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INTRODUCTION

Properties of nuclear matter have inspired much of the theoretical work in
many-body theory during the last decades. While initially attention was focused
on the saturation properties of cold nuclear matter, more recently the advent of
high-energy heavy ion accelerators has stimulated work on the high temperature and

density domain of the phase diagram.

There exist several main lines of approach to this complicated theoretical
problem in which substantial simplifications of the actual physical circumstances
are supposed. We will not review these approaches here except to say that they
can be divided into two categories: 1) the nuclear matter is considered to be a
non-interacting ideal gas, or 2) nuclear interactions are considered at the level

of classical particle scattering.

It is immediately apparent that the interesting features of nuclear matter,
such as density isomerism at high temperatures, phase transitions, condensation
phenomena, etc., can hardly be discussed in the framework of the ideal gas
equations of state. The fact that some kind of agreement of inclusive particle
spectra in heavy ion collision is found between theory and experiment is in fact
only indicative that a thermal equilibrium is achieved in a fireball created in
the collisions. To find out more about the properties of these fireballs, one
has to perform more refined experiments and consider a more elaborate theory.
This aim is achieved in a non-thermodynamical way in the approaches that deal with
the A, + A, many-body problem, in which each particle is followed during the col-
lision; but it becomes virtually impossible to identify the relevant collective

motion that is characteristic of phase transitions and critical phenomena.

In order to derive the physical properties of hot nuclear matter which are
independent of a particular choice of the two-body and multibody interaction, we
employ a technique ('"bootstrap") developed for similar problems in elementary
particle physics —- here, however, sufficiently modified to suit the different
physical environment. An additional motivation in this direction is the recent
recognition that the understanding of nuclear matter at the saturation point
depends very sensitively on the character of the two-body potential at short
distances which is not well defined by two-body reactions. It is possible to
view the bootstraﬁ technique only as a convenient way of introducing the relevant
physical properties which cannot be so easily defined by the choice of a specific
potential but which globally might even be more important than details of the two-
body force. We will concentrate on the gross features of nuclear matter that

follow when we incorporate into the description the following aspects of nuclear

interactions:
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i) conservation of baryon number and clustering of nucleons (i.e. attractive

forces leading to many-body clusters with well-defined baryon number);

- ii) nucleon (isobar) excitations and internal cluster excitations (i.e. internal
degrees of freedom that can absorb part of the energy of the system at

finite temperature, thus transforming kinetic energy into mass);

iii) approximate extensivity of nuclear matter (volume roughly proportional to

baryon number, i.e. effectively a short-range repulsion);

iv) co-existence of a pion gas when the temperature is not equal to zero (and

behaving properly even in the absence of nuclear matter);
v) baryon-antibaryon pair creation;

vi) ‘"chemical" equilibrium between all constituents of the system (nucleons,

isobars, clusters, pions ...).

Our present workl) should be most trustworthy in the domain of high temper-
atures and moderately high density, where details of the interaction, of Fermi
and Bose statistics, as well as of the quark structure of nucleons, are most
likely negligible. Also not considered explicitly here is the isospin of the

nuclei.

An important new feature for the statistical bootstrap model as we intro-

duce it here is that the energy density in fireballs,

m
g == = A (1.1)
FG V(w)
is finite, constant and of the order of the rest-energy density of a proton.
Therefore it occurs to us that it is not reasonable to apply the thermodynamics
derived from the "bootstrap equation' beyond the point where the energy density

€(T) becomes much larger than 1/A.

Plan of the paper

Section 2 : We discuss the bootstrap hypothesis first in the context of a
strongly interacting pion gas. The bootstrap equation of the
pion gas is solved and discussed. We write down, discuss, and
solve the bootstrap equation for nuclear matter. It is much
richer than that of the pion gas, which it contains as a

special case.

Section 3 : The mass spectrum and its Laplace transform are used to obtain a
thermodynamic description of the system. We compute the partition

functions for clustered nuclear matter.
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Section 4 :  We study the properties of nuclear matter in the thermodynamic

limit. Two main properties of our model are:

i) there exists a maximum temperature, which is of the order of

that of the pion gas (T¢ = mﬂ);

ii) there exists at all temperatures 0 < T < To a critical baryon
number density separating a low-density '"gas phase" from a

state where a condensate and its vapour exist in equilibrium.

A numerical study is presented in which the simplest non-trivial
input spectrum is assumed; the corresponding model is solved
explicitly and the results are displayed graphically. This case
shows all essential features but it is still too far from reality

to be taken as more than a qualitative prediction.

Section 5 : Summary.

Our notation and units:

h=c =k (Boltzmann constant)

1
the only dimensional unit is 1 GeV

[
oy i

metric: a * b = aubu = agbgy -

Thus for example m?: = p2 = pj - p2 = EZ - .

Remark: Throughout this paper we use only Boltzmann statistics. As the bootstrap

approach leads to an extremely rich mass spectrum, it is almost irrele-
vant whether a particular cluster or particle is a boson or a fermion or
a Boltzmannion: it (almost) never happens that two equal clusters

occupy the same state.

THE STATISTICAL BOOTSTRAP METHOD IN PARTICLE AND NUCLEAR PHYSICS

2.1 The statistical bootstrap model in particle physics

The motivation for a statistical bootstrap model in particle physics comes

from two sources:

i) the abundant production of particles in high-energy p-p collisioms, and a
momentum distribution of these particles which suggests that there might be

some analogy to black-body radiation emitted from moving sources;

ii) the apparent existence of intermediate states in which lumps of highly

excited hadronic matter ("fireballs") are staying together before decaying.

Thus it was tempting to describe the particle production process as pion black-
body radiation emitted from one or several fireballs with a volume vy = 4ﬂ/(3m%).
This idea was first proposed by Koppez) and for this reason it is called the

Fermi Statistical Models). As for a statistical-thermodynamical description, the
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density of states o(E) is necessary and sufficient; we may express the Koppe-

Fermi approach as follows:

%5E) _ 5 =1
=D 1\s -ZW )8 (}'_' '[f 2.1)

(_‘11()3 w=r =1 =1 (.2 )3

This is nothing else than the phase-space density of a pion gas with free particle
creation, If we put m = 0 and multiply by 2 for the two helicity states of a
light quantum, we obtain from (2.1) all the usual formulae of the electromagnetic
black-body radiation (Planck's law) in the Boltzmann limit.

The next important idea was to admit particles other than just pions, and in
particular resonant states of pions, just as if they were stable partlcles“)
Not knowing which ones should be admitted and how many there are, we might put
them in a mass spectrum of admissible input particles pin(m). The pion contri-
butes to pin(m) a S8-function G(m—mﬂ); resonances contribute smeared-out

§-functions. For the moment, pin(m) is a function which represents our (incom-

plete) knowledge of the true mass spectrum p(m).

