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1 Introduction

The systematic computation of non-perturbative D-brane instanton effects is an impor-
tant question in string compactifications [1–6], with potentially interesting phenomeno-
logical implications [7, 8]. Among several recent developments (see [9] for a review with
an extensive list of references), an interesting direction is the extension of gauge theory
localization techniques [10] to general D-brane instanton effects, in particular D(−1)-brane
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instanton (and multi-instanton) corrections to F 4 couplings on D7-branes in type IIB ori-
entifolds [11, 12].

The understanding of D-brane instanton effects in orientifold models is important, and
it would be desirable to have alternative viewpoints on these results. In this paper we
recover and generalize these results using a different technique. Following [13] one can
resum multiinstanton effects by computing one-loop diagrams in a T-dual theory, in which
the instantons turn into D-brane particles running in a loop winding along the T-dual
circle. This picture has appeared in several contexts, e.g. [14, 15], to provide insight into
the continuity of non-perturbative effects across lines of BPS stability of the microscopic
instantons [16, 17]. In this paper, we use it as a computational tool, by which we obtain the
F 4 and R4 instanton corrections to an 8d type IIB orientifold from a one-loop computation
with the spectrum of BPS particles in a T-dual type I’ configuration. The computation is
extremely simple, and the result is determined in terms of well-studied degeneracies and
quantum numbers of 9d type I’ BPS states. Our analysis is related to the ideas in [18].

Besides recovering and extending known results, our work has an interesting spinoff.
The type I’ computation allows for a direct comparison with the dual heterotic worldsheet
instanton computation, since both can be regarded as one-loop diagrams of BPS particles.
This comparison allows us to revisit the proposal in [19] of the existence and nature of
certain polyinstanton effects, which also exist in these 8d models. Our analysis suggests
that these effects do not conflict with heterotic-type I duality. Microscopically they can be
regarded as reducible diagrams not correcting the microscopic 1PI action. Contributions
to the low-energy 1PI effective action, or to the Wilsonian action, can thus be regarded as
generated by suitable spacetime tree level diagrams of single instanton vertices.

The paper is organized as follows: In section 2 we compute D(−1)-brane instanton
corrections in type IIB orientifolds with D7-branes/O7-planes as one-loop diagrams of
BPS particles in type I’. In section 2.1 we remind the reader of this setup and in section 2.2
we show the general structure of the one-loop amplitudes. In sections 2.3 and 2.4 we apply
them to the computation of instanton corrections in 8d models with SO(16)2 and SO(8)4

gauge symmetry. In section 2.5 we show that the 8d type IIB perturbative F 4 corrections
can be obtained from similar computations, using perturbative BPS particles in type I’. In
section 2.6 we compute gravitational R4 and mixed R2F 2 corrections with these techniques.

In section 3 we consider more general configurations. In section 3.1 we consider general
Wilson lines and positions for the type I’ D8-branes, corresponding to general positions of
the type IIB D7-branes in the transverse complex plane. The general result is efficiently
packaged in an 8d prepotential. In section 3.2 we extend these ideas to the computation
of gauge and gravitational corrections.

In section 4 we recover these results from the perspective of Horava-Witten M-theory,
via a computation of one-loop diagrams for KK momentum modes of bulk gravitons and
boundary E8 gauge bosons, which make the modular properties manifest.

In section 5 we discuss polyinstanton effects. In section 5.1 we introduce 8d polyin-
stantons, in analogy with the 4d polyinstantons in [19]. In section 5.2 we show that type
IIB polyinstanton effects are not included in the standard worldsheet instanton corrections
of the heterotic dual. In section 5.3 we argue that there is no conflict with duality since
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polyinstanton processes do not contribute to corrections to the microscopic 1PI action, but
rather represent reducible Feynman diagrams.

In section 6 we describe the basic features of D(−1)-brane instanton corrections in
orientifolds of type IIB on K3×T2, and their relation to one-loop diagrams in the T-dual
type I’ compactification. Since these contributions can be regarded as a simple dimensional
reduction, all conclusions about 8d polyinstantons remain valid for polyinstanton correc-
tions to gauge kinetic functions in the resulting 4d N = 2 models (and further reductions
to N = 1 by freely acting quotients).

We present our conclusions in section 7, and leave some details of group theoretical
traces and anomaly polynomials for appendices A and B.

2 The type I’ computation

2.1 The background

The background we consider is 9d type I’ theory [20], namely type IIA on S1 modded
out by the orientifold action ΩR(−1)FL , where R flips the circle coordinate and FL is the
left-moving fermion number. There are two O8-planes and 32 D8-branes to cancel the RR
tadpole. We work in the covering space picture.

Throughout the paper we focus on the configuration with 16 D8-branes on top of
each O8-plane, hence the 9d gauge symmetry is SO(16)2. There is local RR tadpole
cancellation and constant dilaton profile along the circle. The spectrum of 9d BPS one-
particle states will be important for us: there are perturbative open string BPS states
stretching among the D8-branes, hence carrying integer winding charge for states in the
(120,1) + (1,120), and with half-integer winding for states in the (16,16). In addition,
there are non-perturbative BPS particle states arising from D0-brane bound states. For
D0-brane bound states in the bulk, there is a single BPS state with 2n units of D0-brane
charge (as counted in the covering space), and neutral under the gauge symmetry. For D0-
branes on top of each O8-plane, there is a single BPS state with charge 2n, transforming
in the 120 of the corresponding SO(16), and a single BPS state with charge 2n+ 1 in the
128. These BPS multiplicities can be simply understood by regarding these states as KK
momentum modes of the gravity multiplet and the E8 vector multiplets in the lift to Horava-
Witten theory. The different transformation properties of the boundary D0-brane states
is due to the momentum shift from the Wilson lines in the eleventh direction, breaking
E8 → SO(16), see e.g. [21]. More general type I’ configurations and their BPS spectrum
have been considered in [22, 23], whose results will be useful in some generalizations.

In this paper we consider the compactification of this 9d model to 8d on a further
S1, along which we may have general SO(16)2 Wilson lines. This model is related by T-
dualtity to the type IIB orientifold in [11], where towers of D(−1)-brane instantons generate
contributions to couplings F 4 and R4. In a dual heterotic model, these are generated as one-
loop threshold corrections. These corrections have been studied from different viewpoints,
see e.g. [6, 24–28, 30, 31]. Our purpose is to determine these couplings in the type I’
picture where they can be easily described in terms of a one-loop diagram of 9d BPS
particles, possibly winding around the S1 compactification circle to 8d. Perturbative BPS
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open strings and non-perturbative D0-brane BPS bound states will produce contributions
T-dual to perturbative and D(−1)-instanton contribution s in the type IIB orientifold.

2.2 Generalities of one-loop diagrams

The computations in this subsection follow [18]. We are interested in computing the one-
loop diagram of a 9d BPS particle on M8×S1

9, with four external insertions of gauge fields
strengths (or curvatures). For concreteness we focus on D0-branes, although the result is
more general, see section 2.5. The amplitude has the following structure,

AF 4 =
∫ ∞

0

dt

t

∑
`9

∫
d8p e

−t
„

p2+
(`9−c̃)

2

R2
9

+µ2

«
Tr

[
4∏
r=1

∫ t

0
dτrV

(r)
F (τr)

]
(2.1)

where the sum is over KK-momenta `9 and µ is the 9d mass of the BPS particle. The
Wilson line c̃ = c+A along S1

9, has a piece c from a gauge boson in the gravity multiplet
(i.e. the RR 1-form for BPS D0-branes) and a piece A encoding possible Wilson lines of
vector multiplet gauge bosons (i.e. the D8-brane SO(16) Wilson lines for D0-branes).

For BPS protected amplitudes, the vertex operator part can simply be replaced by a
factor of t4 and insertions encoding the coupling to the external gauge bosons or curva-
tures. Focusing on the former case, we obtain an insertion of tr RF

4 for a BPS particle in
a representation R of the gauge group. Corrections involving curvatures are discussed in
section 2.6.

The amplitude is a particular case d = 9, k = 4 of the expression for the amplitude in
d dimensions with k insertions

A =
1

k!π(d−1)/2

∑
`9

∫
dd−1p

∫ ∞
0

dt

t
tk e

−t
„

p2+
(`9−c̃)

2

R2
9

+µ2

«
. (2.2)

Integrating over continuous momenta and performing a Poisson resummation over the
discrete one, we get

A =
√
π R9

k!

