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DESCRIPTION OF THE MATHEMATICS INVOLVED IN THE RECONSTRUCTION
OF SPARK POSITIONS IN AN ACOUSTICAL SPARK CHAMBER

E. LILLETHUN and P. ZANELLA
CERN, Geneva

(presented by P. Zanella)

1. INTRODUCTION

This paper describes mathematical methods to find a spark
position in an acoustical spark chamber. Programmes based on such
methods have been written in FORTRAN for the IBM 7090 computer and
are used at CERN for the analysis of data from acoustical spark chamber
experiments.

2e THE PROBLEM: DEFINITIONS AND ASSUNMPTTONS

In general one measures the time—~of~flight T of the pressure
wave formed by the spark, from the spark position to a suitable detector.
The detector will be called a probe. The distance R between the spark
and the probe is, of course, given by

K
R = J/ v(t)dt (1)

-

where v(t) is the rapidly varying veloclty of a shock wave, asymptotically
decreasing to the velocity of sound, v,.

The computations described here are all based on the assumption
that the probes are kept sufficiently far from the active spark chamber
area, so that the velocity with which the pressure wave reaches the probes,
can be safely approximated by Ve

Figure 1 shows approxinatcly the behaviour of' the velocity of
a shock wave as a function of time, i.c. distance from the spark. The
two curves refer to different spark energies. The higher energy gives rise
to a higher initial velocity, but both curves tend to v, at large distances.
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If & measured time T is outside the shock wave region, onc
mey rewrite equation (1) as follows: (Fig. 2)

T T
R = j[ vodt + /' (v(t) - vo)at = voT + LR = v (T + AT) (2)
0 o}

The sound velocity varics with temperature and depends on the gas mixture.
Let us call &v_ the uncertainty in the value of v, . Similarly, let us
indicate with 8(AT) the uncertainty in the estimate of AT, which varies
with the spark energy.

Assuming that T, which is measured elecctronically, is known
to a greater accuracy than v, and AT, we can write the following expression
for the relative error of R :

oR _ dvo , 9(AT) (3)
R~ vy, = T+AT

To make an example, if we assume that during a run the variations of v
are within # 0.2% and that AT may have uncertainties of the order of

* 2 psec, then the error in R can be as large as * 2 mm for a spark 50 cm
from the probce.

Now, let us define a linsar chamber simply as two probes positioned
sufficiently far from the active area, both probes being used to calculate
the X-coordinate of the spark along the line connecting the detectors.

If 2a is the length of the scgment between probe | and probe 2 and if X
is measured from the centre of this segment, we have :

() s o]

R? - R vo° 5 5
Xom g = [}T1 + 0T)" = (T, + AT)" :} (&)

NN

and we can write the following expression for the relative error on X :

aX - aVo

e

3 (AT)
TSR A s T - ®)

which gives for a spark position 50 cm from probe 1, under the assumptions
made in the example above, an error of * 0.55 mm in the X-coordinate of

the spark if the probes are placed 80 cm apart, i.e. spark 10 cm from the
centre of the chamber.

If the two probes are, for example, 160 cm apart, the error
becomes * 1.9 mn under the same conditions. In this case the spark 1s 30 cm
from the centre of the chamber.
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Finally, let us define a two-dimensional chamber as a set of
4 probes positioned sufficiently far from the area of the chambe? where
we want to calculate spark's coordinates, as to allow the flollowing
assumptions to be valid :

i) The velocity with which the pressure wave reaches any probe
is Vge

ii) AT has the same value for all the probes.

TProm the assumptions above, the following four basic equations
can be written for any two-dimensional chambers @

(R1 = vy (T4 + AT) - >

B2 =7 (T2 + AT) where R3 = \/(x - xi)" + (v - ’i) (i = 1,2,‘..4) (6)
Rz = v, (T3 + AT)

134 = v, (T3, + AT)

The calculations of spark position (x,y) from thesc equations are discussed
belowe

Je SOLUTION OF THE BASIC EQUATIONS

The methods of solution fall into any of the following four
classes, depending on whethcr the variables v and/or AT are considered
known or unknown 3

CLASS KNOWN UNKNOWN

I Vos AT Xy ¥

II AT Xy Y5 Vo
IIT v x, ¥, AT

v Xy ¥y Vs AT

3.1, Class I

The spark position is overdetermined., To make good use of the
four equations, one cansplitthe two-dimensional chamber into two linear
chambers, considering probes 1-3 and 2-4 as separate sets. Coordinate

X can be calculated from the first probe set and y from the second, using
equation (4).