Introducing also relativistically invariant notation with a four-volume

VM= vouu, u? =1 and §,(p? - m?) = 8(p® - m?*)6(p,)

s(p V) = E(lv iyt

(’- )3
2 (LT g St

(2.2)

IN

This is a relativistically invariant equation for the density of states o(p?, p*V)
in {p, d"p} of a gas in which the interaction manifests itself via creation and

(m) |

absorption of Boltzmann pions and their excited states contained in Pin

Note that we have restricted the one-particle state to have the pion mass.
Higher mass "one-éarticle states'" are already contained in the sum, namely when
in any of its terms all p; > m;. Our new equation for o(p?, p*V) describes the
density of states of a many-component gas: each species of particle contained. in
o n(m) is present in the gas. All these components are in 'chemical' equilibrium;
neither the total particle number nor that of any of the various components is

fixed.
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The key idea that leads to the hadronic bootstrap is the observation that
c(pz, p*V) can be related to the mass spectrum p(m). Suppose we could insert the
true mass spectrum p(m) into Eq. (2.2), then o(p?, p*V) would be the density of
states of a "fireball" of hadronic dimension built up from all strongly inter-
acting particles in statistical equilibrium. Such a fireball is itself a highly
excited hadron with mass m = /53. For reasons of consistency it should then be
admitted as a constituent particle in fireballs of larger mass. Hence it should
already be present in the true p(m). As both o(p?, p*V) and p(m) are densities
of states, it follows that if p(m) is the true mass spectrum, o(p?, p*V) is it-
self (apart from some minor kinematical differences) the true mass spectrum at
m = /53. This statement establishes a new relation between p and O, leading to
an integral equation, the bootstrap equation. Physically it is equivalent to the
postulate that resonances and fireballs are one and the same and that fireballs

consist of fireballs.

In order to find the precise relation between p(m) and o(p?, p*V), we con-
sider the conceptual differences between them as exhibited by Eq. (2.2): while
p(m) counts all hadrons (as given, for example, in the Tables of the Particle
Data Groups)) as being at rest in their own confining volume, o(p?, p*V) is the
density of states of an object with mass m = JSE allowed to move freely in its
confining volume instead of being at rest. This fact is also reflected by the
dependence of O on the scalar product of p*V. Thus O counts more states than p
(and contains more information). In order to relate 0 to p, we restrict this
freedom by requiring that pLl and V" be parallel four-vectors, i.e. have a common
rest frame. Then 0(p2, peV) > 6(p2 = m?, vo) and the left-hand side represents
the internal density of states of a system of mass m at rest in its own volume
vo; this density begins with [Vo/(ZW)3]6(m - mﬂ) and has a continuum for m > 2 m .
It therefore might be considered as proportional to an averaged mass spectrum

(the true one is not yet continuous at m > 2mﬂ), which asymptotically becomes

physically equivalent to p(m). We thus have

(A ~ L .74
olp,p-V) =0(m v, :...__.. (m) @3
pllv
The precise relationship between Py’ Pin’ and 0 will not concern us here --
indeed taking Pay = Pjp = P we will find, solving equation (2.2), the result
c MmT _
(W) ~v — Tamy, ; 3 1 (2.4)
e oD (M e / 0 (g / 2 < Q < 2

where To is a "limiting temperature" and where the values of a and To depend
on the version of Eq. (2.2) chosen. We will now show how to solve bootstrap

equations (2.2) and (2.3) and prove Eq. (2.4).
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2.2 Solution of the bootstrap equation

For illustrative purposes let us here consider the bootstrap equation in its

simplest form, as proposed by Yellin®’:
1 1 & N < - 24 44
Be(p) = Bop-we )+ ;;“7'- SE'(p—Z pi) T BT(p: ) d'ps (2.5)
3 =t =)
where the relation between T and p is
Twd)dw®t = ¢(a)du 2.6)

and B is a parameter of the model, related to the volume vy by a dimensional

relation B Vv vom, .

The standard method of solving Eq. (2.5) is by Laplace transformation. We

introduce two Lorentz-invariant functions:

m
d?([ﬂ = SB'C(PZ) e @r" d‘P (2.7a)

2 =~ }‘ 4 l( ( L )
(()((5): = SB Xo(p-mﬁ)e Brp aUrP = 2B, J(g%}l (2.70)

where B > 0, B = (B’,By)JE .

Taking the Laplace transform, as defined by Eq. (2.7), of the Eq. (2.5), we

obtain

o) - @)+ g - 1 -

Equation (2.8) can be written
G
¢ =24 -e + 1 (2.9)

and the problem is to invert this equation; that is, to find G(p = ®(B). The
easiest way to do this is a graphical solution by first plotting {P(G) and then
considering the curve as G(YO. By expanding exp (G) we see that YRG) =G+ ... ;
with growing G the exponential function takes the lead and P(G) goes exponentially
to -, The maximum lies at Go = ln 2 and has the value‘?o =1n 4 - 1; (f"(Go) #0
(Fig. 2.1a). The graphical solution is presented in Fig. 2.1b. From the figure
and ?"(Go) # 0 it follows that Gﬁf) has a square root branch-point at ¥, and is
complex for l{? > ‘fo 7). We note that ‘Po = In 4 - 1 corresponds to the value

Bo = l/mTr in Eq. (2.7b); we also note that } increases monotonically with 1/8.
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Thus in Fig. 2.1b the interval Y e {o, %%} corresponds uniquely to B € {», Bol.
Given Y we could invert Eq. (2.7a); however, we can obtain the physically inter-

esting information about T without an explicit inversion.

P |
G(p)
03f 125 =~
\\\\\
- - \\
\\\
02 08 \
i N =TT T T 1
Gly)=In 220693 |-
|
0l1r 041 G (), physical branch :
F L |
@=In 4-1:0386 {
IR S B e R S R
02 06 10 14 0 01 0.2 03
G
(a) ¢ (b)

Fig. 2.1 Graphical solution of the bootstrap Eq. (2.40)
(a) Y=¥6); () G = GGf).

Since S8o(p? - m?) dm® = 1, we may write

0. pM
by = (vt (58, (prat)e #P ot -
(2.10)
1B (Tiud)a K, (pan)dus
=

As we have just seen, G(|P) has a square root branch-point at(fo, and so has
o(B) at Bo, sinceifis monotonous in B. Since K;(mB) behaves like exp (-Pfm) for
m > ©, Eq. (2.10) can yield a singularity of ¢(B) only if T(m?) grows asymptoti-
cally like exp (Bom); a square root branch-point requires

C (3044«(_

2
T(m*) M—-@e (2.11)

which illustrates the relation (2.4) for a = 6/2.