∑
w9

∫
dt

t
tk−d/2 e−

π2R2
9w

2
9

t
−tµ2

e−2πiw9c̃ . (2.3)

We will focus in this section on the case w9 6= 0 (states with w9 = 0 lead to a tree-level
contribution which will be considered in section 2.5). Using the integral representation of
Bessel functions ∫ ∞

0

dt

t
t−se−

A
t
−tB = 2

∣∣∣∣BA
∣∣∣∣s/2Ks

(
2
√
|AB|

)
(2.4)

we can rewrite the amplitude as

A(d/2−k) =
2
√
π R9

k!

∑
w9 6=0

∣∣∣∣ µ

πR9w9

∣∣∣∣d/2−kKd/2−k (|2πRw9µ|) e−2πiw9c̃ (2.5)

where we have indicated on A that the amplitude depends on the number (d/2− k). It is
interesting to point out that using the differentiation formula for Bessels functions (10.2.22)
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in [51], one can write

Ad,k(µ) =
(
− 1
µ

d

dµ

)k
Ad,k=0(µ) (2.6)

namely the k-leg amplitude can be obtained as the kth derivative of the vacuum amplitude.
In section 3 the amplitudes with external legs will indeed be generated from a Schwinger-like
vacuum amplitude in a general background, by differentiation with respect to background
vector multiplets, on which the BPS masses depend.

For our case of interest d/2 − k = 1/2, the saddle point approximation is exact,
K1/2(x) =

√
π
2xe
−x, and we get

A(1/2) =
1
4!

∑
w9 6=0

1
|w9|

e−2πR9|w9µ|−2πiw9c̃ . (2.7)

For a bound state of n D0-branes, µ = n/gs and c = nc0, with c0 the RR 1-form Wilson
line. Defining q = e2πiτ with τ = iR9

gs
+ c0, its contribution is

∆D0 =
1
4!

∑
w9>0

1
w9

qnw9 e2πiw9A tr RF
4 + c.c. (2.8)

This expression already suggests an instanton expansion. Notice that the prefactor is
simply constant, as expected for the high supersymmetry of the system.

This basic expression allows for the computation of instanton corrections to 8d theories
obtained upon further circle compactification to 8d, possibly with Wilson lines. In the
following we work out several examples of gauge and gravitational corrections. In the
latter case, suitable curvature traces replace trF 4 in the expression.

2.3 The SO(16) model

Consider the simplest situation where there are no Wilson lines on the circle S1
9, so that the

8d gauge group is SO(16)2. The non-perturbative gauge threshold corrections are easily
computed from the D0-brane one-loop diagrams, using the BPS bound state spectrum
information: For each boundary there exists a D0-brane BPS bound state of mass |2n|, in
the representation 120 of the corresponding SO(16), and one state of mass |2n− 1| in the
128, for each non-zero integer n. Focusing on a single SO(16), the contribution is

∆D0
SO(16) =

2
4!

∑
w9,n> 0

1
w9

qw9(2n) tr 120F
4 +

2
4!

∑
w9,n

1
w9

qw9(2n−1) tr 128F
4 + c.c. (2.9)

=
1
3

trF 4
∑
k

∑
`|k

1
`

[
2q2k − qk

]
+

1
8

(trF 2)2
∑
k

∑
`|k

1
`

[
−q2k + 2qk

]
+ c.c.

where in the last equality we have used (A.1) to rewrite the expression in terms of traces
in the vector representation. This result agrees with the result in [18] for heterotic strings
on T2.
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2.4 The SO(8)2 model

Let us now consider turning on Z2 valued Wilson lines which break each 9d SO(16) factor
to SO(8)2. This model was discussed in [11]. The 9d BPS states in SO(16) representations
pick up different phases according to their behaviour under the decomposition

120→ (28,1)+ + (1,28)+ + (8v,8v)−
128→ (8s,8s)+ + (8c,8c)− (2.10)

where the subindex ± corresponds to having e2πiA = ±1.
We focus on F 4 correction associated to only one of the SO(8) factors, in which case

only states charged under this factor contribute. The result is (we will drop the + c.c. term
in the following)

∆D0
SO(8) =

2
4!

[∑
n,w9

1
w9

q2nw9 tr 28 F
4 + 8

∑
n,w9

1
w9

q2nw9 (−1)w9 tr 8v F
4 (2.11)

+ 8
∑
n,w9

1
w9

q(2n−1)w9 tr 8s F
4 + 8

∑
n,w9

1
w9

q(2n−1)w9 (−1)w9 tr 8c F
4

]
.

Using the trace identities (A.2), we obtain

∆D0
SO(8) =

1
3

trF 4
∑
w9,n

[
1

2w9
q(2n) 2w9 − 1

2w9 − 1
q(2n) (2w9−1) − 1

2w9
q(2n−1) 2w9

]
+

1
8

(trF 2)2
∑
n,w9

[
1
w9

q2nw9 + 2× 1
2w9

q(2n−1) 2w9

]
− 8 Pf F

∑
n,w9

1
2w9 − 1

q(2n−1)(2w9−1)

=
1
2

trF 4
∑
k

∑
`|k

1
`

[
q4k − q2k

]
− 1

8
(trF 2)2

∑
k

∑
`|k

1
`

[
q4k − 2q2k

]
−8 Pf F

∑
k

∑
`|2k−1

1
`
q2k−1 . (2.12)

This agrees with the correction in [11], up to an overall minus sign.
Note that in principle the D0-branes could seem to generate mixed corrections

trF 2
1 trF 2

2 for two SO(8) factors from the same boundary. However these vanish due
to a cancellation between D0-branes in different representations. Explicitly,∑

n,w9

1
w9

q2nw9 (−1)w9 tr 8v F
2

1 tr 8v F
2

2 +
∑
n,w9

1
w9

q(2n−1)w9 tr 8s F
2

1 tr 8s F
2

2

+
∑
n,w9

1
w9

q(2n−1)w9 (−1)w9 tr 8c F
2

1 tr 8c F
2

2 (2.13)

= trF 2
1 trF 2

2

[∑
n,w9

1
2w9

q2n2w9 −
∑
n,w9

1
2w9 − 1

q2n(2w9−1) + 2× 1
2w9

q(2n−1)2w9

]
= 0

where we have used (A.2) and the cancellation follows after some simple manipulations.
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2.5 Perturbative contributions

Perturbative corrections to the gauge couplings we are computing arise in two different
ways. First of all, bound states of D0 branes with zero winding in the circle S9 yield a
tree-level contribution which can be easily obtained from (2.3) by setting w9 = 0:

∆Pert =
√
π R

4!

∑
n∈Z

∫
dt

t
t−

1
2

[
e
−t (2n)2

g2s tr 120F
4 + e

−t (2n−1)2

g2s tr 128F
4

]
(2.14)

=
4τ2

4!π

∑
w>0

[
1
w2

tr 120F
4 +

(−1)w

w2
tr 128F

4

]
=

π τ2

3 · 4!
[
2 tr 120F

4 − tr 128F
4
]
.

Using the trace identities of appendix A, we can calculate these contributions for the
SO(16)2 and the SO(8)4 models:

∆Pert
SO(16) =

τ2 π

6
trF 4

SO(16)

∆Pert
SO(8) =

τ2 π

6
trF 4

SO(8) . (2.15)

Again, these terms agree with the heterotic results in the literature.

The spectrum of BPS particles in the 9d type I’ theory also contains perturbative states,
corresponding to open strings winding in the interval S1

10/Z2. Since the BPS condition for-
bids any oscillation excitation, they are simply the groundstates of open strings stretching
between the D8-branes. There are states starting and ending on the same SO(16) stack,
therefore transforming in the corresponding 120 and labeled by an integer winding w10, and
states stretching between the two SO(16) stacks, thus in the (16,16) and labeled by a half-
integer winding w10 − 1/2. In the S1

9 compactification to 8d, one-loop contributions from
these states can be analyzed using formulas similar to the above, by simply taking into ac-
count their different 9d masses. The results correspond to perturbative one-loop F 4 terms.

The starting point is the analog of the amplitude (2.1), for perturbative states:

APert =
1

π84!

∑
`9∈Z
w10∈

Z
2

∫
d8p

∫ ∞
0

dt

t
t4 e

−t
„

p2+
(`9−b̃)

2

R2
9

+w2
10R

2
10

«

=
√
πR9

4!