The errors due to v, and AT indetermination have been alrcady
discussed for linear chambers. Since they increcase with the distance of

the spark from the centre of the chamber, this very simple method is gencrally
unsuitable for large chambers.
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302 Class IX

ot i St O et g Bt

Twro velocity independent equations can be obtained from the
basic set (6), as follows : '

(Rqy T, + AT
ﬂﬁcg = @Tﬁ = 01 (Oonstant)
P (7)
R T, + AT
2 _ 72 _ e
T =r 0% = O (constant)
L L
Henoe, introduoing x and y :
2 2 2 2 2 2
5 5 X = o, s Yy = oy Vs x4y, - ey (XBV + Y3 )
X 4y = 2 e F=X - 2 —y + 5 =0
1 - Cy 1 = cy 1 - cy
<
2 2 2 2 2 2 2
5 5 Xy = 0y X Yo = 05 Y X,  + ¥, = Cy (X4 * ¥ )
X +¥y -2 R e 2 ST—————ty + 5 =0
E 1 - cy 1 - C5 1 - cs

X2 + yZ ~- 2A

l
[

4x - 2B1y + D1 =

(8)

)
x5 4 y2 - 2A2x - 2B

Ny

{
o

oV + Dy =

Thesc are the equations of two circles in the plane of the chambers.
Each circle is defined by two probes and its centre lies. on. the - line
connecting these two probes. This circle is the geometrical locus of
“the positions that the spark determined by these two probes can assume
by letting the velocity vy vary continuously.

The intcrscctions of the two circles are solutions of the
problem. One can easily choose from the two solutions the one of
physical interest hy imposing physically rcasonablc limits to the valucs
of X, ¥y and vge.

8L:6/mn



The explicit solution is

. N2 2 .

w 'DZ-D,I‘-‘Z(EZ-—-B,I)\V 0= (b -Ay) # 4 (2,5~ By) (2)

X = AZ"A;‘ .
<2l — -~ (/;I' B ,;., ™ — — - ) R T —
where | I = (AZ A,l) B+ 2 (L2 B1)(D2 D1) 2k, (AZ Aj)(Bz 13,1)

Lt
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H

< D 2o - - .
= 8,)% D+ (D,-D)" - 2 (4, A )(Dy=Dy) * 4y

=

l
—
b;,

The spark position computed by this method is free from errors due to velocity
estimate and it is only affected by errors due to AT indetermination.

343 GClass IIL

ot it S e e

Two AT-independent ecuations can be extracted from the basic
equations (6) ¢

Ry=Ry =7, (11-T2) = const.
(10)
NR. =R =v (T_«T ) = const.
2 L @] 2 L

This case presents many analogies with the preceding one : The equations (10)
represent two hyperbolae each being determined by a couple of probes.

The spari defined by two probes describes one such hyperbole when
AT assumes all possible values. The sclution of the problem has to be
found among the intersections of the two hyperbolae.

The spark position, as calculated by this method, is frec from
errors due to an error in the value of AT common to all probes. The in-
accuracy is caused >y errors in the imposed valuc of Vo4

3¢ Class IV

e e e o e 2 e

It is possible to construct two cquations independent of Vs and

AT ¢
/ m
TR S omoow = K (constant)
Sk 3L
< ,
J“R4 = T1-T4 = T (constant)
w2 3 2 73
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Boguations (11) are of the fourth degree in x and y. The
behaviour of the curves of constant K and I within the active area of
a ohamber is shown in Pige. 3 and Fig, 4 respectively., It depends only
on the prebe pesitions. The timesw-of -flight T4, To, T3, T) define .a -
value of XK and a value of I, which select two curves in the families
represented by equations (11). The spark position is at the inter-
section point of these two curves within the active area of the chamber.
Since the direct solution of equations (11) is rather difficult, we
have calculcoted the spark positions by the following method:

i)  First a good approximation to x and y is obtained using the
mathod described under Ssction 3.2

ii)  %hen the solution is iteratively improved up to the desired
- o . 0 . . ) . .
sccuracy by linearizing the equations (11) in a small region
around the approximate spark position.
iii)  To avoid regions where K = o or I = o, the inverse of K or I

are used whenever thelr values are greater than 1.
The solution found by this method is free from errors due to

vo and AT estimates., Its accuracy will be discussed in the next section.