From Eq. (2.9) a Taylor expansion for G around %7= 0 can be found, with the

convergence radius qh:

Ge) = Z QM(PM (2.12)

Mm=1
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which leads to an analytic form of T(p?):

Bt(vi) =2:: Qm ..Qm((",B) (2.13)

where Qn is the n-pion invariant momentum space (IMS) integral

0,@8): = 8T ) T8, d'py 2
=) i=

The IMS integrals are well-known functions for which powerful computer programs
exist, Therefore, Eq. (2.14) is very useful at not too large p?, since the sum
has actually only a finite number of terms -- it is cut off at n < ng/m1T by the
momentum §*-function and by the condition po > m .
Had we used IMS measure in Eq. (2.2), the density of states of the pion gas

would have read:

G;Ms((’t) = Z. (;:.'. _Q_N(P‘,B) (2.15)

M=

while now we have Eq. (2.13).

It can be seen that the rapidly decreasing 1/n! has been replaced by the
(exponentially increasing!) - Thus the Qn in Eq. (2.15) have been multiplied
by n!gn, which is the total number of possible ways to cluster n objects recur-

sively (admitting clusters of clusters).

It remains to determine the coefficients gy This is done most simply by

considering the first-order differential equation that G satisfies:

dﬂ: | 2,16
fl = 2{:; (.(P-t A —-SZ‘: ) (2.16)

Inserting Eq. (2.12) we find the recursion relation

[T |
Ga =~ e e "{';l 9eGu-4

%o-""o ) 91" 1

Given Eqs. (2.12), (2.13), and (2.17), the bootstrap equation (2.5) can be con-

(2.17)

sidered as solved.
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2.3 The nuclear matter bootstrap equation

According to the aims described in the Introduction, we now generalize the
bootstrap equation (2.5) to the case of nuclear matter. We postulate the follow-
ing bootstrap equation for the level density of "nuclear clusters" with baryon

number b (=® < b < ®):

AP cr(p.VH (40, V‘g(p 4,3+

=1 1=

+i ;:\. SZ SK({’ Z’))S}(P'Z[) ‘)BQ(V Z V- ) X (2.18)

it
20V & todY
T o(p:, Ve §; )d(}),d V;

Equation (2.18) is not a single bootstrap equation, but a member (with baryon
number b) of an infinite set of coupled integral equations, each having its own
input term. The (k!)”! is necessary for correct counting. The non-vanishing
pion and nucleon mass ensure that for any finite p? the set (2.18) has only a
finite number of equations: 'bmaxl < ng/mp. Therefore the solutions for any
finite p? can (in principle) be built up iteratively by starting with

4m§ < p? < m? and by increasing this interval stepwise to include higher and
higher |b|. This, incidentally, also allows us to prove that for amy p,V,b,

Eqs. (2.18) have a physical solution.
This equation fulfils the requirements set up in the Introduction:

1) Conservation of baryon number b and clustering of nucleons: The baryon num-—

ber (number of baryons minus number of antibaryons) is conserved with the help of
the Kronecker 6K(b - Zbi) function. The infinite set of density functions
o(p,V,b) corresponds to the admission of nucleon clusters with any baryon number
b, four-momentum p, and four-volume V.

2) Nucleon (isobar) excitation and internal cluster excitation: Internal cluster

excitation is contained in the p2 = m® dependence of o(p,V,b), and single-nucleon

(isobar) excitation is contained in the same way in o(p,V,b=1).

3) Extensitivity of nuclear matter is ensured by the volume §*~function.

4) Co-existence of a pion gas is contained in the equation with b = 0, and in

all others by the presence of factors O(pi’vi’bi = 0) on the right-hand side.
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5) Baryon-antibaryon pair creation (and annihilation) is built in by allowing

- < bi’ b < o, Then on the right-hand side an arbitrary number of clusters

(Zbi) and anticlusters (-Zgi) may occur.

6) 'Chemical equilibrium' between all constituents: This is expressed by the

infinite set of coupled integral equations (2.18) which allows all multibody

reactions between clusters Qi’
. pnt /
04+Qz+‘~-+0m ‘—-)_, 04"'@7’*' T +0&

compatible with b and p conservation.

The input terms, except that for b = 0 (pion) and for b = 1 (nucleon),

specify particular features of the model, namely:

i) details of nuclear interaction may be represented by giving clusters (e.g.
alpha particles) a special weight.
ii) The equations (2.18) deal with Boltzmann particles without charge and spin.
Introducing spin, isospin, and statistics would be possible but complicated.
We can obtain a similar physical effect by assigning to an input nucleus

of baryon number b and volume Vb a mass Mb which is different from (b-mp).

2.4 The mass spectrum for nuclear matter

We introduce

-V t N2\ Y2
—&—3—5'(P.V,6)= B(V- V(‘“c{’),% B(Pn(’)t(lhf*) (2.19)
(2r)
where the function B describes the p?,b dependence of the Vep term, while T
describes that of 0. We now rewrite Eq. (2.18), integrate over the II d“V, and
require that all volume 8“-functions have the same argument. We find the

condition

& M
Z (V(:::.l‘i) - V('::) pi - 0 (2.20)
=y t

from which it follows that, for all i,

V(Mi,{‘;\ = Am; (2.21)

The constant A is independent of i and is therefore a parameter of the theory;
A™! is the constant energy density in the natural volume V: thus it is about

1/7 m.N/fm3 = 130 MeV/fm®. We further find that
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.'ZW‘“:(’)(M _ ZAMZ

R q,'f;):= = ="
ES(Ml sz)S (2“):3

o
=R (,w,"-) (2.22)
is independent of b.

The volume §“-function can now be factored out on both sides of Eq. (2.18),

and what remains is a new bootstrap equation for the function B+%(p?,b):

B(p")t(p,(») §( M, ) é;(pz-Hz) +

(2.23)

oo x4
| $-2¢; 2pi) TBOH TG 8 )"
i jz&( Z4000-2p ) TBG Tt )

The essential step now consists in the proper extraction of the mass spectrum
T(p%,b) from the function T. Motivated by the form (2.5) of the bootstrap

equation we chose here

B B(pY)

)

'C(Plﬂ-) ’E( L) (2.24)

since we can write the bootstrap equation for the mass spectrum as

ByTl(plt) = C(,B.(, ‘y({’ H6)+ (2.25)
4 2.25

\ ) 2 .