∑
w9∈Z
w10∈

Z
2

∫ ∞
0

dt

t
t−1/2 e−

π2R2
9w

2
9

t e−tw
2
10R

2
10 e−2πiw9b̃ , (2.16)

where we have integrated over continuous momenta and performed a Poisson resummation
over the discrete momentum `9. Here, b̃ contains the NSNS 2-form and the information
about the Wilson line along S1

9, in complete analogy with c̃ for the non-perturbative con-
tributions: b̃ = b+A = w10b0 +A.

– 7 –



J
H
E
P
0
6
(
2
0
1
0
)
0
8
9

Let us first consider the contributions from states with non-zero winding in the interval
S1

10/Z2, but with w9 = 0, the analog of (2.14):

∆F1
w9=0,w10 6=0 =

√
πR9

4!

∑
w10∈Z

∫ ∞
0

dt

t
t−1/2 e−tw

2
10R

2
10 tr 120F

4

+
√
πR9

4!

∑
w10∈Z

∫ ∞
0

dt

t
t−1/2 e−t(w10−1/2)2R2

10 tr (16,16)F
4

=
2U2

π4!

∑
`10>0

1
`210

tr 120F
4 +

2U2

π4!

∑
`10>0

(−1)`10

`210

tr (16,16)F
4

=
πU2

3 · 4!
tr 120F

4 − πU2

6 · 4!
tr (16,16)F

4 (2.17)

where we performed a Poisson resummation and omitted the (divergent) term `10 = 0.
Here, U = b0 +iR9R10 is the volume modulus of the compactification torus (in the covering
space) which upon T-duality becomes the complex structure modulus of type IIB.

States with both winding numbers w9 and w10 different from zero contribute to the
amplitude in a way equivalent to stacks of D0 branes with non-zero winding number along
S1

9 (see eq.(2.8)). The result is

∆F1
w9 6=0,w10 6=0 =

2
4!

∑
w9,w10>0

1
w9

q′w9 w10 e−2πiw9A tr 120F
4 + c.c

+
2
4!

∑
w9,w10>0

1
w9

q′w9 (w10− 1
2

) e−2πiw9A tr (16,16)F
4 + c.c. , (2.18)

where we have defined q′ = e2πiU .
Finally there are contributions from states in the 120 with zero winding in the interval,

corresponding to the massless gauge bosons. These states can be considered from eq.(2.16)
by taking w10 = 0 and w9 6= 0, or equivalently, from eq.(2.1) by taking µ = 0:

∆F1
w9 6=0,w10=0 =

√
πR9

4!

∑
w9∈Z

∫ ∞
0

dt

t
t−1/2 e−2πiw9A−

π2R2
9w

2
9

t tr 120F
4

=
2
4!

∑
w9>0

e−2πiAw9

w9
tr 120F

4. (2.19)

Let us consider the SO(16)2 theory by setting A = 0 in the above equations. In this case
the contribution in (2.19) is divergent and the reason is because it arises from massless states
running in the loop. This divergence may however be regularized1 using the prescription
described in [36]. For our case, this prescription boils down to simply adding a term [37],
log(τ2U2/Λ2), which is consistent with modular invariance and where Λ2 is chosen such
that it cancels the logarithmic divergence in the sum. By using this procedure we obtain

∆F1
w9 6=0,w10=0 → −

1
4!

log(τ2U2) tr 120F
4. (2.20)

1For further discussions on these issues, see section 4.2.
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The total contribution from open strings in this model is the sum of the terms (2.17), (2.18)
and (2.20). Taking into account the trace identities of appendix A we obtain

∆F1
SO(16) =

−3
4!

(trF 2)2 log(τ2U2|η(U)|4)

+
8
4!

trF 4

− log(τ2U2)+2
∑

w9,w10>0

(q′w9w10 +2q′w9(w10− 1
2

)+c.c.)

 (2.21)

For the SO(8)4 case we simply have to take into account the effect of the Wilson lines
on each state and the breaking of the representations

120 → (28,1)+ + (1,28)+ + (8v,8v)− (2.22)

(16; 16) → (8v,1; 8v,1)+ + (8v,1; 1,8v)− + (1,8v; 8v,1)− + (1,8v; 1,8v)+

Note that in this case (2.19) is only divergent for states in the (28,1)+ and not for those
in the (8v,8v)− for which e2πiA = −1. For the latter, the sum in (2.19) yields just a
moduli independent contribution which we will not consider. It turns out that the sum
of the contributions to trF 4 from the (8v,8v)− states with non-zero winding cancel the
contributions from the (8v,1; 8v,1)+ and (8v,1; 1,8v)− with non-zero winding. Explicitly,

∑
w9,w10

1
w9

q′w9 w10 (−1)w9 +
∑
w9,w10

1
w9

q′ (w10− 1
2

)w9 +
∑
w9,w10

1
w9

q′ (w10− 1
2

)w9 (−1)w9 = 0

(2.23)
where the cancellation is (for no obvious physical reason) analogous to that in (2.13), as
can be easily checked by trading q′ → q2, w → n.

Finally, the contributions to trF 4 from states with zero winding in S1
9 (eq.(2.17)) also

vanishes and therefore we conclude that this term does not receive (moduli dependent)
contributions from fundamental strings (in the SO(8)4 model). Open strings in the 28
do however have a non-vanishing contribution to the (trF 2)2 term. By collecting all the
pieces we obtain,

∆F1
SO(8) =

1
4!

[
πU2

3
− log (τ2U2) + 2

∑
w,m

1
m

[
q′wm + c.c.

]]
tr 28F

4

= − 3
4!

log
(
τ2U2|η(U)|4

)
(trF 2)2 (2.24)

which agrees with the heterotic result in [11]. This result is also recovered in the type IIB
model in [11], even though it is there treated as a local model. The agreement follows
because of the cancellation (2.23) for contributions from open strings charged under
different gauge factors.

There are also additional perturbative contributions to mixed terms like trF 2
i trF 2

j ,
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which can be easily computed. Skipping the details, we get that

∆Mixed
SO(8) =

1
4!

∑
w,m

1
m
q′wm (−1)m [ trF 2

1 trF 2
2 + trF 2

3 trF 2
4 ]

+
1
4!

∑
w,m

1
m
q′(w−

1
2

)m [ trF 2
1 trF 2

3 + trF 2
2 trF 2

4 ]

+
1
4!

∑
w,m

1
m
q′
(
w− 1

2

)
m (−1)m [ trF 2

1 trF 2
4 + trF 2

2 trF 2
3 ] (2.25)

These corrections have, to our knowledge, not been computed before for the heterotic or
the type IIB dual.

It is interesting that both perturbative and non-perturbative contributions can be
discussed on an equal footing in the language of one-loop diagrams of BPS particles. Notice
that this relates the matching of the 8d corrections in dual pictures to the matching of the
BPS spectra of the 9d theories. Therefore the matching of our results (and those in [11])
simply follows from heterotic-type I’ duality in 9d, which is well understood at the BPS
level [23]. This viewpoint will be useful in section 5.

2.6 Gravitational couplings

In this section we compute gravitational and mixed corrections from one-loop diagrams of
BPS particles. For concreteness we focus on non-perturbative D0-brane states, although
clearly the perturbative terms can be obtained similarly.

Gravitational R4 or mixed R2F 2 corrections can be obtained by replacing the tr RF
4

insertion in the loop diagram by suitable couplings to the external source of field strength
or curvature. This can most easily be done by computing in a background source, and
subsequently picking the corresponding term in the Taylor expansion in the background.
The computation in a background is exactly as the one used in the computation of
anomaly polynomials, hence we may borrow the results of contributions from different
kinds of fields, which we gather in appendix B. Note that for previously computed pure
gauge corrections, the tr RF

4 term can be recovered from the corresponding term in the
expansion of the Chern character tr Re

F .
Let us compute the non-perturbative trR4 correction in the SO(16)2 model. The D0-

branes in the boundary are in vector multiplets, and contain states of spin 1/2 contributing
to gravitational couplings via the A-roof polynomial (B.2). Taking into account their
SO(16)2 multipliticies, they contribute in the following way,

∆R4

s= 1
2

=
1

(4π)4

1
360

trR4
∑
n,m

1
m

[
240 q2nm + 256 q(2n−1)m

]
. (2.26)

There are also contributions from bound states of 2n D0-branes in the bulk (as counted in
the covering space). They contain massive spin 3/2 states, which from (B.5) contribute as

∆R4

s= 3
2

=
1

(4π)4

248
360

trR4
∑
n,m

1
m
qm(2n) . (2.27)
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The total contribution is thus

∆R4

SO(16) =
1

(4π)4

1
360

trR4
∑
k

∑
`|k

1
`

[
232 q2k + 256 qk

]
. (2.28)

