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ABSTRACT: The aim of this work is to analyze Kéhler moduli space monodromies of string
compactifications. This is achieved by investigating the monodromy action upon D-brane
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The two-dimensional cubic torus and the quintic Calabi-Yau hypersurface serve as our two
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1. Introduction
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The discovery and investigation of D-branes have given as some insight into the non-

perturbative structure of string theory and have improved our understanding of string

dualities. However, despite of this success our view upon many aspects of D-branes is still

rather limited.

For instance many properties of D-branes in string compactifications are only qualified

in certain regions of the string moduli space, such as the geometric regime, where the

compactification space is taken to be large compared to the string scale and hence string

corrections are suppressed. These scenarios allow us to treat D-branes semi-classically and



to apply geometric methods. However, in other regions of the moduli space we cannot
neglect stringy quantum corrections [l1-f], and therefore it is necessary to describe D-
branes with the machinery of boundary conformal field theory. In principal boundary
conformal field theories constitute a suitable description for generic values of the moduli.
However, in practice these methods are only applicable at special points in the moduli
space, where due to enhanced symmetries the conformal field theory becomes rational
and hence solvable [f]—f]. Thus studying D-branes in string compactifications for generic
moduli remains a challenge.

Recently matrix factorizations have emerged as yet another tool to study D-branes [
3] . They model branes in Landau-Ginzburg theories, which describe string compactifica-
tions on hypersurfaces in a non-geometric regime of the Kéhler moduli space [[L4]. In the
context of Landau-Ginzburg models we are still able to continuously vary both bulk com-
plex structure moduli, realized in terms of deformations of the Landau-Ginzburg superpo-
tential, and D-brane moduli, encoded in the matrix factorization [L§—[7]. Furthermore, we
can even study obstructed moduli and their associated effective superpotentials [15, [[6, [[§-
R1).

These Landau-Ginzburg theories are believed to flow to an infrared conformal fixed
point. Since this flow is rather complicated we use here the framework of topological
Landau-Ginzburg theories, which compute quantities invariant with respect to the renor-
malization group.

The goal of this work is to transport brane probes in the Kéhler moduli space so as
to explore its global structure. But instead of considering an arbitrary path in the moduli
space [P3] (cf. also refs. [[l, B, P3-RG]), we are less ambitious and analyze branes as we
move along a closed path with base point at the Landau-Ginzburg phase in the Kéhler
moduli space. This corresponds to determining upon matrix factorizations the action of
monodromies induced from moduli space singularities. A similar analysis has been carried
out in refs. [R7-B0], where the large radius point is chosen as a base point and where

L' This work should be seen

the monodromies act upon complexes of coherent sheaves.
complementary to the large radius results as some of the calculations are more tractable
in the language of matrix factorizations.

The outline of the paper is as follows. In section 2 we mainly review matrix factor-
izations in Landau-Ginzburg orbifolds in order to set our conventions and to introduce
the notation. In particular we focus on equivariant matrix factorizations [[1, B3, [[7] and
their gradings [BJ], as these properties play an important role in the D-brane monodromy
analysis.

Then we turn to the structure of the Kahler moduli space of Calabi-Yau hypersurfaces
from a gauged linear o-model point of view [[[4]. Typically one obtains three kinds of
singularities in the Kahler moduli space, namely the large radius, the Landau-Ginzburg
and the conifold singularity. In section 3 we investigate in detail the monodromies of these
singularities acting upon matrix factorizations.

In section 4 we employ the developed techniques and study D-brane monodromies

1On the level of D-brane charges monodromies have also been studied in refs. [EI, @, @, .



on the moduli space of the cubic torus. The matrix factorizations of the cubic torus are
well-understood [[Lf, [l7], and hence the torus serves as good first example to study the
effect of monodromies on matrix factorizations. We also demonstrate that the results are
compatible with the expected transformation behavior of D-brane charges. Finally we show
the connection of the Kéhler moduli space as seen from the gauged linear o-model [[4] to
the Teichmiiller space of the two-dimensional torus [B4].

We turn towards our second example, the quintic Calabi-Yau hypersurface, in sec-
tion 5. We explicitly address the action of the monodromies upon two types of matrix
factorizations of the quintic. Again we verify our results by comparing with the mon-
odromy transformations of the D-brane charges presented in ref. [fl, BJ].

In section 6 we present our conclusions and in appendix A we have collected the open-
string cohomology elements used in section 4.

2. D-branes in Landau-Ginzburg orbifold theories

In order to set the stage for the forthcoming analysis we review the notion of B-type branes
in the context of topological Landau-Ginzburg orbifolds. By now it is well-known [§, {, [[1]-
13] that B-branes in Landau-Ginzburg theories are given by matrix factorizations of the
Landau-Ginzburg superpotential, W. In this section we recapitulate the aspects which are
important for this work.

2.1 Matrix factorizations and open-string states

A B-type brane, P, in the topological Landau-Ginzburg theory with homogenous Landau-
Ginzburg superpotential, W (x), is realized as matrix, Qp, and a linear involution, op, i.e.

0%, =1, such that [§, §, [[1-[3]
Qp(x) = W(2) - Lonxan, opQp+Qpop = 0. (2.1)

Here the 2n x 2n matrix, Qp, has polynomial entries in the bulk chiral Landau-Ginzburg
fields, xy. Furthermore, two matrix factorizations, (Qp,op) and (Qp/,ops), are gauge-
equivalent, i.e. they describe the same brane, if they are related by an invertible 2n x 2n

matrix, U(x),>2
Qp(z) = Ux)Qp(x) U x), op = U(x)op U }(x). (2.2)

From a given matrix factorization, (Qp,op), of a brane, P, we can immediately construct
the matrix factorization, (Qp,0p), of the anti-brane, P, by acting with the operator, T":

T: Pl—>]5, (QP,O'P)H(QP,—O']D). (23)

Thus the operator, T', generates the matrix factorization of the anti-brane.

2Invertible as a matrix in the ring of polynomials in z,.



The physical string states in the topological Landau-Ginzburg theory arise as non-
trivial cohomology elements of the BRST operator. For open-string states, ©p gy, of
strings stretching from the brane, P, to the brane, R, the BRST operator is given by

Dp,r)Op,r) = QrROPR) — ROPRIOP QP - (2.4)

It is straight forward to check that the BRST operator, D p gy, squares to zero.

Furthermore, we observe that the open-string states, ©p r), split into bosonic states,
®(p,r), and fermionic states, ¥ p r), which differ by their eigenvalues +1 with respect to
the involutions of the attached branes:

O'R(I)(p,R)O'p = +(I>(P,R)7 O'R\I/(p,R)O'p = _\I}(P,R) . (2.5)

In the paper we also use an equivalent description for the matrix factorization,
(Qp,op), which arises as follows: Due to the fact that the matrix, @Qp, anti-commutes
with the involution, op, we can always find a gauge in which the involution, op, takes the
block diagonal form op = Diag(1lyxn, —1nxn). In this gauge the matrix, Qp, decomposes
into two n x n matrices according to?

o) = (0 ") 26)

Thus we can alternatively describe the brane, P, in terms of the matrix pair, (Jp, Ep),
which then fulfills

Jp(z) Ep(z) = Ep(x) Jp(z) = W(x) - 1yxn - (2.7)
In this description the operator, T', which maps branes to their anti-branes, becomes
T: PP, (Jp,Ep)— (Jp, Ep) = (~Ep,—Jp) (2.8)

Moreover, bosonic and fermionic open-string states, ®pr) = (do,¢1) and ¥ pr) =
(Y0, %1), decompose also into two matrices, and the open-string BRST operator, D(p ),
reads

Dpry®pr) = Dipr)(d0, 1) = (Jrbo — $1Jp, ERP1 — ¢oEP) ,
Dipr)Y(pr) = Dpr)(Yo,¥1) = (Ertpo +1Jp, Jri1 + Yo Ep) . (2.9)

2.2 R-charge assignments

For the Landau-Ginzburg model to flow to a non-trivial conformal IR fixed point, it is
necessary for the theory to have a (non-anomalous) U(1) R-symmetry. With respect to
this U(1) symmetry the bulk Landau-Ginzburg superpotential has R-charge assignment

3Note that the block-diagonal form of the involution, op, corresponds to a partial gauge fixing, which is
preserved by gauge transformations (@) with block-diagonal matrices, U = Diag(Vaxn, Wnxn). Here the
n X n matrices, V,xn and Wy xn, are invertible again in the ring of polynomials in x,.



+2. Hence for a homogenous superpotential, W (x), of degree d the bulk chiral fields, z,
have R-charge —1—3.4

For Landau-Ginzburg theories with branes it is also necessary to extend the U(1) R-
symmetry of the bulk to the boundary. This corresponds to requiring that we can find
a U(1) representation, pp(#), such that the matrix, @ p, which according to eq. (R-1)) has
R-charge +1, transforms with respect to the U(1) R-symmetry as [B)°

pP(O)Qp(¥ix)pp (0) = ¢*Qp(x) . (2.10)

Here the representation, pp(0), obeys pp(0) = 1lo,x2, and pp(nd) = 1o,x2, for even d
whereas pp(27d) = 1oy xo, for odd d.

For us it is important that the representations, pp(6) and pr(6), of the branes, P and
R, assign also the R-charge, qo (p.r)» 1O the open-string states, ©p g),

PR(0)O .1y (2 T2)pp (0) = 9P © () (2.11)
2.3 Equivariant matrix factorizations

Ultimately we want to study monodromies in the Ké&hler moduli space of Calabi-Yau com-
pactifications. For the compactifications considered in this work the Landau-Ginzburg
phase is realized as a Landau-Ginzburg orbifold [[4]. The orbifold group, Z4, acts on the
bulk chiral fields, x4, as

k 2mi
ry—wWry, w=ed, k€lZy. (2.12)

In this context branes are characterized by Zg-equivariant matrix factorizations. This
means we need to add to the data of the brane, P, a Zg representation, R, such that the
matrix, Qp, fulfills the equivariance condition [[L1], B3, [L7:

RP(E)Qp(w*z)RY (—k) = Qp(z) . (2.13)

In terms of the matrices, (Jp, Ep), the representations, R, splits into two parts, Réj and
RY, and the equivariance condition (R-1J) becomes

Tp() = RE(k) Jp(wra) RY (<),
Ep(x) = RY (k) Bp(w¥z) RE(<F) . (2.14)

The expression (.1J) resembles closely the transformation behavior (2.10) of the ma-
trix, @ p, with respect to the U(1) R-symmetry. Indeed for irreducible matrix factorizations
the representation, R”, are related to the U(1) representation, pp, by [BJ

Apd
_Apd

R(k) = ™ p(ak)o, ==L

Z . (2.15)

“In this paper we consider only homogenous Landau-Ginzburg superpotentials. The generalization to
quasi-homogenous superpotentials is straight forward.