: Z k,f{% 8, (4 ;;&.)J (p- gp.)]::%,ﬂpu‘z)"”l"

~ 1 4
B o= Bty. 2AMS
¢ (M) (on)$

where

We would like to emphasize that the choice (2.24) leading to (2.25) is arbitrary.

Another very likely choice is to take T as the physical mass spectrum. As we have
found out recently, this significantly simplifies our final formula but complicates
the numerical evaluation. Throughout this paper we will constrain our work to the

mass spectrum defined through Eq. (2.24).
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The bootstrap equation (2.25) is much richer than that for the pion gas; we
have allowed the presence of arbitrarily complicated clusters characterized by the
baryonic number bi' For b = 0 we have a description of meson - fireballs; but
in order to understand these fireballs properly, especially when baryon-antibaryon
clusters are among their constituents, we have to obtain a solution for the

function T for all values of b.

2.5 Laplace and L transforms of the mass spectrum

In order to solve the nuclear bootstrap equation a treatment of the b depen-

dence is necessary. This is done by defining the "L transform':

L[] = 2 o

b=-w

‘Q({.) = {,(7‘) : (2.26)

Hence fA(K) = L[f(b)] is the generating function of f(b)*). We multiply the entire

bootstrap equation with kb and sum over b. Defining the L transforms of T(p?,b)

and of the input term, respectively,

Bh,?" (p'f)): = Z 7\48,6 C(P‘f{’) ) (2.27a)
foiw

By T (Fin): = Brdy(pt o) +
+ 508, (044)d, () |

where

we find that the bootstrap equation takes the form of the pion bootstrap equation

(2.5), however, with a much more involved input function Toys

+
:g. (2.28)

*) We use the expression "L transform" to stress the formal analogy with the
Laplace transform: L is the discrete counterpart of £.
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This illustrates the general bootstrap philosophy that the input function charac-
terizes the 'raw material' while the integral equation imposes the dynamics on it.
The dynamics should be more or less independent of what the raw material is (but

it will depend on kinematics, statistics, etc.).

In order to solve equation (2.28) we introduce the Laplace transforms of T

0yt —13.
d)((&,%): =‘J(E~T,‘(p7,7«)€ ( qup
NGRS

$=-00

(2.29)

-3
(P(@),?\): = gBNIm\((;‘,?\)e \ PO\QP (2.30)

In analogy with the case of pionic bootstrap we now find the bootstrap equation

[sec . (2.8)] considering the Laplace transform of Eq. (2.28):

¢ ({%J ) = CF(@,%) +éxp [d)((’ﬁ(’ﬂ]-d)(ﬁ,?\) -1 . (@3

For the input function y we have explicitly

(P((S,'A ) < 2 7\6% ((Sl{r) (2.32)

b=-o®

_ _ T K, (BHe)
€ (38) = (&(Pn'” ) CbB(’?n " RMs (2.33)

In Fig. 2.2 we give a short summary of the relations between the functions arising

from 1 through application of £ and L transforms:

B, t(p%,b)

BNt)\(pzll) ¢, (B,b)
o (BN)

Fig. 2.2 Relations between the mass spectrum T(p?,b) and its Laplace
(£) and L transforms.
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The Bootstrap equation (2.31) for the doubly transformed function o(B,A) has
a real solution wherever in the (B,A) plane the input function Y<Wo = 1n 4 -1
(see Figs. 2.la and 2.1b). Thus along a curve Bc = f(AC) in the (B,A) plane
defined as the boundary of this domain (BC,AC) =‘?o a qualitative change in the
behaviour of the properties of nuclear matter may occur. Quite aside from the
physical questions, we have to ask for a mathematical solution of the bootstrap
equation beyond this boundary line. As we have previously argued by a recursive
argument, a physical solution for T(p?,b) exists for any p%. Our ¢(B,\) is the
Laplace-L transform of BbT(pz,b) which does not exist in this form everywhere in
(0 < B<®)® (1l <X <x. However, once defined in a domain where it does exist,
it fulfils Eq. (2.3), which then permits analytical continuation of $(B8,A) beyond
the 1imit‘f = %% into the whole (complex B) ® (complex A) domain. Thus using the
methods of complex analysis we will be in a position to study the new phases in

the future.

We remark here that the analytical continuation beyond(fo has never been con-
sidered in the case of pionic bootstrap, since there this limit on { led to a
limiting temperature; the energy of fireballs diverged at this point and made a
transition from our world to the new domain impossible. Now the presence of bary-
ons changes this —-- the introduction of A leads to the existence of a new region

with T < To but > 1n 4 - 1. We will find in our present model again a boundary

T = Ty, at which the energy density diverges -- but this limit is not at
@ =1n 4 - 1, except when A = 1.
THERMODYNAMICS

In Section 2 we have solved the bootstrap equation with the help of the
Laplace transformation. The same mathematical procedure is used in statistical
thermodynamics to obtain the partition function from the density of states. This
coincidence has the effect that the Laplace transform ¢(B) of the mass spectrum
T(p?) and the Laplace transform Z(B,V) of the density of states of a thermodynami-
cal system containing particles with the mass spectrum T(m?), can easily be con-
founded. We expect a relation between ¢(B) and Z(B,V) -- and we will exploit it

below —- but conceptually these two quantities are different.

3.1 The partition functions of the one-component ideal gas

Consider an ideal relativistic Boltzmann gas with one sort of particle of
. . . ex
mass m enclosed in an arbitrary, macroscopic external volume Vu . The number of

states in {p, d“p} of one particle in the four volume Vﬁx is

€K I
.2_,4LLV . Jo(fiw?)qu :

(21)
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Thus the one-particle partition function zf°) (the superscript denotes '"non-

interacting') is defined by
(o) e “E}‘ ~p,pt
Z.1 (FIV "): = 27 SCPE“J)QGPP dqp (3.1)

Here the four-volume ve¥ is an arbitrary external parameter*) (a box of arbitrary
volume V¥ = (VuVu)% having an arbitrary four velocity) while before, in Section 2,
we took the volume to be the dynamically determined proper co-moving volume of the
particle. B has now the meaning of the inverse temperature four-vector where (the
Lorentz 1nvar1ant) T = (B*R) i is the temperature in the rest frame of the thermo-
meter. Zgo) is by construction a function of the invariants g2, VZX, and BUVu . As
it seems not very useful to consider a description where the thermometer moves (fast)
with respect to the container of a gas, we take here Bu parallel to VEX. We then

obtain in the common rest frame of Bu and Vu

VM3 Kz((s“‘-)
2t Pm

(3.2)

(0) (3\/

[Notice the difference with Eq. (2.7b).]

