conditions, and the

subscripts A, T denote the world-sheets annulus and torus, respectively. Let us say that

X1 obeys Neumann boundary conditions, and X2 Dirichlet. Then, the corresponding

non-vanishing correlators involve tangential or normal derivatives: ∂τXi ↔ Ẋi ≡ (∂ −
∂)Xi, ∂nXi ≡ (∂ + ∂)Xi. In terms of elliptic theta functions

ϑ1(z) ≡ϑ11(z,
it

2
)

≡ 2
∞
∑

n=0

(−1)ne(n−1/2)2πt/2 sin(2n + 1)πiz

= 2e−πt/8 sinπiz

∞
∏

m=1

(1 − e−πmt)(1 − e−2πze−πmt)(1 − e2πze−πmt) (4.14)

we have

〈∂τX1∂τX1〉|z=−z = − 2α′∂z∂w log ϑ1(z − w) +
8πα′

t

〈∂nX2∂nX2〉|z=−z = − 2α′∂z∂w log ϑ1(z − w) (4.15)

Note that to restore the metric these should be multiplied by ηij; for spacelike dimensions

since we are taking η = (−1, 1, 1, . . .) this will always be one.

– 10 –



J
H
E
P
0
8
(
2
0
1
1
)
1
2
0

These often appear integrated over z. Observing that

ϑ′1(z − w + it/2)

ϑ1(z − w + it/2)
− ϑ′1(z − w)

ϑ1(z − w)
= − 2πi (4.16)

we have

∫ it/2

0
dz − α′

2
∂z∂w log ϑ1(z − w) =

[

α′

2

ϑ′1(z − w)

ϑ1(z − w)

]it/2

0

= − α′πi

= − 2πα′

t

it

2
. (4.17)

Hence, we see

∫ it/2

0
dz〈∂τX1∂τX1〉 = 0

∫ it/2

0
dz〈∂nX2∂nX2〉 = − 4πα′i. (4.18)

4.2.2 Compact dimensions

We will require the correlators for compact dimensions, and therefore the zero modes on the

torus may only take specific values. These are given by the classical part of the amplitude;

we split X = Xcl +Xqu and note that, since 〈Xqu〉 = 0, there are no mixed correlators and

we have separate “quantum” and “classical” correlators 〈XiXi〉cl +〈XiXi〉qu. Thus for the

quantum amplitude the zero mode should be excluded even in the Neumann directions,

and we can write

〈∂τX1∂τX1〉qu|z=−z = − 2α′∂z∂w log ϑ1(z − w)

〈∂nX2∂nX2〉qu|z=−z = − 2α′∂z∂w log ϑ1(z − w)

〈∂X(z)∂X(w)〉qu = − α′

2
∂z∂w log θ1(z − w)

〈∂X(z)∂X(w)〉qu = 0 (4.19)

and thus

∫ it/2

0
dz〈∂τX1∂τX1〉qu = − 4πα′i

∫ it/2

0
dz〈∂nX2∂nX2〉qu = − 4πα′i

∫ it/2

0
dz〈∂X∂X〉qu = − iπα′

∫ it/2

0
dz〈∂X∂X〉qu = 0. (4.20)
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Now the classical pieces (for complex coordinates on the torus j) are given by (see

e.g. [16–20])

∂Xj
cl =

1√
2
4π2

[

nj
α′

Lj
+ i

(

mj
T j

2

Lj
+

yj

4π2

)]

=
1√
2
2π

[

nj
α′

Vj
+ i

(

mj
T j

2

Vj
+
yj

2π

)]

∂Xj
cl =

1√
2
2π

[

− nj
α′

Vj
+ i

(

mj
T j

2

Vj
+
yj

2π

)]

∂X
j
cl = − ∂Xj

cl

∂X
j
cl = − ∂Xj

cl, (4.21)

where the wrapping/Kaluza-Klein numbers nj,mj are those appearing in the classical ac-

tion Zj
cl. Hence we can write, since ∂X = ∂Xqu + ∂Xcl and 〈∂Xqu〉 = 0

∫ it/2

0
dz〈∂Xj∂X

j〉 =

∫ it/2

0
dz〈∂Xj∂X

j〉qu + 〈∂Xj∂X
j〉cl

=
∑

nj ,mj

[

− iπα′ + π2it

(

n2
j

(α′)2

V2
j

+

(

mj
T j

2

Vj
+
yj

2π

)2)]

× exp

[

− πα′t

V2
j

∣

∣

∣

∣

nj + i

(

mj
T j

2

α′ +
yjVj

2πα′

)∣

∣

∣

∣

2]

, (4.22)

and

∫ it/2

0
dz〈∂Xj∂Xj〉 =

∫ it/2

0
dz〈∂Xj∂Xj〉qu + 〈∂Xj∂Xj〉cl

=
∑

nj ,mj

π2it

[

nj
α′

Lj
+ i

(

mj
T j

2

Lj
+

yj

4π2

)]2

e−Sj

cl

=
∑

nj ,mj

π2it

(

n2
j

(α′)2

V2
j

−
(

mj
T j

2

Vj
+
yj

2π

)2)]

e−Sj

cl . (4.23)

where the classical action is Sj
cl = − t

2πα′ ∂X
j
cl∂X

j
cl, given in the exponent of eq. (4.22)

4.3 Basic correlators for non-parallel branes

For non-parallel branes, there is no zero mode and the correlators of the derivatives are just

equal to those on the covering torus. The Green functions (meaning here 〈∂X(z)∂X(w)〉)
can then be determined similarly to that for orbifolds given in [16–18, 21–23]; they must

satisfy:

GT
θ (z − w + τ) =GT

θ (z − w) ,

GT
θ (z −w + 1) = e2πiθGT

θ (z − w) (4.24)
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and

lim
z→w

GT
θ (z − w) ∼ − α′/2

(z − w)2
− α′Z−1

tw 〈T (0)〉 . (4.25)

To construct them, note that for f(z) ≡ e2πiθzϑ1(z + θit/2),

f(z + 1) = − e2πiθf(z)

f(z + it/2) = − eπt/2e−2πizf(z) (4.26)

and consider the function:

GT
θ (z − w) =

α′

2
∂z

[

e2πiθ(z−w)ϑ1(z − w + θit/2)

ϑ1(θit/2)

ϑ′1(0)
ϑ1(z − w)

]

. (4.27)

Clearly it has the correct periodicity, and expanding around (z − w) ∼ 0 we find

GT
θ (z−w) ∼− α′/2

(z−w)2
+
α′

2

(

− 2π2θ2 +
1

2

ϑ′′1(θit/2)
ϑ1(θit/2)

− 1

6

ϑ′′′1 (0)

ϑ′1(0)
+ 2πiθ

ϑ′1(θit/2)
ϑ1(θit/2)

)

. (4.28)

Comparing it to the twisted partition function

∂t logZtw ≡ ∂t log

[

exp[πθ2t/2]η(it/2)

ϑ1(θit/2)

]

= ∂t

{

πθ2t/2 + log

[

θ′1(0)
1/3

ϑ1(θit/2)

]}

=
1

2
πθ2 − θi/2

ϑ′1(θit/2)
ϑ1(θit/2)

+
1

8π

[

1

3

θ′′′1 (0)

θ′1(0)
− θ′′1(θit/2)

θ1(θit/2)

]

= − 1

4π

[

− 2π2θ2 + 2πiθ
ϑ′1(θit/2)
ϑ1(θit/2)

− 1

6

θ′′′1 (0)

θ′1(0)
+

1

2

θ′′1(θit/2)

θ1(θit/2)

]

(4.29)

and noting that Re (Z−1
tw 〈T (0)〉) = 2π∂t logZtw we find complete agreement. Hence we

have

〈∂X(z)∂X(w)〉 =ZtwG
T
θ (z − w) .

〈∂X(z)∂X(w)〉 = 0. (4.30)

Crucially, the first term is a derivative of a periodic function on the boundary of the

annulus, and is vanishing upon integration:
∫ it/2

0
dz〈∂X(z)∂X(0)〉 = 0. (4.31)

4.4 Vertex operators

The vertex operator associated to a scalar in the adjoint representation reads

V 0
Xi = 2g

(

α′(k · ψ)Ψi + i∂Xi

)

, (4.32)

and corresponds to the gauge boson vertex normalization

V 0
A = g

(

− Ẋµ + 2α′i(k · ψ)ψµ

)

(4.33)

where we neglect Chan-Paton factors.
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5 Effective potential

For adjoint scalars associated with moduli Wilson lines, the one-loop induced mass can be

extracted from the effective potential. The string vacuum amplitude is given by

A0 = 〈1〉 = i

∫ ∞

0

dt

2t

1

(4π2α′t)2
tr′(exp[−πtL0]) (5.1)

which gives the effective potential via V = iA0; it matches the Coleman-Weinberg result

when we recall that L0 = α′H0 and substitute α′πt→ t:

V = − 1

32π2

∫ ∞

0

dt

t3
tr′(exp[−tH0]). (5.2)

However, for string computations we require the form

V = − 1

32π2(α′)2

∫

dt

t

∑

ν

δν
1

2
Zν(it/2) (5.3)

where we have now included the sum over spin structures and the factor of 1/2 from the

GSO projection. To compute the contribution to the potential Vab for states stretched

between two branes a and b we must also include both orientations of the string, which

introduces a factor of two, giving

Vab = − 1

16π4(α′)2

∫

dt

t3

∑

ν

δν
1

2
Z(t)

θν(0)

η3(it/2)

3
∏

k=1

θν(θ
k
abit/2)

= − 1

16π4(α′)2

∫

dt

t3
Z(t)

ϑ1(ǫit)

η3(it/2)

3
∏

k=1

ϑ1((θ
k
ab − ǫ)it/2) (5.4)

where we have used Z(t) as defined in equation (4.11).