®We always choose a gauge for the matrix factorization, Qp, such that the representation, p(0), is
diagonal and z-independent (cf. ref. @])



Here Ap denotes the grade of the equivariant matrix factorization, which is constraint
by Rp(d) = 1la,x2n. Thus for each irreducible matrix, Qp, there are d inequivalent Zg4
representations, R, which give rise to d different equivariant branes, P,, in the orbifold
theory. Given an equivariant brane, P, we simply obtain the other branes, P,, in the same
equivariant orbit by

RPe(k) = w*RF(k) . (2.16)

As the representations, R, distinguishes among the branes in the equivariant orbit
we must also adjust the notion of open-string states. Therefore induced from eq. (R.13) we
impose on open-string states, ©(p g), the condition

R (k)O (p (W) RY (=k) = Op)(x) - (2.17)
2.4 Gradings of branes

Finally let us discuss one additional refinement in the description of branes. We have seen
that branes are equipped with a grade, Ap, which, so far, has been ambiguous up to shifts
of even integers. As explained in refs. [B5, Bf] this ambiguity is not important as long
as we analyze the physics of a single brane but becomes relevant for the analysis of open
strings stretching between different branes. Thus in order to keep track of this ambiguity,
we assign to each brane an integer, n, and denote the graded brane by P[n]. The grading,
n, is the integer offset of the grade, Ap. If we perform the shift, A\p — Ap — 1, we observe
in eq. (2.15) that this amounts to changing the sign of the involution, op, i.e. op — —0op.
Thus according to eq. (R.3) the brane, P[1], is the anti-brane of P[0], and hence we identify
the operator, T, which maps branes to anti-branes, with the translation operator for the
integer grading, n:

T: P[n]— Pn+1]. (2.18)

Note that in the following we abbreviate the branes, P[0] and P[1], by the short-hand
notation, P and P.
As a consequence of the interplay of the integer grading, n, and the grade, Ap, we also
obtain the relation
P, 4n] = Pyn—2]. (2.19)

Furthermore, for even degrees, d, we find that branes and anti-branes are in the same
equivariant orbit because the anti-brane, P,, coincides with the brane, P,_, /2-

With these definitions at hand we can now assign integer gradings to open-string states.
Namely, the grading, p, of an open-string state, ©p gr), with R charge, 40 p g+ Arises as B3I

P=AR—AP+ GO,y - (2.20)

For odd and even integers, p, the open-string states are bosonic and fermionic respectively.
Thus, the integer grading, p, is compatible with the statistics of open-string states. We
denote the space of open-string states at grading, p, by Ext?(P,R) and for p = 0 by
Hom(P, R) = Ext(P, R). Due to eq. (.2Q) the open-string states at different gradings are
related by

Ext?(P, R) ~ Hom(P[—p|, R) ~ Hom(P, R[p]) . (2.21)



All those described ingredients are captured in a graded category [B7, BS, R, Bd, B2,
where the objects are matrix factorizations, the morphisms between objects are open-string
states, and finally the shift functor is the operator, T. For us it is important to note that
in the category of matrix factorizations of topological B-banes, in addition to the gauge
equivalences (R.2), two matrix factorizations are also equivalent if they only differ by blocks
of trivial matrix factorizations [B7, [3, Bg]

av = (o) a=(1 ) (2.22)

Physically the trivial matrix factorization, Qyw, corresponds to a trivial brane-anti-brane

pair, which annihilates to the vacuum.

3. D-brane monodromies in the Kahler moduli space

In this section we introduce the tools needed to study D-brane monodromies in the Kahler
moduli space of hypersurfaces embedded in (weighted) projective spaces. These geometries
have a Landau-Ginzburg orbifold phase [[4, B3], in which matrix factorizations describe
D-branes, and hence they are suitable to study D-brane monodromies from a matrix fac-
torization perspective.

3.1 The Kahler moduli space and D-brane monodromies

In this paper the cubic torus in CP? and the quintic hypersurface in CP?* serve as our
working examples, but the following discussion generalizes to many other Calabi-Yau hy-
persurfaces as well.

Compactifications of both geometries depend on a single (complexified) Kéahler mod-
ulus and the Kéhler moduli space becomes singular at three distinct points. There is the
large radius point, where the volume of the compactification space becomes infinite, then
there is the conifold point, where the (quantum) volume of the hypersurface shrinks to
zero size while the (quantum) volume of the lower even dimensional cycles stays finite [[0],
and finally there is the Landau-Ginzburg point, where the singularity in the moduli space
arises from a global discrete symmetry of the theory. The structure of the Kéhler moduli
space is schematically depicted in figure [I] (a).

In the topological B-model the dependence of branes on Kéhler moduli is rather mild.
For instance a brane probe transported along a closed contractible loop is expected to come
back unchanged. If, however, the loop is non-contractible, that is to say if we encircle one
of the above mentioned singularities, then, in general, the original brane configuration is
changed. This, however, does not imply that we get a new theory with different branes.
Instead, it just means that the monodromy of the singularity maps individual branes to
other branes within the same theory [Rg].

Note that for physical branes there is a stronger dependence on the Kéahler moduli,
as one also has to take into account the notion of II-stability [{], 7, Bg], i.e. a physical
brane probe can decay as it crosses a line of marginal stability in the Kéhler moduli space.



LR e

LG e La(e)

Figure 1: (a) The figure illustrates the complex one dimensional K&hler moduli space of a Calabi-
Yau hypersurface with the large radius (LR), the Landau-Ginzburg (LG) and the conifold (C)
singularity. (b) Here we show the three non-trivial loops in the Kéhler moduli space along which
we transport brane probes. The base point of these loops is in the vicinity of the Landau-Ginzburg
point, where branes are given in terms of matrix factorizations.

However, we limit our analysis to topological branes and hence we do not address this issue
here.

Our next task is to discuss the D-brane monodromies arising from the different sin-
gularities. As we focus on branes given by matrix factorizations, the base point for the
non-contractible loops is located near the Landau-Ginzburg point as depicted in figure[l] (b).

3.2 Landau-Ginzburg point monodromy

Since we describe branes in the Landau-Ginzburg phase of the og-model to the Calabi-
Yau hypersurface, the Landau-Ginzburg monodromy is the simplest one in the language
of matrix factorizations. At the Landau-Ginzburg point in the K&ahler moduli space the
theory has an enhanced discrete symmetry, which is the orbifold group in the Landau-
Ginzburg phase [B4, I). Thus encircling the Landau-Ginzburg singularity in the Kéhler
moduli space corresponds to permuting the branes in the equivariant orbit of the Landau-
Ginzburg orbifold [, B2, BJ]. Therefore the monodromy action on the equivariant brane,
P,, simply reads

Myc(Py) = Pay1, Mig(P) = Paq . (3.1)

3.3 Conifold point monodromy

Next we want to address the monodromy about the conifold point. At the conifold point
of Calabi-Yau hypersurfaces the (quantum) volume of the compactification space shrinks
to zero size, while the (quantum) volume of lower-dimensional even cycles remains fi-
nite [fJ]. As a consequence a brane that wraps the compactification space without any
lower-dimensional brane charges is massless at the conifold point [{#3, (). Such a brane,
X, potentially binds to the transported brane probe, P, as follows [BJ]. The mass of a BPS
brane is given by the absolute value of its central charge, Z, which depends holomorphically
on the Kéhler moduli. Hence at the conifold singularity the central charge, Z(X), of the
brane, X, is zero and therefore reads in terms of spherical coordinates, (r,#), of the Kéhler
moduli space in the vicinity of the singularity

Z(X) = rem? . (3.2)



On the other hand we assume that the brane probe, P, remains massive at the conifold
point, and therefore we further assume that close to the conifold point the central charge,
Z(P), is to lowest order constant

Z(P) = ce™P (3.3)

with some real constant, ¢, and some constant grade, Ap.

The difference of the grades, Ap — Ax = Ap — 0, measures the mass of fermionic open-
string states, ¥ y py, from brane, X, to brane, P [, B, Y, i.e. VU (x,p)y is massive for
Ap > Ax and tachyonic for Ap < Ax. As the brane probe, P, encircles the conifold point
the mass of the open-string state, W x p), changes gradually form massive to tachyonic.
Thus along the path the pair of branes, P and X, becomes unstable and an energetically
favored bound state is formed via tachyon condensation. The matrix factorization, QQcon,
of the condensate with the operator, ¥ x py, is easily realized as 4], 7]

_ (Qr \II(X,P)>
QCon < 0 QX . (34)

Here W (x p) denotes the matrix representative @) with respect to the BRST opera-
tor (R4), and the condensate of the branes, P and X, corresponds to the cone construc-
tion, Cone (\II(XJ;) c X[-1] — P), with the fermionic operator, ¥ x py, as an element of
the open-string cohomology group, Ext!(X, P).
So far we have skipped an important detail. The grades, A, of the central charges,
Z, correspond in the Landau-Ginzburg phase to the grades of the matrix factorizations
discussed in section P.4. Therefore we have the same integer ambiguity in defining the
grade, A, from its central charge, Z, and the different choices give rise to the integer
grading of the brane [, Pg]:
APln] = Ap—n . (3.5)

Obviously the integer grading is relevant in the discussion of massive vs. tachyonic open-
string operators. The open-string states, which becomes tachyonic along the path around
the conifold monodromy, are cohomology elements of Ext! (X, P). However, also the other
cohomology elements, Oy p), of Ext’ (X, P) trigger a condensation process because by
eq. (B221)) they are dual to elements in Ext!'(X[l — p], P). Hence they generate bound
states with the brane, X[1 — p], which is also massless at the conifold point.

Thus the brane, Mc(P), transformed with respect to the conifold monodromy, arises
from condensates of the probe brane, P, with the massless branes, X[n]. Each cohomology
element in Ext!(X[n], P), or equivalently each cohomology element in Ext?(X, P), gives
rise to a tachyonic open-string state along the path around the conifold monodromy and
triggers a condensation. The presented heuristic arguments motivate the formula for the
conifold monodromy as proposed by Kontsevich [i5, ]

Mc¢(P) = Cone(ev : hom(X,P)® X — P) . (3.6)

Here X is the brane, which becomes massless at the conifold point, hom(X, P) denotes the
graded complex

0 — Hom(X, P) — Ext!(X, P) — Ext*(X,P) — ---, (3.7)



and ev is the evaluation map with respect to the elements of Ext?(X, P).
The formula (B.6) looks rather superficial. However, in the language of matrix factor-
izations one can evaluate this equation by a straight forward algorithm:

(i) Determine the brane, X, or rather the matrix factorization, @ x, which becomes mass-
less at the conifold point. This is the D-brane, which in the geometric regime fills the
entire compactification space and has no lower-dimensional brane charges [, EQ],
e.g. the pure D6-brane for the quintic threefold or the pure D2-brane for the two-
dimensional cubic torus.

