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1 Introduction

The relation between flux compactifications of higher-dimensional supergravities and gaug-

ings of their effective four-dimensional theories has quite a long history [1], with an extensive

literature in the framework of superstring/M-theory compactifications (for a recent review

and references to the original literature, see e.g. [2]). When flux compactifications preserve

an exact or spontaneously broken extended supersymmetry in four dimensions and there

is a gap between the supersymmetry breaking scale and the compactification scale, the

resulting gaugings are not only sufficient to fully determine the two-derivative low-energy

effective Lagrangian, but also the only way in which a potential can be generated and

some or all supersymmetries spontaneously broken. While realistic four-dimensional effec-

tive theories have at most N = 1 spontaneously broken supersymmetry,1 in orientifold,

orbifold and other string constructions a large amount of information can be extracted by

the study of some underlying theory with N > 1.

1Because of the chiral nature of weak interactions and of the direct and indirect evidence against mirror

fermions.
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In the present paper we concentrate on flux compactifications with exact or sponta-

neously broken N = 4 local supersymmetry in four dimensions. They are already quite

well understood in the framework of heterotic [3–6] and Type-II compactifications [7–13],

but many open questions remain, especially in the framework of Type-IIA orientifolds,

where the rich available structure of geometrical fluxes allows for interesting phenomena

such as stable supersymmetric AdS4 vacua (as found, for example, in some N = 1 orb-

ifolds [11, 14–16]), and, perhaps, locally stable vacua with spontaneously broken N = 4,

d = 4 supersymmetry and positive vacuum energy, even if no example was produced so far.

The structure of our paper and its main results are described below. In section 2

we establish, in a quite general framework, the precise correspondence between Type-IIA

flux compactifications preserving an exact or spontaneously broken N = 4 supersymmetry

and gaugings of their effective supergravities. We focus on constructions with orientifold

6-planes (O6), in the presence of D6-branes parallel to the O6-planes and of general NSNS,

RR and metric fluxes. For simplicity, we neglect non-geometric fluxes and we consistently

set to zero all brane-localized excitations, leaving these generalizations to future work. We

begin by recalling (following [14, 17]) some well-known properties of the chosen scheme

for dimensional reduction: the field content of the effective theory, the allowed fluxes and

the bulk and localized Bianchi Identities (BI). We then recall the general structure of

gauged N = 4, d = 4 supergravity coupled to n vector multiplets [18, 19], specializing to

the case n = 6 relevant for our discussion. In particular, we recall the structure of the

covariant derivatives acting on the scalar fields, the quadratic constraints on the gauging

parameters, which play the role of generalized Jacobi identities, and the relation between

the scalar potential and the supersymmetry variations of the fermionic fields. We then spell

out the precise correspondence between fluxes and BI of the compactified ten-dimensional

theory on one side, generalized structure constants and Jacobi identities of the effective

four-dimensional theory on the other side. We confirm that, as implicitly introduced in [20]

and explicitly discussed in [11], non-trivial duality phases (also known as de Roo-Wagemans

phases) [18] are generated. We complete this section by discussing the role of a dilaton

flux to generate non-vanishing Schön-Weidner parameters ξ [19] (in N = 4 supergravity,

these parameters play a role analogous to Fayet-Iliopoulos terms in N = 1).

In section 3 we apply our results and discuss the N = 4 uplift of the family of N = 1

AdS4 supersymmetric vacua found in [14], performed by removing the Z2 × Z2 orbifold

projection used to reduce the amount of supersymmetry. As a result, we find a family of

Type-IIA AdS4 vacua with spontaneous breaking of N = 4 to N = 1 and a number of

adjustable free parameters. These vacua [21, 22] can be obtained without source terms,

i.e. with a vanishing net number of parallel D6-branes and O6-planes, guaranteeing that

the ten-dimensional equations of motion are solved exactly. In the case of non-vanishing

D6-brane source terms the solution is still valid in the limit of smeared sources. We

comment on the associated geometry, on the uplift to N = 8 obtained by removing the

orientifold projection, and on the dual CFT3 theories. We conclude, in section 4, with a

brief discussion on possible generalizations and further applications of our results. In the

body of the paper, we make an effort to keep the technicalities to a minimum. However,

we find that some technical details on the symplectic embeddings may be useful to the

supergravity specialists, thus we present them in the appendix.
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2 Orientifold reduction and matching to N = 4

In this section we describe the reduction of Type-IIA supergravity on twisted tori orien-

tifolds, where the orientifold involution acts non-trivially on three out of the six internal

coordinates. We allow for the presence of D6-branes parallel to the O6-planes, compatibly

with N = 4 supersymmetry, and for general NSNS and RR fluxes.2 Since we are mainly

concerned with the closed string sector, we only look at backgrounds with vanishing vac-

uum expectation values (vev) for the open string excitations, which would correspond to

extra N = 4 vector multiplets localized on the D6-branes. The reduced theory is then a

gauged N = 4, d = 4 supergravity with six vector multiplets. Our goal is to spell out

the precise correspondence between fluxes and Bianchi Identities (BI) of the compactified

ten-dimensional theory on one side, generalized structure constants and Jacobi identities

of the effective four-dimensional theory on the other side.

Here and in the following, we stick to the conventions of [23, 14] unless otherwise

stated. We will use µ and i for the curved space-time indices corresponding to the four

non-compact and the three compact dimensions parallel to the O6-planes world-volume,

respectively, and a for the three compact dimensions orthogonal to the O6-planes.

2.1 Ten-dimensional fields, fluxes and constraints

The bosonic NSNS sector of D = 10 Type-IIA supergravity consists of the (string-frame)

metric g, the 2-form potential B and the dilaton Φ. The intrinsic O6-parities are +1 for

g and Φ, −1 for B. After the O6 orientifold projection, the independent bosonic degrees

of freedom in the NSNS sector of the reduced theory are the dilaton Φ and the following

components of the metric and the B-field:

ds2 = gµν dx
µdxν + gab η

aηb + gij(η
i + V i

µdx
µ)(ηj + V j

ν dx
ν) ,

B = Bai η
a ηi , (2.1)

where here and in the following the wedge product is left implicit in antisymmetric forms.

The six internal 1-forms (ηa, ηi) satisfy the following relations:

dηk =
1

2
ωij

k ηi ηj +
1

2
ωab

k ηa ηb ,

dηc = ωib
c ηi ηb ,

(2.2)

which define the 9 (ωij
k) + 9 (ωab

k) + 27 (ωib
c) metric fluxes. The NSNS 3-form fluxes

allowed by the O6 projection are (the numbers in brackets correspond to the multiplicities):

Habc (1) , Hija (9) . (2.3)

The bosonic RR sector contains in principle the p-form potentials C(p) with p =

1, 3, 5, 7, 9, whose intrinsic O6-parities are +1 for p = 3, 7 and −1 for p = 1, 5, 9. However,

these degrees of freedom are not all independent, being related by Poincaré duality. Before

2We do not consider non-geometric fluxes in this work, but we comment on some of the properties

associated to turning on such deformations in section 2.3.2.
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discussing how to identify the independent RR degrees of freedom that lead to the standard

form of the effective N = 4 supergravity, we display the field components that are invariant

under the orientifold parity, organized in blocks of dual potentials, with their multiplicities

in brackets:

scalars: C
(1)
a C

(3)
ijk C

(3)
iab C

(5)
ijabc vectors: C

(5)
µiabc C

(3)
µab

l l l l l l

dual tensors: C
(7)
µνijkbc C

(5)
µνabc C

(5)
µνjkc C

(3)
µνk dual vectors: C

(3)
νjk C

(5)
νijkc

(3) (1) (9) (3) (3) (3)

(2.4)

In summary, the bosonic RR sector contains 16 independent real degrees of freedom that

can be described either by scalars or by 2-tensors, and 6 dual pairs of vectors. Finally the

candidate dual pairs of scalar and 4-tensor fluxes in the RR sector are

scalars: G
(0)

G
(2)
ia G

(4)
ijab G

(6)
ijkabc

l l l l

dual tensors: G
(10)
µνρσijkabc G

(8)
µνρσjkbc G

(6)
µνρσjkab G

(4)
µνρσ

(1) (9) (9) (1)

(2.5)

Our goal is, as in [14], to keep the scalar fields and to remove the 2-tensor fields, to keep

the scalar fluxes and to remove the 4-tensor fluxes. As we shall see, however, the presence

of RR vectors in the d = 4, N = 4 effective theory introduces additional complications:

the vector combinations that must be kept will be identified later.

Summarizing, the bosonic field content of the reduced theory consists of 38 scalar

degrees of freedom (22 from the NSNS sector, 16 from the RR sector) and 12 independent

vector degrees of freedom (6 from the NSNS sector, 6 from the RR sector) in a suitable

dual basis.

As it is well known, there are bulk and localized BI constraining the allowed systems

of fields and fluxes. The first constraints come from the closure of the external derivative,

dd = 0, which, applied to eq. (2.2), implies the following constraints on the metric fluxes:

ω ω = −ω[mn
q ωp]q

r = 0 . (2.6)

Notice that there are no localized source terms compatible with N = 4 supersymmetry

that can modify the above equations.3 These however are not the only constraints that

3The KK5-monopoles discussed in [24] do preserve N = 4 supersymmetry, but it is not the same N = 4

supersymmetry preserved by the O6-planes. Therefore, the AdS4 vacuum discussed in [11] corresponds

indeed to a gauged N = 2 supergravity in the presence of the orientifold projection, and to a gauged N = 4

supergravity only in the absence of the orientifold projection.
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the metric fluxes must satisfy. The requirement that the compact six-manifold has no

boundary corresponds to the constraint

ωmn
n = 0 ⇒ ωik

k + ωic
c = 0 . (2.7)

The general BI for H in the absence of NS5-branes (which would break the N = 4 super-

symmetry) is simply

dH = 0 , (2.8)

whose solution can be written as

H = d4B + ωB +H , (2.9)

where we separated the various contributions: the derivative of the 2-form field B with

respect to the external coordinates (first term), the torsion term from the derivatives of

the η with respect to the internal coordinates (second term) and a constant flux term (H),

which must satisfy the integrability condition

ω H = 0 . (2.10)

In the absence of localized sources, the BI for the RR field strengths G(p) read

dG(p) +H G(p−2) = 0 , (2.11)

and, in analogy with the previous discussion for H, the general solution for G(p) is

G(p) = d4C
(p−1) + ω C(p−1) +H C(p−3) + (G e−B)(p) , (2.12)

where G are constant fluxes subject to the integrability conditions

ω G
(p)

+H G
(p−2)

= 0 . (2.13)

The last term in the solution is understood as expanded and projected into a p-form wedge

product. The solution is valid in general, even when still keeping dual pairs of potentials, as

long as there are no localized sources. In the N = 4 orientifold case under consideration, the

only admissible localized sources are parallel D6-branes and O6-planes. The integrability

condition for G(2) is then modified to

ω G
(2)

+H G
(0)

= Q(π6) , (2.14)

where Q(π6) is the sum of all Poincaré duals [π6] to the internal 3-cycles wrapped by the

D6-branes and O6-planes. The presence of D6/O6 sources also implies further constraints

that can be viewed as integrability conditions from the BI of localized fields. In particular

they read

H [π6] = 0 , ω [π6] = 0 . (2.15)

The first corresponds to the Freed-Witten [25] anomaly cancellation condition, which in our

case is automatically satisfied, while the second (which is actually connected via dualities

to the first) corresponds to requiring that the volume wrapped by the orientifold plane has

no boundaries [17, 26, 27]. Explicitly the condition reads

ωik
k = 0 , ωic

c = 0 , (2.16)

where the second equation follows from the first using eq. (2.7).