From the one-particle partition function the N-Boltzmann-particle partition

function is found:

©) N
@ [
Z.N ((51\’ ) = N! Z: ((5‘\') ~ -3
The grand canonical partition function is then

0) X M0 o0 %Z:O)(@‘V)
Z ((51\/:7“): =mz-_-o?‘ Z‘m((&'v) =€ 3.4

with A being the fugacity. From Z(O)(B,V,A) nearly all relevant quantities can

be found by logarithmic differentiation, in particular

*) We will often drop the index 'ex' on V when the meaning is unambiguous.
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and so on. We introduce the relativistic chemical potential (equal to Hoonerel * m)

by A = eBu; U =0 (A = 1) corresponds to black-body radiation of quanta with

rest mass m.

3.2 The strongly interacting pion gas

The basic hypothesis is that in many instances an assembly of strongly inter-
acting particles [of one kind*)] enclosed in an arbitrary volume at arbitrary

temperature and chemical potential may be described
either : as a multitude of particles of one kind with a complicated interaction;

or : as a non-interacting phase consisting of an infinity of different

species with a mass spectrum appropriate to the interaction in question.

This implies that, if the mass spectrum of the interaction is known, replacing
the interacting particles by an ideal infinite-component phase and weighing the
different components according to the mass spectrum generates the same distortion
of phase space as the interaction would do. An example is, for instance, a dilute
He gas. Usually this is not described as an assembly of protors, neutrons, and
electrons with a Hamiltonian containing QED and strong interactions; instead,
one uses the mass spectrum (here essentially one state with mass, spin, etc. of
“He) and calculates the properties of an ideal Bose gas of He atoms, considering

the latter as elementary.

Taking now the attitude that the statistical bootstrap model has provided us
with the correct spectrum, the corresponding statistical thermodynamics of strongly
interacting particles follows from the formulae of the ideal gas given in Section 3.1,
now generalized to include the mass spectrum. The one-particle phase-space

measure (3.1) now becomes the '"one-fireball" phase-space measure:

e ex
d?;q(g,V): qup du,\t-c(m’)cyo(f’:m?) = LV o

4
Q)3 o 'C(f?)dp 3.6)

%) The generalization to several different species is straightforward.
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Accordingly we find the "one-fireball" partition function

€x M A
Z‘((?;,V) = %:—% T (&;q)é (S,‘P d‘fP (3.7)

Recalling Eq. (2.7a) we find in the common rest frame of VSX and BU’

s e e
Z4(%IV)—-W %(3 (3.8)

We can now proceed in the same manner as in Eqs. (3.3) to (3.5) which follow now
for the interacting particles dropping the upper index (o). However, in Eq. (3.5)
n is now the average number of fireballs present. For this n(B,V,\) we have the

ideal gas equation (due to the linearity of 1n Z in A):
17 = M. | (3.9)

while the corresponding equation in terms of the average number of pions (con-
tained in all these fireballs together) would look horribly complicated. This
result (3.9), which in the framework of this model is exact, shows once more how

simple things become once the interaction is hidden in the mass spectrum.

3.3 Physics near Ty

We have seen how the bootstrap equation provides us with the function ¢(B)
from which Z;(B,V,A) = 1n Z(B,V,\) can be calculated; Z;(B,V,A) then serves as
the generating function for physical quantities. In all versions of the statisti-
cal bootstrap model we find an exponential mass spectrum

c ,"m
?(M) Vo= ° (3.10)
m
with Ty of order m . While the small variation of Ty = m from version to version
is of no physical importance, the nature of the system, when T » T,, depends
critically on the power a of m in Eq. (3.10). We now study this in order to

determine how the behaviour of p determines the physical properties of fireballs.

Inserting 1 = /So(m® - p?) dm? and replacing in (3.7) T(m?) dm? by p(m) dm,

we find

ex
Z,(G\V) = Vl_:: ’M’le("u)‘(l(w@)m : (3.11)
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As we are interested in the behaviour at T -~ To (B + By), we denote all
quantities which are constant in this limit by the symbol C (at each place where
it occurs, C may have a different value and/or dimension). Using Eq. (3.10) and

the asymptotic formula Kp(x) v vm/2x e ™ we obtain

od

2Ny, ClrtE B, o o
M

T=+T,

Here M is a mass large enough to justify the use of the asymptotic form of Kz and
Eq. (3.10); +C stands for the non-singular integral from m_ to M, With
B - Bo v C(Tp — T) = CAT we find

a-%
C+ CaT ; a+ T
Z (pV) o~
AN T>T T (3.13)
4 e =
T /

In the following table we list the most interesting quantities for a = %, %&, ...,
%, namely: P = pressure, n = fireball number density, € = energy density, 8c/e
mean relative fluctuations of €, CV = de/dT = specific heat, and v® = square of
velocity of sound. We notice that as T + To(AT + 0) the energy density diverges

for a < k. Thus only for a < ’h can we expect that Ty is a maximum temperature.

3.4 Thermodynamics of clustered matter

Let us consider a cluster with baryonic number '"b" enclosed in an "external"

b

Eq. (3.7), the only change being the dependence of the mass spectrum on the

four-volume VSX. Then the one-cluster partition function Z1 b(B,V,b) is given by

baryonic number b. When n such clusters are present, but each with the same b,

we find for the n cluster function the usual expression (3.3). When clusters with
different b are present, then we have to compute the product of the different con-
tributions. Assume that "&" clusters are present. Then the sum over all possible
partitions of b nucleons into % clusters gives us the partition function of b

baryons assembled into % clusters:

M-

(ib) w0
2 (Qa'V(G,(,): =Z T E'J‘-!Z“,‘((slv,j) ! R

o ) e

The sum is over all partitions of b baryons into £ clusters, with nj being the

number of clusters having baryon number j:
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In order to obtain the partition function of an arbitrary number of clusters
having together b baryons, we have to compute in Eq. (3.14) the sum over all
possible numbers of clusters %, since each such configuration is possible. This

has the net effect that the restriction an = £ is removed:
5 (4-5 = NS
ZA(G‘V,(’) ={ZM?} K((»-‘gé’"} )J,l-nmé’! Z4,{>((3‘V'}> (3.15)

We have made the constraint on baryonic number explicit.

