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The violations of Bjorken scaling in deep inelastic lepton-hadron scattering

1),2)

provide a quantitative test of QCD , and indeed many experiments have been and

are being performed to measure this phenomenon. The leading order predictioms
, . . \ . 1},2
for the violations of Bjorken scaling have existed for several years ) ), and

recently we have calculated the O(a ) corrections to these leading terms 3)’4).
Since the running coupling constant a (Q ) at Q2 ~ 10 GeV2 is usually taken
from phenomenological analyses to be 0.2 te 0.5, which is not very small, these
non-leading corrections are relevant. In this letter we collect all the mecessary
formulae and parameters required to study deep inelastic lepten—hadron scattering
up to and including the subleading corrections [?.e. the O(QS) correctionsj. All
the intermediate results presented have been calculated using dimemsional regulari-

sation and the minimal subtraction renormalisation prescription; physical results

are of course independent of the renormalisation scheme used.

From the Wilson operator expansion, we have the following relation for the

Nth moment of a structure function
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where Fi may be Fl, Fz/x or F3, and MNS’ Mf and M.g are constants and must be ex—

tracted from the data. The labels f,2, and NS stand for fermion, gluon and

non-singlet, respectively, The Callan-Symanzik equation enables us to calculate

2 ) ..
the Q behaviour of the coefficient functions Cg.
i

The functions F F
on 1* Fyo F3 are

defined here in the following way,
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where MH is the mass of the target Vv = pe*q, and the T1 are glven by
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a) Non-Singlet Combinations of Structure Functions

It is possible experimentally to extract combinations of structure functions
2 . . . \
whose ¢  behaviour is determined only by the mon-singlet operators, so that only
the first term on the right-hand side of (1) survives. Examples of such combi-

. . . . . A
nations which have rTecently been studied experimentally are F3A

izoscalar target 3) and FEP - an 6)' For non-singlet combinatioms the solution

to the Callan-Symanzik equation gives:

, where A 1is an
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‘where N takes even (odd) wvalues for structure functions or combinations of

structure functions which are odd (even) in x at fixed qz, e.g. F szx

1’
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for electro=production or muon—production (eege F3 ).
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CF’ CA and TR are eigenvalues of the Casimir operators of the gauge group

are defined by
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a . .
where Ti' are the genmerators of the gauge group in the same representation as

the quarks and fabC are the structure constants. If the colour group is SU(3)

and the quarks and gluons are in the fundamental and adjoint representations res—

pectively, then CF= 4/3, CA= 3 and T = 1/2

R the number of flavours.
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“i. Ny €4 i * :E‘!" — ﬂ (6)
? ? 2Bo 1@»":
)

where

)

Yl has been calculated in Ref, 3) and the result has recently been rewritten

8.

in the following relatively simple form
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where v 1s Fuler's constant = 0.577216. There still remains some freedom to
absorb part of the E, £ (in particular the terms where only N dependant factors
» 9)

N, . . . .
are Y,) in a rescaling of A . This freedom corresponds to our ignorance of the

next order corrections.

. =22, )
Finally we need to know g (Q) in terms of Q2, and the first two terms

in the asymptotic expansion are given by

T = T () L B degaea(R))
LA o 495%;, (11)

where A 1is a parameter which has to be determined from the data.

In order to facilitate phenomenclogical applications of formula (2), we ta—

bulate the wvalues of A2 NS for three to six flavours and for values of N from
»

1 to 20 in Table 1. Values of AI,NS and A3,NS can be eagily obtained from

Table 1 by using equations (6), (10b) and (10c).



N b * - *
Since Y 1 for even N 18 not the analytic continuation of that for odd

N 1)

, 1n principle one should only take the values of Ai NS? using Table 1,
*
for even or cdd N (depending on whether the combination of structure functions

being studied is even or odd in x ). However since numerically the difference

between analytically contlnulng A from even (odd) N to odd (even) N and the

SN5
values of Ai NS themselves for odd (even) N:.turns_out tévbé sméllnlo), in prac-
*
tice it is reasomable to use the values of A. from Table 1 for both even and

B 1,NS8
odd N in equatipn {2) for any crossing symmetric or antisymmetric combination of

non-singlet structure functions (i.e. even or odd x).