3¢5 Applicability and accuracy of the msthod of Class IV

vt e 10 Ot s S i o S S St B et B s bt o o St o s et bt

The last method vrovides a solution of the spark position
problem which is only dependent on the values of the times-of=flight.

Three major questions arise in this comnections

©
~—’

For o given probe configuration and with infinite accuracy
on the Ty, does geometry alone dictate any limits on the
active area 7

b) How accurately can the spark position be calculated if a
certain inaccuracy is allowed in the measured times-of=flight %

c) Which probe configuration gives most accurate coordinate
determination for a given spark chamber size ?
Concsrning question a), since the spark position is calculated

by intersecting the two curves K and I, one can find a geometrical
solution wherever the angle between these curves is different from zero.
Flg@. 5ﬂand 6 show how this wngle varies in the plane of a chamber.
Obviously the region near zero degrees must be excluded from the active
oreas  Or one can consider, in that rezion, the intersection of one of
the curves above with the curve of constant J where
— — = = a— £ ¥
J = - =1 (K,I).
. -

1
1.

-
o

&N 2
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Alternuﬁivejv one can try to displece the probes such as to nush the
bad regions out of the active area.

Figures 7 and 8 show an exempl of z successful operation of
this kind. Probes 1 and % were displaced by 12 cm in opposite directions.

0]

Vhere the accuracy is concerned (question b), sn IBM 7090
FORTRAN programme has been written, which produces a map of the values of

as /.
28 (1= 1,0)
d];\.i

according to the following formulae:

f o NA / 2
_ (=YL (& (12)
dR. dR. :
i i
where 91 oK 9K 9%
lere = e . == o
ax Oy aRi dy ©OR.
W, T & &k . oL &
dx 0y ox Oy
(13)
oI oK. _ 9K OL
. o SR. 2% OR.
A =
dr, ~ 9K or _ oI 9K
1 oy 0% Jy ox

S, as defined in (12) represents the distance between the actual and the
measured spark positions. Its value is smero if there is no error in the
times=-of~flight.

Pigure 9 sl
rectangular chanmber
Probe 1.

1wows the propagation, uUroubh the left half of ¢

160 % 8% em), of Jhe error in the time T measured by
Pigure 10 shows the effect of errors in Tp in the same chamber
Tigure 11 refers o another rectangular chamber (75 x 85) and

shows the propagation of the error due to Probe 1 “through the active area
of the entire ehamber.
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R, = dR, = AR, = dR, = dR (max. error in Ri) (14)
i 2 5
from
9. 4 gz & g L&
dx = R dR1 * 5h dR, + 5% QR5 AR dR4 (15)
2 o3 L
follows
ax _ ox + 0x . 0x . 0x (16)
= = ’
akr 8R1 BRZ aR3 8R4
and similarly
&y _ Sy, % %y .9y
aR © PR, "OR. "OR., "R (17)
1 2 3 L.
A as o -
hence, one can define 5 8 follows @
ﬁ 2 N2
s _ ax\" , (4 (18)
dR dR \dR
. . , . dS .
The computer can provide a map of T over the entire spark chamber.

The above equations (14) through (18), show that one can determine the
probe configuration to be chosen for a given spark chamber area and for
a given requirement on the accuracy of coordinate determination.

On the other hand, they can also be used to show the limitations
on useful areas in already existing chambers.

L, DISCUSSION OF THE TWO SFPARKS PROBLEM

A1l the considerations above refer to acoustical spark chambers
built to hendle a single spark. Ve want to add some remarks on the
possibility of extending the detection capabilities of these devices to
the handling of two simultaneous sparks. The chambers should in principle
be able to detect the positions of two sparks provided that a sufficient
number of probes is placed around the gap. The unknowns of the problem
are seven

Xyo Ty Xos Too AT1g AT2 and v
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Therefore seven microphones should be encugh. Vhere are these detectors
to be placed 7 An important condition must be obeyedt that the pressure
wave from a spark reaches at least three probes,

One weay of solving the problem .could then be that of determin-
ing first which four protes have detected tne same spark, and use the
corresponding times-of~flight to calculate xq, y4, 4T¢ and voe The
remaining three times-of-flight would then he used to detect the second
spark, meking use of the known velocity vy