As the simplest case, consider N ≈ 2 sectors where the branes are parallel in one, the

jth, torus. Here, the low energy gauge theory consists of a non-chiral pair of superfields

charged under a U(1) with non-vanishing D-term induced by the brane rotation; the scalar

masses for states localised at the brane intersections are then split by ±ǫ/α′ while the

fermions have no supersymmetry breaking masses.

The string computation gives

VN≈2 = Iab

∫ ∞

0

dt

t

1

(4π2α′t)2
ϑ1(ǫit/2)

2ϑ1((θ + ǫ)it/2)ϑ1((−ǫ− θ)it/2)

η6(it/2)ϑ1((θ + 2ǫ)it/2)ϑ1((−θ)it/2)
Zj

cl

→ − |Iab|
ǫ2

16π2(α′)2

∫ ∞

π/α′Λ2

dt

t
Zj

cl

= − |Iab|
ǫ2

16π2(α′)2

∫ ∞

1/πα′Λ2

dt

t
e−πtα′M2

0

=
ǫ2

16π2(α′)2
|Iab| logM2

0 /Λ
2 + . . . (5.5)

where Zj
cl is defined in (4.9), M0 is that defined in (3.2), and we see that we obtain perfect

agreement with the field theory result (3.4).
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In fact, by transforming to the closed string channel we can give a closed form expres-

sion for the N ≈ 2 potential in terms of elliptic functions. For later convenience, recall the

definition in equation (3.5) of M2
0 = |nj

Vj
+i

(

mjT j
2

α′Vj
+

yj

2πα′

)

+
√

2gΣj |2 for given Kaluza-Klein

and winding numbers n,m including an adjoint vev Σ = 1√
2
(Σ1 + iΣ2); then the full string

computation gives

VN≈2 = − ǫ2|Iab|
16π2(α′)2

∫ ∞

0

∑

n,m

dt

t
e−πtα′M2

0
(n,m)

= − ǫ2|Iab|
16π2(α′)2

∫

dt

t2

∑

n′
j ,m′

j

V2
j

T i
2

e
−

πV2
j

α′t

∣

∣n′
j+i α′

T
j
2

m′
j

∣

∣

2

e
−2πi

[

n′
jgVjΣ1+m′

j

(

yjVj

2πT
j
2

+ α′

T
j
2

gVjΣ2

)]

= − ǫ2|Iab|
16π2(α′)2

α′

πT j
2

∑

n′
j ,m′

j

exp

[

− 2πi

(

n′jgVjΣ1 +m′
j

(

yjVj

2πT j
2

+ α′

T j
2

gVjΣ2

)

)]

∣

∣

∣n′j + i α′

T j
2

m′
j

∣

∣

∣

2 . (5.6)

This expression is convergent and can then be written compactly as

VN≈2 =
ǫ2|Iab|

16π2(α′)2

[

− 2π
α′

T j
2

(

yjVj

2πα′ + gVjΣ2

)2

+ log

∣

∣

∣

∣

ϑ1

(√
2gVjΣ + i

yjVj

2πα′ , i
T j
2

α′

)

η
(

i
T j
2

α′

)

∣

∣

∣

∣

2
]

. (5.7)

Clearly this reduces to the field theory limit when yjVj ≪ 2πα′. However, some caution

should be exercised with this function: the reader should bear in mind that it will be mod-

ified when closed-string tadpoles are removed, in particular the piece in rounded brackets.

6 Masses from string two-point amplitudes

For string amplitudes that are proportional to k2, there are three ways that a mass term

(finite when k2 → 0) can be generated. Firstly, and most commonly, is the closed string

channel. As t → 0 the amplitude becomes ∼ k2
∫

dt
t2
χ(z) where χ(z) ≡ 〈eik·X(z)e−ik·X(0)〉;

writing t = 1/l this becomes ∼ k2
∫

dlχ(z). This is the form found, for example, in

generating masses for U(1) gauge bosons (or adjoints) where the operators are on opposite

boundaries [24–27]; in this case

χ

(

1

2
+ ixt/2

)

l→∞−−−→ e−πα′k2l (6.1)

and A = k2
∫∞
a dle−πα′k2l → 1

πα′ . Such masses correspond to tree-level closed string

exchange. However, since these contribute only to U(1) gauge bosons and adjoint singlets

we shall not be interested in these contributions. Rather, we shall consider the contributions

where the vertex operators are on the same boundary. In this case, the above regulation

of the amplitude is not possible; instead

χ(ix/2l)
l→∞−−−→ (2 sin πx)−2α′k2

(6.2)
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and so if there is a prefactor of k2 masses are not generated in this way; instead we have

a tadpole. The presence of such tadpoles indicates a false vacuum; they can either be

removed by calculating in the true vacuum, or in principle by summing all contributions

in the false vacuum [28–30]. We shall simply keep track of them by defining

K ≡ πα′k2

∫ ∞

0
dl (6.3)

as the coefficient of these, so that the amplitude can be written

A ⊃ −iAUVK + . . . (6.4)

Note that we could regulate such amplitudes by including a mass M for the closed string

states; then we would write

K → πα′k2

∫ ∞

0
dle−πα′M2l

→ k2

M2
. (6.5)

A second source of masses can occur as t → ∞ if the amplitude behaves as A ∼
k2
∫

dtχ(z); this corresponds to massless states in the loop, and is somewhat uncommon,

although it was found in [22, 23].

Finally we can have world-sheet poles. Single poles give us momentum poles via

∫

d(z1 − z2)

(

ϑ1(z1 − z2)

ϑ
′

1(0)

)−1−2α′k2

∼
∫

d(z1 − z2)(z1 − z2)
−1−2α′k2 → 1

2α′k2
(6.6)

whereas double poles do not contribute as k2 → 0 due to analytic continuation in k2. Our

amplitudes will superficially appear to have both double and single poles. However, there

may be poles both at z1 = z2 and z1 = it/2 + z2, and in principle they could cancel. We

can write our amplitudes as

A =

∫

dtg(t)

∫ it/2

0
dzf(z) = g(t)

∫ it/4

0
dz [f(z) + f(it/2 − z)] (6.7)

and the single poles may cancel between the two contributions. In fact, all of our amplitudes

are periodic in z → z + it/2, giving rise to

A =

∫

dtg(t)

∫ it/4

0
dz [f(z) + f(−z)] . (6.8)

Below, we will find that

f(z) = χ(z)e4πiǫz ϑ1(z + ǫit/2)2

ϑ1(z)2
(6.9)

which will be the generic case for our non-supersymmetric amplitudes. Moreover, we will

be able to write

f(z) ≡ χ(z)
h(z)ϑ′1(0)

2

ϑ1(z)2
. (6.10)
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Using the fact that χ(z) is even, we see that

f(z) + f(−z) ∼ χ(z)k
2 2h(0)

z2
+ O(1) (6.11)

and so there is a double pole, which gives vanishing contribution by the usual left-right

conformal regularization, but no single pole. Therefore there are no world-sheet poles in

our amplitudes, apart from the UV ones. Note that the above reasoning would break down

for non-periodic amplitudes.

7 Stringy contributions to adjoint scalar masses?

Here we would like to see if there can be any specifically stringy contributions to adjoint

scalar masses, that cannot be reproduced from the Coleman-Weinberg potential. For this

we need to calculate two 2-point amplitudes involving the scalars Σi:

AΣiΣj = − g2

2

∫

dt

t2
1

16π4(α′)2

∫ it/2

0
dzχ(z)

[

4〈∂Xi(z)∂Xj(0)〉cl
]

A
ΣiΣ

j 6=i = − g2

2

∫

dt

t2
1

16π4(α′)2

∫ it/2

0
dzχ(z)

[

4〈∂Xi(z)∂X
j
(0)〉cl

]

A
ΣiΣ

i = − g2

2

∫

dt

t2
1

16π4(α′)2

∫ it/2

0
dzχ(z)

[

4〈∂Xi(z)∂X
i
(0)〉

− 4(α′)2k2〈ψ(z)ψ(0)〉〈Ψi(z)Ψ
i
(0)〉

]

. (7.1)

In the first line there is no 〈ΨiΨj〉 contribution, nor quantum part to the 〈∂Xi∂Xi〉 ampli-

tude. Note that amplitudes AΣiΣj 6=i ,A
ΣiΣ

j 6=i only contribute because they have a classical

part (the quantum part of the amplitudes is zero) which corresponds to a contribution

that can be understood from the field theory; these shall be dealt with in section 8. In this

section we shall calculate the above amplitudes with i = j.