This agrees with the heterotic string result in [18].
Let us also compute the full non-perturbative gravitational and mixed corrections in

the SO(8)4 model. Focusing on mixed trR2trF 2 corrections for a fixed SO(8) factor, there
are contributions only from boundary D0-branes charged under it. Using the relevant term
in (B.4), the contribution is

∆R2F 2

SO(8) = −1
6

1
(4π)4

trR2

(
tr 28F

2
∑
n,m

1
m
q2nm + 8 tr 8vF

2
∑
n,m

1
m
q2nm (−1)m

+ 8 tr 8sF
2
∑
n,m

1
m
q(2n−1)m + 8 tr 8cF

2
∑
n,m

1
m
q(2n−1)m(−1)m

)

= − 1
(4π)4

trR2 trF 2
∑
k

∑
`|k

1
`
q2k . (2.29)

For purely gravitational couplings, there are contributions from all D0-brane states, both
from those bound to the D8-branes and from those in the bulk. Taking into account their
multiplicites, and their spin components, the contribution is

∆R4

SO(8) =
1

(4π)4

(
1

360
trR4 +

1
288

(trR2)2

)
×

×
(∑
n,m

1
m
q2nm[112 + 128(−1)m] +

∑
n,m

1
m
q(2n−1)m[128 + 128(−1)m]

)
+

1
(4π)4

(
248
360

trR4 +
56
288

(trR2)2

) ∑
n,m

1
m
q2nm

=
1

(4π)4

(
trR4 +

7
12

(trR2)2

) ∑
k

∑
`|k

1
`
q2k (2.30)

The results (2.29) and (2.30) agree with the heterotic and type IIB computations in [11],
up to rescalings of traces and field strengths (which do not modify the agreement for the
pure gauge correction).

3 More general configurations and the prepotential

3.1 General Wilson lines and D8-brane positions

An interesting generalization corresponds to considering the type IIB orientifold with D7-
branes at more general positions in the transverse 2-plane, as encoded in the vevs of complex
scalars in vector multiplets. In the type I’ picture, a real component of these scalars
corresponds to turning on more general D8-brane Wilson lines along the S1

9 wrapped by
the D0-branes. These degrees of freedom are complexified by considering general positions
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of the D8-branes, away from the O8-plane. In this section we discuss these generalizations,
which turn out to be very simple in our language.

Let us start by considering the configuration with 16 D8-branes on top of each O8-
plane, with general Wilson lines along the S1

9. We focus on non-perturbative gauge cor-
rections from D0-branes, which are generated only for gauge bosons arising from a single
SO(16). The gauge group is generically broken to U(1)8, and we denote by φi and Fi the
Wilson line and field strength for the ith U(1) factor. The SO(16) weight vector Λ of a
D0-brane state encodes its U(1)8 charges, so its contribution follows from (2.8), namely

∆D0
F 4 =

1
4!

∑
i,j,k,l

∑
m

1
m
qnm e2πimΛi·φi Λi Λj Λk Λl FiFjFkFl (3.1)

It is straightforward to realize that the above results for SO(8) are a particular case.
It is also easy to include general D8-brane positions away from the SO(16)2 point. The

basic observation [22, 23] is that as a D8-brane is moved away from the O8-plane, the BPS
D0-branes stuck on it grow fundamental strings joining them and the dislocated D8-brane,
in a way dictated by charge conservation. This string creation effect is dual to the Hanany-
Witten brane creation effect [38], and is responsible for an increase in the mass of the 9d
BPS state. More explicitly, denoting ϕi the ith D8-brane position, the mass of a bound state
of n D0-branes with SO(16) weight Λ is shifted as n→ n+Λiϕi. Therefore its contribution
to the F 4 couplings (allowing simultaneously for general Wilson lines) can be expressed as

∆D0
F 4 =

1
4!

∑
i,j,k,l

∑
m

1
m
e2πi τ mn e2πimΛi·Φi Λi Λj Λk Λl FiFjFkFl (3.2)

where the complex scalars Φ = φ+τϕ correspond the complexification of D8-brane positions
and S1

9 Wilson lines. This complexification will be manifestly geometric in the M-theory
perspective in section 4. The above expressions can be encoded in a generating func-
tional [12], the 8d prepotential F (Φ), by promoting the complex scalars to supermultiplets

Φi = Φi + θγµν θ Fi,µν (3.3)

and writing, modulo constants,∫
d8θ F (Φ) =

∫
d8θ

∑
m

1
m5

e2πi τn e2πimΛi·Φi =
∫

d8θ
∑
m

1
m5

e2πi τn tr Re
2πimΦ(3.4)

where Φ is the background for a supermultiplet in the representation R. This can be
regarded as the computation of a Schwinger one-loop vacuum diagram in the presence of
a background for the superfields (3.3). Schematically it is the trace of the operator e2πiΦ

over the one-particle BPS spectrum of the spacetime theory

F (Φ) = trH e2πiΦ . (3.5)

The diverse F 4 terms are recovered from the 4th derivative w.r.t the background fields, as
discussed in section 2.2.
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3.2 General gravitational terms

The idea can be generalized to include curvature terms, using ideas from section (2.6).
We describe a curvature tensor background as in the computation of anomaly polynomi-
als (see e.g. [35])

R

2π
= diag (ε1, ε2, ε3, ε4)⊗

(
1

−1

)
(3.6)

with Pontryagin classes given by

1
(2π)2

trR2 =
∑
i<j

ε2i ε
2
j ,

1
(2π)4

trR4 =
∑

i<j<k<l

ε2i ε
2
jε

2
kε

2
l . (3.7)

Following [12] we simply promote the backgrounds ε` to supermultiplets W` similar to (3.3)

ε` → W` = G` + R`µν θγ
µνθ (3.8)

with Gi and Riµν the graviphoton and curvatures associated to the ith Cartan generator
in the Lorentz group.

The prepotential is given by a trace over the one-particle BPS spectrum of the
anomaly polynomial operator, regarded as a function of supermultiplets. For instace, for
boundary D0-branes,

F (Φ,W ) = trH e2πiΦ Â(W ) (3.9)

and all gauge and gravitational corrections are obtained from
∫
d8θ F (Φi,W`).

4 The M-theory point of view

The non-perturbative contributions are due to D0-branes. These states admit a simple
interpretation in the Horava-Witten M-theory lift, as momentum modes of the E8 vector
multiplets on the boundaries (as used to derive the type I’ D0-brane bound state multi-
plicities). The non-perturbative contribution should therefore admit a simple description
as a one-loop diagram of massless E8 fields in the 10d boundary compactified on T2 down
to 8d. This description makes the modular properties of the result manifest. It also allows
for generalizations of the computation in models with general Wilson lines, not necessarily
related to perturbative type I’.

4.1 The one-loop diagram

Consider Horava-Witten theory on a 2-torus, i.e. M-theory on R8 × S1
(9) × (S1

(10)/Z2) ×
S1

(11). We will calculate the 1-loop amplitude of massless E8 gauge bosons with 4 external
insertions of gauge field strengths (or curvature tensors, in which case we also include
1-loop diagrams of bulk gravitons).
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We begin by studying the massless E8 gauge bosons which live at 10-dimensional
boundaries of the S1

(10)/Z2 interval. Since these particles are stuck at the boundaries we
only need to sum over the KK-momenta they carry in the S1

(9) × S1
(11) = T2

(9,11) directions,

Agauge =
1
4!

∫ ∞
0

dt

t
t4
∑
`I

∫
d8p e−πt(p2+GIJ èI èJ)

=
1
4!

∫ ∞
0

dt

t

∑
`9,`11

e
−πt 1

V(2)τ2
|è9−τ è11|2

(4.1)

where we have denoted, ˜̀
I =

( ˜̀
9˜̀
11

)
=

(
`9 −Λ ·A9

`11 −Λ ·A11

)
(4.2)

where Λ denotes the weight vectors of the adjoint (248) of E8 and AI denotes the Wilson
lines along the I = 9, 11 directions of the T2

(9,11). The action of the modular group is
manifest in this expression, so the invariance group of the result is the subgroup of SL(2,Z)
preserving the Wilson line structure. This will be discussed in section 4.2.

Performing a Poisson resummation on the KK momenta `9, we get a sum over winding
numbers w9,

Agauge =
√
π

4!

