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Abstract
The Statistical Multifragmentation Model is modified to incorporate Helm-
holtz free energies calculated in the finite temperature Thomas-Fermi approx-
imation using Skyrme effective interactions. In this formulation, the density
of the fragments at the freeze-out configuration corresponds to the equilibrium
value obtained in the Thomas-Fermi approximation at the given temperature.
The behavior of the nuclear caloric curve, at constant volume, is investigated
in the micro-canonical ensemble and a plateau is observed for excitation en-
ergies between 8 and 10 MeV per nucleon. A small kink in the caloric curve
is found at the onset of this gas transition, indicating the existence of negative
heat capacity, even in this case in which the system is constrained to a fixed
volume, in contrast to former statistical calculations.

1 Introduction

Nuclear collisions, at energies starting at a few tens of MeVper nucleon, provide a means to study hot
and compressed nuclear matter [1–8]. The determination of the nuclear caloric curve is of particular
interest as it allows one to investigate the existence of a liquid-gas phase transition in nuclear matter.
Owing to experimental difficulties, conflicting observations have been made in different experimental
analyses [9–22], although there have been attempts to harmonize these results [23].

The properties of a fragmenting system in central collisions have been found to be fairly sensitive
to the Equation Of State (EOS) in many theoretical studies using dynamical models [1–5]. However,
despite the success of statistical multifragmentation models in describing many features of the process of
nuclear disassembly [24–26], there has not been much effortto incorporate information based on the EOS
in these models. Yet, they have recently been applied to investigate the isospin dependence of the nuclear
energy at densities below the saturation value [27–29], in studies that have suggested an appreciable
reduction of the symmetry energy coefficient at low densities. Other statistical calculations [30, 31]
indicate that surface corrections to the symmetry energy might also explain this behavior. A statistical
treatment that consistently includes density effects thusseems appropriate for these studies.

In this work, we modify the Statistical MultifragmentationModel (SMM) [32–34] by including
the effects of finite temperature on fragment volumes and free energies using the Thomas-Fermi approx-
imation [35–38] with Skyrme effective interactions [40]. This version of the model is labeled SMM-TF.
The internal Helmholtz free energies of the fragments provided by the mean field approximation are
fairly sensitive to the Skyrme force used [39], making it possible to investigate whether such statistical
treatments might provide information on the EOS. For consistency with the mean field treatment, the
equilibrium density of the fragments at the freeze-out stage is also provided by the Thomas-Fermi calcu-
lations. Thus, in contrast with the former SMM calculations[41], the hot fragments are allowed to form



at densities below the saturation value. For a fixed freeze-out volume, this leads to a systematic reduction
of the free volume, which directly affects the entropy of thefragmenting system, its kinetic energy, and
pressure. As a consequence, other properties, such as the caloric curve and particle multiplicities, are
also affected.

2 Theoretical framework

In the SMM [32–34], the source is assumed to be formed at a latestage of a reaction and to consist of
Z0 protons andA0 − Z0 neutrons with total excitation energyE∗. As the system expands, there is a fast
exchange of particles within it until a freeze-out configuration is reached, at which point the composition
of a set of fragments is well defined. One then assumes that thermal equilibrium has been reached and
calculates the properties of the possible fragmentation modes through the laws of equilibrium statistical
mechanics. A possible scenario consists in conjecturing that the breakup takes place at constant pressure.
In this case, different statistical calculations predict aplateau in the caloric curve [33, 42–47]. The
situation is qualitatively different if one assumes that, for a given source, the freeze-out configuration
is reached at a fixed breakup volumeVχ. As studied in many places, a monotonous increase of the
temperature with the excitation energy occurs in this case [47–49]. In this work,Vχ is kept fixed for all
fragmentation modes, and is given by:

Vχ = (1 + χ)V0 , (1)

whereV0 denotes the volume of the system at normal density andχ ≥ 0 is an input parameter.

In the micro-canonical version of SMM, the sampled fragmentation modes [34] are consistent with
mass, charge, linear momentum and energy conservation. TheSMM is then equivalent to a generalized
Fermi breakup model [50, 51] in which internal excitation ofthe fragments is taken into account. The
density of states per unit of energyωf can be written as
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In the above equation,B0 is the ground state energy of the source andNl denotes the multiplicity of each
type of fragment.Bj corresponds to the binding energy of fragmentj, ~pj represents its linear momentum,
ǫ∗j its excitation energy andρj (εj) its density of states. The Coulomb repulsion among the fragments is
taken into account by the termsEc0 andEcj which, together with the self energy contribution includedin
Bj, gives the Wigner-Seitz [52] approximation discussed in Ref. [32]. Vf denotes the free volume,i.e., it
is the difference betweenVχ and the volume occupied by all the fragments at freeze-out. As in Ref. [41],
henceforth denoted by ISMM here, the fragment binding energy Bj is either taken from experimental
values [53] or it is obtained from an extrapolation, if empirical information is not available.