b) The Singlet Contribution

In addition to the non-singlet contribution discussed above, in general a
structure function will also have a contributien from the singlet operators
E”e. the second and third terms on the right-hand side of equation (1)]. We
denote this singlet contribution by Q(X,QZ),and like to think of it as the
total quark dlstrlbution. Because of the mixing of the singlet OPéfatbrS in higggr

orders Q(x,Q ) depends not only on its value at some flxed Q ~Q but also on

rhe gluon dlstrlbutlon G(x,Q ) *) at this wvalue of Q We haﬁe for Nth moment
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*) There is some freedom in the definition of the gluon distribution. Equation (12}
together with tables 2 to 5 correspond to a consistent definitiom.



where the label i  takes the values of 1 or 2 depending on whether ome is con-

1 2

the one and two loop anomalous dimensions of the singlet operators, BO and Bl’

and the one loop contributions to the coefficient functions, in a way which is

sidering the structure fumction F. or F,. The coefficients Aij’ Bij depend on

explained in reference 4. In tables 2,3,4 and 5 we tabulate their values for
N =2 to 20 (zluon operator matrix elements are non-zerc for even N only, by
charge conjugation -~  for odd N the singlet and non-singlet operators have

. . 2 . . .
identical @  dependence) for three, four, five and six flavours, respectively.

»

For any structure function or combination of structure functions we can re-

write equation (1) as

Fo(8) = Fl (@) + BT(9)
(13)

where the Q2 behaviour of the Ff NS is given by equation (2) and that of
the Q? by equation (12), For ea;h N there are still three constants to be
determined from the data, one to normalise F?,NS and two to normalise Q?.

Asymptotically, as Q2+ o, the scale breaking effects described above are
the dominant ones, however at values of Q2 accessible to present day accelerators
it is probable that scale breaking effects due to the mass of the target are not
completely negligible. These can be included by taking Nachtmann moments 11)
instead 6f the Cornwall-Norton moments [defined by equation (1)]*). The Q2 beha-
viour of the Nachtmann moments is precisely that given by equations (2) and (12).

The definition of these moments for all the structure functions measured in deep

inelastic leptoproduction is presented in ref, 12).

*) Scale bresking effects arising from the quark masses, and from operators in
the Wilson expansion which are of twist 4 or higher are still neglected,



N\\f 3 4 5 6

1 0 0 0 0

2 8.899 9.045 9.295 9,700
3 15,85 16,02 16.33 16.86
4 21.59 21,75 22,09 22.71
5 26.49 26,64 27.00 27,68
6 30.78 30.93 31,30 32.03
7 34,61 34,75 35,15 35.90
8 38.07 38.22 i8.61 39.40
9 41.24 41,38 41.78 42,60
10 44,16 44,29 44,71 45.55
11 46,87 47,00 47,42 48,28
12 49,40 49.53 49,95 50.84
13 51.77 51.90 52,34 53.24
14 54,02 54,14 54,58 55.50
15 56.13 56.26 56,71 57.64
16 58,15 58,27 58,72 59.68
17 60.07 60.19 60,64 61.61
18 61,90 62,02 62.47 63.46
19 63.65 63.77 64,23 65,23
20 65,33 65,49 65,91 66,92