7.1 The contribution from world-sheet fermions

Let us first deal with the world-sheet-fermionic contribution:

AΨ

ΣiΣ
i ≡ 2g2k2

∫

dt

t2
1

16π4

∫ it/2

0
dzχ(z)〈ψ(z)ψ(0)〉〈Ψi(z)Ψ

i
(0)〉

= 2g2k2

∫

dt

t2
1

16π4

(ϑ′1(0))
2Z(t)

η3(it/2)

∫ it/2

0
dzχ(z)e2πiθi

ab
z

×
∑

ν 6=1

δν
2
ϑν(z)ϑν(z + θi

abit/2)ϑν(θj
abit/2)ϑν(θk

abit/2)

≡AΨ0

ΣiΣ
i + AΨ1

ΣiΣ
i (7.2)
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where we have defined

AΨ0

ΣiΣ
i ≡ 2g2k2

∫

dt

t2
1

16π4

(ϑ′1(0))
2Z(t)

η3(it/2)
ϑ1((θ

j
ab − ǫ)it/2)ϑ1((θ

k
ab − ǫ)it/2)

×
∫ it/2

0
dzχ(z)e2πiθi

ab
z ϑ1(z + ǫit/2)ϑ1(z + (θi

ab − ǫ)it/2)

ϑ1(z)2

AΨ1

ΣiΣ
i ≡ − g2k2

∫

dt

t2
1

16π4

(ϑ′1(0))
2Z(t)

η3(it/2)
ϑ1(θ

j
abit/2)ϑ1(θ

k
abit/2)

×
∫ it/2

0
dzχ(z)e2πiθi

ab
z ϑ1(z)ϑ1(z + θi

abit/2)

ϑ1(z)2
(7.3)

For the different cases:

ZN≈4(t) = Iab

[

η6(it/2)(−i)ϑ1(ǫit)
]−1∏

j 6=i

Zj
cl

ZN≈1(t) = Iab

[

(−i)3ϑ1(θ
i
abit/2)ϑ1(θ

j
abit/2)ϑ1(θ

k
abit/2)

]−1

Z
θj

ab
= 0

N≈2 (t) = Iab

[

η3(it/2)(−i)2ϑ1(θ
i
abit/2)ϑ1(θ

k
abit)

]−1
Zj

cl

Z
θj

ab
6=0

N≈2 (t) = Iab

[

(−i)3ϑ1(θ
i
abit/2)ϑ1(ǫit)ϑ1(θ

k
abit/2)

]−1
(7.4)

where Zj
cl is the classical contribution defined in equation (4.9).

As there are no world-sheet poles in the above amplitude, let us examine first the

possible infrared singularities, as t→ ∞. Firstly we see that in the N ≈ 4 and N ≈ 2 with

some θj
ab = 0 these are impossible, as Z → e−πα′M2

0
t. The other two cases can be treated

as follows:

AΨ0

ΣiΣ
i = 2ig2Iabk

2

∫

dt

t

2

16π2
η3(it/2)

ϑ1((θ
j
ab − ǫ)it/2)ϑ1((θ

k
ab − ǫ)it/2)

ϑ1((θ
j
ab)it/2)ϑ1((θk

ab)it/2)

×
∫ 1

0
dxχ(xit/2)e−πθi

ab
xtϑ1(x+ ǫ)it/2)ϑ1((x+ θi

ab − ǫ)it/2)

ϑ1(θi
abit/2)ϑ1(xit/2)2

→ − 2ig2k2Iab

∫

dt

t

2

16π2

∫ 1/2

0
dxe−πθi

ab
xt

→ − 2ig2k2Iab

∫

dt

t2
2

16π2

1

πθi
ab

→ 0. (7.5)
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Also

AΨ1

ΣiΣ
i = − ig2k2Iab

∫

dt

t

2

16π2
η3(it/2)

ϑ1(θ
j
abit/2)ϑ1(θ

k
abit/2)

ϑ1(θ
j
abit/2)ϑ1(θ

k
abit/2)

×
∫ 1

0
dxχ(xit/2)e−πθi

ab
xtϑ1(xit/2)ϑ1((x+ θi

abit/2)

ϑ1(θ
i
abit/2)ϑ1(xit/2)2

→ − 2ig2k2Iab

∫

dt

t

2

16π2

∫ 1/2

0
dxe−πθi

ab
xt

→ − 2ig2k2Iab

∫

dt

t2
2

16π2

1

πθi
ab

→ 0. (7.6)

This corresponds to the fact that these adjoints have no renormalizable couplings to the

corresponding light matter fields.

Now let us consider the closed string poles, transforming to t = 1/l:

ϑ1(xit/2, it/2) = i(t/2)−1/2 exp

[

πx2t

2

]

ϑ1(x, 2il)

= i(2l)1/2 exp

[

πx2

2l

]

ϑ1(x, 2il)

η(it/2)3 = (2l)3/2η(2il)3

→ e−πl/2

χ(xit/2) → (2 sinπx)−2α′k2

. (7.7)

We can then write

AΨ0

ΣiΣ
i = − 2ig2k2

∫

dl
4

16π2
η3(2il)Z̃(l)ϑ1(θ

j
ab − ǫ)ϑ1(θ

k
ab − ǫ)

×
∫ 1

0
dxχ(x)

ϑ1(x+ ǫ)ϑ1(x+ θi
ab − ǫ)

ϑ1(x)2

AΨ1

ΣiΣ
i = ig2k2

∫

dl
4

16π2
η3(2il)Z̃(l)ϑ1(θ

j
ab)ϑ1(θ

k
ab)

×
∫ 1

0
dxχ(x)

ϑ1(x)ϑ1(x+ θi
ab)

ϑ1(x)2
, (7.8)

where we have defined Z̃(l) ≡ (2l)3/2Z(t). Now as t→ 0,

Zj
cl =

1

4π2t

L2
j

T j
2

∑

nj ,mj

exp

[

−
L2

j

4πα′t
|nj + i

α′mj

T j
2

|2
]

exp

[

− imj
yjLj

2πT2

]

→ 2l
V2

j

2T j
2

(7.9)
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and so

Z̃N≈4(l) = Ii
ab

[

η6(2il)ϑ1(2ǫ)

]−1
∏

j 6=i

(2l)−1Z̃j
cl

→|Ii
ab|
[

η6(2il)ϑ1(2|ǫ|)
]−1

∏

j 6=i

V2
j

2T j
2

Z̃N≈1(l) = Iab

[

ϑ1(θ
i
ab)ϑ1(θ

j
ab)ϑ1(θ

k
ab)

]−1

Z̃
θj

ab
=0

N≈2 (l) =

[

η3(2il)ϑ1(θ
i
ab)ϑ1(θ

k
ab)

]−1

(2l)−1Ij
abZ̃

j
cl

→
[

η3(2il)ϑ1(θ
i
ab)ϑ1(θ

k
ab)

]−1

Ij
ab

V2
j

2T j
2

Z̃
θj

ab
6=0

N≈2 (l) = Iab

[

ϑ1(θ
i
ab)ϑ1(2ǫ)ϑ1(θ

k
ab)

]−1

(7.10)

In order to determine the UV tadpoles we require the limiting behaviour of the am-

plitude as l → ∞; to this end we define

Z̃∞ ≡ lim
l→∞

e−3πl/2Z̃(l) (7.11)

to obtain

AΨ0

ΣiΣ
i = − 2ig2k2

∫

dl
4

16π2
Z̃∞4 sinπ(θj

ab − ǫ) sinπ(θk
ab − ǫ)

×
∫ 1

0
dx

sinπ(x+ ǫ) sinπ(x+ θi
ab − ǫ)

sin(πx)2

= − 2ig2 K

π3α′ Z̃
∞ sinπ(θj

ab − ǫ) sin π(θk
ab − ǫ)

∫ 1

0
dx

sinπ(x+ ǫ) sinπ(x+ θi
ab − ǫ)

sin(πx)2

+ O(k2) (7.12)

containing the closed string tapole contribution K defined in equation (6.3). Then we have

∫ 1

0
dx

sinπ(x+ ǫ) sinπ(x+ θi
ab − ǫ)

sin(πx)2

= 2

∫ 1/2

0
dx

[

sin2 πx cos πǫ cos π(θi
ab − ǫ) + cos2 πx sinπǫ sinπ(θi

ab − ǫ)

sin2 πx

]

= cos πǫ cos π(θi
ab − ǫ) − sinπǫ sinπ(θi

ab − ǫ)

= cos πθi
ab (7.13)

and thus

AΨ0

ΣiΣ
i = − ig2K

4

16π3α′ (8Z̃
∞) sin π(θj

ab − ǫ) sinπ(θk
ab − ǫ) cos πθi

ab + O(k2)