The freeze-out temperature varies from one fragmentation modef to the other, since it is deter-
mined by the constraint of energy conservation. The averagetemperature is thus calculated, as any other
observableO, through the usual statistical average,

〈O〉 =

∑

f Ofωf
∑

f ωf
=

∑

f Of exp(Sf )
∑

f exp(Sf )
, (3)

whereSf denotes the entropy associated with the modef . In the SMM, this is calculated through the
standard thermodynamical relation
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Fig. 1: Nucleus + gas and gas matter distributions of the58Ni nucleus for three values of the temperatureT .

S = −dF

dT
, where F = E − TS (4)

is the Helmholtz free energy. In the following, we write thisquantity as

F =
∑

A,Z

NA,Z

[

−BA,Z + f∗

A,Z(T ) + f trans
A,Z (T )

]

+ FCoul , (5)

where the contribution of the internal fragment excitationis related to the density of excited states through

f∗

A,Z (T ) = −T ln

[
∫

∞

0
dεe−ε/T ρA,Z (ε)

]

, (6)

and the contribution of the translational motion is given by
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[
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. (7)

In the above expression,λT =
√

2π~2

mnT , wheremn corresponds to the nucleon mass. A spin multiplicity

factorgA,Z is included for light particles but is assumed to be taken into account inf∗

A,Z for fragments
with A ≥ 5.

In its original formulation [32], the diluted matter of the SMM is assumed to undergo a prompt
breakup in which the fragments collapse to normal nuclear density. The volume they occupy corresponds
to V0, so that the free volume is

Vf = χV0 . (8)

2.1 The SMM-TF

The Hartree-Fock approximation allows one to calculate theinternal free energy and density of a frag-
ment as a function of the temperature. Due to important contributions associated with unbound states at
high temperatures, such a treatment is not accurate forT & 4 MeV, as pointed out by Bonche, Levit,
and Vautherin [54]. To extend the calculations to higher temperatures, they observed that there are two
solutions of the Hartree-Fock equations for a given chemical potential. One corresponds to a nucleus in
equilibrium with its evaporated particles whereas the other is associated with a nucleon gas, as shown
in Fig. 1. Thus, in their formalism, the properties of the hotnucleus is obtained by subtracting the
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Fig. 2: Ratio between the average equilibrium density of the nucleus at temperatureT and the ground state value
as a function of the temperature.

thermodynamical potential associated with the nucleon gasfrom that corresponding to the nucleus in
equilibrium with an evaporated gas. Except for the Coulomb energy, there is no interaction between the
gas and the nucleus-gas system. This approach was successfully applied by these authors [39, 54] and
adapted to the finite temperature Thomas-Fermi approximation by Suraud [38].

The variation of the equilibrium density of a nucleus at temperatureT is illustrated in Fig. 2 which
shows the ratio between the average density〈ρ〉 of several selected light nuclei at temperatureT and the
corresponding ground state value〈ρ0〉. We define〈ρ〉 as the sharp density which gives the same root
mean square radius as the nuclear density obtained in the Thomas-Fermi calculation. One observes that
〈ρ〉 decreases as one rises the temperature of the nucleus and that it quickly goes to zero asT approaches
its limiting temperature, since the nuclear matter tends tomove to the external border of the box due
to the Coulomb instabilities [38, 39, 54]. In our SMM-TF calculations, we only accept a fragmentation
mode if the temperatureT is smaller than the limiting temperature of all the fragments of the partition.
If this is not the case, the entire partition is discarded andwe sample another one.

Thus, the fragment’s volume at temperatureT is defined as:

VA,Z

V 0
A,Z

=
〈ρA,Z

0 〉
〈ρA,Z〉 , (9)

whereV 0
A,Z represents the volume of the fragment(A,Z) in the ground state. The free volumeVf then

depends on the temperature and is given by

Vf (T ) = (1 + χ)V0 −
∑

A,Z

VA,Z (T ) . (10)

We also calculate the internal free energiesf∗

A,Z of the nuclei using the subtracted free energy. The free
energies and equilibrium volumes are calculated for the alpha particle and all nuclei withA ≥ 5.

3 Results and discussion

We apply the SMM-TF model to the breakup of the150Nd nucleus at a fixed freeze-out density, using
Vχ/V0 = 3. The caloric curve of the system is displayed in Fig. 3. Besides the SMM-TF (circles)
and the ISMM (triangles) results, the Thomas-Fermi calculations for the150Nd nucleus is also shown
(dotted line), as well as the Fermi gas (full line) and the Boltzmann (dashed line) expressions. For
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Fig. 3: Caloric curve associated with the breakup of the150Nd nucleus. For details, see the text.

E∗/A . 8.0 MeV, both SMM calculations agree fairly well for the prediction of the breakup tem-
peratures. However, a kink in the caloric curve is observed at this point, in the case of the SMM-TF,
indicating that the heat capacity of the system is negative within a small excitation energy range around
this value. Negative heat capacities have been predicted bymany calculations and have been strongly
debated in the recent literature [33,42–46,55–57]. However, this feature is usually observed at the onset
of the multifragment emission,i.e. at the beginning of the liquid-gas phase transition [33,45], whereas it
appears much later in the present calculation.