– 5 –
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2.2 Effective N = 4 gauged supergravity

The general structure of gauged N = 4, d = 4 supergravity, with its gravitational multiplet

coupled to n vector multiplets, is known [28, 18, 19]. Its bosonic content consists of: the

metric; 6 + n vector potentials AM+
µ (M = 1, . . . , 6 + n), transforming in the fundamental

vector representation of SO(6, n) and carrying charge +1 under the SO(1, 1) subgroup

of SU(1,1); the corresponding dual potentials AM−
µ , which also transform as a vector of

SO(6, n), but carry charge −1 under SO(1,1); 2 + 6n real scalar fields, parameterizing

the manifold
SU(1, 1)

U(1)
× SO(6, n)

SO(6) × SO(n)
. (2.17)

Since we restrict ourselves to backgrounds with trivial open string vevs, from now on it

will be sufficient to consider only the case n = 6, neglecting the vector multiplets coming

from D6-branes that act only as spectators. According to [19], the complete Lagrangian

is fully determined by two real constant tensors, fα MNP = fα [MNP ] and ξαM , under the

global on-shell symmetry group SU(1,1) × SO(6, 6), where α = +,− and M = 1, . . . , 12.

The index M is lowered and raised with constant metric ηMN and its inverse ηMN , whose

explicit form will be given later.

The SU(1,1)/U(1) scalar manifold can be parameterized by the coset representatives

Vα =
1√
Imτ

(
τ

1

)
, (α = +,−) , (2.18)

where τ is a complex scalar field whose real and imaginary components are often called

axion and dilaton, respectively. In the gauged theory,4 the covariant derivative of τ reads:

Dµτ = ∂µτ +AM−
µ ξ+M +

(
AM+

µ ξ+M −AM−
µ ξ−M

)
τ −AM+

µ ξ−M τ2 . (2.19)

The SO(6,6)/[SO(6) × SO(6)] scalar manifold can be parameterized by the coset rep-

resentatives

V =
(
VIJ

M , VA
M

)
, (2.20)

where M = 1, . . . , 12 is a vector index of SO(6,6), I, J = 1, . . . , 4 are indices in the funda-

mental representation of SU(4) ∼ SO(6) and A = 1, . . . , 6 is a vector index of SO(6). We

exploit the fact that an SO(6) vector can alternatively be described by an antisymmetric

tensor VIJ = V [IJ ], subject to the pseudo-reality constraint

VIJ =
(
VIJ

)∗
=

1

2
ǫIJKLVKL . (2.21)

The coset representatives must obey the constraint

ηMN = −1

2
ǫIJKLVIJ

M VKL
N + VA

MVA
N . (2.22)

4It is not restrictive to set all gauge coupling constants to one, by suitably rescaling the generalized

structure constants f and ξ.
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The consistency of N = 4 gaugings is enforced by a set of quadratic constraints on the

generalized structure constants ξ and f , which in turn can be interpreted as generalized

Jacobi identities. They read:

ξM
α ξβM = 0 , (2.23)

ξP
(αfβ)PMN = 0 , (2.24)

3 fαR[MNfβPQ]
R + 2 ξ(α[Mfβ)NPQ] = 0 , (2.25)

ǫαβ
(
ξP
α fβPMN + ξαMξβN

)
= 0 , (2.26)

ǫαβ
(
fαMNRfβPQ

R − ξR
α fβR[M [PηQ]N ] − ξα[MfN ][PQ]β + ξα[PfQ][MN ]β

)
= 0 . (2.27)

A useful formula, against which we are going to fit the output of our generalized

dimensional reduction, is the one giving the non-Abelian field strengths H+ in terms of the

A+ and A− potentials:

HM +
µν = 2 ∂[µAν]

M + − f̂M
αNP A

Nα
[µ AP +

ν]
+ . . . , (2.28)

where the dots refer to contributions from tensors, which cancel in the ‘electric’ field

strength combinations discussed later, and

f̂αMNP = fαMNP − ξα[M ηP ]N − 3

2
ξαNηMP . (2.29)

To study the number of supersymmetries preserved by a given ground state, it is

convenient to have explicit expressions for the supersymmetry variations of the fermions.

In the conventions of [19], the variations of the gravitino, dilatini and gaugini are given by

δψI
µ = 2Dµǫ

I − 2

3
AIJ

1 ΓµǫJ + . . . , δχI =
4

3
iAIJ

2 ǫJ + . . . , δλI
A = 2 i (A2A)J

I ǫJ + . . . ,

(2.30)

respectively, where5

AIJ
1 = ǫαβ V⋆

α VM
KLVN IKVP JLfβ MNP , (2.31)

AIJ
2 = ǫαβVαVM

KLVN IKVP JLfβ MNP +
3

2
ǫαβ Vα VIJ

M ξM
β , (2.32)

(A2A)IJ = −ǫαβV⋆
αVM

A VN IKVP
JK fβ MNP − 1

4
ǫαβ V⋆

α VM
A δI

J ξβM . (2.33)

These expressions show that the ξαM act in a very similar way to Fayet-Iliopoulos param-

eters in N = 1 supergravity. They do not appear in the mass matrix of the gravitini,

eq. (2.31), but provide a shift to the D-terms of eq. (2.32).

Finally, the scalar potential V is fixed in terms of the squares of the fermion variations

by the following Ward identity of extended supergravity:

1

3
AIK

1 A1 JK − 1

9
AIK

2 A2 JK − 1

2
A2 AJ

K A2 A
I
K = − 1

4
δI
J V . (2.34)

5We changed the convention for A2 A
I

J and took the complex conjugate with respect to [19], to have all

three A matrices to act on the same SU(4) vector qI .
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2.3 Dimensional reduction from d = 10 to d = 4 with fluxes

Since the d = 4 effective supergravity is completely determined, at the two-derivative level,

by the gauging, we just need to focus on the effective action for the vector fields, from

which we can read the couplings. First of all, we need to relate the zero modes of the

ten-dimensional fields with the vectors AM±
µ . In our case the relations work as follows:

Aı−
µ = Ṽµ i , Ai−

µ = ǫijkC
(3)
µjk , Aa−

µ =
1

6
ǫijkC

(5)
µaijk , Aa−

µ =
1

6
ǫijkǫabcB

(6)
µijkbc ,

Ai +
µ = V i

µ , Aı +
µ =

1

6
ǫabcC

(5)
µabci , Aa +

µ =
1

2
ǫabcC

(3)
µbc , Aa +

µ = Bµa ,

(2.35)

where the indices M = (i, ı, a, a) in the fundamental vector representation of SO(6,6) are

raised and lowered with the 12 × 12 constant metric

ηMN = ηMN = 12 ⊗ σ1 ⊗ 13 =




0 13 0 0

13 0 0 0

0 0 0 13

0 0 13 0


 . (2.36)

Out of the 12+12 vector fields above, only 12 are independent. In the ungauged case, we are

completely free to choose the ‘electric’ vectors, i.e. the independent combinations of vectors

that appear in the Lagrangian. When fluxes are turned on, however, the requirement of

having an action written only in terms of scalar fields (without tensors) determines the

electric and the magnetic combinations of vectors.6 If among the electric vectors entering

the gauging both types of vector fields (those with positive and negative SO(1,1) charge) are

present, the gauging is said to possess non-trivial duality phases, also known as de Roo-

Wagemans (dRW) phases. The name ‘duality phases’ follows from the fact that such

a gauging corresponds to a non-trivial symplectic embedding of the gauge group inside

the full duality group of symmetries of the ungauged theory, i.e. an embedding providing

an action of the gauge group where the vector field strengths and their duals get mixed

(see [8, 10, 12] for discussions of various N = 4 cases coming from flux compactifications).

Since this is a technical point, we leave it for the appendix.

In the following subsections we will first look at the covariant derivatives of the scalar

fields, to find the ‘electric’ combinations and identify the fluxes producing non-trivial dRW

phases. Then we will look at the covariant field strengths for the vectors, to read out the

mapping between the fluxes and the structure constants of the gauging, which will fix the

entire d = 4 action.

2.3.1 Universal axion and SW parameters

In our setup the universal axion (the one that, paired with a combination of the dilaton

and of the O6 volume, reconstructs the complex scalar parameterizing the SU(1,1)/U(1)

manifold) arises from the component of the RR 3-form potential parallel to the O6-plane,

6For a discussion of the role of tensor fields in gauged supergravities coming from flux compactifications

and the relation between the standard and dual formulations see [29].
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viz.

Re τ =
1

6
ǫijkC

(3)
ijk . (2.37)

We can read off its covariant derivative by looking at the reduction of the corresponding

RR 4-form on our background

DµC
(3)
ijk = ∂µC

(3)
ijk − ω[il

l C
(3)
µjk] + V h

µ ωhl
l C

(3)
ijk . (2.38)

Comparing this expression with eq. (2.19), we see that the only components of ξαM that

can be turned on in the chosen class of compactifications are ξ+i = ωil
l. However, the

constraint of eq. (2.16) exactly forbids this possibility, thus it seems that no gaugings with

non-trivial ξαM can be obtained from these string compactifications. In section 2.4 we will

comment on extensions that go around this limitation by introducing a dilaton flux.

2.3.2 Electric and magnetic vectors

The ‘electric’ vectors can be identified by looking at the combinations of vectors that

appear in the covariant derivatives of the scalars. It is not difficult to see that the chosen

set of fluxes does not produce gaugings involving the vectors dual to the metric and to the

B-field, since in the NSNS sector all the scalars come from the dilaton, the metric and the

B field itself. In the RR sector, instead, scalars come from both C(3) and its dual C(5),

therefore in general we expect that non-trivial combinations of the RR vectors and their

duals can appear in the gauging. We can thus restrict our analysis to the subset of 6+6

RR vectors and just look at the RR scalars.

As in the previous subsection, by looking at the reduction of the RR field strengths

we can extract the relevant combinations:

DµC
(3)
abk = ∂µC

(3)
abk + ωab

lC
(3)
µkl + 2ωk[a

dC
(3)
µ|b]d + . . . , (2.39)

DµC
(5)
abcij = ∂µC

(5)
abcij + ωij

kC
(5)
µabck + ωab

kC
(5)
µcijk −HabcC

(3)
µij − 3H ij[aC

(3)
µ|bc] + . . . ,

where the dots stand for contributions from NSNS vectors. Rewritten in terms of d = 4

supergravity vectors, these contributions can be conveniently summarized as

Ai−
µ Aa +

µ Ai +
µ Aa−

µ

C
(3)
iab ωab

k ωia
b 0 0

C
(5)
ijabc Habc H ijc ωij

k ωab
k

, (2.40)

which shows the fluxes that determine what vectors (columns) enter the covariant derivative

of each scalar (rows). The RR scalars are 12 (9 from C(3) and 3 from C(5)), thus in principle

we have 12 combinations of vectors in the covariant derivatives of the scalars. However, it

can be shown that no more than six independent combinations of vectors are present. To

do this, it is enough to take the 12 magnetic combinations, obtained by dualizing those in

eq. (2.39), and to check that they are all orthogonal to the electric ones in eq. (2.39). We
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have checked that this is indeed the case once the constraints of eqs. (2.6), (2.10) and (2.16)

are imposed.

As it is obvious from eqs. (2.31)–(2.34), gaugings with non-trivial dRW phases are

essential for moduli stabilization, since otherwise the SU(1,1)/U(1) scalar would enter

homogeneously the scalar potential. From (2.40), we can see that the components ω k
ab

and Habc are the only fluxes that involve vectors with negative SO(1,1) charge in the

corresponding gauging. This is in agreement with [11], which showed that exactly the same

fluxes were responsible for producing a non-trivial dilaton dependence in the potential.