AΨ1

ΣiΣ
i = ig2K

2

16π3α′ (8Z̃
∞) sin πθj

ab sinπθk
ab cos πθi

ab + O(k2). (7.14)
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Now

8Z̃∞
N≈4 = 8Ii

ab

[

2 sin(2πǫ)

]−1
∏

j 6=i

V2
j

2T j
2

= |Ii
ab|
[

| sin(2πǫ)|
]−1

∏

j 6=i

V2
j

T j
2

8Z̃∞
N≈1 = Iab

[

sin(πθi
ab) sin(πθj

ab) sin(πθk
ab)

]−1

8Z̃
∞, θj

ab
=0

N≈2 =

[

sin(πθi
ab) sin(πθk

ab)

]−1

Ii
abI

k
ab

V2
j

T j
2

8Z̃
∞, θj

ab
6=0

N≈2 = Iab

[

sin(πθi
ab) sin(2πǫ) sin(πθk

ab)

]−1

(7.15)

It is straightforward to show that for all of the cases

8Z̃∞ =
3
∏

k=3

Vk
aVk

b

T k
2

. (7.16)

Hence

AN≈4

ΣiΣ
i = − ig2K

4

16π3α′ I
i
ab

sinπ(−ǫ) sinπ(−ǫ) cos 2πǫ

sin(2πǫ)

∏

j 6=i

V2
j

T j
2

(7.17)

AN≈2, θj

ab
=0

ΣiΣ
i = − ig2K

4

16π3α′
sinπ(−ǫ) sinπ(θk

ab − ǫ) cos πθi
ab

sin(πθi
ab) sin(πθk

ab)
Ii
abI

k
ab

V2
j

T j
2

(7.18)

Most importantly for checking the normalization are the amplitudes that survive in the

supersymmetric limit:

AN≈1

ΣiΣ
i =− ig2K

2

16π3α′ Iab

(

2 sinπ(θj
ab − ǫ) sin π(θk

ab − ǫ)− sinπθj
ab sinπθk

ab

)

cos πθi
ab

sin(πθi
ab) sin(πθj

ab) sin(πθk
ab)

(7.19)

and

AN≈2, θj

ab
6=0

ΣiΣ
i = − ig2K

2

16π3α′ Iab ×
(

2 sinπ(θj
ab − ǫ) sinπ(θk

ab − ǫ) − sinπθj
ab sinπθk

ab

)

cos 2πǫ

sin(2πǫ) sin(πθj
ab) sin(πθk

ab)
. (7.20)

In summary the amplitudes involving the worldsheet fermion insertions can only con-

tribute to tadpoles and not to masses for the adjoints.

7.2 The bosonic contribution

Let us now deal with the bosonic contribution, which we define

AX

ΣiΣ
i ≡−g

2

2

∫

dt

t2
1

16π4(α′)2

∫ it/2

0
dzχ(z)4〈∂Xi(z)∂X

i
(0)〉 (7.21)

=−g
2

2

∫

dt

t2
1

16π4(α′)2
Z(t)

ϑ1(ǫit)

η3(it/2)

3
∏

k=1

ϑ1((θ
k
ab − ǫ)it/2)

∫ it/2

0
dzχ(z)4Gθi

ab
(z).
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Now, due to (4.31) after the integration over z we will have something of order k2 due to

the presence of χ(z) in the integral. However, we may still obtain a tadpole from t → 0.

For this we need to transform to the closed string channel, noting that in our conventions

θ′1(0) = 2πη3(it/2):

Gθi
ab

(xit/2) =
α′

2
∂z

[

e−πθxtϑ1(xit/2 + θit/2)

ϑ1(θit/2)

ϑ′1(0)
ϑ1(xit/2)

]

= − 4πα′l2∂x

[

ϑ1(x+ θi
ab)

ϑ1(θi
ab)

η3(2il)

ϑ1(x)

]

. (7.22)

Now consider the behavior as l → ∞:

Gθi
ab

(xit/2) → − 2πα′l2

sin(πθ)
∂x

[

sinπ(x+ θi
ab)

sin(πx)

]

. (7.23)

Thus
∫ it/2

0
dzχ(z)Gθi

ab
(xit/2) →− i

2l

2πα′l2

sin(πθi
ab)

∫ 1

0
dx| sinπx|−2α′k2

∂x

[

sinπ(x+ θi
ab)

sin(πx)

]

= 2π2i(α′)2k2l + . . . (7.24)

We can therefore write

AX

ΣiΣ
i = − g2

2

∫

dl
1

16π4(α′)2
(2l)−3/2(8Z̃∞)(2l)1/22 sin(πǫ)

( 3
∏

k=1

sin(π(θk
ab − ǫ))

)

×
[

4π2i(α′)2k2(2l)
]

= − ig2K
4

16π3α′ (8Z̃
∞) sin(πǫ)

( 3
∏

k=1

sin(π(θk
ab − ǫ))

)

. (7.25)

7.3 Total closed string tadpole

Adding the bosonic and fermionic tadpole contributions, we obtain

Atot

ΣiΣ
i = − ig2K

1

16π3α′ (8Z̃
∞)
[

4 sinπ(θj
ab − ǫ) sin π(θk

ab − ǫ) cos πθi
ab

− 2 sin πθj
ab sinπθk

ab cos πθi
ab + 4 sinπǫ sinπ(θi

ab − ǫ) sinπ(θj
ab − ǫ) sinπ(θk

ab − ǫ)
]

= − ig2K
1

16π3α′ (8Z̃
∞)
[

− 1 − cos2 πθi
ab + cos2 πθj 6=i

ab + cos2 πθk 6=j 6=i
ab

]

. (7.26)

Recalling that 8Z̃∞ =
∏3

k=3
Vk

aVk
b

T k
2

we can match the above to a supergravity calculation,

which shall be done exactly in section 10.

7.4 R-R tadpole cancellation equals two-point tadpole cancellation for super-

symmetric amplitudes

Here we will examine the tadpoles in the supersymmetric case in order to check their can-

cellation, as we expect from consistency of the theory. We shall follow the approach of [31]2

2A related cancellation occurs in the same models for chiral matter states [19, 20].
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and consider the explicit case of the Z2 × Z2 orientifold. The full tadpole contribution is

Aab ∝ NbIab cot(πθi
ab). (7.27)

The möbius strip contribution to the above is

Aa,ΩRg ∝ −4NaρΩRgIaO6g cot(πθi
a,O6g) (7.28)

where g is an element of any orbifold group, so Ij
aO6g is the intersection number of brane

a with the O6g plane in the jth torus and IaO6g = I1
aO6gI

2
aO6gI

3
aO6g. Let us simplify and

consider rectangular tori and the Z2 × Z2 orbifold. Then there are four group elements:

{1, θ, ω, θω}. Let us take i = 3. Then

A2
ab = A2

a′b′ ∝Nb(n
1
am

1
b − n1

bm
1
a)(n

2
am

2
b − n2

bm
2
a)

(

R3
1

R3
2

n3
an

3
b +

R3
2

R3
1

m3
am

3
b

)

A2
ab′ = A2

a′b ∝Nb(−n1
am

1
b − n1

bm
1
a)(−n2

am
2
b − n2

bm
2
a)

(

R3
1

R3
2

n3
an

3
b −

R3
2

R3
1

m3
am

3
b

)

=Nb(n
1
am

1
b + n1

bm
1
a)(n

2
am

2
b + n2

bm
2
a)

(

R3
1

R3
2

n3
an

3
b −

R3
2

R3
1

m3
am

3
b

)

A2
aa′ ∝ 4Nan

1
am

1
an

2
am

2
a

(

R3
1

R3
2

n3
an

3
b −

R3
2

R3
1

m3
am

3
b

)

A2
a,ΩR ∝− 32ρΩRm

1
am

2
an

3
a

R3
1

R3
2

A2
a,ΩRθ ∝− 32ρΩRθn

1
an

2
an

3
a

R3
1

R3
2

A2
a,ΩRω ∝ 32ρΩRωm

1
an

2
am

3
a

R3
2

R3
1

A2
a,ΩRθω ∝ 32ρΩRθωn

1
am

2
am

3
a

R3
2

R3
1

(7.29)

Thus in total

AUV =
∑

b 6=a

2Aab + 2Aab′ + 2Aaa′ + 2(Aa,ΩR +Aa,ΩRθ +Aa,ΩRω +Aa,ΩRθω)

∝ 4
R3

1

R3
2

[

m1
am

2
an

3
a

(

− 16ρΩR +
∑

b

Nbn
1
bn

2
bn

3
b

)

+ n1
an

2
an

3
a

(

− 16ρΩRθ +
∑

b

Nbm
1
bm

2
bn

3
b

)

]

+ 4
R3

2

R3
1

[

m1
an

2
am

3
a

(

16ρΩRω −
∑

b

Nbn
1
bm

2
bm

3
b

)

+ n1
am

2
am

3
a

(

16ρΩRθω −
∑

b

Nbm
1
bm

2
bm

3
b

)

]

= 0 (7.30)
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where the vanishing is due to tadpole cancellation, since ρΩRθω = ρΩRω = ρΩRθ =

−1, ρΩR = 1 and

∑

b

Nbn
1
bn

2
bn

3
b = 16

∑

b

Nbm
1
bm

2
bn

3
b = −16

∑

b

Nbn
1
bm

2
bm

3
b = − 16

∑

b

Nbm
1
bm

2
bm

3
b = −16. (7.31)

7.5 Closed string channel contribution for parallel branes

It is clear that for the scalars Σ in the adjoint representation considered above, the same

formula dictates the ΣΣ tadpoles in both tori with parallel and non-parallel branes. How-

ever, for the ΣΣ amplitude, in principle there could have been be other contributions.