(ii) Compute a basis of the open-string cohomology elements, Ext!(X[l — p], P) =~
ExtP(X, P). We denote the basis elements by @fp, ip = 1,...,bp, p = 0,...,D,
where b, is the dimension of the cohomology group, Ext?(X, P), and D is the com-
plex dimension of the compactification space in the large radius regime. Recall that
due to the Calabi-Yau condition we have the relation, D = d — 2, with the degree, d,
of the Landau-Ginzburg superpotential.

(iii) In the last step we construct the cone (B.§) with the matrix representation of the
basis, @fp, and obtain the matrix factorization of the brane, Mc(P):

Qp ©Y ey ... @bDD—l @bDD
0 Qxy O - 0 0
0 0 Qxg - 0 0
@uie(p) = : : : - : : ' (3.8)
0 0 0 - Q@xpu-p 0
0 0 o .- 0 Qx[1-D

Finally let us briefly comment on the inverse conifold monodromy. If we encircle
the conifold monodromy with the opposite orientation, then instead of the cohomology

elements, ©x p), their Serre dual cohomology elements, O p x), become tachyonic and
trigger a bound state formation. Thus the inverse conifold monodromy reads

Mg (P) = Cone(ev: P — hom(P, X)® X), (3.9)
which translates into the matrix factorization expression
Qx|[-1] 0 e 0 (f)(l)
0 Qxj-1y - 0 CH
Quzipy = : : : K : (3.10)
0 0 o+ Qx[p-y @Ii
0 0 e 0 Qp

Here the cohomology elements, (:)?q, ig = 1,... ,l;q, g = 0,...,D, constitute a basis of
the open-string states, Ext!(P,, X[q — 1]) ~ Ext?(P,,X). Due to Serre duality, i.e.
Ext!(P,,X) ~ ExtP~9(X,P,), the multiplicities, Bq and bp_g, coincide, and the coho-
mology elements, @?q, can be chosen to be Serre dual to the elements, @5;3.

One can check that the two monodromy action (B.§) and (B.10}) are indeed inverse to

each other.

,10,



3.4 Large radius point monodromy

Next we turn to the large radius monodromy, which we deduce indirectly. Encircling first
the conifold point and then the Landau-Ginzburg point is equivalent to going around the
large radius monodromy in the reverse orientation (cf. figure [] (b)). Therefore from the
knowledge of the Landau-Ginzburg and the conifold monodromy we readily compute the
large radius monodromy

M (Pa) = (Mg o Mc)(Pa), Mig(P.) = (Mg'o Mi)(Pa) . (3.11)

Note that a similar strategy has been employed in refs. 2§-B{], where the Landau-
Ginzburg monodromy is calculated from the large radius and the conifold monodromy.

4. D-brane monodromies of the cubic torus

As our first example to study D-brane monodromies serves the cubic two-dimensional torus,
which in the geometric large radius regime arises as the cubic hypersurface

W(x) = :c:f + xg’ + x% —3axiTaT3, (4.1)

in the projective space, CP?. Here the parameter, a, is the algebraic complex structure
modulus, which is related to the flat modulus, 7, of the two-dimensional torus in terms of
the modular invariant j-function as [B4]

3a(a® + 8) )
B i(r) (4.2)
In the Landau-Ginzburg phase the relation (l.1) becomes the cubic superpotential of the
Landau-Ginzburg orbifold [[[4], where the orbifold group, Zs, acts according to eq. (2.19)
as

27
3

2= wFry, w=e3, keZs. (4.3)

The aim of this section is to analyze D-brane monodromies acting upon the ‘long’
and ‘short’ branes, which are represented by matrix factorizations in the Landau-Ginzburg
phase of the cubic torus. As we will see the result carries the signature of the underlying
gauged linear o-model, and we will exhibit the relationship of the monodromies in the
linear o-model Kéhler moduli space as depicted in figure [I] (a) to the monodromies in the
Teichmiiller space of the two-dimensional torus.

4.1 Matrix factorizations of the cubic torus

The matrix factorizations of the cubic torus are discussed in detail in refs. [IG, [7]. Here
we briefly review the matrix factorizations of the ‘long’ and the ‘short’ branes, as we will
study their monodromy transformations.

The matrix factorization of the three ‘long’ branes, L,, of the cubic torus is described
in terms of the 3 x 3-matrix pair [Ld]

1 1 1 3 1 2
a_1G23 a_3G12 s G13 apxrp Qax3 Q3I2
_ 1 213 1 123 1 312 E
Jr = | 5;Ga15 5;Gan3 a_3G123 L= | st iz qxa [ (4.4)
1 ~312 1 ~213 1 123
=003 ;G133 5631 Ty Q3T] O T3
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with the quadratic polynomials

1 2 0412 ' ijk 2 of

mn . 1 1 .

Gk =z — xjT) , k= Gijk =z — Ty (4.5)
QU Oty ajog,

The parameters, ay, are subject to the constraint
0=a}+as+as—3ananas, (4.6)

and they encode the open-string modulus of the ‘long’ branes, which (projectively)
parametrize a continuous family of gauge-inequivalent matrix factorizations. The U(1)
representation (R.1() of the R-symmetry for the ‘long’ branes reads

. i0
pr(0) = Diag(1l3xs, €3 13x3) . (4.7)
and we immediately obtain with eq. (B.1§) the three equivariant representations
Roa = Wk 1343, Rf“ = w(“+2)k 1343, (4.8)

with w = 5", The label, a, distinguishes the three ‘long’ branes, L,, in the equivariant
orbit of the matrix factorization ({.4).
Similarly, the ‘short’ branes, S,, of the cubic torus are given by the 2 x 2-matrix

factorization [[L6]
L1 F2 Fl _F2
Js = Eg = 4.9
= (o n) om0 1) (4.9
with the linear entries®
L1 = (3r1 — (113, L2 = (3T2 — QT3 , L3 = 21 — 12 . (410)

and the quadratic polynomials

1 1 04% I
F = —21+ — mx3 5 Tax3 — Toxy — z3,
Qs a3 a1a3 20&10&2 20&1
1 o a? leY 1
2 2 3 2
F, = —a5+ — wow3 — 12 r1T3 — r1T3 — —— X3 . (4.11)
ag as Q03 21009 2 o

Note that, as for the ‘long’ branes, the open-string parameters, oy, are constrained by
eq. ([6), and they also projectively parametrize a continuous family of 2 x 2 factoriza-
tions ([.9). For the ‘short’ branes the U(1) R-symmetry representation becomes
) _i0 o
pr(0) = Diag(laxe, e 3,e3), (4.12)
and we obtain with eq. (R.15) the three equivariant ‘short’ branes, S,, distinguished by
their Zs representations

Ry* = w™ 19y9, Rf“ = W Diag(w",w?), (4.13)

5We introduce also the linear polynomial, L3, for later convenience.
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T

with w = e5".
Finally we introduce the exceptional 4 x 4-matrix factorization, which contains the
pure D2-brane in its equivariant orbit [I7]

0 —X1 — X9 —I3
2 2
7 T 0 -5+ ax122 T5 — ax1x3 (4.14)
X = .
To x% —azriTo 0 —x% + axoxs
T3 —x% +azxixs x% — ax2x3 0
2 2 2
0 T{ — axaT3 T3 — aT|T3 TZ — AT1T
B —x% + axoxs 0 T3 —x2
X =
—x% +axizs —3 0 T
—x% +axrirs To —x1 0

This matrix factorization does not depend on any open-string moduli, but it arises in
the limit where the 3 x 3 factorization (f.4) becomes singular as one of the open-string
parameters, ay, approaches zero [L7. The U(1) R-symmetry representation (R.1() is given
by

0 i
3

pr(0) = Diag(es, 1y, e 5, €9 Lgys), (4.15)

and the resulting three equivariant representations read
Ry = w Diag(wk, 1343), R{(“ = w Diag(wk, w2k 1543), (4.16)
which label the branes, X, in their equivariant orbit.

4.2 Conifold monodromies of the ‘long’ and ‘short’ branes

Next we turn to the computation of the D-brane monodromies in the language of matrix
factorizations. As discussed in section ], the monodromy about the Landau-Ginzburg
point arises canonically in the context of equivariant matrix factorizations whereas the
monodromy about the large radius point is computed indirectly with eq. (B.11]) from the
Landau-Ginzburg and the conifold monodromy. Therefore we first analyze the monodromy
about the conifold point.

Following our recipe for the conifold monodromy outlined in section B.d we need to
determine the open-string states stretching between the transported brane and the branes,
X [n], which become massless at the conifold point. On the cubic torus we expect the pure
D2-brane to become massless.” In terms of matrix factorizations the D2-brane is realized

as one of the branes in the equivariant orbit of the exceptional matrix factorization (4.19):

RQx = Qx, - (4.17)

The open-string states between the brane, X, which becomes massless at the conifold
point, and the ‘long’ and ‘short’ branes are depicted in the Quiver diagram figure B, [[L7.
The explicit matrix expressions for these open-string states are collected in appendix A.

"Strictly speaking the massless brane at the conifold point depends on the path in the Kahler moduli
space, on which we approach the conifold point. Here we approach the conifold point directly without
encircling any other singular points.
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-—>-Hom(X, -) ——Ext'(X, -)

Ly

k
VX Lo)

Figure 2: The quiver diagram displays the fermionic (solid red lines) and bosonic (dashed blue
lines) open-string states stretched between the D2-brane, X, and the branes, L, and S,, on the
cubic torus. The states, {2x, and 1x, drawn in light colors, only appear in the open-string moduli
space of the ‘long’ brane, Li, where the brane, Lq, is equal to the exceptional D2-brane, X, cf.

ref. [E] )

First we compute the conifold monodromies of the ‘short’ branes. The quiver diagram
shows that between the the D2-brane, X, and the ‘short’ brane, Si, there is a single
bosonic open-string state, ®(x g, explicitly given by the matrices (A.10). Thus applying
formula (B.§) for the conifold monodromy we obtain the factorization, Q Mo (Sy), for the
transformed brane, M¢(S1),

Qs (I)<X’Sl>) . (4.18)

Qmo(s)) = < 0 Qx

Here we use the relation, Hom (X, S;) ~ Ext!(X, S;), and by slight abuse of notation, we
denote both the bosonic and fermionic open-string states of Hom(X, S1) and Ext!(X, S;)
by CI)(X751).