By pure geometrical considerations one can construct an active
area wnich fulfils the condition above., Tig. 12 shows how to construct
such an area from any given probe configuration. To i1ncrease the dimensions
of the active areca, the number of orobes should be augmented. Tig. 413
shows en example of rectangular active ares realized with eight probes,
Wherever the two sparks occur in that region there will alwsays be at least
three probes receiving the wave from each spark,

We may nmention that progremmes are being vritten at CERN b

iy > (o] .
Mr. Lefebvres, to deal with the two sparks, and that a chamber with eight
probes has been constructed by Meglif for the tests, )

In view of the limitations on the cholce of experiments to be
dene with acoustical spark chambers, due tc the restriction to only one
3

spark per gap, we feel that this 1s a very important problem to solve.
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Approximate behaviour of the velocity of a shock wave as
a function of times. The two curves refer to different
spark ensrgies,

Graphicel representation of R = vy (T + AT).
Example of curves of constant K.
Exomple of curves of constant I.

Maps of the angle between curves of constant K and I.

ditto.

Effects of the displacement of 2 probes on the angles
between curves of constant K and I.

ditto.

Propagation of errors in spork position determination,

due to inaccurate measurement of time-of=flight by Probe 1,
The curves are labelled with numbers giving the error in
position as fraction of the error in the computed Ry
Chamber dimensions are 160 cm x 85 cm.

Propagation of errors in spark position determination, due
to inaccurate measurement of time-of-flight by Probe 2.
The curves are labelled with numbers giving the error in
position as fraction of the error in the computed Roe
Chamber dimensions are 160 cm x 85 cm,

Propagation of errors in spark position determination as
described for Fig. 9. Chamber dimensions are 75 cm x 85 cm.

Construction of the useful area for two sparks for a given
7 probes configuration.

Rectangulur useful ares for detection of two sparks, realized
with an 8 probe configuration.
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ELLISON: I am & bit worried to know if when you have done these
computations you do in fact get physically reasonable velues of AT and V.

ZANELLA: VWhat we do is to keep on testing V, and AT and if
they are too-far from physically meaningful values we reject the solution.

LINDENBAUM: I was going to say this tomorrow, but in answer to
your question, we actually started the other way. Being ignorant, we got
a computer progremme to find the solutions exactly. We found that you could
trade large differences between V, and A T. For example, we could get
a solution for X and Y which was physically sensible and not too far from
the actual X and Y, but we got & AT vhich we knew wasn't true.

MAGLIC: As Taylor showed, A T dis not common to all four probes.
In fact AT a log Ty, That is why an exact solution is hard toobtain.
The iterative procedure, however, averages ATi's,

ROBERTS: For seeing more than one spark, microphones with good
recovery might be preferable to special programmes snd indefinite increase
in the number of microphones, This must certainly be possible. I don't
know any theoretical reason why one shouldn't be able to build such micro~
phones.,

ZANELLA: Yes, we have thought about this possibility. However,
since we have existing programmes to handle things we just try to increase
the number of microphones and limit the active region.

ROBERTS: I should like to see what happens with five sparks.

ZAWELLA: At present we think that two sparks is already a diffi~
cult problem to solve and we don't think of more sparks.

ANDREWS: We have a microphone where you con clearly see two
sparks, but we haven't yet got any electronics that will 2llow you to sort
the two out, so it may in fact be easier to use single response microphones
and the simpler electronics tharn to devise more complicated electronics for
microphones with two pulses.

R.H. MILLER: It is interesting that this two spark solution completely
sidesteps the question as to whether you get in trouble when one sound wave
crosses another, I wonder if anybody hos yet demonstrated that you can let
one sound wave cross another without getting into some interesting kind of
non-linearity or apparent velocity variation as it docs,
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BARDON: We have nade an intense region of sparking with a source
in one area of the spark chamber and detected sound waves passing through
that arez, and have been able to locate the spark.

MAGLIC: T didn't understend this last sentence.

BARDON: We are able to locate the spark but I am afraid that
this is not really an answer to the guestion, I think that all we have
proved is that the disturbance caused by the local heating of the gas does
not interfere with the spark reasurement.,

MAGLIC: If the spark is far away from the rcgion of interference,
the shock wave is = plane wave and can pass the obstacle without being
disturbed., The scattering of sound by sound has been studied in artillery
and the effect is basically the same as putting an obstacle between the
receiver and the emitter.
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