This result can be easily generalized to any N = 4 orientifold compactification, includ-

ing those with non-geometrical fluxes (Qm
qr, Rqrs) [30]. Notice that all RR fluxes generate

the same dRW phase, which can be set to zero by a suitable convention. Then, if we denote

by P qrs...
mnp... the generic NSNS flux (Hmnp, ωmn

q, Qm
qr, Rqrs), the rule-of-thumb reads:

The NSNS fluxes leading to non-trivial dRW phases are those and only those with lower

indices orthogonal to the O-planes and upper indices parallel to the O-planes.

For example, in the Type-IIB/O3 case, all H-fluxes give non-trivial dRW phases, since

the indices are all orthogonal to the O3 planes, whereas all Q-fluxes give vanishing dRW

phases. In the Type-IIA/O6 case, non-trivial dRW phases are generated byHabc, ωab
i, Qa

ik,

Rijk. In the Type-IIB/O9 case (and analogously in the heterotic case), all components of

the R-fluxes (and only those) give non-trivial phases, since all internal indices are parallel

to the O9-plane.

A similar reasoning applies to all the other cases, since by acting on an index with

a T-duality in the corresponding direction, the dualized index is lowered or raised in the

NSNS fluxes, but at the same time the corresponding direction changes from parallel to

orthogonal to the O-planes, and viceversa.

In principle, for every flux we could also identify an S-dual flux [31]. Therefore, there

should be other non-perturbative fluxes that generate non-trivial dRW phases. In this case

the rule just reverses, because by S-duality the SO(1,1) charge is inverted: S-dual NSNS

fluxes always lead to non-trivial dRW phases except for those and only those with lower

indices parallel to the O-planes and upper indices orthogonal to the O-planes. All S-dual

RR fluxes give now non-vanishing dRW phases. This is in agreement with the results

of [13] for the Type-IIB/O3 case, where the authors show that structure constants with a

negative SO(1,1) charge can be identified with non-trivial H-fluxes and with the S-dual of

the non-geometric Q-fluxes.

2.3.3 Gaugings from field-strength reduction

After having established that in the chosen compactifications it is always ξ+M = ξ−M =

0, our strategy to determine the remaining parameters of the N = 4 gauging, i.e. the

generalized structure constants fα MNP , is to perform the dimensional reduction of the

various field strengths in the NSNS and RR sectors, and to compare them with eq. (2.28).

From the ten-dimensional Einstein term, adapting the results of [1] to our conventions,
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we obtain:

V i
µν = 2 ∂[µV

i
ν] − ω k

ij V i
µ V

j
ν . (2.41)

By reducing the NSNS 3-form field strength, the relevant terms read

Hµνa = 2 ∂[µBν]a + 2V i
[νω

c
ia Bc|µ] + V i

µV
j
ν H ija + . . . , (2.42)

where, as before, the dots refer to contributions from tensor fields that cancel out when the

‘electric’ vector-field combinations are considered. In the RR sector, we have to consider

the 4-form and 6-form field strengths, namely

G
(4)
µνab = 2∂[µC

(3)
ν]ab − 2G

(0)
B[µ|aBν]b + 2V i

[ν

[
ω k

ab C
(3)
k|µ]i + ω c

ia C
(3)
c|µ]b + ω c

bi C
(3)
c|µ]a

+2Bµ][aG
(2)
i|b]

]
+ V i

µV
j
ν G

(4)
ijab + . . . , (2.43)

G
(6)
µνiabc = 2∂[µC

(5)
ν]iabc + 2

(
ω d

ia Bd[µC
(3)
ν]bc + 2 Permutabc

)

−2
(
G

(2)
ia B[µ|bBν]c + 2 Permutabc

)

−2V j
[ν

[
ω k

ij C
(5)
k|µ]abc +

(
ω k

ab C
(5)
µ]cijk + 2 Permutabc

)
(2.44)

−HabcC
(3)
µ]ij −

(
H ijaC

(3)
µ]bc + 2 Permutabc

)
−
(
G

(4)
ijabBµ]c + 2 Permutabc

)]

+V j
µV

k
ν G

(6)
ijkabc + . . . .

where the symbol “2 Permutabc” stands for the two combinations obtained by cyclic per-

mutation of the indices abc of the preceeding term. Identifying the vector fields with the

combinations having a definite SO(1,1) charge, given previously in eqs. (2.35), we obtain:

V i
µν = 2 ∂[µA

+ i
ν] − ω k

ij A+ i
µ A+ j

ν , (2.45)

Hµνa = 2 ∂[µA
+
ν]a + 2ω c

ia A
+
[µ|cA

+i
ν] +H ijaA

+ i
µ A+ j

ν + . . . , (2.46)

1

2
ǫabcG

(4)
µνab = 2∂[µA

+c
ν] −G

(0)
ǫabcA+

µaA
+
νb +

1

2
ω k

ab ǫ
abcǫijkA

− i
µ A+ j

ν + 2ω c
ia A

+a
[µ A+ i

ν]

−2G
(2)
ia ǫ

abcA+
[µ| bA

+ i
ν] +

1

2
G

(4)
ijabǫ

abcA+ i
µ A+ j

ν + . . . , (2.47)

1

6
ǫabcG

(6)
µνabci = 2∂[µA

+
ν]i + 2ω c

ia A
+
[µ|cA

+ a
ν] + ǫabcG

(2)
ia A

+
µ bA

+
ν c + 2ω k

ij A+
[µ|kA

+ j
ν]

−1

2
ω k

ab ǫ
abcǫijkA

−
[µ|cA

+ j
ν]

+
1

6
Habcǫ

abcǫijkA
− j
[µ
A+ k

ν]
− 2H ijaA

+a
[µ
A+ j

ν]

−G(4)
ijabǫ

abcA+
[µ|cA

+ j
ν] − 1

6
G

(6)
ijkabcǫ

abcA+ j
µ A+ k

ν + . . . . (2.48)

We can now read the relation between fluxes and generalized structure constants by com-
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paring with eq. (2.28):

f− ijk = −1

6
Habc ǫ

abc ǫijk ,

f c
− ij = −1

2
ω k

ab ǫabc ǫijk ,

f abc
+ = G

(0)
ǫabc ,

f bc
+ i = −G(2)

ia ǫabc ,

f c
+ ij = −1

2
G

(4)
ijab ǫ

abc , (2.49)

f+ ijk =
1

6
G

(6)
ijkabc ǫ

abc ,

f k
+ ij = ω k

ij ,

f+ ija = −Hija ,

f b
+ ia = ω b

ia .

Up to permutations of the indices (so that when all indices are lowered with the met-

ric (2.36) the structure constants are completely antisymmetric), all the other components

vanish. Notice that the system of equations from which we derived the generalized struc-

ture constants of eq. (2.49) was overconstrained: this provides a non-trivial cross-check of

the consistency of our results.

The above result completely defines all possible effective d = 4 N = 4 supergravities

that can be obtained in the chosen class of Type-IIA O6 compactifications with fluxes.

For instance, the fermion variations and the scalar potential can be read off directly from

eqs. (2.30)–(2.34), by substituting (2.49) and ξαM = 0.

A similar analysis and identification of structure constants with d = 10 fluxes was

performed in [8, 13], in the dual context of Type-IIB O3 compactifications. Following the

rule-of-thumb of the previous section, also in the examples of [8, 13] structure constants

with different SO(1,1) charges appear whenever non-trivial H-fluxes are turned on.

2.3.4 Jacobi identities from Bianchi identities

Having established with eq. (2.49) the precise correspondence between fluxes and gen-

eralized structure constants, we can now check that the generalized Jacobi identities of

eqs. (2.23)–(2.27) are in one-to-one correspondence with the Bianchi identities discussed at

the end of subsection 2.1.

Since in our class of compactifications ξαM = 0, eqs. (2.23)–(2.27) reduce just to the

two constraints

fαR[MNfβPQ]
R = 0 , ǫαβfαMNRfβPQ

R = 0 . (2.50)

By taking the non-trivial components of the above constraints and substituting the explicit
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expressions of eq. (2.49), we get the following constraints on the fluxes:

(
ωG

(2)
+HG

(0)
)

ijc
= 0 ,

(
ωG

(4)
+HG

(2)
)

ijkab
= 0 ,

(ωω)ija
b = 0 , (2.51)

(
ωH
)
ijka

= 0 ,
(
ωH
)
iabc

= 0 ,

(ωω)abi
k = 0 .

In particular, the first four constraints in (2.51) come from the first constraint in (2.50),

and the last two from the second. These are exactly the integrability conditions derived

from the d = 10 BI in subsection 2.1. The only BI constraint that is missing is the

one associated to the RR 2-form sourced by parallel D6-branes and O6-planes: this was

somewhat expected, since these sources are the only ones preserving N = 4 supersymmetry

in four dimensions, so that their number is not constrained by the consistency of N = 4

supergravity (where the number of vector multiplets is indeed a free parameter).

2.4 ξ 6= 0 from the dilaton flux

We elaborate here on the possibility of generating non-vanishing values for the ξαM pa-

rameters in the presence of a ‘dilaton flux’, associated with an SO(1,1) axionic rescaling

symmetry. It is known that an SO(1,1) twist produces a gauging [32] associated with a

non-vanishing ξ parameter [19]. Examples of this sort were later studied in [33] in heterotic

supergravity, we now explore the case of Type-IIA supergravity.

The Type-IIA d = 10 supergravity action is invariant (at the two-derivative level)

under the following SO(1,1) rescaling symmetry:

g → eλ/2 g , B → eλ/2B , Φ → Φ + λ , C(p) → e(
p
4
−1)λ C(p) . (2.52)

This symmetry is a remnant of the dilatonic symmetry arising from the circle compact-

ification of d = 11 supergravity. It still holds in the presence of localized sources, when

the full action contains also the Dirac-Born-Infeld and Chern-Simons terms, as long as the

world volume and the localized fields transform appropriately.

We can then use such a symmetry to perform a duality twist. Since the metric is not

invariant, such a twist corresponds also to a non-trivial Scherk-Schwarz twist, in particular

to a volume non-preserving one,

tr ω 6= 0 , (2.53)

since the volume form is not invariant under dilatations. After a suitable field redefinition,

however, we can go to a field basis where only the dilaton transforms non-trivially under

the symmetry, and appears in the action only via derivative terms. In a such a field basis

the axionic nature of this dilatonic symmetry is manifest.
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In practice, however, we can stick to the standard field basis and include an additional

modification to the external derivative that takes into account the non-trivial dilaton flux:

D = d4 + ω +Q∆ +H , (2.54)

where Q is the charge under SO(1,1) dilatations and ∆ is defined by:

dΦ = d4Φ + ∆ . (2.55)

Using the generalized derivative D, we can now write the BI as

D2 = 0 , DG = QRR . (2.56)

Their solutions read

H = dB + ωB +
1

2
∆B +H ,

G(p+1) = dC(p) + ωC(p) +
p− 4

4
∆C(p) +H C(p−2) +

(
Ge−B

)(p+1)
, (2.57)

and are subject to the following constraints:

(d+ ω +Q∆ +H)2 = 0

⇒
ωω = 0 , ω∆ = 0 , ωH + 1

2∆H = 0 ,

(d+ ω +Q∆ +H)G(p+1) = Q(π7−p)

⇒
ωG

(p+1)
+ p−4

4 ∆G
(p+1)

+HG
(p−1)

= Q(π7−p) ,

(d+ ω +Q∆ +H)[π7−p] = 0

⇒
ω[π7−p] + p−4

4 ∆[π7−p] = 0 , H[π7−p] = 0 .