We can further simplify the factorization (f.1§) by applying a gauge transforma-
tion (B.J) and by subtracting trivial brane-anti-brane pairs (.29). In order to keep track
of the grading and the equivariant label we also need to simultaneously transform the U(1)
R-symmetry representation (R.10)) and the equivariant representation (R.15). After a few
steps of algebra we obtain that the matrix factorization, Qs (s,), is equivalent to the
factorization, Qg,[2. Thus we have the relation:

Mc(S1) = $12] (4.19)
Next we consider the monodromy of the ‘short’ brane, Ss, about the conifold point.
There are two fermionic open-string states, \I/’(“X 3)’ k = 1,2, given in egs. (A.7) to (A.8),

which contribute to the factorization, Q. (s,);

Qs, \I’%X,Sz) \I]%X,Sz)
Mc(Ss) = | 0 Qx 0 . (4.20)

0 0 Qx
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Analogously as before this expression is further simplified by gauge transformations (p.J)
and by subtracting trivial brane-anti-brane pairs (.24). This reduces the 10 x 10-matrix
factorization (K.2() to a 7 x 7-matrix factorization, which explicitly reads:

0 0 z9 ] z3 0 _ ]
ajagag ajagag ajagag ajagag
0 71 0 72 0 T 0
ajagag ajagag ajagag
1 M 2 _1 3 _ %2 1 1 2 21 3
ag G3s aZag Gi; ag Gy, aias G3s g Gi, a2 Gy, H
2
= 1 2 1 3 _ %2 1 _ > 2 @y ~3 1 1
JMC(SQ) a1 Gz a GYa aZag Gas agag Gis a2 Gia ag Gas H ’
2 2
@199 3 _* g1 _ g2 _1 g3 1 g1 1 a2 Hs
3 12 ajaZ 723 aga 13 g J12 as U23 as T13
- 2251 -1 0 0 0 -L R
ajag ajag ajag 1
—Bo Ly ——25Ly o, 0 0 0 LR
agag agag agag 9 9 2
3l 3 2 3 3
a3 Gaz a7 Giz a2 T1 T2 o 0 say M2 55 M
2 2
ajay 3 1 2
a3 Gy, arazaz Gag 0 —a1 x3 0 ajx3 —ao Mo
2 2
a7 o
alonas G%S Cll32 G3, —ao T3 0 0 —a1 My a? 3
EMC(SQ) = a0 G%S oo G%S 0 0 —Q@3 T3 Q1O T3 Qo3 T1 (421)
1 2
a1agas G?Q ozg G3s a2 T2 0 a3 x1 af T2 —a1 M3
3G2 G3 0 —ao M. 2
oy Gig ajazaz Gig ai T as T2 agz M3 o5 T
0 0 0 0 0 —aq Lo oo L1

Here we write the entries of the matrices in terms of the linear and quadratic terms (4.10)
and ([11]) and the polynomials

H a9 Oé% 1‘% (65} 1‘% a1 1‘% 12 Q313 13 T2I3
1 = — T 5 9 - - -
as 203 ) a1 azag o a3 a3 203 7
a9 ,I% Oé% x% a9 x% 12 a9 Qo203 3 LT3
Hy = - 2 7 "oz T oeE )Tt T
a1z 20700 of Qa3 as 20 of
H (65} .%'% a9 1‘% 1‘% Oé% Oé% Oé:{’ X129 Oé% xr1x3 Oé% T3
3 — —2 | = TR —
Oz% Oz% 20[3 2 a3 a3 /) 1oty Ozg Ozg ’
M, = asxi + a3, My = agxs + as 3, M3 = oz + a1 290 . (422)

The U(1) R-symmetry representation and the equivariant representation for the matrix
factorization (f.21)) for the brane, M¢(S2), becomes

) _2i0 _io
PMo(s)(0) = Diag(laxa, €3 1sxs, €73 17x7), (4.23)

and

RéwC(SQ) = Diag(w® 1axa, w* Lsxs), R{MC(SQ) = lrx7 . (4.24)

For the ‘short’ brane, S5[2], the quiver diagram figure [ reveals one bosonic open-string
states, ®(x g,(2))- By shifting the grades along the lines of eq. (B:21) this bosonic open-
string state is mapped into the cohomology group, Ext!(X[—2], S3). Then it describes a
fermionic open-string state stretching from the anti-D2-brane, X[—2], to the ‘short’ brane,

S3. Therefore the conifold monodromy acts upon the ‘short’ brane, S3, as

Qs, @
QMe(ss) = ( 03 éifj;”) : (4.25)
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with the matrix (A.11) for ®(x g,(9). We simplify this 6 x 6-matrix factorization with
an appropriate gauge transformation (R.2), and we subtract one trivial brane-anti-brane
pair (B.:23) to arrive at the 5 x 5-matrix factorization:

4 3
«@ «
—aolq 0 al(agxg—ozgmz) a%aga}l—agxg ﬁm1+73m3—a%a3x2
3
2 3 2 2 o3 23 pa—a
a1 Lo 0 Q1o5T2—a52] ag(aBmgfalxl) oy Tot+ 5 T3—aiazTl
JMC(SS) = 0 O%Géa 0 —Q373 QT2 )
1 2
0 TQGB Q3T3 0 —Q1T1
0 O%SG?Q —aax2 a1y 0
1 1
*OTQFl aleQ K1 K> K3
0 0 1Ty Qa2T2 Q33
— @127 z 1] 1 3 911 _ 1 2 _ajag~1
EMC(SS) - _a2a§ L2 _a_§L1 - ag L2 a3G12+a§G13 @9 G13 a3 G12 (426)
_Z2 _ Q2% 1l g3 222 Q2T 1 ol 2192 12
a§L2 O£1a4Ll a3G12 a2G23 o3 L a1G23+ P} G1a
__*3_7, 37 L g2 422038 _lagl 21433 _2*3r
a2a§’) 2 alag’) 1 @ 13+a§ 23 @l 23 a% 13 a% 3

The entries of this matrix factorization are abbreviated by the polynomials ({10), (11)
and ([£5) and by

K Oé% .%'% Qs .%'?;’ 1 X1T2 Oé?)’ 1,3 Oé% Oé?)’ T3
1 = — —_ —_ _—— — _—
20&10&% 2041 a9 20&% Qs 2042 (65}

3 .2 2 2 2 2

KQ _ 043 xq _ Qs .%'3 4 a9 L1T2 4 ﬂ _ 043 r1x3 _ 043 T3
202y 2009 o1 as 201 /) as 203 7
2 2 2
a1 T a2 T Naq T1T9 3 L1T3 Qa3 T3

K3 = Ly —=—2_23 - — : (4.27)

a3 Qs 1009 20[1 20[2

The U(1) R-symmetry representation of the transformed ‘short’ brane, M¢(S3), which is

associated to the simplified factorization (.2€), is given by

16

. _ 10 _ 10
PMe(Ss)(0) = Diag(1sxs, e 3, €3, e 3 13x3), (4.28)
whereas the Zgs-equivariant representation becomes

Ry = 15,5, R = Diag(wh, W, W 133) - (4.29)

Now we turn to the analysis of the monodromy about the conifold point acting on the
three equivariant ‘long’ branes. The quiver diagram figure Bl shows again the open-string
spectrum, which is relevant to evaluate the conifold monodromy for the ‘long’ branes. The
matrix representations of these open-string states are collected in appendix A.

First we consider the ‘long’ brane, L. At a generic point in the open-string moduli
space there are no open-string states stretching between the pure D2-brane, X, and the
‘long’ brane, L. Therefore the monodromy about the conifold point leaves the ‘long’ brane,
L1, simply invariant:

Mc(Ly) = Ly . (4.30)

However, if we choose the open-string modulus such that the factorization ({.4) of L,
becomes singular, i.e. if one of the open-string parameters, oy, in the factorization ([£.4)
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approaches zero, then, as discussed in ref. [[7], the factorization of the ‘long’ brane turns
into the exceptional matrix factorization ([l.15) of the brane, X;. Hence at this exceptional
point in the open-string moduli space the ‘long’ brane, Lq, coincides with the pure D2-
brane, X, and as a consequence the (bosonic) identity operator, 1x, and its fermionic
Serre dual operator, {0x, appear in the open-string spectrum (cf. figure f).% Thus at this

point in the open-string moduli space the conifold monodromy acts upon the ‘long’ brane,
L1 = Xl, as

Qx Qx 1x
Quexn = | 0 Qx 0 | . (4.31)
0 0 Qg

This factorization actually simplifies to again the factorization, Qx,, by applying a gauge
transformations (.J), which allows us to drop eight trivial brane-anti-brane pairs (2.29).
Thus at all points in the open-string moduli space the relation ([£.30) holds because also
the exceptional ‘long’ brane, X;, undergoes the conifold monodromy unchanged.

The open-string spectrum between the D2-brane, X, and the ‘long’ brane, Lo, consists
for all open-string moduli of three fermionic open-string states, \Il’(“X7 o) kE=1,2,3 (cf.

figure fl), given in egs. (A.1) to (A.3). Therefore with eq. (B.§) we find for the conifold
monodromy of the brane, Lo, the factorization

QL, \II%X,LQ) \II%X,LQ) \II?X,LQ)

0 Qx 0 0
Qumer) = | 0 Ox 0 (4.32)
0 0 0 Qx

Analogously to the previous examples due to gauge transformations (R.2) and due to equiv-

alences arising from trivial brane-anti-brane pairs (B.29) this 15 x 15-matrix factorization
simplifies to a 9 x 9-matrix factorization

T3 T T9 0 0 0 0 0 0
0 0 0 T9 T3 T 0 0 0
0 0 0 0 0 0 T To z3
2 1 3 3
0 G]3 7G23 a3G]3 o 7G a3G23 O¢2G]2 o
at ay arog ag a? ajog
G2 3 Gl G a1 G2 azGl
_ 213 0 12 _Z2 1~12 0 0 _;QL& a3b&o3
J _ ag ag aj agag a3 ajag
Mc(L2) — cl G a2 cl a2 a3 ’
23 _“12 0 _“13 _ 23923 @1%73 0 _ 92972
ag asg ag o2 agag a2
1 3
z1T9 agzizy agad agwiz3 1]2_ QT T "‘23”21 _I3 E%
ag a? ajag a? az ajag aZay ay ay
1 1 1
0411% zox3 agxTy agzory ajzizy é ﬁ Q%I% Iy
03 aq a2 a2 a2 a3 a2 a§a3 a2
2 2 2
LD LE! agal rja3 ﬁ ajzjzg agzoTy _I af ajal
a3 ajas P ay azag a3 az az aqad