Clearly there cannot be any from the fermionic pieces, as the correlator is identically

zero. There remains the quantum and classical parts of the bosonic correlator 〈∂X∂X〉.
Firstly the quantum parts are identical for the real and imaginary components, so they

both contribute only to the ΣΣ mass. This leaves the classical parts, which comprise the

field-theory contribution.

8 Non-stringy contributions to adjoint scalar masses

Here we shall evaluate the masses in directions where θi
ab = 0, which can be understood as

masses from the field theory and not as tadpoles. This will involve the field theory limit

of string amplitudes; for more information about this procedure see appendix A and, for

example, [32]. As we pointed out previously, there cannot be any infra-red poles in the

amplitude, and so these must come entirely from the bosonic correlator. Hence we have

AΣiΣi =
g2

2

∫

dt

t2
1

16π4(α′)2

∫ it/2

0
dzχ(z)

[

4〈∂Xi(z)∂Xi(0)〉cl
]

A
ΣiΣ

i → g2

2

∫

dt

t2
1

16π4(α′)2

∫ it/2

0
dzχ(z)

[

4〈∂Xi(z)∂X
i
(0)〉

]

. (8.1)

We compute (noting the extra sign from the partition function)

AΣΣ =− 2g2|Iab|
16π4(α′)2

∫

dt

t2
ϑ1(ǫit/2)

2ϑ1((θ + ǫ)it/2)ϑ1((−ǫ− θ)it/2)

η6(it/2)ϑ1((θ + 2ǫ)it/2)ϑ1((−θ)it/2)

∫ it/2

0
dz〈∂X(z)∂X(0)〉

→ 2π2ǫ2g2|Iab|
16π4(α′)2

∫

dt

∫ it/2

0
dz〈∂X(z)∂X(0)〉qu + 〈∂X(z)∂X(0)〉cl

=
2π2ǫ2g2|Iab|
16π4(α′)2

∫

dt
∑

ni,mi

[

π2it

(

n2
i

(α′)2

V2
i

−
(

mi
T i

2

Vi
+
yi

2π

)2)]

× exp

[

− πα′t

V2
i

∣

∣

∣

∣

ni + i

(

mi
T i

2

α′ +
yiVi

2πα′

)∣

∣

∣

∣

2]

= i
2π2ǫ2g2|Iab|
16π4(α′)2

∑

ni,mi







n2
i

(α′)2

V2

i

−
(

mi
T i
2

Vi
+ yi

2π

)2

(

n2
i

(α′)2

V2

i

+
(

mi
T i
2

Vi
+ yi

2π

)2)2






. (8.2)
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If we now examine the zero mode where ni = mi = 0 (which dominates the amplitude) we

have

AΣΣ → −i2π
2ǫ2g2|Iab|

16π4(α′)2

∫

dt t
y2

4
exp

[

− t
y2

4πα′

]

= −i2ǫ
2g2|Iab|

64π2(α′)2

∫

dt ty2 exp

[

− t
y2

4πα′

]

= −i2ǫ
2g2|Iab|

64π2(α′)2

∫

dt t4π2(α′)2M2
0 exp[−tπα′M2

0 ]

= −i2ǫ
2g2|Iab|

16π2(α′)2
1

M2
0

(8.3)

which is the correct result according to the effective potential calculation. Note that the

full expression can also be given in closed form in terms of theta functions by differentiating

equation (5.7) as

AΣΣ =
2π2ǫ2g2|Iab|
16π4(α′)2

α′i
V2

i

T i
2

[

−π− T i
2

α′

{

ϑ′′1
(

− i yiVi

2πα′ , i
T i
2

α′

)

ϑ1

(

− i yiVi

2πα′ , i
T i
2

α′

)

−
(

ϑ′1
(

− i yiVi

2πα′ , i
T i
2

α′

)

ϑ1

(

− i yiVi

2πα′ , i
T i
2

α′

)

)2}]

. (8.4)

Note that the cancellation of closed string poles when summing over amplitudes will modify

the constant piece. Finally we compute

AΣΣ → 2π2ǫ2g2

16π4(α′)2

∫

dt

∫ it/2

0
dz〈∂X(z)∂X (0)〉qu + 〈∂X(z)∂X(0)〉cl

=
2π2ǫ2g2

16π4(α′)2

∫

dt
∑

ni,mi

[

− iπα′ + π2it

(

n2
i

(α′)2

V2
i

+

(

mi
T i

2

Vi
+
yi

2π

)2)]

× exp

[

− πα′t

V2
i

∣

∣

∣

∣

ni + i

(

mi
T i

2

α′ +
yiVi

2πα′

)∣

∣

∣

∣

2]

= 0. (8.5)

Note that if we differentiate (5.7) we obtain the same result plus a constant piece. This

arises from the regulation of the closed string tadpoles in the amplitude and so will vanish

when they are cancelled. Examining only the zero mode, we have

AΣΣ ⊃ 2π2ǫ2g2

16π4(α′)2

∫

dt

[

− iπα′ + π2it
y2

i

4π2

]

exp

[

− t
y2

4πα′

]

= i
ǫ2g2

32π2(α′)2

∫

dt

[

− 4πα′ + ty2
i

]

exp

[

− t
y2

4πα′

]

. (8.6)

This exactly matches the effective potential calculation.
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9 Masses beyond the leading order

As observed above in section 3, the Coleman-Weinberg IR masses are traceless at the

leading order. This can be seen as a result of the following:

tr(m2) = i
∑

i

A
ΣiΣ

i

= i
g2

2

∑

i

∫

dt

t2
1

16π4(α′)2

∫ it/2

0
dzχ(z)

[

4〈∂Xi(z)∂X
i
(0)〉

]

= i2g2
∑

i

∫

dt

t2
1

16π4(α′)2

(

∑

ν

δν
2
Zν(it/2)

)

×

[

− iπα′ + π2it

(

n2
i

(α′)2

V2
i

+

(

mi
T i

2

Vi
+
yi

2π

)2)]
∏

k

Zk
cl

= 2πα′g2
∑

i

∫

dt

t2
1

16π4(α′)2

(

∑

ν

δν
2
Zν(it/2)

)[

Zi
cl + t

d

dt
Zi

cl

]

∏

k 6=i

Zk
cl

=
g2

8π3α′

∫

dt

{

1

t1+n‖

∑

ν

δν
2
Zν(it/2)

}

d

dt

(
n‖
∏

k=1

tZk
cl

)

, (9.1)

where n‖ is the number of parallel directions, equal to 2 for the N ≈ 4 case and 0 or 1 for

the N ≈ 2 cases. The term in curly brackets is constant to leading order in epsilon, and

so the leading behaviour is given by the limits of Zk
cl as t → ∞, 0. Since the branes are

separated, Zk
cl → 0 exponentially as t→ ∞, and so any contribution to the trace at leading

order must arise from the closed string channel. However, a contribution Zk
cl ∝ t−1 as

t → 0 is only possible when NS-NS tadpoles are present, otherwise Zk
cl → 0 exponentially.

So we see that in a consistent model the integral of the constant leading term vanishes.

However, the subleading order in ǫ term will not in general be a constant, and so we expect

a non-zero contribution from the integral. For example, in the N ≈ 4 case we have

1

t1+n‖

∑

ν

δν
2
Zν(it/2) =

i

t3
ϑ1(ǫit/2)

4

ϑ1(ǫit)η9(it/2)
Iab

=
i

t3
Iab

[

(2π)3
(ϑ′1(0)ǫit/2 + 1

6ϑ
′′′
1 (0)(ǫit/2)3 + . . .)4

(ϑ′1(0)ǫit+ 1
6ϑ

′′′
1 (0)(ǫit)3 + . . .)ϑ′1(0)

3

]

= |ǫ|3|Iab|
π3

2

[

1 − ǫ4t4

8

(

2

5!
ϑ′1(0)ϑ

′′′′′
1 (0) −

(

ϑ′′′1 (0)

3!

)2)

+ . . .

]

(9.2)

So we would expect there to be a contribution to the trace at order ǫ7. These do in-

volve string oscillators in the loop and so could not be seen from the field theory, but

unfortunately appear at such a subleading order that it is doubtful that they may be of

phenomenological use.