(2.58)

The above formulae can be easily generalized to account for localized fields and local-

ized fluxes.

We now specialize to the case of D6/O6 brane systems. Notice that the constraints in

eq. (2.58) actually imply that, when ∆i 6= 0, there must be also non-trivial metric fluxes,

ωij
j and ωaj

j, which in order to have tr ω = 0 read

ωij
j =

3

4
∆i , ωaj

j = −3

4
∆i . (2.59)

If we now look at the covariant derivative of the universal axion we find

G
(4)
µijk = ∂µC

(3)
ijk − (ωij

lC
(3)
lkµ + 2Permijk) −

1

2
(∆iC

(3)
jkµ + 2Permijk)

= ∂µC
(3)
ijk + ∆iC

(3)
µjk + 2Permijk , (2.60)
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from where we can read that ξ+i = ∆i can now be different from zero, and compute all the

generalized structure constants of the N = 4 gauging with a procedure similar to the one

described in the previous subsections.

Notice, however, that the generalized BI of the RR sector automatically rule out the

possibility of switching on ξ in the massive Type-IIA theory: indeed, the BI for G(0) receive

only the contribution from the dilaton flux

(d4 + ω +Q∆ +H)G(0) = 0 ⇒ ∆iG
(0)

= 0 , (2.61)

banning the possibility of having both these fluxes turned on at the same time (the only

way out would be to work with D8/O8 systems, or perhaps to add non-geometrical/non-

perturbative fluxes). The condition above can also be identified with an N = 4 Jacobi

identity, in particular with the ++i
abc component of

3fαR[MNfβPQ]
R + 2ξ(α[Mfβ)NPQ] = 0 , (2.62)

since fabc
+ = G

(0)
ǫabc and for this particular component the first contribution in the above

equation vanishes with the fluxes available in the Type-IIA theory.

The reader should keep in mind that the SO(1,1) symmetry used for the twist, both

in the heterotic [33] and in this case, is just an accidental symmetry of the two-derivative

action, and does not survive as such the introduction of higher-derivative terms corre-

sponding to α′ corrections.7 The difficulties in finding explicit string constructions with

non-vanishing ξ-parameters may be related to the analogous difficulties in generating non-

vanishing FI terms in N = 1 compactifications.

3 An N = 1 family of vacua

Now that we have established the connection between Type-IIA O6 flux compactifications

and their consistent truncations to gauged d = 4, N = 4 supergravity, we can use the

latter to study the vacuum structure of the former. Many interesting Type-IIA vacua

found recently in N = 1 compactifications, such as the N = 1 AdS4 supersymmetric vacua

in [14–16], and part of those in [34], are just specific truncations of the vacuum solutions

of the N = 4 effective potential described in the previous section. Moreover, our descrip-

tion could be exploited for a more systematic search for de Sitter vacua and cosmological

solutions, along the lines of [35]. It might also be useful for the construction of new AdS4

backgrounds dual to 3-dimensional conformal field theories with extended supersymmetry.

Finally, the extended duality group would make the study of non-geometric backgrounds

more tractable.

As an example, in the following we construct and discuss the embedding in N = 4

supergravity of the AdS4 family of vacua found in [14] and further studied in [16, 36].

From the ten-dimensional point of view, it corresponds to removing the Z2 × Z2 orbifold

projection in the compactification. We also discuss possible deformations of the solution

and some properties of the dual CFT3.

7We thank E. Witten for bringing this point to our attention.
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3.1 N = 4 embedding of a family of AdS4 vacua

The family of N = 1 AdS4 vacua found in [14] corresponds to compactifications of the

Type-IIA theory with O6 orientifold over T
6/Z2 ×Z2, with D6-branes and in the presence

of a particular combination of RR, NSNS and geometric fluxes. The orbifold projection

implies a factorization of the 6-torus into a product of three 2-tori, T
6 = T

2 ×T
2 ×T

2. For

the same reason, the scalar manifold for the closed string sector on this space reduces to a

Kähler manifold,

SU(1, 1)

U(1)
× SO(6, 6)

SO(6) × SO(6)

Z2 × Z2−−−−−−−−→ SU(1, 1)

U(1)
×
[

SO(2, 2)

SO(2) × SO(2)

]3

=

[
SU(1, 1)

U(1)

]7

,

(3.1)

parameterized by seven complex moduli S, UΛ and TΛ (Λ = 1, 2, 3).

For the sake of simplicity, we will now consider fluxes respecting the plane interchange

symmetry determined by arbitrary permutations among the T
2 factors, though we will

come back to the more general case later on. If we indicate the fluxes and the vevs of the

scalar fields as

ω1 =
1

3!
ωij

kǫijlδlk , ω2 =
1

3!
ωab

kǫablδlk , ω3 =
1

3!
ωib

cǫibdδdc ,

H0 =
1

3!
Habcǫ

abc , H1 =
1

3!
H ijaǫ

ija ,

G
(0)

= G
(0)
, G

(2)
=

1

3
G

(2)
ai δ

ai , (3.2)

G
(4)

= − 1

3!
G

(4)
abijδ

aiδbj , G
(6)

=
1

3!
G

(6)
ijkabcδ

aiδbjδck ,

s0 = 〈S〉 , u0 = 〈UΛ〉 , t0 = 〈TΛ〉 ,

then the values of the fluxes giving the family of AdS4 vacua read

1

9
G

(6)
= −t20G

(2)
=
t0 u0

6
ω1 =

s0 t0
2
ω2 =

t0 u0

6
ω3 ,

t0
3
G

(4)
=
t30
5
G

(0)
= −s0

2
H0 =

u0

2
H1 , (3.3)

which determine a five-parameter family of AdS4 vacua (3 scalar vevs plus 2 flux parame-

ters). The BI associated to NSNS fields are automatically satisfied, while those of the RR

sector can be satisfied by changing the number of D6-branes. Notice that solutions can be

found for arbitrary values of the scalar fields (up to quantization conditions coming from

fluxes), so that arbitrary large compact volume (thus small α′ corrections) and small string

coupling can be easily realized.

To embed this family of vacua in a gauged N = 4 supergravity, we must be sure that,

if D6-branes are present, they lie in directions parallel to the N = 4 O6-planes. This

requirement is equivalent to satisfying the BI for the RR 2-form without sources, namely

5u2
0 H

2
1 = 3 s20 t

2
0 ω

2
2 . (3.4)

This constraint reduces by one the number of free parameters of the vacua so that, once

the values of the scalar vevs are chosen, only an overall constant on the fluxes remains free.
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Accidentally, for this symmetric configuration, this condition also implies that the RR

BI along the O6-planes is automatically satisfied, indicating that this family of solutions

enjoys an N = 8 embedding. In other words, the above set of fluxes and fields is also a

solution of massive Type-IIA supergravity compactified on the same background without

any sources. We will come back to the importance of this observation later on.

Inspection of the supersymmetry variations of the fermions, eq. (2.30), provides a

simple way to prove that the choice of fluxes of eq. (3.3), together with the condition (3.4),

yields supersymmetric AdS4 solutions of the N = 4 supergravity theory constructed in

the previous section. This analysis also shows that, on the same vacua, supersymmetry is

spontaneously broken to N = 1. We are looking for vacua where all the fields are set to

vanish, with the exception of the metric and of the scalar fields in the last line of eq. (3.2),

which take constant values: then solving the conditions for unbroken supersymmetry also

implies that the equations of motion are satisfied. This in turn implies that the vevs of the

scalar fields minimize the potential V in (2.34). Supersymmetric vacua are characterized

by an SU(4)R direction qI and a set of scalar field vevs and fluxes (or gauge structure

constants) such that qI is a null eigenvalue of the matrices AIJ
2 and (A2A)IJ , defined

in (2.32) and (2.33) respectively. The gravitino mass matrix AIJ
1 (projected on the same

SU(4)R direction) then tells us whether the vacuum is Minkowski or AdS. If the spin-1
2

field variations vanish in more SU(4)R independent directions, then the vacuum preserves

more supersymmetries.

Since we have already worked out the relation between fluxes and gauge structure

constants, we just need to identify the connection between the N = 1 moduli S, UΛ, TΛ

(and their vevs) and the N = 4 scalar fields Vα, VM
IJ , VM

A . The coset representatives V
obviously contain more scalars, which, however, were set to zero in our analysis of the

supersymmetry conditions. We checked that such a choice is consistent with the solution.

For the SU(1,1) sector of the scalar manifold (2.17) the identification is easy,

Vα =
1√
Imτ

(
τ

1

)
=

1√
ReS

(
−iS
1

)
. (3.5)

For the SO(6,6) sector the identification is more involved. After some calculations we find

for VIJ M

VIJ M =
[
δM
Λ (x1

ΛαΛ + x̃1
ΛβΛ)IJ , δM−3

Λ (x2
ΛαΛ + x̃2

ΛβΛ)IJ , (3.6)

δM−6
Λ (x3

ΛαΛ + x̃3
ΛβΛ)IJ , δM−9

Λ (x4
ΛαΛ + x̃4

ΛβΛ)IJ
]
,

where αΛ and βΛ are six four-by-four matrices that map SU(4) indices into SO(6),

α1 =
i

2
σ2 ⊗ σ1 , α2 = − i

2
σ2 ⊗ σ3 , α3 =

i

2
12 ⊗ σ2 , (3.7)

β1 = −1

2
σ1 ⊗ σ2 , β2 = −1

2
σ2 ⊗ 12 , β3 =

1

2
σ3 ⊗ σ2 , (3.8)
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and



x1
Λ + i x̃1

Λ

x2
Λ + i x̃2

Λ

x3
Λ + i x̃3

Λ

x4
Λ + i x̃4

Λ


 =

√
2

YΛ




1

UΛTΛ

iUΛ

iTΛ


 , with YΛ = (TΛ + TΛ)(UΛ + UΛ) . (3.9)

Analogously, for WMIJ = VM
A QA IJ , where QA = {αΛ, βΛ}, we can find a similar expression

to the one in (3.6), but with different scalar functions (yΛ instead of xΛ):



y1
Λ + i ỹ1

Λ

y2
Λ + i ỹ2

Λ

y3
Λ + i ỹ3

Λ

y4
Λ + i ỹ4

Λ


 =

√
2

YΛ




1

−UΛTΛ

iUΛ

−iTΛ


 , (3.10)

which corresponds to the exchange of TΛ with −TΛ (or UΛ with −UΛ if the complex

conjugate is taken) in the expressions for the xΛ. It is easy to check that, with this choice

of parameterization, the constraints (2.21) and (2.22) are satisfied and the known N = 1

results in the truncated limit can be recovered. This last check can be performed by

looking at the gravitino mass matrix. In the basis for the (αΛ, βΛ) matrices of eqs. (3.7)–

(3.8), the gravitino mass matrix is diagonal, with three degenerate eigenvalues (due to the

plane interchange symmetry of the fluxes). The fourth eigenvalue is the one surviving the

orbifold projection and after using eq. (2.49) reads

A44
1 ∝ eK/2

2

[
G(6) + iG(4)(T1 + T2 + T3) −G(2)(T1T2 + T2T3 + T3T1) − iG(0)T1T2T3

iH0S − iH1(U1 + U2 + U3) + ω1(T1U1 + T2U2 + T3U3) − ω2S(T1 + T2 + T3)

−ω3(T1U2 + T1U3 + T2U1 + T2U3 + T3U1 + T3U2)] , (3.11)

which nicely matches the expression of the N = 1 superpotential found in [11, 14].