The grand canonical partition function Z is the L transform of Zb, Eq. (3.15):

Zpy) = Z X2 008 610

It is straightforward to carry out the sum over b when Eq. (3.15) is inserted into

Eq. (3.16), and we obtain

Z((Slvl?‘) %” m' ’AjZ ((SVJ') (3.17)
W} j=~Q

All values of nj are allowed and the set {nj > 0} depends on j only through the
fact that there are j members of the set. Since all j are permitted, the order
in which the infinite sum and product are evaluated is irrelevant, provided that

the sum converges. Under this assumption we obtain

Zw) =T 54 Wz, i)

a--v° h=0

= exp (Z' ?\3Z ,V,é)]

J=-+0
which very much resembles the results of Sections 3.1 and 3.2 [cf. Eq. (3.4)]:

b Z08,V,2) = Z,(BV, )
7, 1Vn) =2 2 Z,o (V)

J--—oo (3.18b)

(3.18a)




- 21 -

Note that the existence of Z;(B,V,)\), the one-cluster grand canonical par-
tition function, is not assured. In fact, often only the canonical partition
function Z, exists, Eq. (3.15). When an analytical expression for Z can be found,

b
then we can recover the physically relevant quantity Zb by the inverse L transform.

3.5 Partition function of nuclear matter

Thus we see that we need only to compute the one-cluster grand canonical
partition function Z; to determine the grand canonical partition function Z,
Eq. (3.18). This is an easy task -- we recall the definition of the function ¢b
in Eq. (2.29) and find

V™
24'6 (@‘V‘(r) = - B ( )3 '3(3 @4 (3‘ (3.19)

in the common rest frame cf the volume and the '"thermometer'" in complete analogy

to Eq. (3.8); consequently:

Z ((5‘ ')\) Z 34,(‘}4((3'6) ‘ (3.20)

“@rop 2

Were it not for the b dependence of the function Bb [Eq. (2.25)], Bb v Mé , we
would already have the analogue of Eq. (3.8).

In order to proceed further, we have to make an assumption about the b

dependence of the cluster mass Mb' For the present we chocse to consider the

case

4§(M‘53 . '4;"7

; 7 1
M-b— = (3.21)

My ; b=0

where m and my are the pion and nucleon masses, respectively. Here we have
assumed that the mass of a ground-state cluster is proportional to the baryonic

number. We now find for the grand canonical partition function

&AZ(G(Vl)) = Z.‘((.’:‘V,?\) = ’{_a'ul_ﬂ %d},(@\o) -

Vi 2 st
T > ;id’a(@.(*)

In order to sum the expression (3.22) we can generate b™2 in the sum by a double

(3.22)

integral over A.
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While we can sum the general formula (3.22), we will be interested here in
properties of bulk nuclear matter: that is, the case when a certain number of
nucleons is already present in a given volume. Unless T Vv To, we expect only
moderate contributions from baryon-antibaryon pair production, since my >> To.
Therefore we further simplify our model and neglect now antibaryon production.

We can implement this by restricting b to be positive in Eq. (3.22). We note that
in doing so we allow uncompensated baryon production, which is, for T < Ty, a

small effect, since mN/Tg > 7.

The bootstrap equation is then as it was before, Eq. (2.39), but the input

term that describes only 'raw" pions and nucleons takes the form

Qpn) = @ (g) + AR (P) (3.23)

The sum in Eq. (3.22) can now be obtained by integrating from zero to A:

~ALZ (B = ,;:‘;%5%((3.0) +

) N
47k (?;(,3 Sdml \da" [QS((S,'K' 4)6((3‘0)]

0

(3.24)

Given the grand canonical partition function Z(B8,V,A), we want to obtain the
quantities of physical interest for nuclear matter. The energy density, pressure,

and baryon number density are respectively,

8((5\\/:7‘ )= QuZ.((s V,A ) (3.25a)

V’b(&
'P((’,‘V, )= :\';:&LZ ((5'V' A ) (3.25b)

<\f> \)(ﬁy fk) e __ __ &*Zl(} VA ) (3.25¢)

0f further physical interest is the energy per baryon €, = g/v. In the next
section we illustrate our model by some numerical results obtained studying
Egs. (3.23) to (3.25).
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4, PROPERTIES OF NUCLEAR MATTER IN THE BOOTSTRAP MODEL

4.1 The different phases

In this section we will study the physical properties of our model. We begin
by considering in more detail the point\Po = 1n 4 - 1, where the function G(qb
[Eq. (2.9)] has a square root singularity. This point corresponds to a curve

AC = f(Bc) in the (A,B) plane, defined implicitly by the equation

(Po =l -1 = (P‘ (.(50)+ ‘)\C(PN((SG)

Thus

| Lt-a-%db) Am KiBwi) ian .
T Toupy P EE T Y

Bu

We introduce the chemical potential y by A = e”" and consider the function

M, = f(TC), where TC = B:l as follows from Eq. (4.1). As shown in Fig. 4.1, this

line divides the (u,T) plane into two parts. For u < uC(Tc) we have ? <, and

we know that the grand canonical description is valid there. At ? ='fo we are on
K [Gev]
10 b

08
06
1

0.4

0.2

0 50

100 150
T [MeV]

Fig. 4.1 The critical curve U, = Uc(T.) in the uT plane separating
the gaseous phase (I) from the "liquid" phase (II). The
dot-dashed line would be the critical curve if pions were
excluded. Region III is inaccessible (T > Ty): infinite
energy density. For T = 0 the critical chemical potential
equals the nucleon mass; note that this is not its
maximum value.
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the cirtical curve corresponding to a singularity of ln Z. We record the interes-
ting behaviour of UC(TC) for small TC (large Bc). This can be found analytically,
employing the asymptotic expansion for the Hankel functions; but we will not
pursue this point here. From Fig. 4.1 we see that Mo increases initially as a
function of Tc' Beyond a certain point it drops continuously until M, = 0 at

TC = To. Here A was chosen to give To v 150 MeV, which is a phenomenologically
good value for an hadronic bootstrap. We mnote that the behaviour of the chemical
potential for T # Ty is similur even when the pion term is switched off entirely

(dashed line in Fig. 4.1).

The limiting temperature Ty is now a solution of Eq. 4.1 with AC = 1.
However, since the nuclear term is exponentially small at BC = 1/m7T =~ 1/7o we
expect that the limiting temperature is but little changed from that of pionic
bootstrap. The change of To induced by the possible baryon production is
cbtained by expanding Eq. (4.1) around Bo. We find that the change of Ty is
negative: the limiting temperature is slightly lowered (by about 10 MeV) by the

presence of nucleons.