8Note that as the bosonic and the fermionic open-string states arise simultaneously, the index of the
open-string spectrum remains invariant over the open-string moduli space.
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G3, 7%6%3 ,%G% 0 —azx2  Qazx 0 0 0

Gls %G%S f%G?Q a1 0 —azx3 0 0 0

G2, fz—éG‘;’Q 73—?6'%3 —air1  a2r3 0 0 0 0
0 G%S 0 0 —a1T1 a2x3 0 —a3T1 a1x3

EMC(LQ): 0 G?Q 0 3T 0 —Q2T2 aox1 0 —Qa1T2 . (433)

0 G%3 0 —Qa3T3 1T 0 —QoT3 3T 0
0 0 Gls 0 0 0 0 QT3 —asT2
0 0 G2, 0 0 0 —onT3 0 sz
0 0 G3, 0 0 0 aizes  —aomi 0

In these matrices we introduce in addition to the polynomials (.5) the quadratics
T1 = X1 — ——— X273, T2 = Ty — ———— X1x3, T3 = T3 —— T1x2 . (434)
The U(1) R-symmetry representation for the matrix factorization (f.33) becomes

. _2i0 _i0
PMc(Ly) = Dlag(lgxg, e 3 lgxg, € 3 lgxg), (435)
whereas the Zg equivariant representation turns out to be

Ré\/[C(L2)

. Mc (L
= Dlag(wzk 13><3, wk 16><6)7 Rl c(L2) = 19><9 . (436)

Finally let us turn to the conifold monodromy acting on the remaining ‘long’ brane, Ls.
From the Quiver diagram figure Pl we extract that there are three bosonic open-string states,
<1>](““X7L3[2]), k =1,2,3, given by eqs. (A.4) to (A.6). Similarly to the analysis of the ‘short’
brane, Ss, using eq. (R.21) we map these bosonic open-string states to fermionic open-string
states stretching between the anti-D2-brane, X[—2], and the ‘long’ brane, L3. Then, with
slight abuse of notation for these fermionic states, we write the conifold monodromy action
upon the brane, L3, as

1 2 3
Qs Pixrgp) Plxrsp)  PixLsi)
0

_ 0 Qx[-2 0
QMC(LS) = 0 0 QX[_Q} 0 . (4.37)
0 0 0 Qx[-g

With the help of gauge transformations and factorization equivalences this 15 x 15-matrix
factorization reduces to a 12 x 12-matrix factorization, which in terms of the quadratic

polynomials () and

~1 1 a% ~2 2 Oz% ~3 3 O‘%
G = G5q — ToI3 G = G55 — T1T9 G = Gy — T1T9 4.38
23 23 L3 ) 13 13 Qs ) 12 12 3 ’ ( )
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can be written as:

IMe(Ls) =
agry T azT]  ®3 T D)
0 0 0 Tajaz ag 0 0 ajay @z ap 0 ~agay
0 0 0 Tl _Q3ry 173 z2 0 _ a7 r3
ag arag T agaz  aj ajaz g
A r3 Ty agT3 ) agm)
0 0 0 T agag 0 ay ag T ajas 0 ag T ajoag
aZas
Gy 0 2712 0 —z3  ap 0 0 0 0 0
G
3, 0 2B a3 0 -y 0 0 0 0 0
2
G
G3, o -2ZE oy @ 0 0 0 0 0 0
3
G
-2 0 0 0 0 0 —23 a9 0 0 ’
2,41
G
-%872 0 @2, 0 0 0 0 3 0 - 0 0
«@
'
3G 3
-5 Giy 0 0 0 0 —zg xy 0 0 0
3
a1 G 1
0 - —ag? O3 0 0 0 0 0 0 —x3 g
1
3G 2
0 bt O3 0 0 0 0 0 0 w3 0 —x
242
afG
0 e o= e 0 0 0 0 0 0 -9 = 0
aj 12 2 1
Enre(rs) (4.39)
0 0 0 zp zo z3 0 0 0 0 0 0
0 0 0 0 0 0 xp z9 z3 0 0 0
0 0 0 0 0 0 0 0 0 zp z9 x3
2 1
2 3 2 agTT alzx agG
agriry agzr] «ajTiTy 0 G1ig —x3 —%3 0 0 0 _TSQ Tﬁa
2 2 243
2 3 ~1 aoToT a1G ajrorsy a5G
agzh azriwy ajzgry  —Gi 0 G3s —%3- 0 0 a313 -2 _22712
3 3
2 2 1 a3} apa} a2Ghy _agzizy
QQTQTZ A3T1TZ 1T Gi3 —Ga3 ~ajag ~~az 0 0 ~ ey T Ay 0
2 2792 2
2 a3G azToT asx 3 2 agw
a3w @y 1@ Ty agwy I Tt allit -y S € —G13 0 - 0
2 a3Gly age} 2 1 agzjxo
Qa3ToT3 QA1TH; QAT1TY — og 0 ~~ag —x3 0 G23 0 i 0
241 3
2 a3G agG agzizy -9 1 P
Qa3T3 | TQTZ AgT|TI 7¥ Tlm 3 5 GlS 7G23 0 0 3(1} 3 0
o1 o1
2 2,2 1
2 ajzxyT ajxiTy alG agzG -3 2
a1z agT1T3 A3T1T 0 0 — 1a% 2 21 5 -1 213 a223 0 G1o 7G13
“2 @2
2 3 2.2
2 ajx ajz|T a1 G 3 ajz 1
ajzizg agrgry a3zTh 0 0 _a—22 _%3_ 0 _TH a3, _a%ag Gl
2 3
2 a1xToxT ag3x 041G 2 2
Q1 T1TI QT3 Q3TLT3 0 0 7—]35—3 7a—21 Tm 0 G1i3 —z7 0
Furthermore, the U(1) R-symmetry representation reads
. 0 _i0
PMe (L) = Diag(li2xiz, €3 13x3, €~ 3 1gxo), (4.40)
and the Zs equivariant representation is given by
Mc(Ls) Mc(Ls) . 2k k
RO = 112><12, Rl = Dlag(w 13><3, w lgxg) . (441)

This completes the calculation of the conifold monodromy acting on the ‘long’ and

‘short’ branes. In the next section these results serve as our starting point to analyze the

remaining monodromies and in discussing global properties of the Kéhler moduli space.
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Brane P, chir(P.) Mc(P,) chir(Mc(P.)) Mia(P.) chir(Mig(P))
Ly (1’0) Ly (1’0) Lo (1’_3)
Ly (1,-3) ML)  (4-3)  Mgi(La)  (1,-6)
L3 (_273) MC(L?:) (_573) ML_P%(L?’) (_279)
S (0,1) S3(2] (=1,1) S1 (0,1)
So (17 —2) MC(SQ) (3, _2) MITP%(SQ) (17 —5)
Sy (=L1)  Mc(Ss)  (=21)  Mpi(Ss)  (-1,4)

Table 1: Conifold and large radius monodromies acting on the ‘long’ and ‘short’ branes, L, and
Sa, of the two-dimensional torus together with their RR charges.

4.3 D-brane monodromies of the ‘long’ and ‘short’ branes

With the analysis of the monodromy about the conifold point performed in the previ-
ous section we can now discuss the remaining Kéhler moduli space monodromies. The
monodromy about the Landau-Ginzburg point from the perspective of equivariant matrix
factorizations is straight forward as it simply shifts the equivariant label of the brane. In
practice this amounts to multiplying the equivariant Z3 representation of the factorization
with w = e along the lines of eq. (B.14). Hence the Landau-Ginzburg monodromy acts
upon the defining data of the brane, P, simply by

Qp QMya(P) Qp
Mg : PP — P My (P) = pP : (4.42)
RP (k) RMuc(P)(k) w*RP (k)

Here P represents any equivariant brane, in particular any of the ‘long’ and ‘short’ branes,
S, and L.

Along the lines of eq. (B.11]) we combine the conifold and the Landau-Ginzburg mon-
odromy to deduce the action of the inverse large radius monodromy.? Thus together with
eq. (f.43) we obtain for the inverse large radius monodromy of the brane, P,

Qp Qu-lp) QMo (P)
MITI% : pr — pML*Pi(p) = PMc(P) . (4.43)
RP (k) RMir(P) (k) wFRMcP (k)

The Landau-Ginzburg monodromy and the large radius monodromy does not introduce
new matrix factorizations, (), but instead modifies the equivariant representation, R, of
the branes. The transformation behavior of the ‘long” and ‘short’ branes is summarized in
table [l

In this table we have also included the large radius RR charges. These charges are
computed by a set of disk correlators, where we insert a basis of RR ground states in
the bulk and where the brane data enters in the boundary condition of the disk. In

9In order to get the large radius monodromy one needs to compute according to eq. () the inverse
conifold monodromy. In this work we do not present this computation explicitly as it does not lead to
further insight compared to the computation of the inverse large radius monodromy.

,20,



the context of matrix factorizations these disk correlators are computed by the residue

formula [47, 8, BJ]
(;alP) = Til!Resz [¢?Str<(RP)l(an,l)N"l)} . (4.44)

Here |P) is the boundary state of the brane, P, and |I;«) denotes a basis of RR ground
states, which are labeled by the twisted sectors, I, whereas the label, «, distinguishes
further the RR ground states in each twisted sector. The integer, r;, denotes the number
of untwisted fields, zy, in each twisted sector, [. The details of the disk correlator are
explained in ref. [B3]. For us, however, it is important to note that all correlators ({.44)
for r; # 0 vanish for both the cubic torus and the quintic Calabi-Yau hypersurface. Hence
we only need to evaluate the correlators with r; = 0, for which the residue formula reduces
to [B3]

(I,0|P) = Str [(RP)Z] . (4.45)

For the cubic superpotential ([.1]) all untwisted fields vanish, i.e. r; = 0, in the sectors,
[l = 1,2, and hence the only potentially non-vanishing disk correlators on the cubic torus
are (1;0|P) and (2,0[P). Thus we readily obtain the RR charge vector, chy,g(P),

chra(P) = ((1;0|P),(2;0/P)) = (Str [RF], Str [(R")?]) . (4.46)

Note that these charges are given in the basis which arises naturally at the Landau-
Ginzburg point in the Kéahler moduli space. However, in order to gain some geometric
intuition we want to relate these charges to the large radius charge vector, chyg(P),

chir(P) = (r,c1) - (4.47)

Here, r is the D2-brane charge and c¢; is the DO-brane charge. Geometrically these two
quantities correspond to the rank and the first Chern class of the bundle date associated
in the large radius regime to the brane, P. The two charge vectors, chyg(P) and chyr(P),
are related by the 2 x 2-transformation matrix, =,

chir(P) = chrg(P) - E. (4.48)

Thus in order to calculate the large radius charges of any equivariant factorization,
we need first to determine the matrix, =. We know that the pure D2-brane in the large
radius regime is represented by the brane, Xj, and hence has the charge, chyr(X;) =
(1,0). Furthermore, the matrix factorization, Xs, is in the same equivariant orbit and has
according to refs. [[[d, [7] the large radius charges, chpr(X2) = (1, —3). By comparing with
the Landau-Ginzburg charges ({.4F),

chig(X1) = (3-3w?3-3w), chia(X2) = (=3w + 3w?, 3w — 3w?) , (4.49)

we readily determine the transformation matrix, =, to be

2

1 w”
= = (3(11—@ 5 ) : (4.50)

301-w?) 34D
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With the explicit expression for the transformation matrix, =, we can now compute with
eqs. ([46) and ([.4§) the large radius charges for all the factorizations collected in table [il
Let us know take a closer look at the transformation behavior of the individual branes

listed in table . In the previous section we have already seen that the ‘long’ brane, Ly, is
not affected by the conifold monodromy. Therefore the large radius monodromy maps the
‘long’ brane, L1, to the ‘long’ brane, L.