∫ ∞
0

dt

t
t−1/2

∑
w9,`11

e−
π2w2

9
t
−τ2

2
è2
11t e2πiw9

è
11τ1e2πiw9Λ·A9 . (4.3)

In what follows we consider the Wilson lines A11 to implement the breaking E8 →
SO(16), so as to connect with the type I’ description in previous sections. In the above
expression, it is convenient to split off the contribution from w9 = 0, which corresponds
to the tree level term from the type I’ perspective. After Poisson resummation on `11 and
integration over t it becomes

Agauge
(w9=0) =

τ2

4!π

∑
w11 6=0

1
w2

11

e2πiw11Λ·A11 (4.4)

where we exclude the divergent w11 = 0 term (which is absent in a global tadpole free
theory). Splitting 248→ 120+128, reintroducing the external F insertions and summing
over weights we obtain

∆Gauge
w9=0 =

2τ2

4!π

[ ∑
w11>0

1
w2

11

tr 120F
4 +

∑
w11>0

(−1)w11

w2
11

tr 128F
4

]

=
4π
4!
τ2 trF 4 (4.5)

where in the last line we have used
∑

w11>0
1
w2

11
= π2/6 and

∑
w11>0

(−1)w11

w2
11

= −π2/12,
and the trace identities (A.1). Although the result is independent of the Wilson line A9,
it is understood that if SO(16) is broken into several factors, each receives a contribution
of this form. This reproduces the tree level F 4 coupling for D7-branes, as announced.
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The non-zero w9 contribution in (4.3) becomes

Agauge
(w9 6=0) =

1
4!

∑
w9 6=0
`11∈Z

1
|w9|

e−2πτ2|w9(`11−Λ·A11)| e2πiτ1w9(`11−Λ·A11) e2πiw9Λ·A9 . (4.6)

Splitting 248→ 120+128, corresponding to Λ ·A11 being in Z or Z+ 1
2 , and with suitable

relabelings of `11, the contribution can be recast as

∆Gauge
non−pert =

2
4!

∑
w9>0
`11>0

1
w9

qw9`11 tr 120 (F 4 e2πiw9Λ·A9 ) + c.c.

+
2
4!

∑
w9>0
`11>0

1
w9

qw9(`11−1/2) tr 128 (F 4 e2πiw9Λ·A9 ) + c.c. (4.7)

where we have reintroduced the F 4 insertion. The factor of 2 arises from summing over
negative w9. We have also removed the contribution from `11 = 0, which corresponds to
the massless SO(16) gauge bosons. It can be considered in the perturbative type I’ sector,
together with the contributions from winding open strings. The latter should arise from
wrapped M2-branes in the Horava-Witten theory, whose contribution cannot be reliably
computed in M-theory.

The above amplitude, as already indicated in the subindex, reproduces the non-
perturbative D0-brane contributions in type I’ in section 2. The precise match requires
redefining q → q2 in (4.7), in order to change the unit of D0-brane charge from the quotient
space convention (implicit in the Horava-Witten picture) to the covering space (used in the
type I’ picture in previuos sections). The above expression reproduces the type I’ result for
general Wilson lines A9. A slight generalization, allowing for deviations of A11 from the
SO(16) case can easily be shown to reproduce the type I’ contribution for general D8-brane
positions in the interval. Hence the complexification of D8-brane positions and Wilson lines
is naturally geometrized in terms of complex Wilson lines in the M-theory setup.

4.2 The SO(8)4 modular group

From the M-theory perspective, the modular group SL(2,Z) of type IIB has a natural
geometrical interpretation, and the invariance subgroup of our setups is that preserved by
the Wilson lines A9, and A11. In this subsection we explicitly compute this invariance
subgroup for the SO(8)4 model and recover results from the literature. In order to do so,
it is convenient to use dimensional regularization to parametrize the infrared divergencies
caused by massless states running in the loop. This allows us to derive an alternative
expression of the D0-brane 1-loop amplitudes (4.1) in terms of non-holomorphic Eisenstein
series, which make the modular properties of the model manifest. Let us compute these
gauge amplitudes in 8 + 2ε dimensions and perform a Poisson resummation over both
KK-momenta `I , instead of just `9:

Agauge =
1
4!
V ε

(2)

∫ ∞
0

dt

t
t4
∑
`I

∫
d8+2εp e−πt(p2+GIJ èI èJ)

– 15 –



J
H
E
P
0
6
(
2
0
1
0
)
0
8
9

=
1
4!
V ε

(2)

∫ ∞
0

dt

t1+ε

∑
`9,`11

e
−πt 1

V(2)τ2
|è9−τ è11|2

=
Γ(1 + ε)
4!π1+ε

∑
(w9,w11)

τ1+ε
2

|w9 + τw11|2+2ε
e2πi(w9Λ·A9+w11Λ·A11). (4.8)

where it is here and in the following implied that the term (w9, w11) = (0, 0) is excluded in
the sum. The prefactor V ε

(2) involving the volume of the torus T2
(9,11) has been consistently

included for dimensional reasons. For Λ·A9 = Λ·A11 = 0 the expression in (4.8) is the non-
holomorphic Eisenstein series of order 1 + ε, E1+ε(τ), which has a pole in ε. The physical
reason for this divergence is in our case that there are massless states running in the loop.

To analyze this expression for the SO(8)4 model we just need to consider the
corresponding Wilson lines and their effect in the 248 states (2.10). The corresponding
contributions are

(28,1) : ∆gauge
(28,1) =

1
4!π

∑
(w9,w11)

τ1+ε
2

|w9 + τw11|2+2ε
Tr(28,1)F

4
SO(8) =

3
4!π

E1+ε(τ) (trF 2)2

(8v,8v) : ∆gauge
(8v,8v) =

1
4!π

∑
(w9,w11)

(−1)w9τ1+ε
2

|w9 + τw11|2+2ε
Tr(8v,8v)F

4

=
8

4!π
[E1+ε(τ/2)− E1+ε(τ)] trF 4

(8s,8s) : ∆gauge
(8s,8s) =

1
4!π

∑
(w9,w11)

(−1)w11τ1+ε
2

|w9 + τw11|2+2ε
Tr(8s,8s)F

4

=
1

4!π
[E1+ε(2 τ)− E1+ε(τ)] (−4trF 4 + 3(trF 2)2 − 96PfF )

(8c,8c) : ∆gauge
(8c,8c) =

1
4!π

∑
(w9,w11)

(−1)w9+w11τ1+ε
2

|w9 + τw11|2+2ε
Tr(8c,8c)F

4

=
1

4!π
[2E1+ε(τ)−E1+ε(2τ)−E1+ε(τ/2)](−4trF 4+3(trF 2)2+96PfF ),

where, for convenience, we have included in the definition of the non-holomorphic
Eisenstein series, a factor of Γ(1+ε)

πε :

E1+ε =
Γ(1 + ε)
πε

∑
(w9,w11)

τ1+ε
2

|w9 + τw11|2+2ε
(4.9)

In order to relate these expressions to the heterotic results in [11] we need to make
the change of variables τ → −1/(2τ). Collecting the terms, we obtain the following total
contribution,

∆gauge =
12
π 4!

[E1+ε(4τ)− E1+ε(2 τ)]trF 4 +
3
π 4!

[2E1+ε(2 τ)− E1+ε(4τ)](trF 2)2

+
96
π 4!

[3E1+ε(2 τ)− 2E1+ε(τ)− E1+ε(4τ)] PfF
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=
12
π 4!

[E1+ε(4τ)− E1+ε(2 τ)]trF 4 +
3
π 4!

[2E1+ε(2 τ)− E1+ε(4τ)](trF 2)2

+
96
π 4!

[
E1+ε

(
τ +

1
2

)
− E1+ε(τ)

]
PfF. (4.10)

This expression can be compared to the heterotic results in [11] with the aid of the first
Kronecker limit formula, which, with our conventions reads

E1+ε(τ) =
π

ε
+ π

[
γE − log 4π − log(τ2|η(τ)|4)

]
+O(ε), (4.11)

where γE is the Euler-Mascheroni constant. (4.10) coincides with the heterotic results if
we simply drop the divergent term in (4.11), i.e. if we substitute every Eisenstein series of
order 1 + ε in (4.10) by a renormalized Eisenstein series of order 1 defined by:2

Ê1(τ) ≡ lim
ε→0

[
E1+ε(τ)− π

ε
− π(γE − log 4π)

]
(4.12)

This renormalization procedure is manifestly consistent with modular invariance. Note
also that in practice the renormalization is only necessary for the (trF 2)2 term in (4.10),
which is the only divergent one, in agreement with the results of section 2.