There are three domains shown in Fig. 4.1. In domain I, enclosed by the
function UC(TC), the grand canonical description is valid; in domain II, above
the critical curve, we have P> In 4 - 1, but T < To. In this region the descrip-
tion of the physical quantities should be canonical, since the grand canonical
partition function does not exist for P > P,. It is possible, however, to con-
sider the analytical continuation of the grand canonical function into this
domain -- inverse L transform can then be used to find the canonical quantities.
Henceforth, we will call region I the gaseous phase (because it contains the
region of small density), and region II the "liquid phase" (because it is approached
if at fixed temperature the baryon density, i.e. A or U, increases). Region III,
characterized by T > Ty, is a domain that cannot be reached from the physical
phases in those bootstrap models that give divergent energy density at T = Tq.

We have found, however, other versions of the nuclear bootstrap model which allow
a transition even to this region -- however, we will not discuss this possibility

here.

We cannot exclude that in models with more general input functions P a further
phase develops for large baryon densities. However, this is not so within our
simple model of pions and nucleons where we neglect most of the details of nuclear
structure. In particular, for T » 0 and for U corresponding to V v 1 we might

need more detailed input than we have considered in the present simplified study.
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4.2 Baryon density in the gaseous phase

We begin with a short description of the numerical methods. We need to com-
pute the different derivatives with respect to B and A of Eq. (3.24). Since
d(B,A) = G[qKB,X)], we need only to have the function G(YD and its derivatives
with sufficient precision in order to calculate the quantities of physical interest.

This is done by considering the expansion of G(W) at po:
n 2 2
Q@) = G, - (&%) —-g(wo—ce)z/ PG @)% aG(@) . 4.2)

This equation defines the remainder AG, which can be taken to have the polynomial
form. Since we know the inverse function V =(f(G), we can easily fit AG. We
find that even for a quite small degree of the polynomial N (= 3), already a very
satisfactory result is obtained. This is partly due to the fact that Eq. (4.2)
with AG neglected is, in itself, a very good approximation of G since the maximum
error occurs at Y7= 0 and is AG(0) = 5.7 x 10" *. Also, at‘f = ?% the proper
analytic behaviour is obtained from Eq. (4.2) for GGP) and its first and second
derivatives. Thus to one per mille accuracy the expansion (4.2) is already quite
adequate; however, in numerical calculations we have included the remainder AG
in order to achieve a relative accuracy of 107%. Another merit of the expansion
(4.2) is its analytical integrability in Eq. (3.24). Thus we have succeeded in
obtaining ln Z in terms of known functions. The computation of the different
physical quantities, though tedious, is an elementary exercise now. The results
were obtained and graphically processed by the CERN Interactive Computing System
STGMA®). An independent check of our calculations has been done with the Yellin

expansion (2.12), wherever this was possible.

We begin the discussion of our results by considering the baryon number
density Vv [Eq. (3.25c)J along the gas-'"liquid phase" limit. As a unit of V we
will choose the "elementary'" volume of one baryon, Vy = mA, as introduced in

Eq. (2.21). The baryon number contained in the elementary volume VN now follows

from Eqs. (3.25c) and (3 24):

Vev = - \u(b(& Sd"\’ [G(CP A ) - C(‘Prr)] 4.3)

We find upon differentiation

o A P ) -]

Nrggnq) [G(@+26) - G )]

(4.4)
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At the critical line we just have (prr"‘ 7‘('PN =CP0 , so

Vv [ _-(&2 C(CP N Q@&(P,,/

- e £ D [aaen)-Goa)] [,

The first term is the only one remaining in the absence of pions and is shown as

(4.5)

a dashed-dotted curve in Fig. 4.2. Since for T < T, we have mN/T >> 1, the asymp-—
totic form for the Bessel function:h1Qh can be used to determine V. Therefore

we find

Vv l = (H' SO )'&«-2 (4.6)
.y Mo prvug
Even including pions this expression is correct for low temperatures since, as
., << . - i . (4.
before, (PI,Cl‘lt Acrlt (Pn,crlt The values obtained from Eq. (4.5) are shown
in Fig. 4.2. We see that the onset of the pion component lowers the phase tran-

sition density, but at high temperatures the density again increases sharply.

We notice that for T < Ty - § (with § a few MeV) the transition from gaseous
o "liquid phases" occurs always below one (one baryon per unit volume is by
definition the normal nuclear density). This justifies a posteriori our choice
for the names of the different phases. The sudden rise of the transition density
as T approaches Ty, if confirmed in more elaborate models, could help to obtain

information about the magnitude of To from nuclear physics experiments.

06
0

L 1
50 100 1

T [M cV]

Fig. 4.2 Critical baryon number per nucleon volume V. as a function
of the temperature. The dot-dashed line results if pions
are excluded. The unexpected shape of the critical curve
is seen to be due to the co-existence of pions and nucleons.
Region (I) is gaseous, (II) fluid. For T > To the baryon
density diverges. Note that ordinary nuclei lie in the
liquid phase, but that at T ~ To the gaseous phase is reached
at any density.
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In Fig. 4.3 we show the baryon density in the gaseous phase: in (a) as a
function of chemical potential with temperature being the parameter (isotherms),
in (b) as a function of temperature, with the chemical potential as a parameter.
In (c¢) and (d) we have eliminated the chemical potential from (a) and replaced it
by the pressure [Eq. (3.25b)] in units of Py = mN/VN = A"!., In Fig. 4.3ap =0

implies a finite baryon density, particularly noticeable for T > 120 MeV.

04 0.6
K [GeV]

7220 MeV - pd

(d)

Fig. 4.3 Baryon number per nucleon volume V. in various representations
up to the critical curve: (a) against chemical potential with
isotherms; (b) against the temperature with U as parameter;
(c) against the pressure with isotherms; (d) against the
pressure with | as parameter. Po = A7l =~ proton rest energy
density ("internal proton pressure')., The dash-dotted line is
the critical curve, region II the liquid phase. The white
lower right corner in (c¢) is due to the impossibility of having
antibaryons at high temperature (unsymmetry of our input term).
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4,3 Baryon energy in the gaseous phase

The energy contained in the unit volume vy can easily be obtained from

Eqs. (3.25a) and (3.24):

V,£() = %‘%% G (@) +
LY \

(T:m(%z §%’ Eé‘%" [wa*%’%)'qm’ﬂ '

(4.7)

Both (4.7) and (4.3) are functions of y and T, and we can eliminate numerically
either one of these physical parameters in Eq. (4.7) and replace it by Vv [Eq. (4.3)].