Using the same conventions, the SU(4)R direction corresponding to preserved super-

symmetry is thus

qI = δ4I , (3.12)

i.e. the one preserved by the orbifold projection. It is rather easy now to check explicitly

that the fermion supersymmetry variations projected along this direction vanish precisely

when the AdS4 constraints (3.3)–(3.4) on the fluxes and the field vevs are satisfied. One

way to do so without doing any computation is to notice that, once the A(2) matrices

entering the spin-1
2 supersymmetry transformations are contracted with the SU(4)R vector

qI , they reconstruct the N = 1 F-terms. The vanishing of the latter then ensures the

vanishing of the N = 4 fermion variation. Notice that, because of the particular form of

the Kähler manifold (3.1) and of the flux superpotential (3.11), the N = 1 F-terms read:

FS = eK/2W
∣∣∣
S→−S

, (3.13)

FUΛ
= eK/2W

∣∣∣
UΛ →−UΛ

, (3.14)

FTΛ
= eK/2W

∣∣∣
TΛ →−TΛ

. (3.15)
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These conditions exactly match the relation between the N = 4 fermion variation A(2)

and the gravitino mass A(1): the dilatino variation A(2)I
J has indeed the same expression

of A(1) with the substitution of Vα with V∗
α which corresponds to eq. (3.13), while the

components ǫHKLA(2)
HK

I
J and A(2)

L4
I
J correspond to substitute in A(1) one VM IJ with

WM IJ , thus exactly to the substitutions in eqs. (3.14) and (3.15).

We can also check that the direction qI = δI
4 is indeed the only one that annihilates

the fermion variation. This means that even when the orbifold is removed we have N = 1

AdS4 vacua, this time arising via spontaneous symmetry breaking from N = 4.

As we have discussed at length in the previous section, the reduction from 10 to 4

dimensions with fluxes leads to an N = 4 gauged supergravity. This implies that the

choice of fluxes (3.3), leading to the family of AdS4 vacua presented in [14], corresponds to

a non-trivial gauge group, specified by (2.49). More details on the general structure of the

gauge group and its symplectic embedding can be found in the appendix. It is interesting,

however, to point out that the general gauge group reduces to the semidirect product of

SU(2) with the group N9,3 associated to a 3-step nilpotent algebra:

G = SU(2) ⋊N9,3. (3.16)

More in detail, we can summarize the gauge algebra specified by the choices (3.3)

and (3.4) as

[Xi,Xj ] = ǫijkXk, [Xi, A
I
j ] = ǫijkA

I
k, (3.17)

[A1
i , A

1
j ] = ǫijkA

2
k, [A1

i , A
2
j ] = ǫijkA

3
k. (3.18)

Here Xi are the SU(2) generators and AI
i ∈ n9,3, for I = 1, 2, 3. At the N = 1 critical point

the 9 vectors gauging the nilpotent group are massive and the surviving gauge group is

Gvac = SU(2). (3.19)

We point out that this gauge group, however, does not match the full symmetry group

of the corresponding type IIA solution. We will see in the next section that the d = 10

background has an SU(2)3 isometry group and that the Scherk-Schwarz reduction sees

only its truncation to Gvac = SU(2). As we already explained, all BI are satisfied without

source terms. However, the presence of O6-planes from the orientifold projection requires

the further presence of 16 D6-branes (and their images) to cancel the corresponding charge:

we can do this by placing the D6-branes on top of the O6-planes so that their charge and

tension cancel locally. This configuration allows to solve the d = 10 equations of motion

and BI exactly, without the need of smearing the sources. This implies that at the N = 1

vacuum there are also matter fields associated to the fluctuations of the D6-branes, which

we put to zero to find the vacuum solution. In particular there are 8 O6-planes and 2

D6-branes on top of each O-plane to cancel their charge and tension. This configuration

adds an extra SO(4)8 gauge factor to the d = 4 effective action. If we are interested in

recovering the full N = 4 effective theory around this vacuum, we should in principle

consider also these fields, which enlarge both the scalar manifold and the gauge group. We

can anticipate that many of the extra scalar fields will get mass from fluxes.
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Since the D6 and O6 charges cancel without the need of a net flux contribution,

the solution will survive also in the absence of the orientifold projection. The family of

AdS4 solutions described above is then also a solution of the massive oriented Type-IIA

equations of motion. The cancellation of the D6-brane charge is also a signal that the

truncated d = 4 theory without the orientifold projection can be embedded in a gauged

N = 8 supergravity. Indeed, as shown in the appendix, the gauge algebra can be embedded

in e7(7). In this context we can discuss again the structure of the effective theory and the

moduli stabilization process. While leaving all the technical details for the appendix, we

can summarize here a couple of interesting results of this analysis.

The gauge group of the resulting N = 8 truncation is also a semidirect product of a

compact group, in this case SU(2) × U(1), with a nilpotent group, now of dimension 24.

On the vacuum, all the vector fields associated to the nilpotent group become massive as

they should. The compact part has an interesting structure, because the U(1) group is

compatible with the R-symmetry group of a residual N = 2 supersymmetric theory.

Gauged maximal supergravities in d = 4 have a natural link with M-theory reductions.

While most of the massive IIA fluxes are perturbative also from the M-theory point of

view, being either 4- and 6-form fluxes or metric fluxes, the G
(0)

flux has clearly a non-

perturbative origin. This can be explicitly seen from the embedding of our reduced model

in N = 8 supergravity and the attempt at interpreting this theory as a Scherk-Schwarz

reduction of M-theory. TheG
(0)

flux induces a gauging that involves the vector field coming

from the dual metric along the M-theory/IIA circle, therefore it cannot be obtained in a

usual compactification scheme. According to ref. [37], the massive IIA theory would arise

from M-theory by compactifying on a collapsing twisted 3-torus (in other words, by taking

a suitable zero-size limit of a compactification on T
3 with metric flux ωmn

p). This picture

nicely agrees with our analysis of the N = 8, d = 4 gauged supergravity: G
(0)

induces

a gauging involving the vector fields C
(7)
µmnqrst, Bµm and Bµt (where the index m is along

the twisted 3-torus, while t is not). After the M-theory uplift these vectors are mapped

into A
(6)
µpqrst, V

m
µ and A

(3)
µtp, which are indeed gauged by the metric flux on the 3-torus (see

also (A.18)–(A.21) in the appendix).

In view of our analysis, this correspondence can be pushed further, extending it from

fluxes to sources. As already stated, G
(0)

gauges the vector of the dual metric, which

couples electrically to KK6-monopoles. This suggests that M-theory KK6-monopoles are

related to D8-branes, i.e. the sources of the IIA mass parameter. The above connection

can be described by the following chain of dualities:

IIA IIB IIA M

G
(0) Tm−−−−→ G

(1)
m

Tn−−−−→ G
(2)
mn

S1
p−−−−→ ωmn

p

[π8]q
Tm−−−−→ [π7]qm

Tn−−−−→ [π6]qmn

S1
p−−−−→ [κ6]qmn

p

. (3.20)

In the above scheme, Tm and Tn denote T-dualities along the m and n directions (m 6= n),

S1
p the M-theory uplift. Similarly, [π8], [π7], [π6] and [κ6] denote the Poincaré duals of the
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D8-, D7-, D6-brane world-volumes and of the M-theory KK6-monopole, respectively. Thus

D8-branes would correspond to M-theory KK6-monopoles localized on the twisted 3-torus,

with the fibres of the KK6-monopole and of the twisted 3-torus identified.

3.2 The geometry of the massive IIA vacuum

We now discuss the geometry of the d = 10 solution. In [36] it was shown that, in the

case t1 = t2 = t3, the N = 1 AdS4 vacua of eq. (3.3) correspond to compactifications on

AdS4 ×X6, with the internal manifold X6 having the topology of (S3 × S3)/Z
3
2, where the

S3 were produced by the geometric fluxes and the Z
3
2 projection was due to the Z2 × Z2

orbifold plus the O6 orientifold involution. We now show that, even in the generic case, the

solution of our N = 4 gauged supergravity theory corresponds to a compactification on a

S3×S3 manifold with RR and NSNS fluxes turned on and an O6 orientifold involution that

exchanges the two 3-spheres. We discuss the geometric structure of the internal manifold,

showing explicitly that it solves the full massive IIA equations even for generic fluxes not

satisfying the plane-interchange symmetry of (3.2) and (3.3). This analysis, which follows

the lines of the analogous discussion in [36], will also lead us to the correct identification of

the flux quantization conditions as well as of the possible deformations of our background.

A Scherk-Schwarz reduction is equivalent to a compactification on a local group man-

ifold, which goes under the name of twisted torus. In our case, the metric on the internal

6-manifold Y6 can be written as

ds2Y6
=

3∑

Λ=1

tΛ
ûΛ

(ηΛ)2 + tΛûΛ(η̃Λ)2, (3.21)

in terms of two sets of three globally defined twisted-torus 1-forms (ηΛ, η̃Λ) = (ηi, ηa) that

satisfy the conditions

dηΛ = ωΛ
1 η

ΣηΓ + ωΛ
2 η̃

Ση̃Γ ,

dη̃Λ = ω3ΣΓ η
Ση̃Γ + ω3ΓΣ η̃

ΣηΓ ,
(3.22)

where (Λ,Σ,Γ) = (1, 2, 3) and cyclic permutations. We recall here that tΛ ≡ ReTΛ are

the volume moduli of the three T
2’s before twisting and that ûΛ are related to the N = 1

subsector (3.1) of the moduli space (2.17) by

ReS = e−Φ

√
t1t2t3
û1û2û3

, ReUΛ = e−Φ

√
t1t2t3ûΣûΓ

ûΛ
. (3.23)

On a generic N = 1 vacuum, these moduli satisfy

3

ûΣûΓ
=
ωΛ

1

ωΛ
2

,
ûΛ

ûΓ
=

ωΛ
1

ω3ΣΓ
,

ûΛtΣ

tΛûΣ
=
ωΛ

1

ωΣ
1

, (3.24)

where it is now clear that we did not impose the plane interchange symmetry leading

to (3.3). We can now show that the space resulting from imposing (3.24) is the product

of two 3-spheres. To do so, it is useful to change basis and use another set of vielbeins,
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(ξΛ, ξ̃Λ), defined as

ξΛ ≡
√
ωΣ

1 ω
Γ
1

(
ηΛ +

ûΛ√
3
η̃Λ

)
,

ξ̃Λ ≡
√
ωΣ

1 ω
Γ
1

(
ηΛ − ûΛ√

3
η̃Λ

)
.

(3.25)

These new vielbeins satisfy the simple conditions

dξΛ = ξΣξΓ ,

dξ̃Λ = ξ̃Σξ̃Γ ,

corresponding to a realization of an SU(2) × SU(2) group manifold, namely the product of

two 3-spheres. It should be noted that just like the (ηΛ, η̃Λ) vielbeins of the original basis,

also the (ξΛ, ξ̃Λ) vielbeins are globally defined, because S3 is a parallelizable manifold.