The alternative expression (4.10) is useful to determine the modular invariance group
of the effective action. It is simply made up of SL(2,Z) transformations

τ → aτ + b

cτ + d
(4.13)

which leave the renormalized Eisenstein functions Ê1(τ), Ê1(2τ) and Ê1(4τ) invariant.
Note that the modular properties of renormalized and unrenormalized Eisenstein functions
are the same so we will work in the following with the latter. Since E1(τ) is modular
invariant, and the invariance group of E1(4τ) is a subgroup of the invariance group of
E1(2τ), we only need to look at the function E1(4τ), which transforms as

E1(4 τ)→
∑

(w9,w11)

1
|cτ + d|2

4 τ2

|w9 + aτ+b
cτ+d 4w11|2∑

(w9,w11)

4 τ2

|(dw9 + 4bw11) + ( c4w9 + aw11) 4 τ |2
. (4.14)

Clearly, this function is only invariant if c = 4n (n ∈ Z), i.e. under transformations of the
form (

a b

4n d

)
∈ SL(2,Z) . (4.15)

Hence we have recovered the known result that the effective action is invariant under the
subgroup Γ0(4) ∈ SL(2,Z).

2For further details on this renormalization and its relation to other regularization schemes see [32, 33].
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Figure 1. a) D(−1)-brane instanton correction to the F 4 coupling on a D7-brane. b) A related
diagram describes a D(−1)-brane instanton correction to the action of a second D(−1)-brane in-
stanton.

5 Polyinstanton effects

We have seen that the F 4 and R4 terms of the 8d theory can be obtained as a one-loop com-
putation, in terms of the spectrum of 9d BPS one-particle states in vector (short) multiplets,
in an 8d analog of [34]. In the type I’ model, such BPS states are fundamental strings or D0-
branes, leading to perturbative or non-perturbative corrections, with the latter reproducing
elegantly the D(−1)-brane instanton sums of the T-dual type IIB orientifold. In the het-
erotic dual, the 9d BPS particles are winding and momentum states of fundamental strings,
and the one-loop diagram reproduces the worldsheet instanton contributions computed in
the literature. The one-loop description therefore shows that the agreement of the 8d cor-
rections in type II-heterotic duals follows from the agreement of the 9d spectrum of one-
particle BPS states in heterotic-type I’ duality, which has been extensively studied in [23].

5.1 Polyinstantons in 8d

It is worthwhile to note that the contribution from a single 9d BPS D0-brane can corre-
spond to a multi-instanton contribution on the type IIB side. This is particularly manifest
for BPS D0-brane bound states of k elementary D0-branes. This is the 8d analog of a
similar phenomenon in the 4d N = 2, 1 context. The fact that multiple instantons can
conspire to contribute to the non-perturbative N = 1 superpotential (or N = 2 hyper-
multiplet metric) [16, 17] was interpreted in [15] as the fact that in the T-dual theory the
corresponding BPS particles form a bound state at threshold.

In the 4d setup [19] considered a different kind of multiple instanton effect, dubbed
polyinstanton, which also has an 8d analog in our setup. The polyinstantons in [19] were
claimed to violate heterotic-type I duality. In this section we address this puzzle for 8d
polyinstantons, shedding light from a new perspective, valid also in the 4d setup. The bot-
tom line is that polyinstanton processes can be interpreted as reducible Feynman diagrams
which do not contribute to the microscopic 1PI effective action.

Let us start by introducing the 8d polyinstanton corrections to e.g. F 4, in complete
analogy with the F 2 corrections [19]. The microscopic diagram leading to a D7-brane F 4

correction from a D(−1)-brane instanton includes a cylinder diagram with a boundary
on the D7-brane (with 4 fields strength insertions) and a boundary on the D(−1) (with
8 fermion zero mode insertions saturating the instanton Goldstinos), see figure 1a. As
shown in figure 1b, there is a similar diagram, with the D7-brane replaced by a second

– 18 –



J
H
E
P
0
6
(
2
0
1
0
)
0
8
9

D(−1)-brane instanton, and with no insertions on the correspoding boundary. Labeling
the two instantons 1, 2 to avoid confusion, this diagram represents the correction from
D(−1)1 to the action of D(−1)2. Considering now an F 4 term induced by D(−1)2, the
inclusion of this correction would naively lead to a contribution to the 8d effective action
schematically of the form∫

d8x trF 4 e−(S2+e−S1 ) =
∫
d8x trF 4

∞∑
n=0

1
n!
e−S2 (e−S1)n (5.1)

Microscopically, the nth term corresponds to a polyinstanton process with one D(−1)2

instanton and n independent D(−1)1 instantons. The zero modes of the latter are
saturated through D(−1)1-D(−1)2 cyclinders as in figure 1b. The result involves an
integration over the relative positions of the instantons in the 8d space, just like in the 4d
case [19]. The contribution is therefore in principle not localized on coincident instantons,
as opposed to the multiinstantons studied in [16]. In particular, since the polyinstantons
in general sit at different locations in the internal space, the saturation of fermion zero
modes can take place independently of the distances among instantons in 8d.

5.2 Polyinstantons and heterotic-type II orientifold duality

It is straightfoward to use the F 4 results in previous sections to compute these effects
exactly (i.e. by summing over multiple instantons of each kind), in particular for D(−1)-
brane instantons sitting on top of D7-branes. However, a general analysis, together with
the type I’ interpretation in terms of the 9d one-particle BPS spectrum, suffices to make
the clash with the heterotic result manifest, and to suggest its resolution.

The 8d corrections arising from standard D(−1)-brane instantons correspond under
T-duality to one-loop diagrams of 9d BPS D0-brane one-particle states. These are di-
rectly translated to one-loop diagrams of 9d BPS states in the heterotic dual, reproducing
the genus one worldsheet instanton contributions. This contribution in principle includes
certain D-brane multi-instantons, namely those T-dual to 9d particles which form BPS
bound states at threshold, and whose hallmark is that their contribution is localized on
configurations of coincident instantons.

Polyinstanton processes however involve instantons whose T-dual particles do not com-
bine into 9d one-particle BPS bound states. This is manifest as in general the individual
instantons sit at different points in the internal space, and this separation can persist in the
type I’ dual, e.g. when they map to D0-branes on different SO(16) boundaries. Therefore
they are manifestly not included in the one-loop diagram of one-particle BPS states, and
hence in the heterotic genus one worldsheet contribution.

There is a clear way out of this potential clash with duality. The heterotic genus
one worldsheet diagram (and so the type I’ one-loop diagram) computes the one-loop
correction to the 1PI action. Namely it includes the effects of massless states (and is
hence non-holomorphic) but does not include reducible contributions. These can be later
generated by computing tree level diagrams using the effective vertices of the 1PI action.
We will now argue that D-brane polyinstanton effects actually correspond to such reducible
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Figure 2. Polyinstanton processes as reducible spacetime Feynman diagrams. Colored blobs denote
elementary instanton interactions in the 1PI action, joined by propagating closed string modes.
Summing over polyinstanton processes like a), with arbitrary numbers of blue blobs, reproduces
an effective exponential correction to the action of the red blob instanton. Figure b) shows richer
polyinstanton processes, involving the elementary interactions described by (5.2) and (5.4).

diagrams, and hence do not contribute to the 1PI action, restoring agreement between type
II orientifolds and their heterotic duals.

5.3 Polyinstantons in spacetime as reducible diagrams

In type IIB the polyinstantons correspond to individual D(−1)-instantons joined by cylin-
der diagrams. As the instantons are in general located at (possibly widely) different loca-
tions in 8d space, it is natural to interpret the cylinders as a tree level closed string exchange,
and the corresponding processes as reducible. Thus polyinstantons do not induce new terms
in the microscopic 1PI action, but are rather generated by Wick contractions of other ele-
mentary effective vertices in the 1PI action. The picture is particularly clear in the type I’
model, where the polyinstanton is given by a Feynman diagram with a loop of BPS particles
with four field strength insertions, joined by closed string propagators to other loops of BPS
particles (which can be subsequently joined to other propagators and loops), see figure 2.