Since T has a better intuitive meaning, we eliminate the chemical potential from

(4.7) and consider
e(p) = E(p,MEY) =&, (BV) 0.5

dropping henceforth the lower index v. The results are shown in Fig. 4.4. Here

the isotherms T = constant are shown for VNE as a function of VNv. We record the

V\E [Gev] A
20 F
T=140 MeV
16 ’ I
I
=120 MeV
1.2
72100 MeV
T=80MeV
08 - T=50 MeV
=20MeV
T=0
04
| 1 1 |
0 0.2 04 06 08

VNV

Fig. 4.4 Energy per nucleon volume V_ as a function of baryon number per
nucleon volume. Isotherms up to the critical curve separating
gas (I) from liquid (II). As the rest mass is included in the
energy per nucleon volume, the lower part of the diagram remains
empty.
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nearly linear behaviour (in the gas phase) of the energy demsity: € " C; + C2 V
with temperature-dependent constants Ci1, C2. We recall that for very small V(T)
our neglect of antibaryons is not justified. But above VNv = 0.1 and T < 120 MeV

our results should be independent of this approximation.

Even better insight can be obtained by inspecting the energy per baryon,

excluding the rest mass,

em: = (:8((3,\’)/\)]-—(MN (4.9)

y

shown in Fig. 4.5. For small temperatures (T < 30 MeV) and densities this should
be just the usual AT, which we actually find for T = 20 MeV. For higher temper-
atures, as we can see in Fig. 4.5b, this is the lower limit of the thermic and
interaction energy egr. For T = 50 MeV and higher, we have a large pion component;
thus the energy per baryon (total energy divided by total baryon number), which
also includes the energy of the pions, stays high above the lower limit »T. We
note that our interaction energy is, by definition, positive. Our nuclear mass

my for the input nucleon should, in principle, include all the binding effects at
saturation, and thus be really my - Eg. Therefore, at densities lower than the
saturation density in the gaseous phase, the thermal energy %T is the lower limit
on the energy per baryon. Furthermore, we note that within our model the thermic

energy dominates the picture between v 20 and v 60 MeV, at which point the onset

of pion and resonance excitation becomes important.

It is a straightforward matter to isolate the thermic term from Eq. (4.7).

In fact recalling the rules of chain differentiation, we obtain from Eqs. (3.25a),

(3.25c) and (3.24)

% 0 _v2 .
£ =~ }b rszirfsqzr-ZLLCZL \’(063 é&k‘¥zq (4.10)

The first term expresses the pion-nucleon interacting component and, as discussed
in a previous subsection, it is small at temperatures below 60 MeV. The second
term is just the '"free' nucleon term at density V, which in the non-relativistic

limit gives us the usual *ALTv.
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(a)

Y
(b
I
02117250 Mev
T:20MeV /
0 1 I 1 2 | ——
02 02 08 08 v

Fig. 4.5 Energy per baryon (minus rest mass) as a function of baryon
number per nucleon volume. (a) from O to 10 GeV, (b) from
0 to 1 GeV with isotherms up to the critical curve separating
gas (I) from fluid (II). Note that the energy per baryon is
not the energy carried by a baryon but: total energy of the
system divided by total baryon number minus rest mass, i.e.
E/b - mye At very low temperatures (T = 20 MeV) it is = Y.

SUMMARY

We have generalized the statistical bootstrap model in a suitable way which
allows for the description of clustering matter with constant energy density and
a conserved quantum number. We apply 6ur theory to the particular case of nuclear
matter which, in the thermodynamic equilibrium, consists at finite temperature of
nuclear clusters and their excitations, pions, and mesonic and baryonic resonances.
Although in the general theoretical part of our work we have maintained baryon
number conservation, in the numerical part we study the properties of nuclear

matter, neglecting the antibaryon production.
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At many stages of our model, relatively arbitrary assumptions have been made
which can only be justified a posteriori by a comparison with the experimental
results; or, perhaps, by the beauty and simplicity of the theoretical relations

and the intuition and experience. In particular we have

i) assumed an ad hoc ansatz for the bootstrap equation for the nuclear level
density [Eq. (2.18)];

ii) assumed a relation of 0 with the mass spectrum [Eqs. (2.24) and (2.19)];
iii) taken the proper volume as being parallel to the momentum of the fireball;
iv) assumed that the natural volumes of the input particles grow with their mass.

As a consequence of (iii) and (iv) we have found that the energy density of fireballs
is constant [Eq. (2.21)] and equal to A”!, which is the only arbitrary parameter

of our model. Although our calculations are more in the nature of an exploratory
study than a final result, we believe that some of the general features we find

in our model are relatively model-independent and could survive further elaborationms.

1) Considering the grand canonical partition function, depending on the

chemical potential and temperature, we find three different situations:

i) a gaseous state (containing for y >~ 0, T = 0, the empty vacuum), character-
ized by the presence of easily movable but strongly interacting nuclei and

pions, all in arbitrary states of excitation;
ii) a "liquid" phase at larger baryon densities; and

iii) a supercritical (unphysical) region above T = To = 150 MeV, where the energy

density becomes infinite.

2) The transition to the 'liquid" phase occurs at about 0.65-0.75 of the
normal nuclear number density and at finite energy density, except when T approaches
To, where the pure gaseous phase persists through high density and where the energy
density becomes very large. We would like to mention now that what we have called
throughout this paper the '"liquid phase'" is really the co-existence of two phases,
vapour and liquid, in equilibrium. We are currently working on a description of

the high density region beyond the phase transition from gas to liquid.

3) 1In our actual description we find a limiting temperature To = 150 MeV.
At this temperature the energy density diverges. We have noted, however, that
this is a subtle point which touches on the limits of the validity of our present
interpretation of the mass spectrum. In this respect we recall that the volume
of fireballs now grows with the fireball mass -— thus the average density should
be finite for T - To. In a consistent model we expect a finite energy density at
To so that the presently forbidden region beyond To will now become accessible,

though only in a microcanonical, non-thermodynamical description.
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4) Below 60 MeV we find that the energy per baryon obeys roughly the simple
relation " 3/2T; however, below 20 MeV our model includes too little nuclear struc-
ture to have enough predictive power. Above 60 MeV, we find that pion degrees of
freedom absorb an increasing amount of the total energy so that the "energy per
baryon" (= total energy/number of baryons) exceeds more and more the energy which

the baryons themselves carry.

Looking ahead, we hope to enlarge our model by making the input more elaborate,
by maintaining the particle-antiparticle symmetry, and by considering the particular
importance of alpha clusters. It seems that a profound study of the "liquid phase"
will be rewarding since much of the structure of the liquid (maybe even the
existence of a new ''solid" phase) depends on the amount of nucleon structure we
include in the input terms. An obvious first step in this direction is the possible
introduction of effective masses (< free masses) of the bound nucleons, a feature
that is very likely relevant to the understanding of the saturation of nuclear
matter in the bootstrap description. We must also incorporate Fermi and Bose

statistics and investigate models leading to a finite energy density at To.
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