The ‘short’ brane, Si, is the pure DO-brane in agreement with its large radius
RR charges, and its open-string modulus parametrizes the position of the DO-brane on
the two-dimensional torus [I6, [[7]. With respect to the large radius monodromy the brane,
S1, remains invariant. This is precisely the transformation behavior we expect because the
large radius monodromy corresponds to an integer shift of the B-field. But on the point-
like worldvolume of the brane the B-field has no support and therefore the DO-brane, Sy,
remains unchanged. Note also the interplay of gradings among the different monodromies.
The conifold monodromy shifts the grade of S; by two to S3[2] (cf. eq. ({.19)), which is
again compensated by yet another shift (R.I9) of —2 resulting from the Landau-Ginzburg
monodromy. Hence the inverse large radius monodromy (), as arising from the com-
position of the other two monodromies, does not modify the grading of the DO-brane,
Sl.

For all the branes listed in table [I] we observe that the large radius monodromy trans-
forms the large radius RR charges as

QL3 2 (r,¢1) — (r,e1 —3r) . (4.51)

This transformation behavior is natural from the gauged linear o-model point of view, in
which the large radius monodromy shifts the B-field of the cubic torus by the two form,
O, induced from the generator of H?(CP2,Z) of the ambient space, CP2. Note, however,
that the generator of H?(T?,7Z) is the two-form, %@, instead of the induced two-from, ©.
Therefore the large radius monodromy in the linear o-model corresponds to tensoring with
the line bundle, £3, where £ is the line bundle of the torus with first Chern number one.
Hence, encircling the inverse large radius monodromy is associated with the tensor product
by the bundle, £~3, which generates the transformation (f-51) for the RR charges.

Although the gauged linear o-model favors a shift of the B-field induced from the
ambient space, we would expect that the large radius monodromy of the two-dimensional
torus is generated by tensoring with the line bundle, £. However, the moduli space,
as analyzed from the gauged linear o-model, does not reveal the whole structure of the
Teichmiiller space of the two-dimensional torus. The relationship to the Teichmiiller moduli
space is further analyzed in the next section.

4.4 Teichmiiller and gauge linear c-model moduli space of the cubic torus

The Kéhler moduli space of the two-dimensional torus is parametrized by the fundamental
domain of its Teichmiiller space (cf. figuref) (a)). Due to the identifications in the funda-
mental domain the Teichmiiller space has three singularities, namely a Z4-orbifold point,
Py, a Zg-orbifold point, Ps, and the point, P, of infinite order [B4].
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Figure 3: (a) The figure shows the fundamental domain of the Teichmiiller moduli space. Its
boundaries are identified according to the black arrows. These identifications generate the three
singularities, Py, Ps, P, indicated in red. (b) Here we illustrate the Kéhler moduli space of the
cubic torus as seen from the gauged linear o-model, which is a fourfold cover of the fundamen-
tal domain. In blue we show the path associated to the large radius (LR) and the conifold (C)
monodromy in the gauged linear o-model.

Here we are interested how these singularities generate monodromies acting upon the
RR charges of the toroidal B-branes. The monodromies, however, are most easily deter-
mined on the mirror torus, where the B-branes with RR charges, (r,¢1), are mapped to
A-branes realized as special Lagrangian submanifolds with winding numbers, (p,q) [E9].
On the mirror side the monodromies are generated by encircling the corresponding sin-
gularities in the complex structure moduli space, which, for the torus, is identical to the
Teichmiiller space depicted in figure [} (a). Thus we are able to determine geometrically
the effect of the monodromies by simply tracing the fate of the winding numbers as we
encircle the singularities in the complex structure moduli space, and we obtain

1 -1 0 1 0 -1
Py = . Py = . Py = , 4.52

with Pf = 1949 and Pg = 19y9.

Finally we want to make the connection to the gauged linear o-model Kéhler moduli
space. In the previous section we have shown that the large radius monodromy shifts
the first Chern number by multiples of three. Hence, so as to generate the large radius
monodromy of the cubic torus we should encircle three times the singularity, P, in the
Teichmiiller space. Furthermore, taking again a look at table [l] we observe that the conifold
monodromy shifts the rank, » — r — ¢, by the first Chern class, ¢;. Thus we should also
identify the conifold monodromy with the singularity, P,,. However, compared to the large
radius monodromy the roles of the rank, r, and the Chern number, c;, are interchanged,
and hence we identify the conifold point with the singularity, P, which in the covering
space of the Teichmiiller space is S-dual to the large radius singularity, Py. To summarize
we can view the Kéhler moduli space of the gauged linear o-model of the cubic torus as the
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fourfold cover of the Teichmiiller space depicted in figure [ (b), where three fundamental
domains are related by translations and where one fundamental domain is S-dual to one of
the three others.

Let us now qualitatively relate the Teichmiiller monodromies to the linear o-model
monodromies. In figuref] (b) the paths around the large radius and the conifold monodromy
are also drawn and they gives rise to the relations Mg = P2 and Mg = P4POOP4_1.
The Landau-Ginzburg monodromy from the linear o-model point of view must then be
comprised of the monodromies around the singularities which are traversed if we deform
in figure f| (b) the conifold contour into the large radius contour. This procedure yields
My = (PyPs)®P?Ps P, t. Using the matrices ([E53) we explicitly obtain:

1 -3 1 0 -2 3
LR <0 1>, C (1 1>, LG <_1 1> (4.53)

It is easy to check that ME’G = 1942 and that the matrices reproduce the RR charge
transformations listed table [I.

5. D-brane monodromies of the quintic Calabi-Yau hypersurface

The quintic Calabi-Yau threefold serves as our second example in studying D-brane mon-
odromies. At the large radius point the quintic hypersurface is realized as the zero locus
of the quintic polynomial,

5
W(zx) = Z D — 5 xyxox3T4TS (5.1)
i=1
in the complex four-dimensional projective space, CP*. The 101 complex structure defor-
mations of the quintic threefold are captured by homogeneous deformations of the poly-
nomial (p.1]). For simplicity we exhibit here only the dependence on a single complex
structure modulus expressed in the algebraic variable, .

The Kahler moduli space of the quintic Calabi-Yau threefold is complex one-
dimensional and has the structure alluded in section B.J]. In the Landau-Ginzburg phase of
the Kéahler moduli space the degree five polynomial (p.]) becomes the superpotential of the
Landau-Ginzburg orbifold [[4], where the Zs orbifold group acts on the Landau-Ginzburg
chiral fields, zy, as _

zp— Wy, wze%, keZs. (5.2)

Thus at the Landau-Ginzburg point of the quintic threefold we adequately represent
branes in terms of Zs-equivariant matrix factorizations of the quintic polynomial (.1]).

5.1 Matrix factorization of the quintic threefold

First we introduce the canonical matrix factorization of the quintic superpotential (5.J)).
The homogeneous polynomial, W, factors as W = %25 x¢ OpW , which directly yields the
canonical matrix factorization, Qx,

5

Qx = Z (1‘@7‘(’5 + %8@W7‘(’g> . (5.3)

(=1
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Here 7y and 7y, £ =1,...,5, are five pairs of boundary fermions, which obey

{me, 71} = oy {me,mi} = {7e. T} = 0. (5.4)

These fermions are explicitly realized as a 32 x 32-matrix representation of this Clifford
algebra, and they allow us to express the linear involution, ox, of the canonical matrix

factorization as
5

ox = H(ﬁ'g—i—ﬂ'g)(ﬁ'g—ﬂ'g) . (5.5)
(=1
The matrix, ox, is the chirality matrix of the Clifford algebra. If we choose a matrix
representation for the Clifford algebra (5.3) such that the involution, ox, is block diagonal,
i.e. ox = Diag(1l16x16, —li6x16), then the 32 x 32 matrix, Q) x, decomposes into 16 x 16
blocks according to eq. (£.6). We arrive at a 16 x 16-matrix factorization in terms of the
matrix pair, (Jy, Ex).!°
The next task is to determine the U(1) R-symmetry representation for the canonical
factorization. As the matrix factorization, Q) x, and the chiral fields, xz;, have R charges
+1 and —i—% the boundary fermions, 7, and 7y, carry R charges, —i—% and —%, respectively.
Therefore along the lines of eq. (B.10) the representation, px(6), must act on the boundary
fermions as
-1 310 _ 1 _3i0 _
px(O)mepx (0) = e5me, px(O)Tepy (0) =€ 57 . (5.6)
Up to an overall phase factor these conditions determine the U(1) R-symmetry represen-
tation, px, to be

px(0) = B%ie(ZgWeﬁz+132x32) ) (5.7)

Then with eq. (R.15) we readily deduce the five equivariant Zs representations, R, for the
five branes, X,, a =1,...,5, in the equivariant orbit of the canonical factorization (@)

RXo(k) = wk wik(Semmetlona) ok (5.8)

At the Gepner point in the complex structure moduli space the canonical matrix factoriza-
tion describes the L = 0 Recknagel-Schomerus branes [[T]. One of these corresponds to the
pure D6-brane [[ll], and hence also at a generic point in the complex structure moduli space
the canonical matrix factorization contains the pure D6-brane in its equivariant orbit.
Next we construct the matrix factorization of the quintic, which contains the DO-
brane in its equivariant orbit. Geometrically we describe the locus of the DO-brane as the
intersection point of four linear equations, Lg, in the ambient projective space, CP*,