In this new basis the metric takes the simple form

ds2Y6
= ρ2

(
(ξΛ)2 + (ξ̃Λ)2 − ξΛξ̃Λ

)
, (3.26)

with the overall radius given by

ρ ≡
(

t1t2t3(
ω1

1ω
2
1ω

3
1

)2
û1û2û3

)1/6

. (3.27)

The metric is actually that of two S3 at angle. Since the angle reduces the SO(4)2 isometry

of the two spheres to SU(2)3, the internal manifold corresponds to the coset

Y6 =
SU(2) × SU(2) × SU(2)

SU(2)
. (3.28)

Once more we can see that the full symmetry group of this background, namely SU(2)3, is

larger than the one we see at the vacuum of our d = 4 gauged supergravity model, which

is just SU(2). The reason for this lies in the fact that the gauged supergravity model of

the previous section is obtained by performing a Scherk-Schwarz reduction on the two S3

at angle. Each S3 has a metric that is invariant under SU(2)L× SU(2)R, where the L,R

subscript refers to left or right multiplication by the SU(2) group. Because of the angle, the

metric (3.26) is invariant only under SU(2)1,L× SU(2)2,L× SU(2)D,R, where the subscripts

1, 2 refer to the two spheres and SU(2)D,R is the diagonal right action. The Scherk-Schwarz

reduction, however, keeps only modes that are singlets under the action from the left of the

isometry group of the internal local group manifold. This means that only left invariant

Killing vectors will survive and hence only the SU(2)D,R isometry group can be seen in the

reduced theory.

Note that, out of the various parameters that control the vacua, only the combination

corresponding to the total volume enters the metric. We can actually show that this is

also related to the ratio of two quantized parameters, which control all the other quantities

characterizing our solution. Using the relation between fluxes and moduli of eq. (3.24), we
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can rewrite the AdS4 solution in the ξ basis as a function of two integers: g0 and g6. The

metric, the dilaton and the fluxes then read

ds2IIA = ds2AdS4
+ ρ2

(
(ξΛ)2 + (ξ̃Λ)2 − ξΛξ̃Λ

)
, ρ2 =

51/6

22/3

(
g6
g0

)1/3

,

e−2Φ =
24/3 · 3
55/6

(g5
0 g6)

1/3 ,

G(0) = g0 ,

G(2) = − (g2
0 g6)

1/3

25/3 · 51/3

(
ξ1ξ̃1 + ξ2ξ̃2 + ξ3ξ̃3

)
, (3.29)

G(4) =
9(g0 g

2
6)1/3

210/3 · 52/3

(
ξ2ξ̃2ξ3ξ̃3 + ξ3ξ̃3ξ1ξ̃1 + ξ1ξ̃1ξ2ξ̃2

)
,

G(6) =
33

25
g6 ξ

1ξ̃1ξ2ξ̃2ξ3ξ̃3 ,

H =
1

25/3 · 51/3

(
g6
g0

)1/3 (
ξ̃1ξ2ξ3 − ξ1ξ̃2ξ̃3 + ξ̃2ξ3ξ1 − ξ2ξ̃3ξ̃1 + ξ̃3ξ1ξ2 − ξ3ξ̃1ξ̃2

)
.

It should be noted that G(4) and H are trivial in cohomology on the spheres. This means

that to generate the background above we really need to switch on only two non-trivial

fluxes:8

G
(0)

= g0 , G
(6)

= g6 ξ
1ξ̃1ξ2ξ̃2ξ3ξ̃3 . (3.30)

All the other fluxes are trivial, because H = dB, G(2) = −BG(0) and G(4) = dC(3) +
1
2BBG

(0), with

B =
1

25/3 · 51/3

(
g6
g0

)1/3 (
ξ1ξ̃1 + ξ2ξ̃2 + ξ3ξ̃3

)
, (3.31)

C(3) = − 4

24/3 · 52/3

(
g0g

2
6

)1/3
(
ξ̃1ξ2ξ3 + ξ1ξ̃2ξ̃3 + ξ̃2ξ3ξ1 + ξ2ξ̃3ξ̃1 + ξ̃3ξ1ξ2 + ξ3ξ̃1ξ̃2

)
.

Since this solution preserves N = 1 supersymmetry, we can see that the fluxes and

the geometry satisfy the SU(3) group-structure constraints derived in [22]. We recall that

in the case of a Scherk-Schwarz reduction, the internal manifold always defines a trivial

group structure. Each supersymmetry will especially define a complex structure, with its

associated 2-form J , and a holomorphic 3-form Ω. Given these forms, the fluxes will obey

the supersymmetry constraints derived in [22], which, in the string frame and with the

warp factor set to 1, read

dJ = 2m̃ReΩ , dΩ = i

(
W−

2 J−
4

3
m̃J2

)
, H = −2mReΩ; (3.32)

G(0) = 5me−Φ , eΦG(2) = −W−
2 +

1

3
m̃J, G(4) =

3

2
me−ΦJ2, G(6) = −1

2
m̃e−ΦJ3.

8Notice that flux quantization has to be imposed on the combinations (GeB)(n), which are closed because

of the BI (see eq. (2.11)). In our conventions this implies that the quantized fluxes are the G
(n)

instead of

the G(n).
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T 6/Z2 N = 4, 8 g0 = 0

[14–16] [21, 14, 16] [38, 14, 16]

m̃2

m2
= 0

m̃2

m2
= 15

m̃2

m2
= ∞

Figure 1. The family of AdS4 solutions discussed in the text. When m̃ = 0 there are no metric

fluxes, the geometry collapses to T 6/Z2 O6 orientifold. As em
2

m2 6= 0 metric fluxes deform the torus

into S3 × S3, when em
2

m2 = 15 the net D6-brane charges cancel and the solution allows a description

in terms of N = 4 (or N = 8 in the absence of O6-planes) gauged supergravity. In the limit m2 = 0

the massive parameter vanishes and the solution admits a geometrical M-theory uplift.

The solution is given by the SU(3) structure defined by

J =
31/2 · 51/6

25/3

(
g6
g0

)1/3 (
ξ1 ξ̃1 + ξ2 ξ̃2 + ξ3 ξ̃3

)
(3.33)

and the (3,0)-form

Ω =
51/4

23

√
g6
g0

(
ξ̃1 − e2πi/3ξ1

) (
ξ̃2 − e2πi/3ξ2

) (
ξ̃3 − e2πi/3ξ3

)
. (3.34)

The other parameters are

W−
2 = 0, m̃ = −

√
15m = − 1

22/3 · 51/12

(
g0
g6

)1/6

. (3.35)

This shows that the metric of Y6, leading to our N = 4 supergravity vacuum, is actually

nearly-Kähler. It therefore coincides with one of the special massive IIA AdS4 solutions

found in [21].

As noted in [36], we could still solve the supersymmetry conditions by adding smeared

D6-branes that modify the 2-form BI and hence relax the relation between the parameters

m and m̃. For m̃2 > 15m2 we can obtain new solutions by adding D6-branes, because the

2-form BI reduces to

dG(2) +HG(0) =
2

3
e−Φ

(
m̃2 − 15m2

)
ReΩ = Q(π6). (3.36)

From the flux point of view, this means that we can introduce a further parameter cor-

responding to the D6-brane density, which allows to interpolate between the cases with

G
(0)

= 0, G
(6) 6= 0 of [38], the one with both G

(0) 6= 0 and G
(6) 6= 0 and m̃2 = 15m2

of [21], its generalizations (with G
(0) 6= 0 and G

(6) 6= 0 and m̃2 6= 15m2), and finally the

case G
(0) 6= 0, G

(6)
= 0. The latter case corresponds to switching off the metric fluxes and

the geometry becomes T
6/Z2, corresponding to the unorbifolded version of the solutions

of [14, 15, 39]. The case where the massive parameter is vanishing is especially interesting,
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because it allows for a lift to M-theory, where the resulting space should have G2 holonomy.

The S3 × S3 manifold can actually be used as the base of a non-compact G2-holonomy

manifold built from its cone [40], and the relation between this cone and the IIA solution

has been discussed in [38].

3.3 Scales

As discussed above, in the absence of a net D6-brane charge, the solutions can be parame-

terized by two integer numbers: g6 and g0. Neglecting for the moment order one coefficients,

the scaling of the volume and the dilaton with respect to those parameters reads

ρ2 ∼
(
g6
g0

)1/3

, e2Φ ∼ 1

g
5/3
0 g

1/3
6

∼ 1

g2
0ρ

2
. (3.37)

It is easy to see that for g6 ≫ g0 both the volume and the inverse string coupling can be

made arbitrary large, so as to justify the classical supergravity calculation.

We need now to check whether the AdS4 scale (which gives the scale of the massive

modes) can be made parametrically smaller than the KK scale, to permit a 4d effective

field theory description. The KK scale is set by the radius of the spheres ρ, while the AdS4

length can be extracted by the 4d Hubble parameter

ℓ−2
AdS =

V0

M2
P

∼ g2
0
√
g

e−2Φ√g ∼ ρ−2 , (3.38)

where V0 is the vev of the d = 4 potential and MP is the d = 4 Planck mass. We can see

that independently of the value of the parameters in this case the AdS scale is always of

the same order of the KK scale. This is a common feature of this type of compactifications

(as in AdS5 × S5, AdS4 × S7, etc.), where the positive energy contributions from the RR

and NSNS fluxes to the effective potential are compensated by the negative contribution

from the geometric fluxes, i.e. the curvature of the internal manifold; therefore the net

contribution to the d = 4 curvature is basically given by the internal curvature itself,

giving the relation between the KK scale and the AdS length.

The relation between the AdS length and the KK scale also implies that, for this

class of solutions, gauged supergravity around the vacuum does not coincide with the full

d = 4 effective field theory. Rather it represents just a particular truncation, describing a

subset of the higher-dimensional spectrum in terms of a d = 4 gauged supergravity. The

latter can thus be seen as a tool for generating solutions. This explains why for example the

d = 4 gauged supergravity sees only an SU(2) gauged group instead of the expected SU(2)3

associated to the full isometry of the solution. The Scherk-Schwarz reduction procedure

truncated away part of the massless spectrum and kept part of the KK modes in order

to reconstruct a Lagrangian consistent with the N = 4 and N = 8 gauged supergravity

constraints.

The constraint linking the AdS4 length and the KK scale can be relaxed only in the

special case where m̃ = 0. In this case both the contributions from g6 and the curvature

are switched off and the dominant contributions become those from g0 and the D6-brane
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sources, which must be negative to satisfy the BI constraints (see eq. (3.36)). In particular

the role of giving negative energy contributions to the potential, essential for stabilization,

is now played by O6-planes rather then by the curvature of the internal manifold. The

fact that such contribution scales differently with the volume and the dilaton allows to

disentangle the KK scale from the AdS4, indeed now

ℓ−2
AdS =

V0

M2
P

∼ g2
0
√
g

e−2Φ√g ∼ Q2
6

g2
0ρ

6
, (3.39)

where Q6 is the net O6-plane charge contribution. In this case we have a hierarchy between

the AdS4 and the KK scale, which allows for a d = 4 effective field theory description exactly

when the supergravity approximation holds, i.e. for large volume ρ ≫ 1. Calabi-Yau and

orbifold limit of such solution have already been discussed in [14, 15, 39].

Finally, notice that, unless Q6 ≫ 0, flux quantization bounds the dilaton to be such

that eΦ . 1, forbidding the possibility of a perturbative M-theory uplift. This feature

might be connected to the fact that, when the massive parameter becomes important,

Type-IIA does not allow a perturbative/geometric M-theory limit anymore, so that the

M-theory description is doomed to be non-geometric in this case.

3.4 Comments on the dual CFT3

An interesting question we can ask is: what is the 3-dimensional conformal field theory

(CFT) dual to this family of AdS4 vacua? We will not give the explicit CFT but we will

comment on some interesting features that can be extracted directly from the properties

of the supergravity solution.

We start with the special case m = 0, where the IIA massive deformation vanishes.