In order to understand the qualitative differences betweenthe two SMM approaches, we show, in
Fig. 4, the multiplicity of light particlesNlp (all particles withA ≤ 4, except for alpha particles), the
alpha particle and the Intermediate Mass Fragment (IMF,3 ≤ Z ≤ 15) multiplicities, as well as the
total number of particlesNtotal as a function of the excitation energy. It is important to note that neutrons
are included inNlp andNtotal. One observes a clear disagreement between the two SMM calculations
in the prediction of the alpha particles. This is due to the construction of the internal free energies in
the ISMM [41], which considers empirical low energy discrete states. Since the first excited state of the
alpha particle is around 20 MeV, this strongly increases thefree energy at low temperatures, in contrast to
the Thomas-Fermi calculation. Except for this difference,the agreement between the model calculations
is fairly good, in the case of the other observables, for excitation energies up toE∗/A ≈ 7.5 MeV. All the
multiplicities smoothly increase to approximately this excitation energy. The small discrepancy between
Ntotal in the two calculations can be attributed to the differencesin the alpha multiplicities. Then, at
E∗/A ≈ 7.5-8.5 MeV, in the SMM-TF calculations,Nα andNIMF reach a maximum and begin to
decrease. Another striking feature observed in this picture is the sudden change in the slope of theNtotal

andNlp SMM-TF curves at the same point, not seen in the ISMM results.

Although the Helmholtz free energies of the fragments are somewhat different in both calculations,
the differences are not large enough to quantitatively explain this peculiar behavior. The alpha particle
is a particular case due to the reasons given above. Thus, this salient feature must be associated with
the behavior of the kinetic terms, due to changes in the free volume. The logarithmic volume term in
the entropy disfavors partitions with small free volumes. Therefore, the system prefers the emission of
very light particles,Nlp, (which cannot be excited in our treatment) in order to minimize the reduction
of Vf . Nevertheless, this preference is limited by the energy conservation constraint. It is only when
the excitation energy becomes sufficiently high that there is enough energy for the system to emit an
appreciable number of very light particles. The entropy reaches an approximately constant value in the
SMM-TF model forE∗/A & 8.0 MeV. The large emission of particles which have no internal degrees of
freedom prevents the entropy from falling off from this point on, since they do not expand. One should
note that the reduction of the complex fragment multiplicities does not mean that the limiting temperature
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Fig. 4: Average multiplicity of light particles, alpha’s, IMF’s and total, as a function of the excitation energy.

of the fragments in the different partitions has been reached. In fact, the breakup temperatures obtained
in the present calculations are much lower than the limitingtemperatures of most nuclei (except for the
very asymmetric ones), as may be seen in the examples given inFig. 2 and in Refs. [38,39]. This effect
on the produced fragments appears at much higher excitationenergies. Therefore, the back bending of
the caloric curve and the small plateau observed in Fig.3 arestrongly governed by the changes in the
free volume. Thus, this phase transition at high excitationenergy takes place at approximately constant
entropy.

Even though the fragments are not directly affected by theirlimiting temperatures at the excitation
energies we consider, the reduction of the entropy associated with the volume affects the fragment species
in different ways. Since proton rich nuclei tend to be more unstable, they suffer from the dilatation
effects more strongly than the other isotopes. Owing to their larger volumes at a given temperatureT ,
partitions containing proton rich fragments have smaller entropies than the others. Therefore, one expects
to observe a reduction in the yields of these fragments. Since the limiting temperatures, as well as the
equilibrium density at temperatureT , are sensitive to the effective interaction [38, 39], thesefindings
suggest that comparisons with experimental data may provide valuable information on the EOS.

4 Concluding remarks

We have modified the SMM to incorporate the Helmholtz free energies and equilibrium densities of nu-
clei at finite temperature from the results obtained with theThomas-Fermi approximation using Skyrme
effective interactions. The dilatation of the fragments’ volumes has important consequences on the frag-
mentation modes. For excitation energies larger than approximately 8 MeV per nucleon, it favors a
large emission of light particles with no internal degrees of freedom, leading to the onset of a gas tran-
sition at excitation energies around this value. The existence of a small kink in the caloric curve, as
well as a plateau, for a system at constant volume is qualitatively different from the results obtained in
previous SMM calculations where these features were observed only at (or at least at nearly) constant
pressure [47].

Since the multiplicities associated with IMF’s and light particles are very different in the two
statistical treatments for excitation energies larger than 8 MeV per nucleon, we believe that careful com-
parisons with experimental data may help to establish whichtreatment is more suited for describing
multifragment emission. Furthermore, since the isotopic distribution turns out to be sensitive to the treat-
ment even at lower excitation energies, this suggests that one may learn from the EOS by using different
Skyrme effective interactions in the SMM-TF calculations.Particularly, this modified SMM model is
appropriate to investigate the density dependence of the symmetry energy discussed recently [27–29].
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