Ly = aszg — gz, s=1,...,4. (5.9)

Generically the intersection of these four lines in CP* is not located on the hypersurface,
W = 0. If, however, we constrain the parameters, oy, to also obey the quintic hypersurface

equation

5
0= Z oz? — 5Y ajasagagas , (5.10)
=1

1%Note that also the exceptional factorization () of the cubic torus is the canonical factorization (E)
of the homogeneous cubic Landau-Ginzburg superpotential @) with three boundary fermions [E,
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the intersection point is tuned to lie on the quintic hypersurface. Then the Nullstellensatz
ensures that for all parameters, ay, fulfilling eq (p.10), we can find four quartic polynomials,

Fy, s =1,...,4, such that [[J]

4
W = ZLS F, . (5.11)
s=1

A view steps of algebra reveal that a possible choice for the quartics, Fy, is given by

4 5¢ s 4
Z(asx5)4_k(a5x3)k - ala (H ozk) (H xk“) zit (5.12)

k=0

F, =

ol
U\U\H

In the final step we use the factorization (B.11)) of the Landau-Ginzburg superpotential
to construct again with boundary fermions the matrix factorization, which is associated to
the DO-brane at the intersection of the four complex lines (f.9)

4 4

QS = Z (LSCS + Fsgs) , 0§ = — H (C; + CS) (gs - Cs) . (5'13)

s=1 s=1

The four pairs of boundary fermions, (s and (s, s = 1,...,4, obey the Clifford algebra

{CSaC_t} = 5sta {CSaCt} = {C_S?Et} =0, (5'14)

and we represent these fermions by 16 x 16-matrices. Hence choosing a gauge, where og
becomes og = Diag(1gxs, —lsxs), we obtain a 8 x 8matrix factorization of the matrix
pair, (Js,Es).

To determine the U(1) R-symmetry representation, pg, and the Zs-equivariant repre-
sentation, R%, we repeat the construction applied to the canonical factorization and we
arrive at

ps(0) = 0 2i0(3, CsCatli6x16) (5.15)

and with eq. (R.15) at

RS (k) = w w3H(Es Gotlioxs) g (5.16)

So far we have motivated the matrix factorization, Qg, by geometrically building a D0-
brane. The resulting matrix factorization, however, models an orbit of equivariant branes
in the non-geometric Landau-Ginzburg phase. Hence it is not obvious that one of the
branes, S,, does indeed correspond to the DO-brane. However, by construction the branes,
Sa, have an open-string modulus parametrized by the parameters, ay, which are subject
to the constraint (b.10). A closer look reveals that the open-string variables, ay, are really
projective coordinates, because a homogenous rescaling, ay — Aay, merely generates a
gauge transformation (.3) of the factorization, Qg. Hence we observe that the open-string
moduli space of the branes, S,, is the quintic threefold, which is the correct open-string
moduli space of a DO-brane. In the next section we will present further arguments in favor
of this claim.
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Figure 4: The quiver diagram displays the fermionic (red lines) and bosonic (blue lines) open
string-states stretching between the D6-brane, X, and the other branes, X,, in the same equivariant
orbit. The grades of the open-string states are distinguished by different kinds of dashed lines.

5.2 D-brane monodromies on the quintic threefold

In this section we analyze the monodromies about the singularities in the Kéhler moduli
space of the quintic threefold acting on the matrix factorizations, Q@ x and Q)g. Since this
analysis is similar to the discussion presented in sections .3 and . we can be brief here.

We have argued in the previous section that one of the branes, X, is the D6-brane of
the quintic, which we choose to denote by!!

Qx = Qx, - (5.17)

At the conifold point in the Kihler moduli space the branes, X[n], become massless [[(],
and hence the factorization, Qx, triggers the transformation (B.§) generated by the mon-
odromy about the conifold point.

First we determine the D-brane monodromies associated to the equivariant branes of
the canonical matrix factorization, ()x. In order to compute the conifold monodromy
we calculate the relevant open-string states stretching between the D6-brane, X, and the
transported branes, X,. The resulting cohomology elements are summarized in the quiver
diagram figure [

The bosonic boundary preserving operator, 1x, is simply the 32 x 32-identity matrix.
The remaining cohomology elements can directly be expressed with the boundary fermions,
m; and 7;. In particular all the open-string states depicted in the quiver diagram are
generated by the fermionic open-string states

Ui, Xorr) = Th =TTk + O Tpy 1T 2ThasThra, k=1,...,5. (5.18)

The index of the variable, z, and the boundary fermion, 7, should be thought of taking
values modulo 5. Note that these cohomology elements cannot be exact since the associated

HSince only relative grades [@, @], and hence relative equivariant labels, of the branes are physically
relevant we are free to choose the D6-brane in the equivariant orbit of the matrix factorization, Qx. This
fixes now the grades and equivariant labels of all the other branes.
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matrices carry constant entries arising from the boundary fermion, 7. The boundary
changing operators (5.1§) yield for a = 1 the five fermionic open-string states, \I!’(“X, X))
and give rise to the other states shown in figure fi:

k.l ok 1]
(I)(X,XS) o \I](X,X2)\I](X27X3)’
k,l,m _ \I/[k \I/l \I/m}
(X, X42]) T T(X,X2) T (X2,X3) T (X3,X4)
klmmn g lk 1 n|
(X7X5[2]) - \IJ(X7X2)\I}(X27X3)\I}&37X4)\II(X4,X5)7
Ox = Yixx, - Yixg x) - (5.19)
Here the brackets, [...], indicate that the products are anti-symmetrized.

Now we have assembled all the ingredients to compute the conifold monodromy and
to eventually deduce the inverse large radius monodromy of the branes, X,, in the orbit
of the canonical matrix factorization. For the conifold monodromy of the brane, X, we
employ again eq. (B.§) and obtain

Qx, 1x Qx
Mox)=| 0 Qx o |. (5.20)

0 0 Qx|—2

Due to the thirty-two constant entries arising from the operator, 1x, we can remove after
a gauge transformation (P.2) thirty-two trivial 2 x 2-matrix blocks (B.2J) and we obtain
the simple relation

Mc(X) = Xq[-2] . (5.21)

Thus the conifold monodromy acting on the brane, X7, neither changes its matrix factor-
ization nor modifies its equivariant label, but merely shifts its grade by —2. This shift of the
D6-brane grade with respect to conifold monodromy has also been observed in ref. |28, B(],
where it was traced back to a simple pole in the period of the D6-brane.

Then we immediately determine the inverse large radius monodromy of the brane, X1,
by applying according to eq. (B.11]) a subsequent Landau-Ginzburg monodromy

Mg (X1) = Xo[-2]. (5.22)

In the same fashion we also derive with the open-string states, \I/’(“X X2)’ the conifold
monodromy of the canonical brane, X5, and we find

QX2 \I]%X7X2) o \I]?X7X2)
0 Qx 0
Mc(Xz) = : : . : : (5.23)
0 0 Qx

whereas the associated U(1) R-symmetry representation and the equivariant representa-
tions become

. _2i0 _2i0
PMc(x,) = Diag (PX(6)76 5 px(0),...,e7 75 pX(9)> , (5.24)
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Figure 5: The quiver diagram presents the fermionic (red lines) and the bosonic (blue lines) open-
string states stretching between the D6-brane, X, and the branes, S,. The different blue dashed
lines distinguish between the two grades of the bosonic open-string states.

and

RMe(X) (k) = Diag(RX2(k), R (k), -, R¥ (k) . (5.25)

The presented 96 x 96-matrix factorization (f.29) is also reducible due to the constant
entries in the cohomology elements, \III(CX, Xa)" There are a total of 31 independent constants,
which allow us to rewrite the matrix factorization (f.23) to an equivalent 65 x 65-matrix
factorization. In this work we do not use and hence do not state the explicit form of the

reduced matrix factorization.

The inverse large radius monodromy of the brane, X5, adjusts the equivariant repre-
sentation of the brane, Mc(X3),

RMin(2) (k) = Diag(RY* (k), RX2(k), -, RX2(k)), (5.26)

whereas the matrix factorization, @ Mo (Xa) = QMo (x,), and the U(1) R-symmetry repre-
sentation, PMZL(Xy) = PMc(X2), r€ not modified.

For the other branes, X,, in the equivariant orbit of the canonical matrix factorization
the conifold monodromy and the large radius monodromy are derived analogously.

Finally we want to discuss the monodromies of the branes, S,, in the equivariant
orbit of the factorization, (Jg. For the monodromy about the conifold point we need to
calculate the open-string states between the D6-brane, X, and the branes, S,. This is
achieved by directly evaluating the cohomology of the BRST operator (B.4) for all possible
charge levels (R.11) and equivariant labels (R.13). The result of this tedious but straight
forward computation is summarized in the quiver diagram figure J. We do not present
the complicated expressions for the 16 x 32-matrix representation of the open-string states
listed in the quiver because for the following analysis we mainly need the multiplicities of
the open-string states.
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For the brane, S1, the quiver exhibits one bosonic open-string state, A x g,), and hence
the monodromy about the conifold point yields with eq. (B.§) the matrix factorization

Qs Ax.s
Qume(s)) = ( 01 (55(1) .

The U(1) R-symmetry representation and the Zs-equivariant representation become

patc(s.)(8) = Diag (ps(0),c px(0)) . (5.28)

(5.27)

and
RMc(S) (k) = Diag (Rsl(k),RX (k)) . (5.29)

This matrix factorization (f.27) is again reducible and thus further simplifies with the help
of gauge transformations (R.J) and by subtracting trivial brane-anti-brane pairs (2.29). A
details analysis reveals

Mc(81) = S5[2) - (5.30)

The shift in the grade and the equivariant label are determined by carefully keeping track
of the gauge transformations (R.J) acting on the representations (5.2) and (5.29). Thus
with eq. (R.19) we readily deduce for the inverse large radius monodromy

Mig(S1) = S . (5.31)

The remaining branes, S,, transform analogously with respect to the monodromies and
the analysis is parallel to many previously presented examples. Therefore we immediately
turn to the discussion of the RR charges to gain further insight into the structure of the
transformed matrix factorizations. As before we extract the RR charges of the matrix
factorizations by applying the residue formula ([.44). As for the cubic torus, the residue
formula ([f.44)) of the quintic hypersurface also reduces to the simplified expression ({.49).
Hence we are able to compute the RR charges solely from the equivariant representations,
RMc(5a) which in turn are already determined from the knowledge of the multiplicities of
the open-string states depicted in the quivers.