10 Supergravity derivation

In this section we shall compute the UV divergences appearing in the two-point function

for adjoint scalars via effective supergravity, demonstrating that they are in fact due to the
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presence of NS-NS tadpoles. Note that in this section we shall take our metric conventions

to be ηµν = diag(−1, 1, 1, 1, . . .). We shall use M,N to denote generic ten-dimensional

indices, we shall write µ, ν, µ′, ν ′, ρ, ω for 4d ones, α, β, α′, β′, λ for compact (6d) indices

tangential to a brane and m,n for compact directions perpendicular to a brane.

What we shall calculate is illustrated as follows. Consider a toy Lagrangian:

L ⊃ −1

2
(∂µψ∂

µψ + ∂µφ∂
µφ) − aφ∂µψ∂

µψ − bφ

→ aφ(k3)k1 · k2ψ(k1)ψ(k2)δ(k1 + k2 + k3) − bφ(k3)δ(k3) (10.1)

Since this contains a tadpole, φ = 0 is no longer a solution of the equations of motion, so

we are working in a false vacuum [28–30]. However, if we persist with the above theory

then with a propagator of −i/k2
3 for φ we generate the amplitude for 〈ψψ〉 of

A = 2(iak1 · k2)(−ib)
[−i
k2
3

]

k3=0

= 2(−iak2
1)(−ib)

[−i
k2
3

]

k3=0

= 2iabk2
1

[

1

k2
3

]

k3=0

. (10.2)

i.e. the term in square brackets is divergent. To match the factors with the closed string

calculation, imagine regulating the above by adding a mass term for the field φ; then we

would have

A → 2iabk2
1

[

1

k2
3 +M2

]

k3=0

→ 2iabk2
1

M2

= 2iabk2
1

∫ ∞

0
dl′e−M2l′ , (10.3)

where we have written the last line in a suggestive form. To match this to the string

computation, recalling that the partition function in the closed string channel contains

exp[−πl(L0 + L̃0)] and so we can write l′ = πα′l and

A → 2iabk2
1

∫ ∞

0
dlπα′e−πα′M2l

≡− iAUV K̃, (10.4)

where K̃ = −K, the latter being defined in (6.3). The relative minus sign is to account for

the different metrics we are using, so that the coefficients will be the same; in this section

we shall determine the coefficient AUV from a supergravity calculation.

Let us first derive the relationship between coordinates and adjoints. We start with

the action for the dilaton, two-form and graviton:

SNS =
1

2κ2
10

∫

d10x
√
−Ge−2(Φ+Φ0)

(

R+ 4∂MΦ∂MΦ − 1

2
|H3|2

)

(10.5)
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where 2κ2
10 = (α′)4(2π)7 and we have separated out the Dilaton vacuum expectation value

so that gs = eΦ0 , 〈Φ〉 = 0. Then the DBI action for Dp-branes in the string frame is:

SDBI = −2π(4π2α′)−(p+1)/2

∫

dp+1xe−(Φ+Φ0)
√

−det(G+B + 2πα′F ). (10.6)

To perform the supergravity calculation, however, it is convenient to transform to the

Einstein frame to separate the graviton and dilaton actions, by writing G = eΦ/2GE so

that the action becomes

SNS =
1

2κ2
10g

2
s

∫

d10x
√

−GE

(

RE − 1

2
∂MΦ∂MΦ − 1

2
e−Φ|H3|2

)

(10.7)

SDBI = − 2πg−1
s (4π2α′)−(p+1)/2

∫

dp+1xe(p−3)Φ/4
√

−det(GE + e−Φ/2B + ℓe−Φ/2F ).

Now put the components of the gauge field tangential to the brane as Aα, and the

transverse fluctuations as ζn where n labels an index normal to the brane. The pullback

of the metric to the brane world-volume is

φ∗(G)tt′ =Gtt′ + ℓGtn∇t′ζ
n + ℓGt′n∇tζ

n + ℓ2Gnm∇tζ
n∇t′ζ

m + . . . (10.8)

where the connection is in the normal bundle of the world-volume, t, t′ are indices tangential

to the brane, and ℓ ≡ 2πα′. Since we are dealing with tori, the connection is flat. We now

wish to include the gravitons h: write GE = gE + h. We are only interested in the

derivatives in the 4d directions, the adjoints only exist in the compact ones; and since we

are comparing to a string computation, we should not rescale the fluctuations, so (noting

our convention on indeces mentioned at the beginning of the section)

φ∗(GE)µν = eΦ/2
[

ηE µν + hµν + ℓ2gE nm∂µζ
n∂νζ

m + ℓ2hnm∂µζ
n∂νζ

m + . . .
]

φ∗(GE)µβ = eΦ/2ℓhnβ∂µζ
n + . . .

φ∗(GE)αν = eΦ/2ℓhαm∂νζ
m + . . .

φ∗(GE)αβ = eΦ/2
[

gE αβ + hαβ + . . .
]

(10.9)

Then using

√

− det(g +X) =
√

− det g

[

1 +
1

2
tr(g−1X) +

1

8

(

tr(g−1X)

)2

− 1

4
tr

(

(g−1X)2
)

− 1

8
tr(g−1X)tr

(

(g−1X)2
)

+
1

6
tr

(

(g−1X)3
)

+ . . .

]

, (10.10)

the couplings of the normal directions are given by

Sζ = − 2πg−1
s ℓ2(4π2α′)−(p+1)/2

∫

dp+1x
√

− det gE

×
[

1

2
gnm∂µζ

n∂µζm +
p− 3

8
Φgnm∂µζ

n∂µζm +
1

2
hnm∂µζ

n∂µζm

− 1

2
ηρµgE nm∂µζ

n∂νζ
mηνλhλρ +

1

4
(gαβhβα)gnm∂µζ

n∂µζm

]

. (10.11)
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We can expand the rest of the DBI action to

SDBI =− 2πg−1
s (4π2α′)−(p+1)/2

∫

dp+1x
√

− det gE

[(

1 +
p− 3

4
Φ + ηµνhµν + gαβhαβ

)

+
ℓ2

4

(

1 +
p− 7

4
Φ +

1

2
ηµνhµν +

1

2
gαβhαβ

)

FµνF
µν +

ℓ2

2
hµνF

νρFρλη
λµ

]

. (10.12)

For a flat background, the kinetic terms are given by

SNS = − 1

8g2
sκ

2
10

∫

d10x
√

− det gE

(

∂µhνM∂
µhνM − 1

2
∂µh

M
M∂

µhN
N + 2∂µΦ∂µΦ

)

. (10.13)

The corresponding propagators are given by

〈hµνhσρ〉 = − 2ig2
sκ

2
10

k2

(

ηµσηνρ + ηµρηνσ − 2

d− 2
ηµνησρ

)

〈ΦΦ〉 = − 2ig2
sκ

2
10

k2
. (10.14)

It is then straightforward to show that, if we had a true 4d graviton, its contribution to

gauge boson and adjoint tadpoles is zero: restrict the indices to only the non-compact

dimensions and take d = 4 in the above, then the operator in the effective potential is

proportional to

[

1

4
(Fµ′ν′Fµ′ν′

+2Fµ′α′Fµ′α′
)ηµν +(F νρFρλ+2F ναFαλ)ηλµ

]

(

ηµσηνρ + ηµρηνσ − ηµνησρ

)

ησρ

=

[

1

4
(Fµ′ν′Fµ′ν′

+ 2Fµ′α′Fµ′α′
)ηµν + (F νρFρλ + 2F ναFαλ)ηλµ

]

(−2ηµν)

=

[

(Fµ′ν′Fµ′ν′
+ 2Fµ′α′Fµ′α′

) + (F νρFρν + 2F ναFαν)

]

= 0. (10.15)

Clearly the 4d graviton does not couple to the brane tadpole. Since this is the only field

that could mediate masses after moduli stabilization, we can see that all adjoint scalar

tadpoles generated in this way vanish once the moduli are made massive. However, we can

still check the results in the non-stabilised case, where the 4d and compact components

mix! There, we must retain d = 10 in the propagator, which encapsulates the mixing of

the graviton with the moduli.

The metric on a 2-torus is given by T2

U2
|dx+Udy|2, where T = T1 + iT2 = iR1R2 sinα,

U = U1 + iU2 = R2

R1
eiα. A brane wraps a cycle defined by (x, y) = (2πnλ, 2πmλ) where

λ ∈ [0, 1]. Then we need to study the normal direction; a vector in the tangent bundle

is (n,m) and we require gαn = 0. Let us for simplicity choose rectangular tori, α = π/2.