The exponential combinatorics of polyinstantons in (5.1) is simply the combinatorics
of spacetime Feynman diagrams with two basic kinds of interaction diagrams, see figure 2a.
For massless closed string states, these can be explicitly obtained in the factorization limit.
One basic interaction vertex corresponds to an instanton coupling to F 4 with emission of n
massless closed string states. It simply follows from expanding the F 4 instanton corrections
in the fluctuations of the dynamical modulus controling the instanton action, in our case
τ . Expanding it into a vev plus fluctuation, τ0 + τ , each F 4 instanton correction produces
terms of the following form,

qN trF 4 →
∞∑
n=0

(2πiN)n

n!
qN0 trF 4 τn . (5.2)

The second kind of vertex is the emission of a massless closed string from an instanton.
Although unfamiliar, this contribution indeed exists, as follows. The fluctuation τ is a
complex scalar belonging to a multiplet whose on-shell structure has the form

Φτ = τ + . . . + θ8 ∂4τ . (5.3)
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This follows from the orientifold truncation of the chiral on-shell superfield Φ, satisfying
D̄Φ = 0, D4Φ = D̄4Φ̄ = 0, in [39]. This gives the supersymmetric completion of the in-
stanton action, and the last term corresponds to an interaction saturating all the instanton
goldstino zero modes with one insertion of τ . Therefore one generates the couplings∫

d8x d8θ e2πiN(τ0+Φτ ) →
∫

d8x qN0 ∂4τ + . . . . (5.4)

The term we required has been separated out explicitly. The other terms can be used to
construct more involved diagrams, as in figure 2b.

As we will argue in the next section, the interpretation of polyinstantons as reducible
diagrams remains valid in 4d with minor modifications, due only to the lower supersymme-
try which leads to a reduced number of instanton fermion zero modes. The relevant cylinder
diagram stretching between the different instantons saturates 4 fermion zero modes on a
boundary, while the other remains empty. The cylinder can be regarded as a tree exchange
of closed strings, and in the factorization limit the two basic interactions are analogous
to (5.2), (5.4) with simple modifications: reduction F 4 → F 2 and θ8∂4τ̄ → θ4∂2τ̄ . Hence
the ideas apply to the 4d N = 2 K3 compactifications in section 6, and also to the 4d
N = 1 orbifolds thereof considered in [19], see also [40].

The fact that polyinstantons contribute to Wilsonian actions is consistent with many of
the physical arguments in [19]. For instance, consider a gauge sector on a stack of D-branes
whose gauge kinetic function receives non-perturbative corrections from other instantons.
If the gauge sector develops a gaugino condensate, its scale is determined by the full gauge
kinetic function (including its exponential corrections).

5.4 Effective 1PI and Wilsonian actions

In addition to the instanton generated couplings with a massless closed string field in (5.2)
and (5.4), the 1PI action also contains couplings to massive closed string fields. This action,
which we use in order to compare one-loop corrections between orientifolds and heterotic,
does not integrate out reducible diagrams with massive particle exchange and it should
therefore be considered as a microscopic 1PI action. Note however that it is in many cases
customary to instead define an effective 1PI action where, in addition to all irreducible
diagrams, also reducible diagrams with exchange of massive particles (but not reducible
diagrams with exchange of light particles) are integrated out. Thus, it is the effective 1PI ac-
tion that is directly related to the Wilsonian one and it is in these two types of actions where
the local polyinstanton terms, corresponding to reducible diagrams with massive particle
exchange, appear. In contrast, because of the fact that these diagrams are reducible, they
are not included in the microscopic 1PI action, which is the one we map to the heterotic side.

It is worthwhile to mention that our BPS particle viewpoint provides an efficient resum-
mation tool for these effects. For instance, consider the instanton generated contribution
to trF 4 terms, with the general structure

trF 4

(∑
k

Nkq(τ)k
)

(5.5)

– 21 –



J
H
E
P
0
6
(
2
0
1
0
)
0
8
9

where Nk =
∑

N |k
1
N . This implies a modification of the tree level term τ , or equivalently,

of the instanton action to

τ ′ = τ +
∑
k

Nkq(τ)k . (5.6)

Thus, the trF 4 correction including polyinstantons (those with only one level of branches
form the ’main’ instanton) is obtained by replacing τ → τ ′ in (5.5) such that the coefficient
of the trF 4 becomes∑

k

Nk q(τ ′)k =
∑
k

Nk q(τ)k exp

[
2πik

(∑
r

Nr q(τ)r
)]

=
∑
k

Nk q(τ)k + 2πi
∑
k,r

kNkNr q(τ)kq(τ)r + · · · . (5.7)

Further iterations would produce contributions from polyinstantons with more levels of
branches from the main instanton. It is however clear already from the structure of the
term with a double sum in (5.7) that it is generated by more than one instanton. As
discussed above, contributions like (5.7) are not included in the microscopic 1PI action
since they would involve reducible diagrams. In other words, when the instantons k and r
in (5.7) are T-dualized into D0-particles they do not form a one-particle BPS bound state,
but rather a multiparticle state. Instead, the contribution to the microscopic 1PI action
of a bound state of k and r D0-particles is already accounted for by (5.5), with k there
playing the role of k + r.

In this picture the polyinstantons on the orientifold side arise from higher loop dia-
grams. These corrections (or their 4d N = 2 version) do not violate non-renormalization
theorems, since these are loop diagrams in the 9d theory. Given the one-to-one map be-
tween heterotic/orientifold 9d BPS states, we expect a similar higher-loop interpretation
of the above terms in the heterotic picture.

6 Compactification

In this section we consider compactification of the 8d theory on K3, leading to models
with 4d N = 2 supersymmetry. From the type II perspective, the models can be regarded
as an orientifold of a K3×T2 compactification. Cancellation of RR tadpoles requires the
gauge D-branes to carry a non-trivial gauge bundle with instanton number 24 (assuming no
spacetime filling D3-branes in the IIB model, or D4-branes in the type I’). For concreteness,
we focus on models where the internal bundle can be embedded in SO(16) × SO(16), so
that in the type I’ picture the D8-branes on each boundary carry instanton numbers (12 +
n, 12−n). Focusing on a given SO(16), the K3 gauge bundle with structure group K breaks
the gauge group to the commutant H. This can be further broken to its Cartan subalgebra
by turning on generic D-brane Wilson lines or positions on T2. These compactifications
are very similar (and often dual) to E8 × E8 models on K3×T2 studied in e.g. [41–48].
The 4d theory contains hypermultiplets describing the K3 moduli and the compactification
bundle moduli, and vector multiplets describing the gauge D-brane Wilson lines and/or
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positions on T2. There is a further vector multiplet containing the dilaton, arising from
the T2 compactification of a 6d tensor multiplet. In certain orientifolds of K3 orbifolds
there are additional vector multiplets arising from 6d tensor multiplets, determined by
the orientifold projection on twisted sectors [49]. Although such models do not admit a
perturbative heterotic dual, the non-perturbative corrections to their effective action can
be studied from the type II orientifold side with our present techniques.

Due to the reduction of the supersymmetry, the non-perturbative corrections from BPS
instantons with minimal number of fermion zero modes correspond to terms trF 2, namely
contributions to the vector multiplet prepotential, or to gravitational corrections trR2,
which can be included in a generalized prepotential. D-brane instantons with additional
neutral fermion zero modes may contribute to higher F-terms, but we rather focus on
the minimal case. Due to the familiar N = 2 decoupling theorems, the corrections are
independent of the hypermultiplets, so they are insensistive to the K3 geometry or the
bundle moduli. The resulting effective action is therefore fixed in terms of the topological
properties of the model, namely the instanton number n.

In the type IIB picture, there are perturbative contributions to the prepotential, as
well as non-perturbative contributions arising from D(−1)-brane instantons and euclidean
D3-branes wrapped on K3. In the type I’ picture these contributions can be computed
as a one-loop diagram of 5d BPS particles. These correspond to either perturbative 9d
states (open strings winding along the interval) in quantum groundstates on K3, 9d D0-
branes (in the bulk or at the boundaries, and labeled by the D0-brane charge) in quantum
groundstates on K3, or genuinely 5d particles arising from D4-branes wrapped on K3.
Although all these particles are on equal footing at the level of the 5d BPS spectrum,
the BPS multiplicities of the D4-brane particle states and their quantum numbers under
the unbroken gauge groups are not known, and we skip their discussion. In what follows
we focus on the D0-brane particles, with the discussion of the perturbative states being
similar. We also consider trivial Wilson lines, whose further inclusion is straightforward.