In the absence of g0, the two relevant parameters are then g6 and Q6, the number of D6-

branes. Notice that Q6 also determines G(2) through the BI dG(2) = Q6, so that we can

trade Q6 with the flux of G(2) (g2). As in [41], we can be tempted to associate g6 and g2
with the CFT parameters N and k, which correspond to the rank of the gauge group and

the Chern-Simons (CS) level respectively. Indeed, as in [41], also in this case the number

of colors and the ’t Hooft coupling would scale with respect to the volume (∼ ρ6) and the

string coupling (eΦ) as

N ∼ g6 ∼ ρ5

eΦ
,

N

k
∼ g6
g2

∼ ρ4 . (3.40)

If we switch on the IIA mass parameter, we expect to split the CS levels by an amount

proportional to g0, analogously to [42]. When m̃2 = 15m2, the net D6-brane charge vanishes

and the solution becomes exact, without the need of smearing the sources. Notice also that

in this case, as long as ρ≫ 1, g0 ≪ g2, so that the splitting of the CS levels is still expected

to be a small deformation of the CFT.

In the solution without branes, the isometry group is SU(2)3, which corresponds to the

global flavor symmetry of the CFT. As already noted before, adding D6/O6-brane systems

corresponds to performing a Z2 truncation of the spectrum and to adding an SO(4)8 gauge

group. Analogously, the CFT is expected to be some suitable deformation of the starting

CFT with global symmetries enhanced to SU(2)3×SO(4)8.
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A difference with respect to the CFT discussed in [41, 42] is the presence of 3-cycles

in the supergravity solution. The presence of such cycles (one for each S3) is associated

to flat axionic directions in moduli space arising from the internal components of the RR

3-form. Consider for example

C(3) = a(ξ1ξ2ξ3 + ξ̃1ξ̃2ξ̃3) , (3.41)

which is the component that survives also in the O6 case. This field corresponds to a

marginal dimension-3 operator in the gauge dual, which is a descendant of a long multiplet

containing also the inverse gauge coupling field in the effective d = 4 supergravity. Because

of this we may expect the axion to get a mass from non-perturbative effects. Indeed

Euclidean D2-brane instantons wrapping the two 3-spheres exactly do the job, producing

corrections of the type

Ae−
R

E2
(e−ΦReΩ+iC(3)) ∼ Ae

− vol(S3)
gs

+ia
, (3.42)

where the prefactor A can be in principle field-dependent. The anomalous dimension

of the dimension-3 operators associated to the axion would then get a non-perturbative

correction of the type (3.42). If the identification of the CFT parameters (3.40) is correct

such correction would scale as

e−const
√

kN , (3.43)

thus it would be non-perturbative both in the ’t Hooft coupling and in the large-

N expansion.

4 Discussion

To summarize, we studied compactifications of Type-IIA string theory on (twisted) tori

with fluxes that admit a d = 4 description in terms of N = 4 supergravity. Since in N = 4

supergravity the only deformations compatible with supersymmetry are gaugings, each

particular compactification will correspond to a different gauging, and each component of

the possible RR, NSNS and metric fluxes that can be turned on maps into a different gauge

structure constant and a different embedding into the duality group. We thus identified

the mapping between the d = 10 fluxes and d = 4 gauge structure constants. For the

considered class of compactifications, this allows us to reformulate the problem of finding

the solutions of the d = 10 equation of motions to the one of finding extrema of the d = 4

scalar potential of the associated N = 4 gauged supergravity.

This correspondence is particularly useful since there is a large number of compact-

ifications with less supersymmetry (such as toroidal orbifolds), whose (untwisted) closed

string sector is constrained by the underlying extended supersymmetries to be just a trun-

cation of the N = 4 supergravity one. It would be interesting to study systematically the

corresponding scalar potential because it would allow us to deduce general properties valid

for a large set of compactifications: for example, the (in)possibility to have full moduli

stabilization in Minkowski or de Sitter space.
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It is known [19] that the gaugings of N = 4 supergravity include not only “normal” elec-

tric gaugings (associated to the structure constant f+MNR), but also the so-called de Roo-

Wagemans phases (associated to magnetic gaugings with structure constants f−MNR) and

the Schön-Weidner parameters (ξ±M ). The de Roo-Wagemans phases are essential for a

complete moduli stabilization. We identified which flux components allow us to turn on

such gaugings and formulated the general rule valid also for other string compactifications.

The Schön-Weidner parameters, on the other hand, enter the scalar potential in a differ-

ent way, with an intriguing similarity to Fayet-Iliopoulos terms in N = 1 supergravity.

We identified a d = 10 supergravity origin for such terms, which however does not seem

compatible with a superstring uplift, for it relies on an accidental global symmetry of the

two-derivative supergravity limit. Analogously to Fayet-Iliopoulos terms in N = 1 super-

gravity, there are no known examples yet of consistent string compactifications producing

non-trivial Schön-Weidner parameters in four dimensions. It would be interesting to study

this possibility further, because it might play an important role in the search of de Sitter

vacua in string compactifications and extended supergravities.

Another interesting direction would be the extension of our results to the inclusion

of non-geometric fluxes, which would enrich the set of generated N = 4 gaugings. It has

recently been shown that non-geometric fluxes can produce supersymmetric Minkowski

solutions with all moduli stabilized. The extension to gaugings coming from non-geometric

fluxes might in principle lead to the identification of such vacua also in the context of

N = 4 supergravity, a result that is still lacking in the literature.

As an application of our results, we studied the N = 4 uplift of the family of super-

symmetric AdS solutions found in [14, 16, 36, 21, 22]. We found that for a particular

choice of parameters these solutions admit a description in terms of d = 4, N = 4 gauged

supergravity with spontaneous supersymmetry breaking to N = 1. We showed that in

this case also a description in terms of N = 8 gauged supergravity is possible, but that

there is no separation between the Kaluza-Klein and the AdS4 scale, so that the gauged

supergravity theory does not represent the effective d = 4 action, but only a consistent

truncation of the d = 10 spectrum. We also showed that such solution, which corresponds

to a particular AdS4 ×S3 ×S3 compactification with fluxes, satisfies the d = 10 supersym-

metry equations, which continue to be satisfied also away from the N = 4 point, when the

solution is deformed via the introduction of sources for the D6-brane charge. The extra

parameter that control the net D6-brane charge allows to interpolate among other known

IIA solutions, such as those discussed in [38].

Finally, by AdS/CFT correspondence we expect new CFT3 to exist: we commented

on some of their peculiar properties, which may give a hint on how to construct them.
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A Symplectic embeddings

The d = 4 theory we obtained from the Scherk-Schwarz reduction of massive IIA super-

gravity is an N = 4 gauged supergravity model. Four-dimensional gauged supergravities

are specified by their gauge group G and its symplectic embedding, i.e. the embedding

of the gauge group in the electric-magnetic duality group: G ⊂ Sp(2nV ), where nV is

the total number of vector fields. In this appendix we provide the symplectic embedding

specifying our model and comment on the N = 8 extension and on other interesting group-

theoretical properties that may help to clarify the role and the origin of certain structures

of the effective theory.

The starting point is the gauge group G of the effective theory and its associated

algebra. For each of the vector fields AM
µ ≡ AαM

µ we can introduce a gauge generator

TM ≡ TαM . These generators fulfill a gauge algebra following from the commutators

[TM, TN ] = −XMN
PTP = −X[MN ]

PTP . (A.1)

We have computed in section 2.3.3, eq. (2.49), the structure constants fαMN
P of the gauge

algebra realized by our model. Following [19], the structure constants above are determined

in terms of fαMNP and ξαM as

XMNP = XαMβN
γP =

−δγ
βfαMN

P +
1

2

(
δP
M δγ

βξαN − δP
Nδ

γ
αξβM − δγ

βηMNξ
P
α + ǫαβδ

P
NξδM ǫδγ

)
.

(A.2)

For our model, the structure constants were derived in section 2.3.3 and the corresponding

gauge algebra reads:

[T+i, T+j ] = ωij
kT+k −H ija δ

aā T+ā +G
(6)
ǫijk δ

kk̄ T+k̄ − 1

2
G

(4)
ijab ǫ

abc T+c, (A.3)

[T+i, T+ā] = −δāa

(
ωic

aT+c −G
(2)
ib ǫabc T+c +

1

2
G

(4)
ijbc ǫ

abc δj̄ T+̄

)
, (A.4)

[T+ā, T+b] = −ωib
a δaā δ

īı T+ı̄, (A.5)

[T+i, T+a] = H ija δ
īı T+ı̄ + ωia

bT+b, (A.6)

[T+i, T−ā] = δāa

(
−1

2
ωib

a δbb̄T−b̄ +
1

4
ǫijkǫ

abc ωbc
k δj̄T+̄

)
, (A.7)

[T+ā, T+b̄] = δāaδb̄b

(
G

(0)
ǫabcT+c −G

(2)
ic ǫabcδīıT+ı̄

)
, (A.8)

[T+i, T−j ] = −1

4
ǫijk ωab

k ǫabcT+c +
1

2
ωij

kT−k +
1

6
ǫabc Habc ǫijk δ

kk̄ T+k̄

−1

2
H ija δ

aāT−ā, (A.9)

[T+i, T+ı̄] = −ωij
k δı̄k δ

j̄ T+̄, (A.10)

[T+ā, T−i] = δāa

(
1

2
ωic

a δcc̄ T−c̄ −
1

4
ǫijk ωbc

k ǫabc δj̄ T+̄

)
. (A.11)
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This generic algebra is realized for any configuration of D6-branes and O6-planes consistent

with the N = 4 supersymmetry constraints. However, when the number of D6-branes and

O6-planes gives a zero net charge, the model constructed in this paper becomes a truncation

of an N = 8 supergravity model. Moreover, when G
(0)

= 0 the model can also be obtained

as an M-theory reduction with perturbative fluxes only. For these reasons, it must be

possible to embed the gauge algebra presented above into the larger e7(7) algebra, which is

the algebra generating the U-duality group of N = 8 supergravity. We now provide this

embedding explicitly.

Although the approach we use is rather indirect, it will help us clarify some interesting

issues about the origin of and the constraints on the gauge group. Our starting point is the

e7(7) algebra. Following [43], we can construct the 133 e7(7) generators in the fundamental

56 representation as matrices

T =



δ
[P
[M tN ]

Q] tPQRS

tMNTU −δ[T[P tQ]
U ]


 , (A.12)

where M,N, . . . = 1, . . . , 8, tM
N are the 63 SU(8) antihermitian and traceless genera-

tors and

tMNPQ =
1

24
ǫMNPQRSTU t

RSTU (A.13)

are the remaining 70 non-compact generators. We then rewrite the generators and the

corresponding algebra using a gl(7,R) decomposition, which is also appropriate for M-

theory embeddings. In this basis we can split M = (m, 8) and the 133 generators are

(tm
n, tmnp, tmnp, t

m, tm), as follows from the branching rule 133 → 480 + 10 + 35+2 +

35−2 + 7−4 + 7+4. The commutators defining the algebra then read

[tm
n, tp

q] = δn
p tm

q − δq
m tp

n ,

[tm
n, tp1p2p3 ] = −3 δ[p1

m tp2p3]n +
5

7
δn
m tp1p2p3 ,

[tm
n, tp] = δn

p tm +
3

7
δn
m tp ,

[tn1n2n3 , tp1p2p3 ] = ǫn1n2n3p1p2p3q tq ,

[tm
n, tp1p2p3 ] = 3 δn

[p1
tp2p3]m − 5

7
δn
m tp1p2p3 ,

[tm
n, tp] = −δp

m tn − 3

7
δn
m tp , (A.14)

[tn1n2n3 , tp1p2p3 ] = ǫn1n2n3p1p2p3q t
q ,

[tn, tm] = tm
n +

1

7
δn
m t ,

[tm, tn1n2n3 ] = −1

6
ǫmn1n2n3p1p2p3 tp1p2p3 ,

[tm, tn1n2n3 ] = −1

6
ǫmn1n2n3p1p2p3 t

p1p2p3 ,

[tm1m2m3 , t
n1n2n3 ] = 18 δ

[n1n2

[m1m2
tm3]

n3] − 24

7
δn1n2n3
m1m2m3

t ,
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where t ≡ tm
m. We realized this splitting because whenever G

(0)
= 0 the gauge alge-

bra (A.3)–(A.11) reduces to the one obtained from M-theory compactifications with geo-

metric fluxes, 4-form fluxes Gmnpq and a 7-form flux G(7), and although this uplift can be

done only when the IIA mass parameter is switched off, the N = 8 embedding can still be

performed in the presence of non-trivial G
(0)

.