Table 1
Values of A for three to six £lavours (f) and for

2,N8
for values of N from 1 to 20,



N 2 4 6 8 10 i2 14 16 18 20
A, 0.6400 | 0.0175| 0.0037 | 0.0015 0.0007 | o.0004 | 0.0003 | 0.0002 0.0001 0.0001
8 6.879 0.1907 | 0.0334 | 0.0115 | 0,0054 | @,0030 u_.'urns a.0a13 | @.0ai0 | 0.0007
Ay 6.778 0.1794 | 0.0320 | ©0.0112 | 0.0053 [ 0.0030 | 0.0019 0.0013 | 0.0010 0.0007
Af;) -2,292 1.453 -0.2363 | -0.0517 | -0,0214 | -0.0115 | -0.0071 | =-0.004% | -0.0035 | -0.0026
Aﬁ) =3.472 1.366 -0.2570 | =-0.0595 | ~0.025) | -0.0135 | -0.0084 | =-0.0056 | -0.0040 | -0.0030
Az2q 0.300 | o0.0824 | 0.9962 |. 0,9985 0.9993 0.9996 0.9997 0,9998 |  0.9999 0.9999
Ay 1.334 18,41 30.10 | 37.47 43.66 48.98 53.66 '57.83 61.62 |, 65.07
A::) 0.3922 | 19.55 30.88 38,07 64,15 49.39 54,01 58.15 61.90 | 65.33
AV | -s.e20 | -2006 | 29090 | -37.43 | a3 65 | -4s97  |-s3.65 | -57.83 | -61.61 | -65.07
A2 | i3.699 | -21.10 | -30.66 | -38.02 | -44.13 | -49.38 |~56.01 | -58.14 | -61.89 | -65.32
Bi; 0.3600 | ©0.1393| 0.0723 | 0,0480 0.0355 0.0279 | 0.0228 0.0192 |  0.0165 0.0145
Bf:) 3.869 1.514 0.6462 |  0,3768 0.2567 0.1925 0.1539 Q1287 0.1113 | 0.0986
Bf:) 3.812 1.424 0.6193 0,3654, 0.2509 0,1892 0.1518 0,1273 0.1103 0.0979
B:(:) =6.030 3.998 3.795 3.273 2.867 2,550 2.297 2.091 1.920 1.776
Bf:) =3.414 3.315 3.397 3.018 2.692 2,422 2.199 2.014 1.858 1.725
B21 -0.3600 -0.1393 -0.0723 =-0,0480 -0,0355 -0.0279 -0,0228 -0,0192 -3.0165 ~0.0}45
300 | -1.336 | -2.610 | -2.185 | -1.801 | -1.550 | -1.367 | ~1.225 | -1.112 | -1.019 | -0.9417
Ba(:) -0.3922 | -2.771 | -2.262 ~1.830 -1.568 | --1.378 | -1.233 -1.118 -1.026 -0.9454
Bz(:) 3.494 | -2.901 | -2.236 | -1.848 -1.574 -1,376 | -1.226 -1.108 -1.012 | -0.9333
sz) 1.993 -1.968 ~1.774 -1.554 -1.375 -1,233 ~1.118 -1.024 -0.9446 | -0.8777
Y /286 0 0.7599| 0.9958 |  1.160 1.287 1.392 1.480 1.557 1.626 1.687
v 8,1 0.6173 | 1.638 2.203 2.587 2.882 3.121 3323 | 498 s653 | 3791

Table 2
Quantities occurring in Eq.. (12) in the case of three flavours




N 2 4 6 8 10 12 14 16 18 20
A, 0.5714 { 0.0197 | 0.0044 | 0.0018 | 0,0009 | 0.0005 | 0.0004 | 0.0002 0,0002 0.0001
a$) 7.253 0.2331 | 0.,0408 | ©0.0137 | 0.0062 | 0.003 | 0,0021 0.0014 | 0.0010 0.0008
A§§)| 6.893 0.2160 0.0386 0.0132 0.0060 0.0033 0.0021 0.0014 0.0010 0.0007
Al -1.960 | -4.038 | -0.1389 | -0.0515 | -0.0284 | -0,0185 | -0.0131L | -0.0098 | -0.0077 | ~0.0062
Afﬁ) -3.125 -4.,142 -0.1643 -0.0613 —0.6330 -0.0210 -0,0147 -0,0108 -0.0084 =0.0067
Az 0.4286 | ©0.9803 | 0.9956 | 0.9982 | 0.9991 | 0,9995 0.9996 | 0.9998 | 0.9998 0.9999
D 1.943 23.95 0.3 | 37.60 43.80 49.12 53.79 57.96 61.74 65.19
al?) 0.5714 | 25.11 30.91 38.21 44,29 49,53 54,15 58,27 62,02 65.45
A dor2as | -20015 [ -30.03 | -37.57 | —a37s | -49.10 | -53.78 | -57.95 | -61.73 | -65.19
A2) |-s30 | -21.18 | -30.79 | -38.16 | -44.26 | -49.51 | -54.13 | -ss.26 | -62.01 | -65.44
Bi: 0.4286 | 0.1700 | -0,0907 | 0.0608 | 0.0452 | 0.0357 | 0.0293 | 0.0247 0.0213 | 0.0186
8!}’ 5.439 2.016 0.8404 | 0.4730 | 0.3108 | 0.2255 0,1750 | 0.1428 | 0.1208| 0.1053
B{s’ 5,170 1.868 0.7951 | 0.4536 | 0.2009 0,2197 | ©.1714 | 0.1404 | 0.1192 0.1041
B, | -7.114 6.095 4,978 4.335 3.813 3.399 3.066 2.794 2.567 2.376
83| 6464 5.218 4.457 4,000 3.581 3,229 2,937 2.692 2.485 2.308
Byy -0.4286 | =0.1700 | =-0.0907 | -0.0608 | =0.0452 [ =0.0357 | =-0.0293 | -0,0247 [ =-0,0213| -0.0186
B30 | -1.943 | -4.153 | -2.745 | -2.200 | ~1.981 | -1.752 | -1.574 | -l.431 | -1.314 | -1.215
s$) [ -osvue | -a3se | 2eea6 | -2.327 | -2.003 | -1.767 | -1.585 | -1.438 | -1.320 -1.220
néi% 3.618 -3.959 ~3,074 -2,518 -2.143 -1.872 -1.667 -1.505 -1.375 -1.266
3521 1.865 | -2.733 | =2.436 -2.127 | -1.879 | -1.682 | =-1.523 | -1.393 | ~-1.284 | ~-1.192
Y /28 | o 0.8170 1.074 1.252 1.390 1.503 1,599 1.682 1.756 1.821
Y+/280 0.7467 1.852 2,460 2.875 3,192 3.451 3.669 3.858 4,025 4,174
Table 3