The D(−1)-brane instanton contribution is T-dual to a one-loop diagram of 5d particles
corresponding to the quantum groundstates of D0-branes on K3, with zero momentum on
the interval. The 5d BPS degeneracies are determined by the cohomology of the D0-brane
quantum mechanics problem on K3. Focusing on corrections to the gauge kinetic function
of the 4d gauge group H arising from a 9d SO(16) factor, there are non-perturbative
contributions from the D0-branes at the corresponding boundary. These transform in the
representations 120 or 128, which we denote generically R16, so their dynamics is coupled
to the K3 gauge bundle. Using the decomposition

SO(16) → K ×H
R16 →

∑
i

(RK,i, RH,i) (6.1)

a 9d D0-brane state in the RSO(16) produces a number nRH 5d D0-brane BPS states in the
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representation RH , given by the index of the relevant Dirac operator

nRH =
∑
i

∫
K3

ChRK,i(F ) Â(R)

=
∑
i

∫
K3

(
trRK,iF

2 + dimRK,i trR2
)

(6.2)

The contribution from these 5d particles to the gauge kinetic function of H can be obtained
from the general expression (2.2) for d = 5, k = 2. Since d/2− k = 1/2, it can be recast in
the form (2.7), formally identical (and for good reasons as we will see) to F 4 corrections
from 9d particles. It is thus given by

∆4d =
∑
m

1
m

∑
i

qnR16
m nRH trRHF

2 (6.3)

Here nR16 = 2n, 2n + 1 is the D0-brane charge of a 9d state in the R16 = 120,128
of SO(16), respectively. The inclusion of general Wilson lines and brane positions
is straightforward, following section 3.1. Note that an expression similar to (6.3) is
valid for the contribution of other 5d BPS states, like perturbative states or D4-brane
particles, by simply replacing the corresponding instanton exponential weight q, and using
the appropriate BPS multiplicities nRH . The latter are straightforward to obtain for
perturbative states, but are not known for D4-brane particles.

For 5d D0-branes, the expression (6.3) can be recast as

∆D0
4d =

∑
m

1
m

∑
i

qnR16
m
∑
i

∫
K3

(
trRK,iF

2 + dimRK,i trR2
) ∫

4d
trRHF

2

=
∑
m

1
m
qnR16

m

∫
K3×M4

(
trR16F

4 + trR16F
2 trR2

)
=
∑
m

1
m
qnR16

m

∫
K3×M4

ChR16(F ) Â(R) (6.4)

where in the last equality we have included the purely gravitational terms, which are
computed similarly, including the contribution from 9d bulk D0-brane states. Eq. (6.4)
shows that the contribution from 5d D0-brane states can be obtained by simple dimensional
reduction on K3 of the F 4 corrections in the 8d theory. This follows from the fact that
the contributing 5d particles are just groundstates of the 9d particles, so no information
is lost in the dimensional reduction truncation. From the type IIB viewpoint, the D(−1)
instantons of the 4d theory are essentially those of the 8d theory, with 8 fermion zero modes
lifted by the interaction with the curvature and gauge bundle on K3. Careful saturation of
the latter for the diverse amplitudes should reproduce the prefactor corresponding to the
index of the Dirac operator discussed above, which in this language should be regarded as
the Euler characteristic of the relevant instanton moduli space. It is interesting that the
type I’ picture provides an alternative, and very transparent, interpretation of this factor.

The above argument can be repeated for the perturbative type I’ contribution. Hence
the 8d prepotential directly produces a large part of the 4d N = 2 prepotential (as applied
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in certain local orbifolds in [12]) and many of the properties of the latter are inherited to
the former. This applies in particular to our interpretation of the polyinstanton processes
in section 5. There is furthermore no obstruction to applying further freely acting orbifold
quotients which reduce the supersymmetry to 4d N = 1, maintaining the basic properties
of the instantons and polyinstantons, as in [19].

7 Conclusions

In this paper we have studied corrections to quartic gauge and curvature couplings in
8d type I’ models, recovering and generalizing results from the heterotic and type IIB
sides. The type I’ perspective allows to compute these effects as simple one-loop diagrams,
with the result determined by the multiplicities and quantum numbers of the BPS states
in the 9d theory. This provides an interesting generalization of the analysis in [15], to
models containing orientifold planes. It would be interesting to device efficient tools to
compute the relevant BPS multiplicities in 4d orientifold compactifications with N = 1
supersymmetry. This would be an important step towards the systematic computation of
non-perturbative superpotentials in 4d theories with four supercharges.

We have shown that the spectrum of 9d bound states codifies important information
concerning the nature of multiple D-brane instanton effects on the type IIB side. Namely,
loops of 9d bound states are mapped to multi-instanton effects to the 1PI effective action,
in which several instantons conspire to cancel their additional zero modes and contribute
to BPS protected quantities, similar to the effects in [16, 17]. On the other hand, processes
involving multi-particle states in 9d correspond to polyinstanton effects. It is satisfactory
that the type I’ picture encodes the two subtly different situations in a simple way.

Our analysis is essentially global, in the sense that we include the effects of the full BPS
spectrum of the theory. It would be interesting to find particular limits of our computations
where one recovers the results for local type IIB models, in order to connect with the useful
tools of localization for D-brane instantons, exploited in [12].

We have connected the modular properties of the quartic corrections to a geometric
modular group of T2 compactification of Horava-Witten theory. An interesting direction
would be to use the latter picture to recover quartic corrections in non-perturbative type
IIB vacua [26–28], such as those described by F-theory, which can include exceptional
groups. Such corrections may play an interesting role (e.g. for gauge coupling unification)
in the recent phenomenological models in F-theory.

We hope to come back to these and other questions in future work.
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A Trace structures

This appendix provides some trace identities used in the main text. Most can be extracted
from [50], except the pfaffian contribution for SO(8), which we have directly computed.

SO(16)

tr 120F
4
SO(16) = 8trF 4

SO(16) + 3(trF 2
SO(16))

2

tr 128F
4
SO(16) = −8trF 4

SO(16) + 6(trF 2
SO(16))

2 (A.1)

SO(8)

tr 8sF
2
SO(8) = tr 8cF

2
SO(8) = trF 2

tr 28F
4
SO(8) = 3 (trF 2

SO(8))
2

tr 8sF
4
SO(8) = −1

2
trF 4

SO(8) +
3
8

(trF 2
SO(8))

2 − 12Pf F

tr 8cF
4
SO(8) = −1

2
trF 4

SO(8) +
3
8

(trF 2
SO(8))

2 + 12Pf F (A.2)

where

Pf F =
1
28
tµ1...µ8
8 εa1...a8 F

a1a2
µ1µ2
· · ·F a7a8

µ7µ8
(A.3)

where t8 is the Lorentz SO(8) antisymmetric invariant tensor.

B Characteristic classes

The computation of an amplitude with external gauge field strength or curvature insertions
can be performed by computing in the presence of a general gauge or curvature background
and selecting the appropriate term in a power expansion. The computation in general
backgrounds is a standard tool in the computation of anomalies, from which we can borrow
the results, see e.g. [35]. In those conventions, the Chern character is given by

ch(F )=tr R

[
exp

(
iF

2π

)]
=r+

i

2π
tr RF−

2
(4π)2

tr RF
2− i

6(2π)3
tr RF

3+
2

3(4π)4
tr RF

4+· · ·

(B.1)
where r = tr R1 denotes the dimension of the representation R of the gauge group. The
A-roof genus (relevant for spin 1/2 particles) is

Â(R) = 1 +
1

12(4π)2
trR2 +

1
(4π)4

[
1

288
(
trR2

)2 +
1

360
trR4

]
+ · · · (B.2)
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while the polynomial relevant for spin 3/2 particles is given by

tr
[
exp

(
R

2π

)]
= k +

1
2π

trR+
2

(4π)2
trR2 +

1
6(2π)3

trR3 +
2

3(4π)4
trR4 + · · · (B.3)

where k = tr 1. Since our D0-particles are in the 8v +8s of the SO(8) Lorentz group, k = 8.
In the Horava-Witten picture we get spin 1/2 states from the boundaries and spin 3/2

states from the bulk. The boundary states carry one spinor index and one gauge index (in
representation R) and thus the contribution from the spin 1/2 states is obtained from

Â(R) ch(F ) = r − 2
(4π)2

tr RF
2 +

r

12(4π)2
trR2

+
1

(4π)4

[
2
3

tr RF
4 − 1

6
trR2tr RF

2 +
r

288
(
trR2

)2 +
r

360
trR4

]
+ · · · (B.4)

The contribution from the gravitino and its spin 1/2 partner is obtained from

Â(R) tr
[
exp

(
R

2π

)]
= 8 +

17
6(4π)2

trR2 +
1

(4π)4

[
56
288

(
trR2

)2 +
248
360

trR4

]
+ · · · (B.5)

Note that the spin 3/2 states (bulk) can only give a contribution corresponding to the
2n-tower since the (2n− 1)-tower will always have one (unpaired) D0-particle stuck at the
O8-plane.
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