Then g11 = R2
1, g22 = R2

2. Let us also normalise the normal direction so that the coordi-

nate ζ ∈ [0, 1]; the normal direction is 2π ζ
n2R2

1
+m2R2

2

(−mR2
2, nR

2
1) = 8π3 ζ

L2 (−mR2
2, nR

2
1),

or 2π ζ
V2 (−mR2

2, nR
2
1) where L = 2πV. Note that the normal distance between the branes

is 4π2R1R2/L.
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Thus the graviton pieces tangential and normal to a brane are

hλλ = 4π2

[

n2h11 + nm(h12 + h21) +m2h22

]

hnn =
4π2

V4

[

m2R4
2h11 − nmR2

1R
2
2(h12 + h21) + n2R4

1h22

]

(10.16)

Using the four-dimensional coupling κ2
4 = g2

sκ
2
10V

−1
6 for a compact space of string-frame

volume V6 the propagators become (noting that we require d = 10 in equation (10.14)):

〈h11h11〉 = − 2iκ2
4

k2

7

4
R4

1

〈h22h22〉 = − 2iκ2
4

k2

7

4
R4

2

〈h12h12〉 = − 2iκ2
4

k2
R2

1R
2
2 = 〈h12h21〉

〈h11h12〉 = 0 = 〈h22h12〉. (10.17)

We can write the couplings of the adjoints to the moduli:

FµνF
µν →FµνF

µν + 2FµλF
µλ

= − hλλ

(4π2)(n2R2
1 +m2R2

2)

(

4π2(n2R2
1 +m2R2

2)η
µν∂µA

λ∂νA
λ

)

(10.18)

Now in the string computation we normalise the adjoints so that their kinetic terms are

that of the gauge coupling

S ⊃− 2πg−1
s (4π2α′)−(p+1)/2

∫

dp+1x
√

− det gE

[

ℓ2

4
FµνF

µν +
ℓ2

2
hµνF

νρFρλη
λµ

]

= 2πg−1
s (4π2α′)−(p+1)/2ℓ2La

∫

d4x− 1

4
FµνF

µν + . . . (10.19)

So the gauge coupling is

1

g2
= 2πg−1

s (4π2α′)−(p+1)/2ℓ2La. (10.20)

Meanwhile the coupling for the transverse adjoints is

S ⊃ 2πg−1
s (4π2α′)−7/2ℓ2

∫

dp+1x
√

− det gE − 1

2
gnm∂µζ

n∂µζm (10.21)

Then we define for a torus k the complex adjoint to be composed of the gauge field Ak and

the normal coordinate ζk via

Σk ≡
√

2π

[

√

n2R2
1 +m2R2

2A
k + i

R1R2
√

n2R2
1 +m2R2

2

ζk

]

(10.22)
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which has kinetic term − 1
g2 |∂µΣ|2. Then the couplings of the gauge part of the adjoints to

the closed strings are

S ⊃− 1

4g2

∫

d4x

[(

1 +
p− 7

4
Φ +

1

2
ηµνhµν +

1

2
gαβhαβ

)

FµνF
µν + 2hµνF

νρFρλη
λµ

]

⊃− 1

2g2

∫

d4x

[

3
∑

k=1

(

1

2
ηµνηρω − ηµωηνρ

)

hµν∂ρA
k∂ωA

k + (∂µA
k
r )

2

(

p− 7

4
Φ

− 1

2

hk
λλ

(4π2)(n2(Rk
1)2 +m2(Rk

2)2)
+
∑

j 6=k

1

2

hj
λλ

(4π2)(n2(Rj
1)

2 +m2(Rj
2)

2)

)

(10.23)

where we have now indexed the internal dimensions.

The couplings of the normal directions are given by

Sζ = − 1

2g2

∫

d4x

[

gnm∂µζ
n∂µζm +

p− 3

4
Φgnm∂µζ

n∂µζm + hnm∂µζ
n∂µζm

− ηρµgE nm∂µζ
n∂νζ

mηνλhλρ +
1

2
(gαβhβα)gnm∂µζ

n∂µζm

]

. (10.24)

This becomes

Sζ = − 1

2g2

∫

d4x

3
∑

k=1

[

∂µζ
k∂µζk +

p− 3

4
Φ∂µζ

k∂µζk + hkk
V2

k

4π2Rk
1R

k
2

− ∂µζk∂νζkhνµ +

3
∑

λ=1

1

2

hλλ

4π2V 2
λ

∂µζ
k∂µζk

]

(10.25)

Now let us amplitude involving two different branes. These couple to the tadpole

S ⊃− 1

g2
b

∫

d4x

(

1 +
p− 3

4
Φ +

1

2
ηµνhµν +

3
∑

k=1

1

2

hkk

4π2(Vk
b )2

)

. (10.26)

The contribution of the “4d graviton” (note that this is mixed with the moduli) to the

amplitude is thus, for the non-compact part of the tadpole

A ⊃ 2 × 1

ℓ2
−2iκ2

4

2g2
ag

2
b

−ikρkω

k2

(

1

2
ηµνηρω − ηµωηνρ

)(

ηµσηνρ + ηµρηνσ − 1

4
ηµνησρ

)

(−i)
2

ησρ

= −2 × 1

ℓ2
−2iκ2

4

4g2
ag

2
b

kρkω

k2

(

1

2
ηµνηρω − ηµωηνρ

)

ηµν

= 2 × 1

ℓ2
−2iκ2

4

4g2
ag

2
b

K̃ = − i
2κ2

4

32g2
ag

2
b ℓ

2
× 8K̃ (10.27)

with also a contribution from the compact part of the tadpole

A ⊃ 2 × 1

ℓ2
−2iκ2

4

2g2
ag

2
b

−ikρkω

k2

(

1

2
ηµνηρω − ηµωηνρ

)(

− 1

4
ηµνgkk

)

(−i)
2

gkk

= 2 × 1

ℓ2
−2iκ2

4

4g2
ag

2
b

×
(

−3

4

)

K̃ = −i 2κ2
4

32g2
ag

2
b ℓ

2
× (−6)K̃. (10.28)
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The dilaton gives

A ⊃ 2 ×
(−2iκ2

4

k2

)(

− i
p − 3

4ℓ2g2
b

)(

− ik2 p− 7

8g2
a

)

= −2 × i
2κ2

4

32ℓ2g2
ag

2
b

× (−3)K̃. (10.29)

The compact part of the “graviton” within the same torus gives

〈hk
λaλa

hk
λbλb

〉 =

(4π2)2
〈(

n2
ah11 + nama(h12 + h21) +m2

ah22

)(

n2
bh11 + nbmb(h12 + h21) +m2

bh22

)〉

= −2iκ2
4

k2
(4π2)2

[

2(Vk
a )2(Vk

b )2 cos2 πθk
ab −

1

4
(Vk

a )2(Vk
b )2
]

, (10.30)

while between different tori we have

〈hk
λaλa

hj
λbλb

〉 = (4π2)2
〈(

(nk
a)

2hk
11 + nk

am
k
a(h

k
12 + hk

21) + (mk
a)

2hk
22

)

×
(

(nj
b)

2hj
11 + nj

bm
j
b(h

j
12 + hj

21) + (mj)2bh
j
22

)〉

=
2iκ2

4

k2
(4π2)2

1

4
(Vk

a )2(Vj
b )2 (10.31)

and between compact and non-compact directions we have

〈hk
λaλa

hµν〉 = (4π2)
〈(

n2
ah11 + nama(h12 + h21) +m2

ah22

)

hµν

〉

=
2iκ2

4

k2
(4π2)

1

4
(Vk

a )2ηµν . (10.32)

Thus the total divergence is given by A = −iAUVK̃ where

AUV =
2κ2

4

16g2
ag

2
b ℓ

2

[

− 8 cos2 πθk
ab + 8cos2 πθj 6=k

ab + 8cos2 πθi6=k 6=j
ab − 7 − 3 − 6 + 8

]

=
2κ2

4

2g2
ag

2
b ℓ

2

[

− 1 − cos2 πθk
ab + cos2 πθj 6=k

ab + cos2 πθi6=k 6=j
ab

]

. (10.33)

(Note however that the physical divergence is given by g2
a multiplying the above). Let us

rearrange this using

2κ2
4 = g2

s

(2π)7(α′)4

(2π)6T 1
2 T

2
2 T

3
2

1

g2
b

=2πg−1
s (4π2α′)−(p+1)/2ℓ2(2π)3Vb (10.34)

to obtain

AUV =
1

2α′
VaVb

(2π)3T 1
2 T

2
2 T

3
2

[

− 1 − cos2 πθk
ab + cos2 πθj 6=k

ab + cos2 πθi6=k 6=j
ab

]

. (10.35)

This is the main result of this section, which is in agreement with (7.26).

– 32 –



J
H
E
P
0
8
(
2
0
1
1
)
1
2
0

Note that for completeness we could also compute the result for the normal compo-

nents. However, we already know from the CFT computation that these will give the same

result; while it may be useful to do this straightforward calculation as a check, we shall

leave this as an exercise for the reader.

Finally, it is readily shown, using the techniques above, that tapoles are generated for

gauge bosons too, given by:

AAa =
1

2α′
VaVb

(2π)3T 1
2 T

2
2 T

3
2

[

− 3 + cos2 πθk
ab + cos2 πθj 6=k

ab + cos2 πθi6=k 6=j
ab

]

. (10.36)

This is perhaps the clearest indication that these contributions cannot survive in a theory

with stabilised moduli.