In the M-theory framework, the 56 vector fields and their corresponding generators

also split as 56 → 7−3 + 21−1 + 21+1 + 7+3. We can actually label them as the ones

coming from the reduction of the metric fields (V m
µ ) Zm, the ones associated to the 3-form

fields (A
(3)
µmn) Wmn, the dual ones coming from the 6-form (A

(6)
µpqrst) Wmn and the dual

metric generators (Ṽµm) Zm. These generators can now be embedded in the e7(7) ones by

recognizing the fluxes as intertwiners between the representations of the generators and

those of the e7(7) generators. The identification of the M-theory perturbative fluxes in

terms of our IIA fluxes is straightforward. The 4-form, the geometric fluxes and the 6-form

flux proportional to the volume of the internal space lift to objects of the same type (where

the volume of the internal space is now 7-dimensional):

G
(4)
ijab , ωij

k, ωia
b, ωab

k, G(7) = G
(6)
. (A.15)

The other fields can also be identified easily as

ωia
11 = G

(2)
ia , G11 ija = H ija , G11 abc = Habc . (A.16)

We are left with a single non-perturbative flux G
(0)

, which, however, can also be easily iden-

tified by looking at the structure of the commutators of the gauge algebra as a component

of a flux in the 28+1 (see for instance section 4 of [44]):

ξmn = G
(0)
δm
7 δ

n
7 . (A.17)

At this stage we can propose the embedding of the M-theory generators in the e7(7) ones as

Zm = a1 ωmn
p tp

n + a2Gmnpq t
npq + a3 g6 tm, (A.18)

Wmn = 2b1 ωpq
[mtn]pq + b2 ǫ

mnpqrsvGpqrstv + 2b3 ξ
p[mtp

n], (A.19)

Wmn = c1ωmn
p tp, (A.20)

Zm = d1ξ
mn tn, (A.21)

leading to the embedding tensors

θm,n
p = a1ωmn

p, θm,npq = a2Gmnpq, θm,
n = a3g6δ

n
m,

θmn,
p = c1ωmn

p,

θmn,
p
q = 2b3ξ

q[mδ
n]
p , θmn,

pqr = 2b1ω[pq
[mδ

n]
r] , θmn,p = b2ǫ

mnpqrsuGqrsu,

θm,n = d1ξ
mn.

(A.22)
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For the gauging to be well defined, these tensors must satisfy some quadratic con-

straints:

θm,
pθm,q + θmn,pθmn,

q − θm,pθm,
q + θmn,

pθmn,q = 0, (A.23)

θm,pθm,qrs + θmn,
pθmn,

qrs = 0, (A.24)

θm,pθm,q
r + θmn,

pθmn,
q
r = 0. (A.25)

It is straightforward to show that (A.25) is identically satisfied, while (A.23) corresponds

to the 3-form BI, and (A.24) gives the 4-form BI and the torsion constraints ω · ω = 0.

Hence we can finally derive the structure of the gauge algebra defined by the genera-

tors (A.18)–(A.21):

[Zm, Zn] = ωmn
pZp + β GmnpqW

pq + γ g6Wmn, (A.26)

[Zm,W
np] = 2δ ωmq

[nW p]q + ε ǫnpq1q2q3q4q5Gmq1q2q3Wq4q5 + 2χ g6δ
[n
mZ

p], (A.27)

[Zm,Wnp] = ζ ωnp
qWmq, (A.28)

[Wmn,W pq] = −4η ξ[m[pW q]n] + 2φ ǫpqr1r2r3r4[mGr1r2r3r4Z
n], (A.29)

[Wmn,Wpq] = 2σ ωpq
[mZn], (A.30)

with all the other commutators vanishing identically. Closure in e7(7) through the defini-

tions (A.18)–(A.21) fixes the various coefficients to

β =
3

2

a2

b1
, γ =

a3

c1
, δ = 1, ε = −a2b1

c1
, (A.31)

χ =
a3

2c1
, ζ = 1, ρ = − b21

2c1
, η = −2

3

b1
a2
, (A.32)

φ = −a2b1
4c1

, σ = −1

2
, (A.33)

and

b3 =
b1
3a2

, b2 =
a2b1
2
, d1 =

2

3

c1b1
a2

. (A.34)

Obviously we cannot have 56 independent generators and a simple inspection of (A.18)–

(A.21) immediately confirms this, leading to the following constraints:

3ω[mn
qW|q|p] =

3

2

a2

b1
GmnpqZ

q, (A.35)

ωpq
mW pq =

a2b1
2c1

ǫmn1n2n3n4n5n6Gn1n2n3n4Wn5n6 +
a3

c1
Zm − 2

3

b1
a2
ξmnZn. (A.36)

At this stage, following [12], we can deduce how the action of the N = 4 gauge

generators can be embedded in e7(7) in the case without net D6-brane charge, according

to the branching of the representations of e7(7) with respect to o(1, 1)3 × sl(3) × sl(3). In

particular, from the branching of the 56 we get that the surviving 24 vectors transform as

(3̄,1)−−− + (3̄,1)+−− + (1,3)−0− + (1, 3̄)−0+

+ (3,1)+++ + (3,1)−++ + (1, 3̄)+0+ + (1,3)+0− , (A.37)
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which is the representation content of our vector fields

V i
µ, Cµij , Bµa, Cµab, Ṽµi, Cµabci, B̃µijkab, Cµijka , (A.38)

and of the corresponding generators

T+i, T−i, T+ā, T+a, T−ı̄, T+ı̄, T−a, T−ā. (A.39)

We can then proceed to embed the gauge generators in the ones of e7(7) using the fluxes as

intertwineres and splitting the indices as m = (i, a, 11). The result is

T+i ≡ ωij
ktk

j + ωia
btb

a +G
(2)
ia t11

a +
1

2
G

(4)
ijabt

jab −H ijat
ja11 −G

(6)
ti, (A.40)

T+a ≡ −ǫabcωid
btcid +

1

2
ǫijkHaijtk, (A.41)

T+ı̄ ≡ −δı̄i
1

2
ǫijkωjk

ltl, (A.42)

T+ā ≡ δāa

(
ωic

at11ic −G
(2)
ic t

aic +
1

4
ǫijkǫabcG

(4)
ijbctk −G

(0)
t11

a

)
, (A.43)

T−i ≡ −1

2
ǫijkωab

jtkab +
1

6
ǫabcHabcti, (A.44)

T−ā ≡ 1

2
δāaǫ

abcωbc
ktk. (A.45)

As we have seen before, not all gauge vectors will be independent, therefore the corre-

sponding gauge generators will be constrained. For the case at hand, in the absence of net

D6-brane charge, the constraints follow from the above embedding in e7(7):

− ωab
kǫijkδ

j̄T+̄ + ωi[a
cǫb]cd δ

dd̄ T−d̄ = 0, (A.46)

ωij
k ǫijl T−l + ωab

k ǫabc T+c +
1

3
ǫabcHabc δ

kk̄ T+k̄ − ǫijkH ija δ
aā T−ā = 0. (A.47)

This fact has an interesting application in the context of understanding the process by which

we have identified the electric vector fields and integrated out the magnetic ones. Indeed,

the above constraints are in one-to-one correspondence with the linear combinations of the

BI that have to be solved to obtain the physical vector fields, without introducing two-form

tensor fields in the d = 4 effective theory. For this purpose we can take as a starting point

the massive IIA action where both the standard and the dual field-strengths appear. We

then solve the BI resulting from the integration of the potentials we do not want in the

effective action. These BI read

d(eBG) = 0. (A.48)

The standard formulation of the effective theory can be obtained by integrating out C(9),

C(7) and C(5), but by doing so, we get an effective N = 4 supergravity model with tensor

fields: Cµνρ and Cµνi. If we do not want tensor fields in the effective d = 4 theory, we have

to integrate out C(9), C(7), and some components of C(5) together with some components of

C(3). This means that we have to solve the BI for the 4-form and 6-form only partially. We

therefore need to identify which combinations of the BI have to be selected. This can be
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done in the following way. Start by taking the BI coming from integrating out the C(p−1)

potentials and define

dG(p) + ωG(p) +H G(p−2) ≡ F (p+1), (A.49)

where H = dB + ωB +H. Trivial consistency conditions are

dF (p+1) +H F (p−1) +B dF (p−1) = 0. (A.50)

The parameterizations of the curvatures are obtained by first integrating out C(9) and C(7),

leading to F (1) = 0 and F (3) = 0. This results in the definition of the G
(0)

flux and of the

curvature two-form G(2) = dC(1) + ωC(1) + G
(2) − BG

(0)
. However, when we proceed to

the integration of the 5-form, we solve the Bianchi identities corresponding only to some

of the components of C(5). These are Cµνρσa, Cµνρia, Cµνabc and Cµνaij , which correspond

to all the forms of rank greater than one. These should not appear in the effective theory.

On the other hand we do not want to integrate out the scalar fields Cabcij and we have

to decide which components of the vector fields Cµabci and Cµijka have to survive. Their

minimal set is now easily determined by imposing the consistency conditions (A.50). If we

want to solve Fµijab = 0, Fµνijk = 0 and Fµνiab = 0 (corresponding to the 5-form tensor

fields with rank > 1), we also need to solve at least some of the Bianchi identities related

to the 5-form vector fields because of the consistency conditions

(dF (5))µνρijk = 0, (dF (5))µνρiab = 0. (A.51)

Upon using Fµνijk = 0 and Fµνiab = 0, these consistency conditions read

3ω[ij
lFµνρk]l = 0, (A.52)

which is identically vanishing when ωij
j = 0, and

ωab
lFµνρil + 2ωi[a

cFµνρb]c = 0. (A.53)

These equations are selecting the linear combinations related to the tensor fields we have

integrated out. Moreover they are in one-to-one correspondence with the constraints (A.46)

on the corresponding gauge generators. It is easy to check that the combinations appearing

in (A.53) do not contain any tensor fields and hence we can solve Gµνij and Gµνab in terms

of vector fields only.

At this point we can move to the integration of the 3-form degrees of freedom we do not

want to see in the effective action. This means the space-time 3-form Cµνρ, the three 2-forms

Cµνi and consequently the (up to 3) vector fields selected by the same mechanism as the

one described above. The integration of the 3 tensor fields Cµνi implies that Fµνijabc = 0.

However, the consistency condition now reads

dF (7) + ωF (7) +H F (5) = 0, (A.54)

because we did not solve all the equations from F (5) = 0, but only some of them. Looking

at the 3 directions labeled by µνρijabc we get that

ωij
lFµνρlabc + 3ω[ab

lFµνρ|lij|c] + 6ω[i|[a
dFµνρbc]j]d+

+(Habc + 3ω[ab
lBc]l)Fµνρij + 3(H ij[a − ωij

lBl[a] + 2ωa][i]
cBj]c)Fµνρbc] = 0.

(A.55)
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We can see once more that only some parts of the vector field Bianchi identities participate

in the above conditions and once more they are in one-to-one correspondence with the

constraints (A.47).
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