Quantitiees occurring in Eq. (12)

in the case

of four flavours.
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N 2 4 6 8 10 12 14 16 18 20
An 0.5161 0.0210[ o0.0049] o0.0020 | ©.0010 | 0.0006| ©0.0004| ©0.0003 | 0.0002| 0.0002
AP 7.695 0.2812]  0.0505] ©0.0169 | ©0.0076 | 0.004L]  0.0025]  0.0016 0.0012 |  0.0009
aly 7,128 0.2582| 0.0474{ ©0.0161 | 0.0073 | 0.0040| 0.0024|  0.0016 0.0011 0,0009
a3y | -1.906 | -o0.2855{ - 0.0808] - 0.0483 | - 0.0331 | - 0.243 | - 0.0186| - 0.0147 | - 0.0119 | - 0:0098
Afi) ~3.059 - 0.40201 - 0.1105| ~ 0.0598 ~0.0387 | - 0,0274 | - 0.0205] =- 0.015% | - ©.0127 | - 0.0104
I 0.4839 0.9790 |  0.9951  0.9980 0.9990 | 0.9994 | 0.9996|  0.9997 | ©0.9998 | 0.9998
alP 2.500 20.41 30,41 37.98 44.21 49.54 54.23 58.41 62.20 65.66
afd) 0.7354 |  21.58 31.20 38.58 44.70 49.95 54.59 58.72 62.48 65.91
A | -s200 | -20.40 | -30.37 | -37.95 | -aa.18 | -49.52 | -s4.21 | -58.40 | -62.19 | -65.65
A% | 4804 -21. 44 -31.13 -38.54 -44.67 -49.93 -54.57 -58.71 -62.47 ~65.90
By. 0.4839 0.1961 | o0.1070] ©.0724 | ©0.0541 | o©o.0428| 0.0352| 0.0298 | o0.0257 | 0.0225
8}’ 7.214 2,632 1.100 0.6123 | ©0.3962 | 0.2825] 0.2156| 0.1730 | 0.1443 | 0.1240
{3 6. 682 2.416 1.033 0.5833 | 0.3813 | 0.2739{ ©0.2102|  9.1694 | 0.1417 | 0.1222
8{}? | -s.159 6.519 6.090 5,351 4.726 4,223 3.815 3.480 3.200 2.963
B3 | -7.520 5.457 5.450 4.937 4.439 4.012 3.654 3,353 3.097 2.879
B2, -0.4839 | - 0.1961 | - 0.1070| - 0.0724 | - 0.0541 | - 0.0428 | ~ 0,0352] - 0.0298 | - 0.0257 | - 0.0225
BS2Y | -2.500 | - 4.088 | -3.270 | -2.755 | -2.393 | -2.122 | -1.910 | -1.739 |- 1.598 | -l.479
8{2 | -0.7354 | -4.324 .1 - 3,355 | - 2,799 | - 2,419 | - 2.139 | - 1.923 | - 1.748 |- 1.605 | - 1.485
{1 3.445 | -5.063 | -3.920 | -3.209 | -2.729 |- 2.383 | -2.121 | -1:914 |- 1.746 | - 1.608
{3’ 1.573 -3.550 | -3.128 | -2.722 | - 2,400 |-2.146 | -1,041 | - 1,774 |- 1.634 | - 1.516
Y /28s| © 0.8846 1.166 1.360 1.511 1.633 1.738 1.828 1.908 1.980
vy /28,1 0.8986 2.104 _ 2.762 3.212 3.557 3.838 4.075 4,281 4,462 4.624
Table &