11 Conclusions

The reductions of higher-dimensional gauge fields to four dimensions lead to massless

scalars in adjoint representations (Wilson lines). These states may, or may not, survive

accompanying projections applied to get down from N = 4 4d supersymmetry to N = 1.

If they do, then they are expected to acquire masses when supersymmetry is fully broken.

There are very few classes of string compactifications where such effects can be com-

puted fully and explicitly. We have considered here the case where supersymmetry breaking

is obtained when brane intersection angles are deformed away from their special values,

corresponding to a supersymmetric configuration, by a small angular shift 2ǫ. This leads

to supersymmetry breaking via a D-term vacuum expectation value 〈D〉, associated to a

magnetised abelian gauge group factor in the T-dual picture. All charged scalar fields

localised at the intersections obtain supersymmetry breaking mass shifts, and play the role

of mediator messengers.

We have written down the one-loop propagator of the open string states in adjoint

representations and extracted the leading terms at vanishing external momentum. The

result is understood as the sum of two parts.

The first part comes from the ultraviolet limit in the open string channel, equivalent to

the infrared limit of the exchange of massless closed string states. It is understood in the

tree-level effective supergravity, and is shown to correspond to reducible diagrams. It rep-

resents the interaction with global tadpoles through emission of the corresponding massless

moduli. Such tadpoles should be cancelled in a stable background with the corresponding

moduli fixed. Thus, we expect these contributions to be modified in the true vacuum (and

be probably vanishing).

The second part describes the effects of supersymmetry breaking mediation from brane

intersections to the rest of the world-volume states, generating a mass. The result repro-

duces the expectations from the effective gauge theory, with the trivial inclusion of Kaluza-

Klein states. It exhibits at leading order in the expansion in powers of 〈D〉
M , where M is

the messenger mass scale, a tachyonic direction. This is expected [33, 34], and is due to

the form of couplings between the scalar adjoints and the messengers, as imposed by the

original extended supersymmetry [35].
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Both parts are thus well under control and computable from the knowledge of the effec-

tive field theory. The issue that was investigated in this work, and which needed an explicit

check, is that there are no other contributions from the presence of the heavy string modes.

The above tachyons could eventually be removed in models with Scherk-Schwarz de-

formations [36]. This is a work in progress.
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A Field theory limit of N ≈ 2 amplitude

Here we consider the field theory limit of the N ≈ 2 amplitude. This is instructive as it

is useful for normalising the different parts of the amplitude, and also is interesting as it

shall show how certain parts of the field theory diagram arise in the string amplitude.

A.1 Field theory calculation

The full two-point amplitude for the adjoints coupled to an N = 2 hypermultiplet of mass

m, with the scalar masses split by ±D is given by

A =A+ + A−

A± = 2g2

∫

d4q

(2π)4
1

q2−m2 ∓D
+

m

q2−m2 ∓D

m

(q−p)2−m2 ∓D
− q2−q · p

(q2−m2)((q − p)2 −m2)

= − i
|λ|2
16π2

[

− (m2 ±D) log(m2 ±D) +m2 logm2 −m2 log
−p2x(1 − x) +m2 ±D

p2x(1 − x) +m2

+ p2(1 − x)

{

1

ǫ
+ log 4π + γE − log[m2 − p2x(1 − x)]

}]

. (A.1)

The above can also be written in a friendlier format as

A± = − i|λ|2
∫

d4q

(2π)4

∫ 1

0
dx− 1

q2 +m2 ±D
+

1

q2 +m2
+

1

2

p2

(q2 − p2x(1 − x) +m2)2

− m2

(q2 − p2x(1 − x) +m2)2
+

m2

(q2 − p2x(1 − x) +m2 ±D)2
. (A.2)
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This then yields

A = − 2ig2p2

16π2

∫

dT

T

∫ 1

0
dxep

2Tx(1−x)−m2T +
2ig2

16π2

∫

dT

T 2
exp[−m2T ](eDT/2 − e−DT/2)2

− 2ig2

16π2

∫

dT

T
m2(eDT/2 − e−DT/2)2

∫ 1

0
dxep

2Tx(1−x). (A.3)

We shall recover this from a string computation.

A.2 String calculation

Here we attempt to write the field theory limit of the string calculation, corresponding to

A
ΣiΣ

i with θi
ab = 0; we can take the expressions from section 7. To compute the field theory

limit, we consider only the t → ∞ part of the amplitude, neglecting terms exponentially

suppressed in t. In this limit, the function Z
θi
ab

=0
N≈2 becomes

Z
θi
ab

=0
N≈2 → e−πα′m2t|Iab|e3πt/8e−π|θj |t/2e−π|θk|t/2. (A.4)

A.2.1 The contribution from worldsheet fermions

Let us first deal with the worldsheet-fermionic contribution. Noting χ→ e−πα′tk2(x−x2) we

have

AΨ0

ΣiΣ
i → (−sign(θj

ab − ǫ)sign(θk
ab − ǫ))i|Iab|g2k2×

∫

dt

t

(2π)2

16π4

∫ 1

0
dx exp[−πα′k2(x− x2)t− πα′M2

0 t− πǫt]

= i|Iab|g2k2

∫

dt

t

1

4π2

∫ 1

0
dx exp[−πα′k2(x− x2)t− πα′M2

0 t]. (A.5)

Also

AΨ1

ΣiΣ
i = − i

2
|Iab|g2k2

∫

dt

t

1

4π2

∫ 1

0
dx exp[−πα′k2(x− x2)t− πα′M2

0 t]. (A.6)

Hence in total the fermionic contribution gives

AΨ0

ΣiΣ
i + AΨ1

ΣiΣ
i → i

2
|Iab|g2k2

∫

dt

t

1

4π2

∫ 1

0
dx exp[−πα′k2(x− x2)t− πα′M2

0 t]

=
i

2
|Iab|g2k2

∫

dT

T

1

4π2

∫ 1

0
dx exp[−k2(x− x2)T −M2

0T ], (A.7)

where T ≡ πα′t.

A.2.2 The bosonic contribution

Now consider the bosonic piece. Here we find

AX

ΣiΣ
i = − g2

2

∫

dt

t2
1

16π4(α′)2
Z

θi
ab

=0
N≈2 (t)

ϑ1(ǫit/2)

η3(it/2)
ϑ1(−ǫit/2) (A.8)

×
∏

κ=j,k

ϑ1((θ
κ
ab − ǫ)it/2)

∫ it/2

0
dzχ(z)4G(z)

→ − |Iab|2g2

∫

dt

t2
1

16π4(α′)2
e−πα′M2

0
t(eπǫt/2 − e−πǫt/2)2

∫ it/2

0
dzχ(z)G(z).
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Now recall

〈∂Xj∂X
j〉 = 〈∂Xj∂X

j〉qu + 〈∂Xj∂X
j〉cl

〈∂X(z)∂X(w)〉qu = − α′

2
∂z∂w log θ1(z − w). (A.9)

The quantum part of the amplitude gives us

∫ it/2

0
dzχ(z)〈∂X(z)∂X (w)〉qu = − α′

2
Zcl

∫ it/2

0
dzχ(z)∂z∂w log θ1(z − w)

= − α′πiZcl +
α′

2

∫ it/2

0
dz∂zχ∂w log θ1(z − w)

= − α′πiZcl + iπ2α′(α′k2)

∫ 1

0
dx(1 − 2x) exp[πα′tk2(x− x2)]

→ − α′πiZcl, (A.10)

with no further contribution. It is interesting how the Feynman-parameter independent

contribution arises here. The classical part gives

∫ it/2

0
dzχ(z)〈∂Xj∂X

j〉cl

=
∑

nj ,mj

∫ 1

0
dx exp[πα′k2t(x− x2)]

[

π2it

(

n2
j

(α′)2

V2
j

+

(

mj
T j

2

Vj
+

y

2π

)2)]

× exp

[

− πα′t

V2
j

∣

∣

∣

∣

nj + i

(

mj
T j

2

α′ +
yVj

2πα′

)∣

∣

∣

∣

2]

=
∑

m

∫ 1

0
dx (π2itα′m2) exp

[

πα′k2t(x− x2) − πα′m2t
]

. (A.11)

Thus the total bosonic contribution is

AX

ΣiΣ
i = − |Iab|2g2

∫

dt
1

16π4(α′)2
e−πα′m2t(eπǫt/2 − e−πǫt/2)2

[−iπα′

t2
+
π2iα′m2

t

]

= i|Iab|
2g2

16π2

∫

dTe−m2T (eDT/2 − e−DT/2)2
[

1

T 2
− m2

T
e−k2Tx(1−x)

]

. (A.12)

A.2.3 Total

Then putting the whole amplitude together we have

A = i|Iab|
2g2

16π2

∫

dTe−m2T (eDT/2 − e−DT/2)2
[

1

T 2
− m2

T
e−k2Tx(1−x)

]

+ i|Iab|
2g2

16π2
k2

∫

dT

T

∫ 1

0
dx e−k2(x−x2)T−m2T . (A.13)

This exactly matches the field theory amplitude when we put k2 = −p2.
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