For the quintic hypersurface we obtain non-vanishing disk amplitudes in the twisted

sectors, | = 1,...,4, i.e. the potentially non-vanishing correlators with a brane, P, are
(1;0|P), ..., (4,0|P). Therefore the Landau-Ginzburg charge vector, chrg(P), on the
quintic threefold is given via eq. ({.4H) by

The next task is to make the connection to the RR charges which are natural from a
geometric point of view. We denote these charges by the large radius charge vector, chyg,
of the quintic hypersurface

chpr(P) = (dg, ds, d2,do) - (5.33)

Here we use the integer basis introduced in ref. [BY, where the integer, dg, denotes the
D6-brane charge whereas the lower dimensional brane charges are denoted by dy4, do and

do.
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Brane P, chir(P,) Mco(P.) chir(Mc(P.)) Mia(P)  chir(Mia(Py))
X (1,0,0,0) X1[-2] (1,0,0,0) Xo[—2] (1,—1,5,—5)
X5 (1,-1,5-5)  Mc(X2) (6,—1,5,—5) ML}%(XQ) (1,—2,15,—20)
X3 (—4,3,-10,5)  Mc(X3) (—14,3,—10,5) ML_P%(Xg) (—4,7,—45,50)
X4 (6,-350)  Mc(Xy) (16,—3,5,0) MITI%(X‘l) (6,—9,50,—50)
X5 (-4,1,00)  Mc(X5) (—9,1,0,0) M3 (X5) (—4,5,—25,25)
S1 (0,0,0,1) S5[2] (=1,0,0,1) S1 (0,0,0,1)
So (1,-1,5,-4)  Mc(S2) (5,—1,5,—4) ML_I%(SQ) (1,—2,15,—19)
S3 (-3,2,-5,1)  Mc(S3) (=9,2,—5,1) ML_Pi(Sg) (—3,5,—30,31)
Sy 3,-1,0,1)  Mc(Sy) (7,-1,0,1) ML_Pi(Szl) (3,—4,20,—19)
Ss (-1,00,1)  Mc(Ss) (—2,0,0,1) ML_Pi(S5) (-1,1,-5,6)

Table 2: For the quintic Calabi-Yau threefold we display the action of the conifold and the large
radius monodromy upon the branes, X, and S,, together with their large radius RR charges. The
RR charges of the L = 0 Recknagel-Schomerus branes, X,, have been extracted from ref. @] in
order to calibrate the remaining large radius RR charges.

The Landau-Ginzburg charge vector (f.37) and the large radius charge vector (f.33) are
linked with a linear transformation, which we now need to determine. We have argued that
the branes, X, in the orbit of the canonical factorization describe the L = 0 Recknagel-
Schomerus branes, for which on the other hand the large radius RR charges are recorded in
ref. [BY). This allows us to determine the linear transformation we are after. The resulting
large radius RR charges of all the discussed branes are collected in table .

A closer look at table f] reveals that the brane, Si, is invariant with respect to the
(inverse) large radius monodromy (cf. also eq. (5.31])) and has the large radius charge of a
DO-brane. These properties show that the equivariant brane, S, describes the DO-brane
as already anticipated in the previous section.

Finally we observe that the RR charges of all the branes transform with respect to the
(inverse) large radius monodromy as

1 -1 5 -5
0O 1 -5 5

®L : (ds,da, da, do) — (ds, da, d2, do) 0 0 1 -1 (5.34)
0 O 0 1

This transformation does not change the D6-brane charge, and it turns out that the inverse
large radius monodromy acts upon the bundle date of the brane by tensoring with the line
bundle, £~! B, where £ is the line bundle associated to the generator of H?(Quintic,Z).
This is the expected transformation behavior associated to the large radius monodromy
because physically it corresponds to a shift of the B-field by the generator of H?(Quintic, Z).
For us the result also serves as a non-trivial check on the computed multiplicities of the
open-string states depicted in the quiver diagrams figure [ and figure §.

Before we conclude this section we note that, in contrast to the cubic torus, for the
quintic hypersurface the large radius monodromy as seen from the gauged linear o-model
coincides with the large radius monodromy in the Teichmiiller space. This is due to the
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fact that the Lefschetz hyperplane theorem ensures that in the gauged linear o-model of
the quintic the generator of H2(CP*,Z) of the ambient projective space, CP*, induces the
generator of H?(Quintic,Z) on the quintic hyperplane [5{].

6. Conclusions

In the context of string compactifications we have probed the global structure of the moduli
space by transporting branes along closed loops in the Kéahler moduli space. Generically
the brane probes were transformed along the path as governed by the monodromies of the
enclosed moduli space singularities. We chose the base point of these closed loops to be
located in the Landau-Ginzburg phase, in which the brane probes were described by matrix
factorizations. This required us to develop tools, which were suitable to describe D-brane
monodromies from a matrix-factorization point of view.

In terms of matrix factorizations the monodromy about the Landau-Ginzburg singu-
larity of the Kihler moduli space arose canonically. Following a conjecture of ref. [fj]
we realized the monodromy about the conifold point as a multiple tachyon condensation
process of the probe brane with the branes, which became massless at the conifold locus.
Finally we computed the action of the large radius monodromy by composing the Landau-
Ginzburg and the conifold monodromy. We explicitly demonstrated our techniques on the
cubic torus and the quintic Calabi-Yau hypersurface.

A complementary analysis is presented in refs. P§—B(], where the base point for the
non-contractible loops is chosen in the large radius regime of the Kéhler moduli space. In
these scenarios D-branes are modeled as complexes of coherent sheaves [BY, B, 7], which
are then transformed by Kéahler moduli space monodromies. In this context the conifold
monodromy is also realized as a multiple tachyon condensation process. However, the
computation of monodromies is rather complicated because generically the probe brane
needs to be represented by a suitable complex. Thus in certain situations the computation
of the D-brane monodromies is simpler in the language of matrix factorizations as we are
able to compute the Kahler moduli space monodromies in an algorithmic way.

There are several directions to be further pursued. Our techniques should also apply
for hypersurfaces in weighted projective spaces. Furthermore, since matrix factorizations
are also a good framework to study obstructed and unobstructed open-string moduli it
would be interesting to trace the fate of these moduli with respect to the monodromy
transformations alluded here. In this work we have evaded stability issues, which definitely

deserve more attention and should eventually be addressed.
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A. Cohomology elements of the ‘long’ and ‘short’ branes

Here we present explicitly matrix representations of the open-string states displayed in
the quiver diagram figure | for the ‘long’ and ‘short’ branes of the cubic torus. These
matrices are determined by evaluating the BRST cohomology elements (R.9) depicted in
the quiver figure .

The resulting three fermionic open-string states, \11va L)’ stretching between the D2-
brane, X, and the ‘long’ brane, Lo, are the cohomology elements of the BRST operator,
D(x,1,), and they are given by

2
1 ( - a?{(ig) I - < - ozjcl‘é:a) 2 0
= __ a3 _ o _ Q2
Yo 0 @l L a )
Q2 a3 al
\IJ%X Lg) N 0 aq 333 agxl a3$2 (Al)
_ % _
< a1a3) a1 a1 0 0
P = 0 0 0 —-a3 |,
of
— ( — a2a3> oT9 0 —Q9 0
and
al a2 a3
0 a3$3 a1 I QQCCQ
2 2
_ _ % _ _ 99
Po=11 0 (a alag) T9 <a agaa) z3 |,
0 —%z —&y —Yy
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_ 2
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( 0 _a _a _a3
o 2 as 3 a1 1
= as a1 a2
T;ZJO 0 a2$3 043:61 o ) ’
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, t-(e-zh)a 0 (a-gik)m
0 0 —Q3 0
of
o=~ (a — a2a3) Qaox] —Qo 0 0
o3
<a — alag) a1T3 0 0 —Q

Furthermore evaluating the grading (R.20) yields that these fermionic open-string states
arise as cohomology elements of Ext!(X, Ly).

In the same fashion we deduce the three bosonic open-string states, <I>](“X Lsl2] @})etween
) of the

the D2-brane, X, and the ‘long’ brane, L3[2]. They appear in the cohomology (
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BRST operator, D(x,1,[2]), and turn out t

( 2
2

o be

—(a— Q] T2T3 z 0 _a122
ajag | agag ajy agzag
2 2 2
¢ = a——22 )3y, %1 |oeowizy 0 _agzy 3
ajag ) ag agag | ajog ajog a2 ’
Pl a— of \=3 _oagz3 L2 0 (A.4)
(X,L3[2]) agag | ag ajog ag :
2 2
« «
1 0 (afa 1 ):1:2 7<a7 2 ):1:3
203 ajag
pr=[0 o ;
0 172 agzg ag g
N ag ag o
and
2 2 2
a—-23 3 __%2 |a3z1Z) 0 _a3z z3
ajag | ag ajag | ajag ajag asg
¢o = PR —or3 o 0
0 — ajag | oy agasg aj 9
2 ,(a, O‘g )a2 z3x3 1 0 _ T
(X, Lat20) ’ 3/ (A5)
0 222 aj z3 ag )
ajy ag ag
2 2
¢1 = 1 0 a—-22 Jgy —(a—-23 )z )
ajag ajag | *3
\ 0 0 0 0
and
2 2
fg—-23 )2 _ogz3 z2 0
(;50 = Y 5 ag zoz3 z 0 _azzy
aga3 apa a3 ajag )
2 2 2
d3 a——0 ) I3 4 (93 | o112 0 _ar z3 A6
0 0 0 0
¢1_ 0 9372 agT3 17
- ag ay ag
O‘% 21
1 0 a— ro —|a— T3
\ ajag azag

These bosonic open-string states arise with eq. (R.20) as cohomology elements of

Hom (X, L3[2]).

Stretching between the D2-brane, X, and the ‘short’ brane, S5, we find the fermionic
open-string states, \II?X ) in the cohomology (2.9) of the BRST operator, D (x,s,)- These

open-string states are elements of Ext!(X,S) and they read

2 2
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with the quadratic polynomials

2 2 . 3 3 ) 2 2 )
o azy & T Qj T1T2 Qi Qg 2\ TiTs [ op &\ ax;xs A
Uyj = el el Bl I el e R W)
203 o o aj 20 3oz (a7 Bo7 203

The bosonic open-string state, ®(x s,), in Hom(X, Sy) is they only non-trivial open-
string state stretching between the D2-brane, X, and the ‘short’ brane, Sy,

2
azry _ Q23 3a _ % a1 T3 _ a1
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0 — )
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(I)(X,Sl)

3
0 a1 a9 Qs

Finally between the D2-brane, X, and the ‘short’ brane, S3[2], we find in Hom (X, S3[2])
the bosonic open-string state, ®(x g,[2)), which reads

2 2
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