Quantities occurring in Eq. (12) in the case of five flavours




il

N 2 4 6 g 10 12 14 16 18 20
An 0.4706 | 0.0217 | 0.0053 | o0.0022 | ©0.0011 | ©.0007 | 0.0005 0.9003 0.0002 | 0.0002
afp 8.310 0.3415 0.0644 0.0222 0,0102 0.0055 0.0034 0.0023 | 0.0016 0.0012
a$y 7.570 0.3126 | 0.0604 | 0,0211 [ 0.0098 | 0,0054 | 0,0033 | 0,0022 0.0016 | 0.0012
Ay -2.158 0.1380 | -0,0389 | -0.0443 | -0.0367 | -0,0295 | -0.0238 | -0.0%94 | -0.0161 | -0.0135
A3 | -330 0.0113 | =-0.0719 | =0.0572 | -0.0430 | =0.0330 | -0.0259 | -0.0208 | -0.0171 | ~0.0142
. 0.5296 | 0.9783 ! 0.9947 | 0.9978 | ©0.9989 | 0.9993 | 0.9995 | 0.9997 0,9998 | 0.9998
A 2.990 | 20.43 31.03 38.74 45,04 50,43 55.15 59.37 63.19 66.68
alz? 0.8793 | 21.63 31.83 39,35 45.53 50,84 55.51 59.68 63.47 66,93
asd? -9,141 |-20.91 -31.06 ~38.72 ~45.02 50, 40 -55.13 -59,35 -63.17 “66.66
a2 | osiuee |25 |-a1e2 | -39.31 | -4s.50 | -so.er | -55.49 | -55.67 | -63.45 | -66.92
Biy 0.5294 0.2187 0.1216 0.0829 0.0622 0.0494 0.0407 0.0345 0.02986 0.0262
pis 9,348 3.437 1.481 0.8398 | 0.5506 | 0.3962 | 0.3042 | 0.2450 | 0.2045 | 0.1758
gl 8.516 3,146 1.389 0.7998 | o0.5299 | 0.3862 | 0.2966 | 0.2399 | 0.2010 | 0.1733
s | 29,400 7.298 7.077 6.277 5.568 4.988 4.515 4,123 3.796 3.517
{2 -8.803 6.058 6,321 5.786 5,226 4.737 4.323 3.972 3,673 3.416
B2: -0.5294 | -0.2187 | -0.1216 | -0.0829 -0,0622 -0,0494 | -0.0407 | -0.0345 | -0,0298 | -0.0262
st | -2.090 | -4s68 | -3.795 | -3.220 | -2.806 | -2.493 | -2.247 | -2.048 | -1.884 | -1.745
82 | -0.8793 | -4.834 | -3.892 | -3.270 | -2.836 | -2.513 | -2.262 | -2,05¢ | ~-1.892 | ~1.752
il 3.041 | -6.167 | -4.764 | -3.897 | -3.313 | -2.892 -2.572 | -2.320 | "2.116 -1.948
352) 1.166 ~-4.,370 -3.819 -3,316 -2.920 -2.608 -2,357 | -2,152 -1.982 -1.837
Y /2801 O 0.9656 1.276 | 1.489 1.6564 1.789 1.903 2,002 2,090 2.168
v¥728, | 1.079 2,403 3.122 3.614 3.992 4,299 4,559 4,784 4,982 | s.160

Table 5

Quantitias occurring in Eq. (12} in the case of six flavours.
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